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1 Introduction.

Linear transport equations, while interesting in their own right, also occur in the study of
nonlinear transport equations such as conservation laws. In this context, one encounters
discontinuous transport velocities and the question of existence and uniqueness of solutions
arises. Several recent papers (see [1, 6, 11]) have addressed these issues. However, there
has not yet emerged a completely satisfactory existence-uniqueness theory. Indeed, it seems
most natural to define the concept of a weak solution to such equations. In formulating the
concept of weak solution, any initial condition which is simply continuous is allowed. In
general, there will be infinitely many weak solutions. An (entropy) condition is needed to
extract a unique weak solution. Certain entropy conditions were introduced by Bouchut and
James (see [1]) but only in the restricted case that the initial condition is locally Lipschitz.

The purpose of the present paper is to introduce an entropy condition which picks
out a unique weak solution for any continuous initial condition. This entropy condition
will agree with that in [1] in the case the initial condition is Lipschitz. We shall study
properties of the entropy solution including: (i) the relationship to conditions for extracting
solutions (Filippov (see Conway [2]), reversible (see Bouchut and James [1])), (ii) minimality
properties, (iii) properties of the solution operator.

We consider the one-dimensional homogeneous linear transport equation

(1.1) w(t,x) + a(t,x)uy, =0, (t,z) € Q:=[0,T] x IR,
with initial condition

(1.2) u(0,z) = u®(z),



where the velocity a is bounded and satisfies the one-sided Lipschitz condition
(a’(ta CC) - a(ta y))(l’ - y) > _m(t)(x - y)27 me Ll[()? T]

Here the coefficient a is possibly discontinuous and the theory of R. DiPerna and P. Lions [5]
cannot be applied. The problem (1.1)-(1.2) has been studied by E. Conway [2], E. Tadmor
[11], B. Perthame [6], F. Bouchut and F. James [1], Poupaud and Rascle [10], and others.

We are interested in the questions of existence, uniqueness, and regularity of solutions to
(1.1)-(1.2). This problem has been considered before in [1], [2] and [11] and various theories
have evolved with a different definition of a solution. For example (see [2]), Conway defines a
solution to be any locally Lipschitz continuous function that solves the equation (1.1) almost
everywhere and satisfies the initial condition (1.2). This is also the definition considered by
Bouchut and James [1], and Tadmor [11].

In this setting, there is more than one Lipschitz solution to (1.1)-(1.2). In [1], Bouchut
and James have introduced a criteria (see (2.8)) that picks out a unique solution to (1.1)-
(1.2) whenever the initial data ug € Lipl.

In the present paper we shall consider solutions to (1.1)-(1.2) in the weak sense (see
(2.3)). In this case, to define a weak solution, one needs to assume that u° is only continuous.
The existence of a solution is trivial (see Theorem 2.3) but the question of uniqueness
remains. Our main result is to introduce an entropy condition which selects a unique
solution from the set of continuous weak solutions to (1.1)-(1.2). This entropy solution
has certain minimality properties (see §4 and §5) and can also be described by using the
Filippov flow for the characteristic equation. When ug € Lipl, our entropy condition is
equivalent to the ones, introduced by Bouchut and James (see [1]) in the case of Lipschitz
initial conditions.

In this paper we shall also discuss regularity theorems for the entropy solution operator.
As a corollary of our results, we prove that for any continuous function u° of bounded
variation there is a unique continuous solution to (1.1)-(1.2) that preserves the variation of
the initial condition, i.e.

(1.3) Varru(t,-) = Varru®, for all t € [0, 7).

2 Preliminaries.

We consider the Cauchy problem (1.1)-(1.2) with a(¢,-) bounded for almost every t, i.e. for
almost every ¢

(2.1) | a(t,z) |<[| a [|p~(q), for all z € IR,
and satisfying the one-sided Lipschitz condition

(2.2) (a(t,z) —a(t,y))(z —y) > —m(t)(x —y)?, for all z,y € R,



where m € L[0, T], m(t) > 0 a.e. in [0,T].
The problem (1.1) with initial condition (1.2) will be understood in weak sense. A
function w is said to be a weak solution to (1.1)-(1.2) if

(2.3) /OT /]R u®; dxdt + /OT[/IRud(ai[))] dt + /IR ®(0,z)u’(x)dx =0

for all test functions ® € C*°(Q) with compact support in [0,7") x IR. The conditions
(2.1)-(2.2) imply that for almost every ¢t € (0,T"), a(t,-) € BVjo.(IR) and (see [1])

(2.4) Varyy(at,.)) <2(| a [[p=@) +m)(y — z)), = <y.

Thus, the integrals in (2.3) are well defined (as Stieltjes integrals) whenever u € C(9).
Moreover, the continuity of u in the z direction is clearly a necessary condition to define
weak solutions.

With (1.1) we associate the following characteristic ODE with possibly discontinuous
right-hand side

dx

2. = = <s<T
( 5) dS Q(S,X), 0 — S — Y

(2.6) x(t; (t,2) = .

If a € Lip(2), the problem (2.5)-(2.6) has a unique classical solution y € C*[0,T]. In our
case a is not smooth and therefore we need a generalization of the concept of a solution
to this differential equation that includes the case in which the right-hand side of (2.5) is
discontinuous. We choose the ideas of Filippov, which are used in the theory of conservation
laws. This approach was also applied by Poupaud and Rascle (see [10]).

