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Abstract

We consider quadrature formulas of high degree of precision for the computation
of the Fourier coefficients in expansions of functions with respect to a system of
orthogonal polynomials. In particular, we show the uniqueness of a multiple node
formula for the Fourier-Tchebycheff coefficients given by Micchelli and Sharma and
construct new Gaussian formulas for the Fourier coefficients of a function, based on
the values of the function and its derivatives.
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1 Introduction

The approximation of f by partial sums S,,(f) of its series expansion
flz) = Z ar(f)Pe(x)
k=0

with respect to a given system of orthonormal polynomials {P;}72, is a classical way of
recovery of functions. The numerical calculation of the coefficients ax(f), present in S,,(f),
is a main task in such a procedure. Recall that if {P;}3°, is a system of orthonormal
polynomials on [a, b] with a weight function p (integrable, non-negative function on |a, b|
that vanishes only at isolated points), then

alf) = / () Pe() £ (8) i, (11)

and the computation of ai(f) requires the use of a quadrature formula. An application
of the Gauss quadrature formula based on n values of the integrand Py(t)f(t) (with
k < 2n—1) will give the exact result for all polynomials f of degree 2n—1—k. Is it possible
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to construct a formula based on n evaluations of f or its derivatives which gives the exact
value of the coefficients ay(f) for polynomials f of higher degree? What is the highest
degree of precision that can be attained by a formula based on n evaluations? Studying
this question for the coefficients ax(f) of f with respect to the system of Tchebycheff

polynomials of first kind {7} }2°,, orthogonal on [—1, 1] with weight pu(t) = \/117?,

Ty (t) = cos(k arccost) = 2:_1(15 — &) (t—&), te(-1,1),

Micchelli and Rivlin discovered in [9] the remarkable fact that the quadrature

1
1 m

T,t)f(t)dt ~ —f'[&1,..., &, 1.2

| =m0 as k6l (12

is exact for all algebraic polynomials of degree < 3n — 1. Here, g[x1, ..., 2,,] denotes the

divided difference of g at the points xy,...,,,, and thus formula (1.2) uses n function

values of the derivative f’) that is f'(&1), ..., f/(&.). Tt is clear that there is no formula of
the form

1 1 n n ,
/_1 an(t)f(t) dt ~ ; ay f(zy) + ;bkf (k) (1.3)

which is exact for all polynomials of degree 3n. The polynomial
Ft) = Ta(t)(t — 21)* - (t — 2a)?

is a standard counterexample. Thus the Micchelli-Rivlin formula is of highest degree of
precision among all formulas of the type (1.3). Is this extremal formula unique? The
question of uniqueness is reduced to the following problem which is also of independent
interest: Prove that if @ is a polynomial of degree n with n zeros in [—1,1] and such
that |Q(n;)] = 1 at the extremal points n; = cos %, j = 0,...,n, of the Tchebycheff
polynomial 7,,, then @ = £7,,. This property was proved by DeVore [4] and thus the
uniqueness of Micchelli-Rivlin quadrature was settled (see [10]).
In this paper, we consider formulas of type

n V]—l

/b w(t)Pe(t) f(t) dt = Z Z cjif(i)(xj), a<xy<--<xp<b, (1.4)

j=1 i=0

where v; are given natural numbers (multiplicities) and P, = 2 + ... is a polynomial of
degree k. We say that a number ¢ is the algebraic degree of precision (ADP) of (1.4) if
(1.4) is exact for all polynomials of degree ¢ and there is a polynomial of degree ¢ + 1
for which this formula is not exact. Let us denote by e(v) the smallest non-negative even
integer > v (clearly e(r) = 0 for all v < 0), and by o(Fy) the number of zeroes of Py in
(a,b) with odd multiplicities. It is easy to see that the ADP(1.4) does not exceed

e(ry —m)+...+elvy, — 1) +0(P) — 1,
since the formula is not exact for the polynomial

(t — ) (= )T — 1) (E — ),
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where m = o(P), t1,...,tm € (a,b), are the zeroes of P, with odd multiplicities, 7; := 1
if z; € {t1,...,t,n} and 7; := 0 otherwise. Notice that in our applications the polynomial
Py in formula (1.1) for ax(f) is the k-th orthogonal polynomial on [a,b] with weight g,
thus all its zeros are with multiplicity one and we have that o(P;) = k.

