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Abstract

We derive in a simple way certain minimal cubature formulae, obtained by Morrow and Patterson [2], and Xu [4],
using a different technique. We also obtain in explicit form new near minimal cubature formulae. Then, as a corollary,
we get a compact expression for the bivariate Lagrange interpolation polynomials, based on the nodes of the cubature.
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1. Introduction

As usual, we denote by
a(R?) 1= { Z aijxiyj} ,
i+j<n

the set of all algebraic polynomials of total degree »n in two variables.
Let w(x) be a given weight function on [—1,1]. Define the product weight on [—1,1]? as

WO, y)i=wxw(y), (xy)€[-1,17%

We shall deal with cubature formulae of the form
N

1= [ [ WO@nfe ) dxdys Y415,
-1, =
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where (x;, y;)€[—1,1]* and {4,} are real coefficients. There have been many efforts to construct
a formula with fixed number of nodes that integrates algebraic polynomials of degree as high as
possible, or equivalently, given a fixed degree 2n— 1, to find a cubature with minimal number N*(n)
of nodes that integrates exactly all polynomials from ,,_;(R?). Such a formula is called minimal.
Moller {1] has shown that for centrally symmetric weight functions N *(n);%(n(n + 1)+ [%n].
Recently, Xu [4] derived in explicit form certain minimal and near minimal formulae for the prod-
uct Tchebycheff weight %(2)(x, y):=1/(+/1=x%2)1/(1/1 — »?). The aim of this note is to demon-
strate a simple approach that yields as an immediate application the formulae obtained in [4, 2]
in a quite different way. We use these minimal (or near minimal) formulae to derive the d-
dimensional cubatures, listed in Theorem 2.3, that are exact for all polynomials of degree 2n — 1
in d variables. Also, following a simple technique as in the univariate case, we get a Lagrange
interpolation formula for any P(x, y)€n,,_1(R?). Xu obtained this formula in [4], using different
tools.

2. Results

Let us first introduce some notations.
Consider any fixed quadrature formula on [—1, 1], namely,

1 s
()= [ wOf©d~ 3 af@)=L0) @)

with nodes x; < --- <x; in [—1,1]. Set

O(f):=> af(x),  E(f)=) af(x),

€

where the subscript “o0” (respectively, “e”) indicates that the summation is expanded over the odd
(even) indeces. Clearly, L(f)=E(f) + O(f). Sometimes we shall write E,( f) to denote that the
operator E is applied to the function f(x,y) with respect to the variable marked.

Let {P,} be the sequence of univariate orthogonal polynomials, associated with the weight w(x)
on [—1,1]. Finally, we set

A(f):=(0:0y + EE))(f),  B(f):=(0:Ey + E;0,)(f).

Theorem 2.1. Assume that the quadrature formula (2.1) is exact for all polynomials of degree
2n — 1 and satisfies the conditions

doa=> a, (22)
E(P)Y=00r OP)=0 fork=1,...,.n—1. (2.3)

Then the cubatures

1(f)=24(f)
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and

I(f)=2B(f)

are exact for every f€ma,_1(R?).

Next, we apply this rather elementary result based on rule (2.1) to get the cubatures, established
by Xu {4] and Morrow and Patterson [2]. Let wp(x):=1/(+/1 — x?). Then the following statements
hold.

Corollary 2.2. For each natural number n the cubature formulae

J [, woem() () dxdy~287) (24)
and

[ [, woem() ) dxdy 240 1) 25)

are exact for all polynomials f €n,,_(R?). Moreover, (2.4) is minimal for even n and near minimal
for odd n (2.5) is near minimal for all n.

Cubature formulae over the cube B :=[—1,1]? in R?, d >2 can be obtained by a repeat application
of Theorem 2.1. We concentrate here only on the formulae, corresponding to the product Tchebycheff
weight

WD (a1, xa) 1= wo(x1) - - - wolxg).

Denote x,;:=x:=(xy,...,x;). We shall use the summation operators L, f) (or 4;;(f)), defined
obviously as L (or 4) acting on the function f(xi,...,x;), considered as a function of x; (or x; and
x;, respectively). Then the following theorem is true.

Theorem 2.3. The cubature formulae

/ WD) f(x)dx =2’ A1, Asg - Ag_ra(f) for d=2v
B
and

/ Wo(d)(x)f(x) dx=~2"41p A3 Ag,a1L(f) for d=2v+1,
B

or
/Bd Wo(d)(x)f(x)dx R 2 Ary ++ Aogo1,25 Lot Aosaasrs - Aa—1,a(f)  for d=2v+1
are exact for all polynomials of degree 2n — 1 in d variables.