Filippov (see [7]) introduced the following definition of a solution to (2.5)-(2.6). We say
that x(s) := x(s; (t,x)) is a Filippov solution to (2.5)-(2.6) on [t,ta], t € [t1,t9], if

(i) x(s) is absolutely continuous on [ti, t3],

(i) (1) = =,

(iii) for almost all s € (¢1,t2)

6l—i>I(I)l+ eSSinf\z—X(s)|<5{a(37 Z)} < X/(S) < 6l_i)%l+ esssup‘z_x(s)|<5{a(s, Z)}

Note that, if a € C(2) the Filippov definition and the usual definition of a solution
to (2.5)-(2.6) coincide, i.e. x should have a continuous derivative \/(s) = a(s,x) for all
S € [tl, tg].

We will frequently use the trivial observation that if  is a Filippov solution to (2.5)-(2.6)
on the interval [t1,t2], then

(2.7) | x(s15 () = x(s2; (£, 2)) [<][ @ [[poe (@] 51— 52 |



for all s1, s9 € [t1,ta].
We shall first recall some results from [7], mentioned also in [10], that are proved under
the assumptions (2.1)-(2.2) on a (Theorem 6, Theorem 10 in [7] and Theorem 2.2 in [10]).

THEOREM 2.1. (Filippov) Let a satisfy the assumptions (2.1)-(2.2). Then for every
(t,z) € [0,T] x R there exist x(s) := x(s;(t,x)) and X(s) := X(s; (t,x)), called upper and
lower Filippov solutions that pass through (t,x) with the following properties

() x5 =X, 0<s<t,

(b) for any Filippov solution x of (2.5)-(2.6) we have

X(s) <x(s) <x(s), 0<s<T,

(c) for any s € [0,T] and any v, where x(s) < v < X(s) there is a Filippov solution x
to (2.5)-(2.6), such that x(s) = .

THEOREM 2.2. (Filippov) Let a satisfy the assumptions (2.1)-(2.2). Then there is a
constant ¢ = ¢(T') such that for every t € [0,T] and every Filippov solution x

| x(s; (t,2)) — x(53 (1, 9) 1< e(T) [ x(t (8,2) — x( (Hy) [=e(T) |2~y |,
for0<s<t, z,y € R.

These theorems imply that if the coefficient a satisfies (2.1)-(2.2), there is a Filippov
solution to problem (2.5)-(2.6) and it is uniquely determined on the left. Namely, starting
from the point x at time ¢ there is a unique characteristic going backward, defined for all
s €10,t].

REMARK 2.1. The intervals (x(s; (t,)), X(s; (t,2))) and (x(s; (t,v)), X(s; (t,y))) do not
intersect for all x # y and all s € [t, T].

In order to prove this, let us assume that there exist time s € [¢t,T] and v € IR, such
that

v € (x(s; (t,2)), X (55 (£, 2))) [ (x5 (£,9)), X (53 (¢, 1))

By Theorem 2.1, (c), we can find characteristics x; and x2 such that

v = Xl(S; (t,x)) = X2(3; (t7y))'

Then x; and xo are Filippov characteristics passing through v at time s and using the
uniqueness on the left (Theorem 2.1, (a)), we obtain x1(7) = x2(7) for any 7 < s. When
T =t, we get that x = x1(t) = x2(t) = y which is a contradiction.

Bouchut and James (see [1]) study problem (1.1)-(1.2) with Lipschitz continuous initial
data u®. They introduce a notion of a reversible solution and reversible flow and show
that this flow coincides with the Filippov solution x to (2.5)-(2.6). Moreover, the reversible

solution is unique and can be expressed explicitly in the form u(t, z) := u®(x(0; (¢, 7)), where



u® € Lipl is the initial data (for details see Proposition 4.1.16 and Proposition 4.3.9 in [1]).
Bouchut and James do not consider weak solutions, but in fact the function u, obtained
above, is a weak solution to (1.1)-(1.2), and is the only one which is Lipschitz continuous
and satisfies the equality

(2.8) /IR lug(t, )| dx = /IR [u(z)|dz  for all t € [0,T).

Note that, while (2.8) is proved only under the assumption u® € Lipl, it has meaning for
any u with u,(t,-) € L1(IR). More generally, for functions u(t,-) € BV and u° € BV, (1.3)
is the analog of (2.8). Therefore it is natural to ask whether there is only one weak solution
u to (1.1)-(1.2), with «® € C'( BV, that satisfies (1.3). We give a positive answer to this
question (see Theorem 5.2).

Returning to the case when the initial condition wug is only continuous, let us observe
that

(2.9) u(t, z) == u®(x(0; (t,z))

is a weak solution to (1.1)-(1.2). For the proof of this fact it is enough to consider Lipschitz
functions u® which converge to u" uniformly on any compact subset of €. Then, u is a
weak solution to (1.1)-(1.2) because uy,(t,x) := ul(x(0; (t,r)) is a weak solution to (1.1)
with initial data u). In going further we shall call (2.9) the Filippov solution of (1.1)-(1.2).
Hence we have the following existence result.

THEOREM 2.3. If a satisfies the assumptions (2.1)-(2.2) and v° € C(IR), then there
exists a continuous weak solution to (1.1)-(1.2). Moreover, one such solution is the Filippov
solution to (1.1)-(1.2).

This brings us to the question of uniqueness of weak solutions in the case when ug €
C(IR). We introduce new entropy conditions (see Theorem 4.1, (i)) that do not require
additional smoothness on the initial data, hence can be applied for any uy € C(IR). We
shall prove that the Filippov solution to (1.1)-(1.2) is the only weak solution to our problem
that satisfies these entropy conditions. Therefore, using these conditions, we choose only
one weak solution to (1.1)-(1.2) from the set of all weak solutions - namely the Filippov
solution u(t,z) := u®(x(0; (t,z)). In the special case when ug € Lipl, this solution is the
reversible solution introduced by Bouchut and James.