Here, for the sake of convenience, we define the formula (1.4) to be Gaussian, if it has
maximal ADP, that is, if

ADP(14) =e(rn — 1)+ ...+ e(Wn — 1n) + 0(FPx) — 1.

For example, formula (1.2) is Gaussian since ADP(1.2)= 3n — 1. In this case, 1y = ... =
Up=2,11=...=7,=1,0(T,) = n, and therefore e(v;—1)+. .. +e(v,—1,)+0(T,)—1 =
2n+n —1=3n— 1. Note, that according to the above definition any interpolatory type
quadrature of the form

JCYOYESD SUTIEARS SUNLEN

would be also ”Gaussian”, which is somehow violating our classical understanding about
the Gaussian property.

In this paper, we give a complete characterization of the Gaussian formulas of form
(1.4) and construct explicitly such formulas in several particular cases. The natural setting
is when Py is the corresponding orthogonal polynomial and one looks for nodes and
coefficients that define a Gaussian formula. Another setting is when the nodes {z;}}_,
and their multiplicities {v;}7_, are preassigned, and we seek a polynomial P} for which
the corresponding formula is Gaussian. If Gaussian formulas do not exist, we investigate
the formulas of type (1.4) with maximal possible ADP. We also show that there is a
one-to-one correspondence between formulas of type (1.4) with simple nodes (v; = 1,
j = 1,...,n) and fixed orthogonal polynomial P, and the Gauss-Kronrod formulas [7].
As an application of our main observation (Theorem 2.1) we prove the uniqueness of a
formula derived by Micchelli and Sharma in [11]. This study is a continuation of the
approach outlined in [2].

2 General observations

Let us denote by
mo(IR) = {P(t) : P(t) =) dit*, dy € R}
k=0

the space of all polynomials in one variable of degree at most n. In this section, we discuss
general remarks concerning Gaussian quadrature formulas with multiple nodes since, as
we shall see below, the study of formulas of type (1.4) for the Fourier coefficients can be
reduced to the study of standard multiple node quadratures. The extension of the classical
Gauss quadrature to the multiple nodes case took a long time and the effort of many
mathematicians. First, Tschakaloff [20] proved the existence of Gaussian quadratures
with multiple nodes and then Ghizzetti and Ossicini [6] established the following theorem.



Theorem A. For any given set of odd multiplicities vy, ..., v,, there exists a unique
quadrature formula of the form

n Vj—

/bu() ZZaﬂf (), a<z<---<uz, <D, (2.1)

j=1 =0

of ADP=vy+---+v,+n—1. The nodes x1,...,x, of this quadrature are determined
uniquely by the orthogonal property

[ u T nm@ud=o. ¥ Qe (),

Quadratures of type (2.1) with equal multiplicities have been studied by Turan [21].
He proved Theorem A in the particular case when 14 = --+ = v, = v, with v being an
odd number. The optimal nodes {x;}7_, are characterized by the orthogonal property

/ ﬁ (t—2)"Qt)dt =0, YV Q € mp1(IR).

In this case, the Gaussian quadrature is called Turan quadrature of type v. Further
extension of Theorem A to the case of generalized Gaussian formulas with a sign changing
weight was given in [3].

Next, we describe the connection between quadratures with multiple nodes and for-

mulas of type (1.4). For the system of nodes x := (z1, ..., z,) with corresponding multi-
plicities 7 := (v1, ..., v,), we define the polynomials
n A t' n
T I (M Rt NSRS | (S
m=1 J m=1
and set
ay = (g, ,15), j=1,...,n
~——
v; times

The following theorem reveals the relation between the standard quadratures and the
quadratures for Fourier coefficients we are going to study.