Note that the first formula uses (2m? + 2m)’ nodes for n=2m and (2m?)’ nodes for n=2m — 1.
The number of the nodes for the second and the third one are (2m + 1)(2m? + 2m)’, when n=2m
and 2m(2m?*)’, when n=2m — 1. (L(f) uses n + 1 nodes.)
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Once we derive cubature formulae of high degree of precision, we can get explicit expressions for
the fundamentai poiynomiais for the Lagrange-type interpolation. it turns out that a simple approach
can be applied to the case of cubatures, associated with the product Tchebycheff weight and we

UUldlll LllC next 1 1puxauuu lUIllluldG

Theorem 2.4. Every P(x, y)emn,_(R*) can be written as

gy m—1
(n) (n)

PG y) = = 3 (PO Mo KA et %, )+ PO15 s 1 YKt 1075 )

1 - n n n n n n n
+ 5 2 PO DK L% )+ POt K (i, 1)

2 m—1m—1
(1™ NE (a0
+ n2 ZZ \'1'2'-‘“’ u: )‘-rt(yllzrtl+17 uj > %, y) Vs ( g b viltl«)t—l)Kn(yl'g)’ 7’5’2—171" _/)); (26)
Jj=1 i=
when n=2m and
1
W) e
PG, 7= 55 (PO A, 10,5, )+ PO, 1, 7,5, )
1 m—1
n? L(P('lo ,'liz')l( (’10 ”72; ',x, y) +P(’7§z' 1 1)K (’721 B, 9))
= Z(P(nf{”,n%?) DK, 151 %, 9) + PO g K nP, %, 1))
m—1m—1
(n) _ (n) (n) _ (n)
+5 Z 2 PO 5 YK ) 3, ) PO 115, Ka(t 1,510, 9)),
when n=2m — 1.
Here
nyl) = COS Jr’l\" j :O’ 9n’
Ko(x1, y1,%, ) = Do(0) + 01,0, + @2) + Du(0 + 91,0, — @)
+Du(01 — 01,0, + ©2) + Dy(61 — 1,0, — @3), (2.7)

(X, y) = (COS @1,C08 @, )a

and

N ;

D,(6,.0 )_ 1 cos(n — 1/2)6 cos(61/2) — cos(n — 1/2)0, cos(6,/2)
e cos 0, —cos 8, '
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We could give also the multivariate interpolation formulae corresponding to the obtained before
multivariate cubatures.

3. Proof of the results

Proof of Theorem 2.1. A repeat application of (2.1) with respect consecutively to x and y yields
the cubature formula

I(f)=LLy(f)=(E: + O )Ey + O,)(f)=A(f) + B(f)

with an algebraic degree of precision 2n — 1 (i.e. it is exact for all femn,,_;(R?)). Clearly, our
theorem will be proved if we show that

A(f)=B(f) for all fem, (R*). 3.1)

Since the polynomials {P_¢(x)P(y)} 5 o constitute an orthogonal basis in m5,—1(R?) on [—1,1T%,

it is sufficient to verify the equality (3.1) only for P,_;(x)B(y), [ =0,...,2n—1, k=0,...,]. We may
assume without loss of generality that Py(x)=1. Consider separately the following three situations:
(i) Let f=1. Then

n=oa) ()

(20) (20) + (22) (20) (52

where we have used (2.2) in the last equality. Similarly, one obtains

ol ()

2
() (50) (5o
and (3.1) holds in this case.
(i) Let f(x,y)=PF(y) and £>0. Then

A(f)=O.0u(Py) + EE,(Py)
= (Z a,.> O,(Py) + (}: aj> E(Py)= (Z a,) L(Py),

where we have used (2.2) only. In exactly the same way we find an expression for B( /') which
coincides with that for A( f).
The case f(x,y)=P(x) and k>0 goes similarly.
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(iii) Let f(x,y)=P_(x)P(y) with 0<k<I<2n — 1. Then
A(f) = Ox(P_i)Oy(Fi) + ELP1_ )E,(F} ),
B(f)=0x(P_)Ey(F) + Ex(P_i )O,(Ey ).

Since I'(P,) =0 for k>0 (because of the orthogonality), we have
0=I'(R)=LR)=EB)+OF) fork=1,..,2n—1,

which in view of (2.3) implies
OR)= —EB)=0 fork=1,....n—1,

and then, clearly, A(f)=B(f)=0for k <n-1.
If k>n — 1, then 0<! — k<n — 1 and hence, O(P,_;)= — E(P,_;)=0, which also yields
A(f)=B(f)=0. The proof is complete. O

Proof of Corollary 2.2. Consider the Gauss—Lobatto quadrature formula

n

1 1 e o= e 1
/ Wolx)g(x)dr - (59(118 N+ D g”) + S9(n? ) :
_

Recall that nj-") .= cosjn/n, j=0,...,n are the extremal points of the Tchebycheff polynomial of
first kind 7,(x), namely,

T.(x) = cos(narccosx), xe€[—1,1]

We need only to check the conditions in Theorem 2.1. Clearly, (2.2) holds for every n. Let us prove

(2.3).
Assume 7 =2m. Note that
@m)y _ @j-Dn oy .
nzj_l—cos—-z—m——— s J=1..,m,
where éf-'") are the zeros of 7,(x). Since the classical Mehler—Hermite quadrature formula
) T
dx~ — (m)
| == n )

is exact for f€m,,_;, we have (because of the orthogonality)

0=> T(&"), k=1,...,n—1.
j=1
Therefore,
O(T)= Y.Ly =Y H(&™)=0, k=1,...,n—1.
=1

j=1 Jj=
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This, combined with the fact that L(7,)=0, k=1,...,2n— 1, gives
E(T,)=0, k=1,...,n—1.