3 Regularization results and the method of characteristics.

Let us first begin by making some observations about the Filippov flow x when a satisfies
conditions (2.1)-(2.2). Consider any point z € IR and any interval I. Note that a single
point can be considered as a closed interval. Denote by I; := {x : x(0; (¢,z)) € I} which is



the image of I under the flow x at time ¢. From Theorem 2.1 it follows that if I J = 0
then I; N J; = (). Also the image of an interval I is always an interval I;. If I is open then
I; is open, and if I is closed then I; is closed. The image of any point is either a point or a
closed interval.

We define two types of points at the initial time s = 0. We say that z is of type 1 if its
image is a point at any time s € [0,7] and denote this set by A. Otherwise, we say it is a
point of type 2. Observe that because of Theorem 2.1 z is of type I if and only if

x(T5(0,2)) = X(T; (0, z)).

Also, when z # y and both are of type 2, we use Remark 2.1 and obtain

De(s3 (0, 2)), X (s: (0, 2)] (53 (0,9)), X (55 (0,9))] = 0

for every s € [0,T]. Therefore the set of points of type 2 is countable, say {x;}32,. Let us
denote the open intervals

Ii(s) := (x(53 (0,24)), X(s5 (0, 2))),
and their disjoint union

A(s) == Ej I;(s).
i=1

Note that, I;(s) may be the empty set for some s and .
As a simple corollary of Theorem 2.1 and Theorem 2.2 (see [1] for a similar result), we
have the following lemma.

LEMMA 3.1. For any time s € [0,T] and any interval I we have

meas(I)

o) < meas(ls) < meas(I) + 25 || a ||~ (q),

where ¢(T') is the constant from Theorem 2.2.

Proof. The lower estimate follows from Theorem 2.2. The upper estimate follows from
(2.7). O

Let us recall that A is the set of all points of type I and denote its flow image at time
s by

As) =={z : = x(s;(0,9)), y € A}.
Further, we shall use the following property of the flow.

LEMMA 3.2. For any x € IR\ A(s) and any € > 0 we have

meas(A(s) N (z —e,x +¢€)) > 0.



Proof. Fix x € IR\ A(s) and € > 0. We have that
(x—e,x+e)\A(s) =(z—€e,x+¢)N(A(s) UAU B),

where A := {y : Jyo of type 2, y = x(5;(0,%0)) = X(5;(0,%0))} and B is the set of all
endpoints of the intervals in A(s). Hence

meas(A(s) N (x — e,x +€)) = meas((z — e,z +€) \ A(s))

because the sets A and B are at most countable. Since x ¢ A(s), the preimage K :=
(x(0; (s, —€)),x(0; (s,z 4+ ¢€))) of (x — €,x + €) is a non-trivial interval.

Suppose that meas((x—e, z+€)NA(s)) = 0. Then meas((x—e, z+€)NA(s)) = 2¢. Recall
that A(s) = U2, Li(s). So, for any 0 < A < 2 there exists an index set 7 C {1,2,...},
#TI, < 0o, such that

meas((x — e,z +¢€) N U I;(s)) > (2 = Ne.
ieTy

We can write (v — €,2 + €) \ Ujer, Li(s) = Ujez, Ji(s), where #J\ < oo and Jj(s) are
disjoint intervals. Let J;(0) be the preimage of J;(s). From Lemma 3.1, applied to each
J;(0), we have

meas(K) = meas( U J;(0)) < c(s)meas( U Ji(s)) < c(s)Ae.
JEI JEIA

Here the equality uses the fact that the points of type 2 are countable. Taking A < %Xf),

we get a contradiction. O

Note that, by Theorem 2.1 and the properties of the Filippov flow (see [1] for a similar
result), we obtain that, for each i = 1,2,..., the Filippov solution u(t,z) := u®(x(0; (t,z))
of (1.1)-(1.2) is constant on the set Uscjo 11(s, Li(s)), e

(3.1) u(t,z) = u’(z;) for all (t,z) € U (s, 1;(s)).
s€[0,T

The main result of this section is the following theorem.
THEOREM 3.1. If vy and ve are two continuous weak solutions of (1.1)-(1.2), where the
transport velocity a satisfies assumptions (2.1)-(2.2), then

vi(t,x) = ve(t,x), = ¢ A(t), 0<t<T.

The remainder of this section is devoted to the proof of this theorem. Many aspects
of the proof are standard. When this is the case, we shall defer this portion of the proof



to the appendix. The idea of the proof is to approximate weak solutions to (1.1)-(1.2) by
smooth solutions to the smooth backward problem. We introduce the following smoothing
operators. Let p be a C* non-negative function, supported on [—1,1] and denote by

p°(z) == $p(%). Let  be a C*° non-negative function, supported on [—1,0] and denote by

n(x) = %n(%) We use p for smoothing in the x direction and 7n for smoothing in the ¢

direction.
Given g € L}, .(Q), we define
Seag(t,x) == g+ 1 (1) * p° ().

S. 59 is well defined for (t,z) € [0,T — €] x IR. When ¢ = 0, Sg 59 := g * p°.
Fix a finite interval I := [a, 5] and Qg := [0,T] x [, 5]. In this setting the following
lemma is true.

LEMMA 3.3. Let a satisfy assumptions (2.1)-(2.2). Then there is a constant M > 0,
independent of &, such that

(3.2) la = SosallL, (o) < Mo

for any 6 <T || a ||p~(o)-

Proof. Let ay := a — 10T ||a||p= (o) and B1 := B + 10T ||al| L (o). Because of (2.4), if we
follow a standard approximation approach (see [4], page 53, Lemma 9.2), we get that

T
//Q | a(t,z) — a®(t,x) | dedt < 6 ; Var,, gja(t,-)dt
0
T

< 268(T | @l +(5 — o) [ mlt)dt) = M6,

where M is an absolute constant independent of §. O
Let us introduce some notation. For a function v € C(Q2), v(0,2) = 0, we denote
by v¢ := Scv and r¢ := vf + avg. Note that, v is well defined for a fixed compact set

K C [0,T) x IR provided € is small. Then, similar to DiPerna and Lions (see [5], Theorem
I1.1), we can prove the following theorem.