Theorem 2.1 For any given sets of multiplicities i = (py, ..., px) and v = (v1, ..., y),
and nodes yy < -+ < Yk, 1 < -+ < T, there exists a quadrature formula of the form
b B n Vj—
[ non s ~ 3% e, 29)
a 7j=1 i=0

with ADP = N if and only if there exists a quadrature formula of the form

b k pm—1 n vj—
JRCIOUZD DD SEVEITAESD 'S ) (2.3
a m=1 \=0 j=1 i=0



which has degree of precision N + py + -+ -+ pi. In the case y,, = x; for some m and j,
the corresponding terms in both sums combine in one term of the form

M +l/j —1

A=0

Proof. Assume that ADP (2.3) = N + p; + -+ - + ug. Apply now (2.3) to the polynomial
A*(;y) f, where f € mn(IR). The value of the first sum in (2.3) is 0 and we obtain
b n Z/j—l )
JNCIECRTCIES 99 SY SR LI N (2.4
a j=1 i=0 -
Since ,
i i i i s 1—5
s =3 (1) eyl 1),
s=0 §

equality (2.4) is a quadrature of form (2.2) which is exact for f € 7y (IR).

Conversely, let us assume that ADP(2.2)= N. Observe that any sufficiently smooth
function f has the representation

fO) =H@) + [y out N (G y),

where H is the polynomial that interpolates f at the nodes y := (y1, ..., y) with multi-
plicities i := (1, ..., ug). We multiply both sides by the weight p(t), integrate over [a, b]
and arrive at the formula

[ us@de= [ u@m@ds [ aofal. o 007 y) de

The term fab w(t)H(t) dt is a sum like the first sum on the right side of (2.3). Notice that if
[ is a polynomial of degree N + piy + - - - + pu, then the divided difference f[yi*, ..., yi*, ]
is a polynomial of degree at most N and we can compute the last integral exactly by
(2.2). In conclusion, we obtain a formula of the form (2.3) that is exact for all polynomial
of degree N + p; + ...+ pg. The proof is completed. O

It follows from the above proof that any formula of the form (2.2) generates a formula
of the form (2.3), and vice versa. Surprisingly, the relation between (2.2) and (2.3) was
used before only in one direction — to obtain from (2.3) a formula of type (2.2).

Note that we did not use in the proof of Theorem 2.1 that p is non-negative function.
Thus the assertion holds for every integrable function .

A direct application of Theorem 2.1 for particular choices of the multiplicities jz and
v gives a characterization of the Gaussian quadratures for the Fourier coefficients.

Corollary 2.2 Let Py(t) = (t—vy1)--- (t —yx) and y; # x; for alli and j. Formula (1.4),
with v, j =1,...,n, odd multiplicities is Gaussian if and only if the polynomial P A(-;x)
is orthogonal in [a,b] with weight

u() [ =)

j=1

to every polynomial of degree n + k — 1.



Proof: Notice that o(P;) = k and 7; = 0 for all ¢, since y; # z; for all i and j. Thus,
formula (1.4) is Gaussian if and only if it has ADP = v, +---+ v, +n+k —1. According
to Theorem 2.1, ADP(1.4) = e(v1) +--- + e(vp) + k — 1 if and only if the formula

b k n vj—1
/ WO F Ot~ S bof ) + 303 a0 ()
a m=1 j=1 =0

has ADP =2k + 1y + .-+ v, + n — 1, ie., if it is Gaussian. But, by Theorem A, the
latter is true if and only if the polynomial Py (¢)(t — 1) --- (t — x,) is orthogonal in |[a, b]

with weight () H(t —2;)""! to every polynomial of degree n + k — 1. The proof is

j=1
completed. O

Similar statement holds in the case when some of the nodes y; < ... < y; coincide
with some of the nodes x; < ... < z,,. As illustration, we will only state the case when

Y1 = Tt

Let P(t) = (t —x1)(t —ya) - (t —yx) and y; # x; fori=2,....k, and j =2,...,n.
Formula (1.4) with odd multiplicitties vj, j = 1,...,n, is Gaussian if and only if the
polynomial P,A(+;x) is orthogonal in |a,b] with weight

n

() [Tt =)

J=1

to every polynomial of degree n + k — 2.