Assume now that n=2m — 1. Then

rf1 = o rf{1 = . 2kn
E(Tk):;(§+2n(n§§ ”))=;<5+Zcos1 _1> =0.
j=1 =t

2m

The corresponding formula (2.4) is minimal when »=2m and near minimal when n=2m — 1 as
follows from Méller’s estimate (N*(2m) > 2m?+2m and N*(2m—1)>2m*—1). (2.5) is near minimal
in all cases, since it uses 2m? + 2m + 1 nodes when n=2m and 2m? nodes when n=2m — 1. OJ

Proof of Theorem 2.3. Let d =2v. The cubature formula
Lm0 () dx Ly L) (32)

is exact for all polynomials of degree 2n — 1 in d variables. But (3.2) can be rewritten as
RGOV O
Bd
— /Bd~2 Wo(d—z)(xd—z)//[ - wo(xIwo(y) f(Xa—2,%, y)dxdydxs_,

~ Ly Ly o[L Ly f(x4-2,x,¥)],
and by the Corollary 2.2
[ O 76 Qe 2 s+ A ).
Similarly when d =2v+ 1 we get
/Bd Wo(d)(x)f(x) dx~2"A1p Ass - Ag—2,401L(f),
or, more generally,
/Bd WD) f(x)dx ~ 2 A1y - - - Age_125 Lags1 Azsra.2643 - - Aa—1,a(f)-
The proof is completed. O

Proof of Theorem 2.4. We are going to apply an analogue of the following fact, concerning
univariate polynomials.

Assume that { p;}2,, pr =ox* +- -, is a normalized orthogonal system of polynomials on [a, b]
with respect to the weight u(x). Let

b n
/ unfyde~ Y af(x;)
a j=1
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be the quadrature formula of algebraic degree of precision 2n — 1. Then for every f€m,_1(R) we
have

n—1 b
@)=Y [ / u(t)f(t)pk(t)dt] ()
k=0

a

n—1 n

=3 @ /(%) pe(x;) pe(x)

k=0 j=1

n

n—1
- Z S (x)a Z Di(x;) pr(x).
J=1 k=0

Since the dimension of 7,_;(R) equals » and every f €m,_;(R) was presented as a linear combination
of the polynomials

n—1

lnj(x)::ajzpk(xj)pk(x)> ]= 15~"ana

k=0

we conclude that {l,,j};;l are the fundamental polynomials for the Lagrange interpolation with nodes
Xi,...,%,. Note that by the Christoffel-Darboux formula one can get

Xn—1 pn(x)
&y (x_xj)

lnj(x) = ajpn—l(x/)

which leads to the usual presentation

[ (x)= —Pn¥)
)= )P

of l,;. We can apply the above-mentioned reasoning to get explicit expressions for the fundamental
polynomials for the Lagrange-type interpolation. In addition, if we have a certain analogue of the
Christoffel-Darboux formula, we may hope to get a compact form of these expressions. Next, we
sketch the calculations and present the final results in this particular case.

Every P(x,y)€mn,_,(R?*) can be written as

n—1 1

P(x, )= > an(P)T_x(x)T(y), (33)

=0 k=0

where
1
an(P)= [ mPws)Pes T T dds
1k [~117?

and

e = / / W, )T (1) T (s) dr ds.
[~1L1P
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Denote

|
-

n

i
1
Kn(xl,)’bX,)’)::TCz E ﬁTl—k(xl)];c(yl)Tl—k(x)];c(y)'
=0 k=0

il
(=)

This is the Christoffel-Darboux sum, corresponding to our case. Note that Xu found in [3] the explicit
expression (2.7) for this sum, which provides actually an extension of the classical Christoffel-
Darboux formula.

Next, we apply the already found cubatures (for even and odd ») to compute the Fourier—
Tchebycheft coefficients a;(P) of P. Therefore, if we return back in (3.3), change the summation
and use the form of K,, we obtain the interpolation formulae (2.6). This way, using different tools
we get in a simpler way the results from [4]. O

4. Concluding remarks

(1) The cubature (2.4) for n=2m is established by Morrow and Patterson [2] and Xu [4]. For the
first time the explicit form of (2.5) in the case n=2m —1 is given by Xu in [4]. The two other
formulae ((2.4) for n=2m — 1 and (2.5) for n=2m) have not been mentioned in [4].

(2) In each of the formulae, derived in Theorem 2.3 we can use B, instead of 4,, to derive new
examples of cubatures.
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