THEOREM 3.2. Let v € C(2) be a continuous weak solution to (1.1) with zero initial
data v(0,2) = 0. Then for any compact set K C [0,T) x R

7Nl 1y — O as € goes to 0.

We give a complete proof of this statement in the appendix.



REMARK 3.1. We could equally as well prove the same result for red = (Sesv)e +
a(Ses5v), with any €,6 — 0.

Fix 5,0 < s <T. Let a® := S .2a and consider the smooth, with respect to z, backward
problem

(3.3) wy +a® wy =0, (t,z) €[0,s] x IR,

(3.4) w(s,z) =v(s,z), x €.

For any € > 0, the problem (3.3)-(3.4) has a unique continuous weak solution w* (see [1],
[5] and [6]), given by the formula (see [1])

we(t, ) = v(s,x"(s; (£, 7)),
where x€ is the Filippov solution to

dx

P =a(s,x), 0<s<T,

x(t; (t,x)) = z.
If we denote €€ := v — w®, ¢ := 1+ (a° — a)vs, then e will be the continuous solution

to the problem

(3.5) e +a‘ey =% (tx)€(0,s) X IR,

(3.6) e(s,2) =0 z€lR.

From the fact that | vS [< C(?O) and v(0,z) = 0, using (3.2) and Theorem 3.2, we obtain

¢¢ — 0in L} ([0,T) x R) as € — 0. Similarly to [1], we have the following lemma.

LEMMA 3.4. Let a satisfy (2.1)-(2.2) and € be the continuous solution to (3.5)-(3.6)
with ¢¢ — 0 in L}, ([0, 8] x R). Then e(0,-) — 0 in L}, (IR) as e — 0.

loc

Proof. This can be proved by standard integration on a cone, similarly to Lemma 4.1.1
in [1], using the fact that H¢€HL}OC([O,T)x1R) — 0 as € — 0 (see the appendix). O

Recall that the function v¢ is defined on [0,7 — €] x IR, and v € C([0,T] x IR) is a weak
solution to (1.1)-(1.2) with zero initial data. Therefore, given a compact set K C [0,7) x IR,
we have that v¢ is well defined on K for € small enough. Moreover, v¢ converges to v
uniformly on K. In particular, v¢(0,-) tends uniformly to zero on each compact subset of
IR. As a result of Lemma 3.4, we get

we(()? ) —0



10

almost everywhere on IR. On the other hand, the solution of (3.3)-(3.4) is
we(t,x) = v(s, x(s; (t, z))).
If z is of type 1, then (see [7], Theorem 11)

X (55 (0,2)) — x(s; (0, 2)),

the unique value along the characteristic through (0,z) and therefore

(3.7) v(s,x°(5; (0, 2))) — v(s, x(s; (0,2))).

Fix a closed finite interval I. Then (3.7) implies that

(3-8) v(s; x(s; (0,2))) =0,

for almost all points x of type 1in I, 0 < s < T.

Now, our goal is to use (3.8) and prove that v(s,z) = 0 holds for all points x ¢ A(s).
We will use the continuity of v and Lemma 3.2. Since I is a closed interval, I is also
closed. Therefore v(s,-) is uniformly continuous on I5. Fix ¢ > 0. Then 34, such that
| v(s, 1) —v(s,z2) |< €, whenever | z1 — z2 |< d, z1,22 € I5. Fix x € int(Iy), x ¢ A(s).
By Lemma 3.2, we have meas(A(s)(\(z — 0,z + d)) > 0. Therefore, using (3.8) there is
y € A(s)N(x—0,z+0) such that v(s,y) = 0. Since | y—z |< 4, it follows that | v(s,z) |< e.
But € was arbitrary, hence

(3.9) v(s,z) =0 for any = ¢ A(s) and s € [0,T).

For s =T, we get the same result because we assume that v is continuous on [0,7] x IR.

In order to complete the proof of Theorem 3.1, we take two continuous weak solutions
vy, v to (1.1)-(1.2). Then, the difference v := v; — vy is a continuous weak solution to
(1.1)-(1.2) with zero initial data and we finish the proof using (3.9).

4 An entropy condition for the Filippov solution of the linear
transport equation.

Let I := [a, ] be a finite interval, u® € C(I), and u(t,x) = u®(x(0; (¢,z))) be the Filippov
solution of (1.1)-(1.2). By a partition of I, we mean a collection I" := {J}, where J are
disjoint intervals, whose union is I. Let us fix n > 0 and define the nonlinear space of
piecewise constants on I with at most (n 4 1) pieces by

Ea(l) = {g:9(x) =Y asps(z), ay € R, #T <n+1},
Jer
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where ¢ is the characteristic function of J. Given an interval I, we define the error of
approximation of a function f € C(I) by elements from X, (I) by

on(f)1r = on(flew = infeesan | £ =9 llca -
Recall that the flow image at time ¢ of any interval I is the interval I; = {z : x(0; (¢,x)) € I'}.

THEOREM 4.1. Let u be the Filippov and v be any weak continuous solution of (1.1)-
(1.2), where the transport velocity a satisfies assumptions (2.1)-(2.2). Let I be an arbitrary
finite interval and Iy be its flow image, 0 <t < T. Then

(i) on(u®); = o (u(t, ), n=0,1,2,...,

(ii) on(u(t, ), <on(v(t,"))r,, nm=0,1,2,....