Note that Corollary 2.2 does not assert existence of Gaussian quadratures for any
weight and any fixed system of points y; < --- < yg. It gives only a characterization.
Later we shall return to the question of existence.

Next we fix the nodes and look for a polynomial P so that the resulting quadrature
is Gaussian. The following is true.

Corollary 2.3 For any given set of fived nodes x1 < -+ < x, in [a,b] and even multi-
plicities v = (v1,...,1y,), there exists a unique Gaussian quadrature formula of the form
(1.4) with a certain polynomial Py(t) = (t — y1) -+ (t — yr). Py is characterized by the
property that it is the polynomial of degree k, orthogonal in [a,b] with weight pu(t)A”(t; x)
to every polynomial of degree k — 1.

Proof: It is a classical result that for the weight uA”(-;x) > 0 (all v;’s are even) and the
interval [a, b, there exists a unique quadrature of the form

b k
[ uON s @ i S o)

exact for all polynomials of degree 2k—1. This is the Gauss formula, whose nodes {y., }*,_,
are the zeros of the k-th orthogonal polynomial on [a,b] with weight puA”(-;x). Let us



first assume that y,, # x; for all m and i. Then, by Theorem 2.1, there exists a unique
quadrature of the form

n vj—1

b
/ Z bm().f ym + Z Z a]zf fL‘]

7=1 =0

of ADP = vy + -+ v, + 2k — 1. Again, by Theorem 2.1 the latter formula exists if
and only if there is a quadrature of the form (1.4) of ADP = vy +--- + v, + k — 1. This
completes the proof, since o(P;) =k, 7, = 0,7 = 1,...,n (here we consider the case when
Ym 7 x; for all m and i) and for even v;, e(v;) = v;. The case when some of the nodes
Y1 < ... <y coincide with some of the z; < ... < x, can be treated similarly. O

We formulate below the important particular case when & = n and y; = z; for
i7=1....n

Corollary 2.4 For any given set of even multiplicities v = (vy,...,1y,), and weight p,
there ezists a unique Gaussian quadrature (with ADP= vy + ...+ v, +n—1) of the form

n I/j—l

/ WOAEX) FE xS S i fOay). (2.5)

j=1 i=0

Its modes {x;}"_, are determined by the orthogonality property

/ O] - =) "'QE)dt =0, VQ€m_1(R).

7=1
Proof: Here o(A(t;x)) =n, 7, =1, i =1,...,n, and since the multiplicities v; are even,
M::Ze(yi—l)—i—n—l:Zyi—l—n—l.
i=1 i=1

Thus, by Theorem 2.1, formula (2.5) is Gaussian, i.e., it has ADP = M, if and only if
there is a quadrature of the form

[ utvswa=y S a9 (ay)

j=1 i=0

of ADP = M + n. Now, by Theorem A, the last quadrature exists and is uniquely
determined by the weight x4 and the multiplicities (v;+1, ..., v,+1). The characterization
of its nodes {x;}}_, is given by Theorem A as well. O

Corollary 2.4 can be applied in the case when all multiplicities are even and equal to
v. Then the associated quadrature of type (2.1) is the Turan quadrature of type v + 1,
and the following particular case of the previous corollary holds.

Corollary 2.5 For any even v and weight 1, there exists a unique Gaussian quadrature

(with ADP= nv +n — 1) of the form

n v—1

/ WA FE e SS esafO ). (2.6)

j=1 i=0



Its nodes {x;}}_, are the nodes of the Turan quadrature of type (v +1) and sign{c;, 1} =
(-1,

Proof: Since Corollary 2.5 follows directly from Corollary 2.4, it only remains to show
that sign{c;,_1} = (—1)"7. We consider the Turan quadrature (2.1) of type v + 1 with
v; = v+ 1 and apply it to A(-;x)Q, where @ is a polynomial of degree nv +mn — 1. We
have that

i—2

AEX)QM]Y (2)) = iAj (2 x)QU V() + ) " dy@P(xy), i=2,....v,

and therefore we obtain (2.6), where ¢;,_1 = va;,Aj(z;;%). Since the coefficients {a;;} of
Turan’s quadrature have the property (see [21]) a;; > 0 for all j and even ¢, and

sign{A;(z;;x)} = (=1)"7,

we derive that sign{c;, 1} = (=1)"77. O

It is known that for every v even, the nodes of the Turan quadrature of type (v+1) with
weight () = (1 —¢%)7"/2 on [—1,1] are the zeros {¢;}"_, of the Tchebycheff polynomials
of first kind 7;,. This fact and an application of Corollary 2.5 with [a,b] = [—1, 1] and
u(t) = (1 —2)71/2 gives the Gaussian formula

/1 T”—(t)f(t)dxzzn:fc,.f(i)(g,)
VA ‘1 i 7 !

with ADP= nv +n — 1. The coefficients ¢;; can be found from the coefficients of the
corresponding Turan quadrature.

In the case v = 2, we arrive at a formula based on the values of the integrand f and
its derivative at the zeros of T),. A calculation of the coefficients of f(&), k=1,...,n,in
the resulting quadrature formula shows that they are equal to zero and thus one obtains
the Micchelli-Rivlin quadrature (1.2) from [9] which is exact for 3,1 ([R).

Corollary 2.3 gives a positive answer to the question of existence and uniqueness of
Gaussian formulas of type (1.4) if we fix the nodes {x;}7_, and their even multiplicities
(v1,...,v,). An affirmative answer has also the problem of existence and uniqueness of
Gaussian quadratures of type (1.4) (see Corollary 2.4) where k = n and the polynomial
P, has exactly n real zeros which are the nodes {z;}}_,.

Let us return now to the question of existence and uniqueness of a Gaussian quadra-
ture of type (1.4) for any fixed polynomial Py(t) = (t — y1)---(t — yx) and prescribed
multiplicities (v1,...,v,). This question does not have a definitive answer, as it can be
seen from the following examples.

First, we show that if [a,b] = [-1,1], u(t) =1, n =1, 1y =2, k = 1, and Pi(t) =
t — 2/3, there is no Gaussian quadrature of type (1.4). Namely, there is no z; € [—1,1]
such that the formula

/1 (t - %) FE)dt ~ aro f(1) + an f'(1),

1

8



is exact for all polynomials of degree 2. Indeed, this requirement leads to solving for x;
the equation 1222 + 12x; + 4 = 0 which does not have real roots. Next, one can easily
show that if [a,b] = [-1,1], u(t) =1, n =1, 1, =2, k=1, and P, (t) =t — 11/20, both

formulas \/_ NN
! 11 20 37 ., V3720
/_1<t—%)f(t) tr g )+ LT p (T2
and

)

[ (1= 50) s (T2 -

are Gaussian, i.e., they are exact for polynomials of degree 2.