If there is (to,xo) for which u(ty,xg) # v(te, o), then there exists an index ng > 0, such
that for any finite interval I* with [z — tollall Lo (), To + tollal|L=@)] C I*, we have

(iif) Tng (ulto; )1z, < Tng(v(to, )1y -

Proof. Let g € ¥,(I), g(x) = > jerajps(x). For any J € I', we consider J; := {x :
x(0; (t,x)) € J}. Then I'y := {J;} jer is a partition of I; and

g'(x) == > asps(z)

Je€el't

is an element from 3, (1;). Therefore, every g € X,,(I) will generate an element from ¥, (1;),
namely g'.

For any u’ € C(I) (see [4], Theorem 4.1, page 363) we can find an element of best
approximation from ¥, (I). More precisely, there is

go(x) = aJe(x) € Bu(1),
Jer
such that
on(u®)r =l u® = go o) -
But gf € ¥,,(I;) and therefore

[l u(t,) = 96() o) = onlult, )z,

Also, since u is the Filippov solution of (1.1)-(1.2), for every x € I there isy € I, y =
x(0; (¢, 7)), with the property u%(y) — go(y) = u(t,x) — gh(x) and vice versa. Therefore, we
have

(4.1) an(u”)r = u® = go llo = u(t,) = g6() llo)= on(ult, )i,
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We can reverse the inequality (4.1) as follows. Any interval J; C I; has a flow preimage
J C I. Hence, given a partition I'y = {J;} of I; with n + 1 intervals, we can generate a
partition I" of I consisting of the preimages J of J;, J; € I';. We omit these J that are ().
The same way as above, we obtain that

(4.2) on(u(t, ), =l ut,") = 740 lleay=Il v’ = ho llom = on(u’)r.

Here

ho(x) = > cren(z) € Su(lh),
Jeel's

is the element of best approximation to u(t,-) from %, (I;) and

ho(z) == cyps(x) € Sp(I).

Jer
Hence, (4.1) and (4.2) imply that for the Filippov solution u of (1.1)-(1.2) we have
(4.3) on(u(t, )1, = on(u®)r.

Let v be any other continuous weak solution of (1.1)-(1.2) and

ft(l‘) = Z by e () € Xn(Ly),

Jrel't

be the element of best approximation to v(t,.) from %, (1;), namely

on(v(t, )1, =l v(t,) = F1) llew) -

Observe that if we fix an element of best approximation f*, we fix a partition I'y (#I'; < n+1)
of It.

We will now modify f! but only on the set A(t) as follows. Let x; € I, with x; a point of
type 2. Consider the interval I;(t). We know that I;(t) € I;. We order the partition I'; using
the natural order on the real line. Then there exist at most two intervals of the partition
Iy, we denote them by J} and JJ, such that J} is the first with nonempty intersection with
I;(t), and J/ is the last with nonempty intersection with I;(¢). We use this notation because
if J! and JI do not coincide, then J} is to the left of J;.

Now, we can define a new function ft € 3, (1) as follows

_, . ft(.%') ifx e It \A(t),
(44 fa)= {bJW(Jmfiu))@) Forr e (@) i e e Li(t).

Note that ?t € ¥, (1), since we can only decrease the number of intervals of the partition
I';. Therefore

(4.5) [ ult,) =7 ) llewn = onlult, )i,
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The statement (3.1) implies that u is constant on I;(t), i = 1,2,..., and using this, we can
easily obtain that

—t
(4.6) L u(t,) = FC) lleaaaw =1l wt,) = F ) llew,) -

Also, since v(t,x) = u(t,x), x € I; \ A(t) (see Theorem 3.1), we have
(4.7) ot ) = F1O) lleaanawy=Il ut, ") = F*C) lleaaw) -
When we combine (4.5), (4.6), (4.7), we derive

'))It‘

48)  an(o(t, N1 =llv(t,) = F1C) llean =l vt ) = F1C) lleaaae) = onlult

This proves (ii).
Let u(t,z) # v(t,x). Then there is (tg,zp) with the property

(49) | U(to,:l)(]) - ’U(t(),l'o) ‘: 105a

for some § > 0. Also, 9 € A(tp) and let I; (ty) := (@, 5) be the component of A(ty) that
contains xg. Then since u(t,x) is a constant on I (to) (see (3.1)) and by Theorem 3.1, we
have

(410) U(t())a) = U(to,a) = ’LL(t(],ZL‘) = U(to,ﬁ) = U(t(]vﬁ)? T e IZO(tO)
Moreover, using (4.9) and (4.10), we derive

(4.11) Var_zv>20§ > Var

@B) 0.

@B~
We know that I;,(to) is generated by a point z;, of type 2. Using the properties of the
Filippov flow (see [1]), we obtain that z;, € [xo — tolla|L= (), To + tollal/ L ()] Then for
any interval I* with [xo — tollal|z.. (), Zo + tollallr. )] C I*, we have that x;, € I* and
therefore I;,(to) C Ij. Moreover, the set I} \ A(to) is non-empty because the points of type
2 are countably many, so their union can not be the whole interval I*.

If u(to, r) = const for x € I}, then

ao(ulto,))r;, =0 <& < oo(v(to, )1,

and (iii) holds for ng = 0.

If u(to,z) # const for x € I, then u®(x) # const for x € I*. Hence oy (ug)r+ > 0,
n=0,1,... and {0, (u®)-}32, will be a non-increasing sequence of positive numbers that
converges to 0. Therefore Ing = ng(d) > 1 with the property

(4.12) Ong(U) 1+ < g1 (u®) 1« < 6.
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Let us assume that
an(ulto, )r;, = on(v(to, )z, for all n.

Then (4.3) and (4.12) imply

(4.13) o (V(to, )1z, = oo (ulto, )1z < Ong—1(ulto, )1 = Tng—1(v(to, )1y »

(4.14) Tno (v(to, )1z, < 0.

From (4.9), (4.10) and (4.14), it follows that if f' € X, (I} ) is the best approximation
to v(to,-), at least 3 intervals of the partition I'y, (generated by f%) will have nonempty
intersection with I;,(tg). Therefore, if we consider again Tto, given in (4.4), we will get that
fto € Xpo—1([f)) and likewise (see (4.6) and (4.7)) we will obtain the estimates

Tno(v(to, Nz =l v(to,-) = ) llew =l vlto,) = FC) llews \ao))
0 0 0

=[| u(to,-) — f(-) ||C(I;0\A(t0)):|| u(to, -) —?to(') ||C(I;‘O)Z Tno—1(u(to, '))I;O-

But this inequality contradicts (4.13) and this proves part (iii) of Theorem 4.1 O

REMARK 4.1. Condition (i) can be viewed as an entropy condition that picks out
only one solution among all continuous weak solutions of (1.1)-(1.2), namely the Filippov
solution.

In the case of a compactly supported initial condition u°, Theorem 4.1 can be formulated
in the following way:.

THEOREM 4.2. Let u be the Filippov and v be any weak continuous solution of (1.1)-
(1.2), where the transport velocity a satisfies assumptions (2.1)-(2.2). Then

(i) on(u)R = op(u(t, )R, n=0,1,2,...,

(ii) op(u(t,))r < on(v(t,"))m, n=0,1,2,....
If there is (tg,xo), such that u(to,xo) # v(to, o), then there is an index ng > 0 for which

(“’Z) Ong (u(to, ))IR < Ong (U(t(% ))IR
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5 Minimal properties of the Filippov solution and regularity
theorems for the solution operator.

In this section we discuss properties of the Filippov (entropy) solution to problem (1.1)-(1.2)
with compactly supported initial data u® and prove certain regularity results for the solution
operator. Let us define Cp := {f : f € C(IR) and 3 L > 0 such that supp(f) C [-L, L]}.
In this setting, we have the following theorem.

THEOREM 5.1. Let u be the Filippov solution and v be any other continuous weak solu-
tion to (1.1)-(1.2) with uy € Co(\ BV, where the transport velocity a satisfies assumptions
(2.1)-(2.2). Then for any t € [0,T], we have

Varg(u’) = Varr(u(t,)) < Vargr(v(t, -)).
Moreover, there is time ty € (0,T], such that

Varg (u(to,-)) < Varr(v(to,-)).

Proof . From Theorem 4.2 and Kahane’s theorem (see [4], page 365, Theorem 4.3) we
conclude

(5.1) Varr(u®) = Varr(u(t,-))

for any ¢ € [0, 7] (this could also be proved directly). Let v be a continuous weak solution
to (1.1)-(1.2) different from w. Theorem 4.1, part (ii), and Kahane’s theorem give

(5.2) Vary, (u(t, ) < Varg(v(t,-))

for any interval I C IR and any t € [0,T]. Moreover, there is (t9,z0) € (0,7] x IR and an
interval (@, 3) (see (4.9-11)), such that

Varg(v(to,-)) > Var_sem (v(to,-)) + 206 + Varg (v(to,-))-
Using the definition of @ and 3, we conclude that there exists zj; € IR such that (—oo, z8), =
(=00, @) and (xf,0)s, = (B,00). Then from (5.2), applied for the intervals (—oo, zfj) and
(x5, 00), and (4.10), it follows
Varg(v(to,-)) > Varr(u(to,-)) + 206

for some § > 0. O

REMARK 5.1. In the case ug € Cy[) BV, Theorem 5.1 provides us with another way of
selecting the Filippov solution from the set of all continuous weak solutions. Namely, the
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Filippov solution is the only one that preserves the variation of the initial condition for all
te[0,T].

Let us define the solution operator U(t) by
(5.3) U(t)(u”) = u(t, ),

where u is the Filippov solution with initial condition ug. We turn our attention to the the
following questions:

(i) Which spaces are left invariant under U(t), ¢ > 07 That is, for which spaces do we
have U(t) : X — X boundedly?

(i) For which spaces X do we have ||U(t)|x—x < 17

It will be useful to have a way of visualizing spaces of functions as they occur in our
discussion. We shall do this by using points in the upper right quadrant of the plane.
The x—axis will correspond to the L, spaces except that L, is identified with x = 1/p
not with x = p. The y—axis will correspond to the order of smoothness. For example
y = 1 will mean a space of smoothness order 1 (or one time differentiable if you like). Thus
(1/p, ) corresponds to a space of smoothness o measured in the L,—norm. For example
we could identify this point with the space Lip(«, L) although we may want to vary this
interpretation slightly. The following figure represents the spaces we shall discuss further.

(13
BV=Lip(1, L)

Up

Recall that the Filippov solution to (1.1)-(1.2) is given by u(t,z) = w®(x(0; (¢,2))).
From this representation it automatically follows that the solution operator U(t) is a norm



17

one operator from Cj to Cy. Using Theorem 5.1, we have that U(t) is a norm one operator
from Cy N BV to Cy N BV. The real interpolation spaces are defined by means of the K-
functional. That is, given a pair of Banach spaces (X,Y), with Y continuously embedded
in X:Y C X, for any f € X we define

K(fvT) = K(fvT;X7Y> = angEY{Hf _gHX +THQHY}7 7 > 0.

For more details and properties of the K-functional and the real interpolation spaces see
Chapter 6 of the book of DeVore and Lorentz [4]. The norm in the real interpolation space
(X,Y)p, is defined by

1l x, vy, = I1fllx + (S, o

where || - ||g,q is the 6, g-quasinorm of §3, Chapter 2, [4]. We have the following theorems.

THEOREM 5.2. U(t) is a norm one operator on the real interpolation spaces (Cy, Co N
BV)g.q for any t € [0,T].

Proof . We know that U(t) is a linear operator which is norm one from Cj to Cy and
from CyN BV to CyN BV. Therefore, by Theorem 7.1, Chapter 6, [4], U(t) will map every

real interpolation space (Cp, Co N BV )g, into itself with norm one for all 0 < ¢ < oo and
0<0<1. O

REMARK 5.2. The real interpolation spaces for the pair (Cy, Cyo N BV') can be defined
via nonlinear approximation and in some cases Besov spaces. We will not formulate results
in this context but refer the reader to [3, 9, 8].

THEOREM 5.3. U(t) is bounded on any real interpolation space in the triangle with
vertices Cy, Lipl, Co(\ BV for any t € [0,T]. That is, given a couple spaces (X,Y) such
that X and Y are real interpolation spaces for any of the pairs (Cy, Co N BV), (Cy, Lipl)
or (Co N BV, Lipl), we have that U(t) is bounded on the real interpolation space (X,Y )y q,
forany 0 <0 <1 and 0 < q < o0.

Proof . From Theorem 5.2, it follows that the solution operator U(t) is norm one on Cy
and CoN BV for all t € [0,T]. It is known (see [1, 11]) that U(¢) is bounded on Lipl. Using
all of the above, by standard interpolation arguments, we obtain that U(t) boundedly maps
any interpolation space in the triangle with vertices Cy, Lipl, Cy () BV into itself. a

COROLLARY. U(t) is bounded on Bg(Ly) for 1 <p<oo,¢>0and 1/p <a <1.

6 Appendix.

Proof of Theorem 3.2. It is enough to prove the theorem for any K = [0, s] x [-L, L], with
0 <s<T and L > 0. Let us denote by

As()(t.2) = alt2) [ o(t.w)plle —g)dy+ [ oty dlalt. )@~ ).
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Fix 0 < s < T and L > 0. Denote by K :=[0,s] x [-L, L], K* :=[0,s] x [-L —1,L + 1].
Recall that © :=[0,7] x IR. The proof of Theorem 3.2 will use the following lemma.
LEMMA 6.1. Let v € C(Q2). Then there is a constant ¢, such that for any 0 < § < 1

[ As (W)l 21(r) < ellvllogre)-
Moreover,

(6.1) As(v) — 0 in LYK) as 6 — 0.
Proof. We split As into two parts, As(v) = I} (v) + I2(v), where

B)ta) = [ v(t) @~ y)dalt.y),

and

B(te) = [ ot.)at.o) = altn)oba —y)dy

We proceed with an estimate for I} (v). We have

s rL
1@ = [ [ 1] vt (@ —y)dalt,y)]| dudt

// /LH (t,9)1p" (z — y) d|a(t, y)| dadt
<”U||C(K* / /L+1/ y) dzd|a(t,y)| dt

L+1 s
<loleue [ [ dlatt.)ldt = lolloge /0 Vargp-ypsalt, ) dt.

From (2.4) it follows that
115 ()21 i) < cllvlleges

where ¢ is independent of 4.
Now we continue with IZ(v). Using the definition of p°, we derive

L 9 L L+1
[ < Weloue [ [ Tatt,2) - ot )l g5l dyde
—L —-LJ-L-1

After a substitution z = %5¥, we obtain

L L1 r1
/ 12| de < c||vHC(K*)/ —/ la(t,x) — a(t,z — 0z)| dzdx
-L —L0J
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11 L
:c||vHC(K*)/_15/_L|a(t,x) —a(t,z — 0z)|dxdz.

Condition (2.2) implies that the values of a(t,-) at the points of jump should be between
the left and right limit of the function a(¢,-) at the jump. In this setting (see Lemma 9.2,
[4], page 53), for |z| < 1, we derive

L
/_L la(t,x) — a(t,r — 0z)|dxdz < 0Var_p_s150(t,-).
Hence

L
/L 15| dz < c|lvllcen Vari_p—s4sa(t,) < clvllogen Var—p_1,L11alt, ).

Then from estimate (2.4), we have

115 (0) | 110y < CHUHC(K*)/O Var_p_1 p4+qa(t, ) dt < cl|vlleiren-

Combining these estimates, we get that [[As(v)|z1(x) < clvllc(x+), where the constant
c is independent of § and v. This proves the first part of the lemma.

In order to complete the proof, it is enough to show that || As(v)| 11 (x) — 0 for smooth
v. The general case follows by density arguments. But when v is smooth, a(v* p®), — av,
and (av,) * p° — av, in L'(K) as § — 0. O

Now, we continue with the proof of Theorem 3.2. We use the notation introduced in
Section 3. Recall that  :=[0,T] x IR. For any g € L}, .(Q) we define the operator

Sesg(t, ) = g =0 (t) * p° (z).

Note that, for e < T'—s, S, sv is well defined on K. When € = 0, we mean that Sy sg := gxp°.
Similarly, when § = 0, S¢ g := g *n°. Recall that v € C(Q), v(0,z) = 0 and v := S, (v,
090 = €0V, V0 = So,ev, 7€ := vf + avg. With this notation we have

¢ = of + avs — A (v°0) + A (v90) =: A+ A (v°0).
But A (v°) = A (v°° — v) + A.(v) and by Lemma 6.1
||Ae(U€’0)||L1(K) < C||UE’O =Vl + ”Ae(U)HLl(K)-

Again by Lemma 6.1, we have ||A¢(v)||r1(x) — 0. Also, from the definition of ve0, it
follows that [[v*? — v||c(x+) — 0 as € — 0. We combine the above estimates and derive



20

[Ac(v“) || L2 (i) — 0 as e — 0. Thus, we are left with the estimation of [JA|[;1(x) We
can rewrite A€ as

T
A(ta) = [ [ v o =)o@~y dydr

- /T/ o(T,y)n(t — 1) d(a(r,y)p (z — y))dr.
0 R

For € > 0 and sufficiently small, i.e. ¢ <T — s, the function ®(7,y) := n(t — 7)p(z — y) is
in C*°(Q) and with compact support in [0,7") x IR. Hence, using the definition of a weak
solution, we find

A(ta) = [ v(0.9)9(0.9) dy.

Because v(0,y) = 0 for any y € IR, we obtain A(¢,z) = 0 for any (¢,z) € K. Therefore
r¢ = A+ A (v%) — 0 in L (K) as e — 0. 0

Proof of Lemma 3.4. We will reformulate the lemma for the forward problem, because
the notation is simpler and the proof goes similarly to Lemma 4.1.1 in [1]. We make a
change of variables t := s —t and instead of changing the name of the function a, we change
the condition (2.2), imposed on a. In this setting the one-sided Lipschitz condition (2.2) is
reformulated as

(6.3) (a(t,z) — a(t,y))(xz —y) < m(t)(z —y)?, for all z,y € IR,

where (without loss of generality) we assume m(t) > 0. The condition (2.1) stays the same.
Here e€ will be the solution to the problem

(6.4) e; +a‘el, =¢°, (t,x) € (0,s) x IR,

(6.5) e(0,z) =0, zelR,

with a® := Sy 2a and ¢¢ — 0 in L, ([0, s] x IR) as € — 0. Then, Lemma 3.4 is equivalent
to

LEMMA 6.2. Let a satisfy (2.1) and (6.3) and € be the solution of the problem (6.4)-
(6.5), where ¢¢ — 0 in L} ([0, s] x IR). Then

loc

le“(s; )y wy — 0 as e — 0.

Proof. For the proof of the lemma we only need

(6.6) la(t, Lo r) < m(t)
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with m € L'[0,7T]. Note that, (6.6) is a weaker assumption than (2.1). It is easy to verify
that if a satisfies (6.3) and (6.6), then

(6.7) ay,(t,z) < mf(t), for any = € IR,

and

(6.8) [a“(t, ) || oo (m) < m(2)-

Let us define (¢, x) := |e“(t,z)|exp~ Jo () 9T Then, since m is a nonnegative integrable
function, it is enough to show that ¢¢(s,-) — 0 in L} (R). Using (6.4), we get

(6.9) Ui+ (a9 )e = ¢4,

with

t t
8 = (el + aleff)eap™ b O 4 (a —m)feffeap b M

t
¢4 + (a5 — m)efeap Ja .

Because of (6.7), we obtain that
(6.10) Ui+ (aY)x < G5

Here ¢5 — 0 in L} ([0, s] x R), since ¢¢ — 0 in L} ([0, s] x R).

The remainder of the proof is essentially an application of Green’s theorem for the left-
hand side of (6.10). However, since we have no reference for the generality we need, we
shall provide the details independently.

Fix 2o € R, s > 0 and R > 0. Let us define M (t) := [’ m(7)dr,

Qs :={(t,z) : 0<t<sand|r—z9| <R+ M(t)},

and integrate (6.10) over Q;. We get

(6.11) / [ widvar + / /Q (@ adet < / /Q Gz,

where [ [o ¢5dtdz — 0 as e — 0.

The idea of the proof is to split the domain €2, into three parts, integrate the two terms
in the left hand side of (6.11) on each of the three domains and use the estimate (6.8) for
the velocity a®.We divide €25 in three regions

Q0= {(t,x) : (t,x) € Qs, |v — x| < R},

Qb .= {(t,z) : (t,x) € Q, x — 20 > R},
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Q2 :={(t,z) : (t,z) €Qs, z — 20 < —R}.

s

//qu/); (a0)pdzdt = Z// 05+ (a0 ) dud.

Denote I! := [ [ ¥§dadt, for i = 1,2. We represent Q! and Q2 as

Then

Ql:={(t,2) : R<az—29<R+M(s), 0<t <M Yz —z9—R)},
Q%:={(t,2) : ~R—M(s)<zx—290<—-R,0<t< M ' (~x+z9—R)},

where M~! is the inverse function of M (M is strictly decreasing). Then we integrate by
parts and after change of variables y = z — zg — R, we obtain

! M(s) M(s)
ISZ/O V(M (y),y+:ro+R)dy—/ (0, y + zo + R)dy.

We have fo © (0, y+xzo+ R)dy = 0 because of (6.5), and again after a change of variables
z = M~Y(y), we conclude

(6.12) = / Ty (2,20 + R+ M(2))m(2)d-.
0

Similarly, we obtain

(6.13) I? = /8 Y (z,m0 — R — M (2))m(z)dz.
0

Now, we consider [ fQS(aEwe)xdazdt. After integration by parts, we have

(6.14) / / (a0 ot = /0 T 0 (2,10 + B+ M(2))0 (2,20 + R + M(2))dz

—/ a(z,xg — R — M (2))¢ (2,20 — R — M (2))dz.
0
Combining (6.12), (6.13) and (6.14), we get

(6.15) / /Q gdudt +r{ + 5 = / / 0+ (a9 )pdzdt < / / g5 didz,

where 7{ := [J(m(z) + a“(z,20 + R+ M(2)))¢ (2,20 + R+ M(z))dz and 1§ := [;(m(z) —
a®(z,xyg — R — M(2)))Y (2,20 — R — M(z))dz. We know that 1 is non-negative and a°
satisfies (6.8), therefore we have that r; > 0 for ¢ = 1,2. Then from (6.15) we have

/x_$O<R Y(s, )dx = //QO Yidadt < //Q PSdtdz.

Hence, [|9(s, ')||L11 (r) — 0 and the proof is completed. O
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