As shown by the examples above, the existence (and uniqueness) of Gaussian quadra-
tures (1.4) is not secured for any fixed set of a polynomial P, and multiplicities v :=
(v1,...,Vn). Actually, Corollary 2.2 describes all triplets (u, Py, 7), with 7 being a set
of odd multiplicities, for which such extremal quadratures exist. Indeed, the point
X = (21, -+, %,) € [a,b]", x; # y,; for all j and i, is Gaussian for the triplet (u, Py, ),
that is, there is a Gaussian formula of type (1.4), if the polynomial

Byp(t)(t = w1) - (= wn)

is orthogonal in [a, b] with weight

-1

n

o V]fl
o) [T )
J=1

to every polynomial of degree n + k — 1. But this means that the zeros yy,...,y, of Py,
together with the points x,...,z, are the nodes of the Gaussian quadrature formula
associated with the weight p and the multiplicities p; = 1 for ¢ = 1,...,k, and odd
Vi,...,Vn. Such a formula always exists (and is unique for any preassigned order of
the multiplicities {y;} and {v;}, see Theorem A). Therefore, for any chosen positions
iy < -+» < i among (1,2,...,n + k) there is a unique Gaussian quadrature formula of

the type
n+k s;—1

b
[ uswdes 3> 4
a j=1 i=0
where s;, = 1 for m = 1,...,k, and the rest of the multiplicities s; coincide with
V1,...,Vy, given in a preassigned order. Clearly, if we choose the polynomial P, such
that its zeros y,,, m = 1,...,k, are

Yn =1ti, m=1,...k,

then there exists a Gaussian quadrature of type (1.4). Only such choices of P, admit a
Gaussian formula. Similar argument holds if we have that x; = y; for some 7 and j.
In [11], for every s > 0, Micchelli and Sharma constructed a formula of the form

1 1 s ' n—1 2s
- ~ O (1
/_lan(t)f(t)dtwj;[A]fj( 1)+ B, f9) +]21;aﬂf (), (2.7)



with ADP(2.7)= (25 + 3)n — 1, which has the highest possible precision. Since the nodes
of their formula are located at the extremal points —1, 91, ...,7,_1, 1, of the Tchebycheff
polynomial T, (note that {7;}" ~! are also the zeros of the Tchebycheff polynomial of
second kind U,,_1), it can be con81dered as an extension of the simple node formula

2 o1
- T, f()dt ~ 25" f[—1,7, ..., The1, 1
77-/1\/?752 ()f() f[ m MNn—1 ]

of ADP = 3n — 1, established earlier in [9]. It was not known whether the Micchelli-
Sharma multiple node quadrature is unique, although it is of highest degree of precision.
We can derive here the uniqueness from our characterization results.

Theorem 2.6 Let
Mlf] = FI=1 s 1%, o= {_____

The Micchelli-Sharma quadrature formula

- /_1 —an@)f(t) dt ~ 21" {Ml[f] + 22 (;L%szﬂ[ﬂ} ’

where a; are defined by their generating function

o0

-1
> dagt = 5[ -4 )

=0
is the unique formula of the form (2.7) of highest ADP.

Proof: Assume that a quadrature of form (2.7) has ADP = (2s+3)n — 1 and z; # &; for
all j and 7. Then, by Theorem 2.1, the quadrature

1 1 s n—1 2s
~ (Z
[l O S A0+ B+ 3 e +Z% )

will be exact for all polynomials of degree (2s+4)n—1 and consequently, again by Theorem
2.1, a quadrature of the form

1 2s

1 1 n—
_ 42\s+1
L“t)JFT 10%f%+2%“f

j 1=

will integrate exactly all polynomials of degree (2s +4)n — 1 — (25 +2) = (2s + 2)(n —
1)+ 2n —1. This formula is based on n interior simple nodes &, ..., &,, and (n — 1) nodes
Z1,...,%,_1, each of odd multiplicity 2s+ 1. Such formula can attain the highest possible
ADP, equal to

ADP =2n+ (2s+2)(n —1) — 1,

10



only in the case when all nodes are Gaussian. But by Theorem A, there exists only one
such quadrature. Thus, it should coincide with the formula corresponding (via Theorem
2.1) to the Micchelli-Sharma quadrature. Similar argument holds when some of the points
in {z;}/=} coincide with some of the points {&}7,. The proof is complete. O

Note that applying once more Theorem 2.1 to the last quadrature formula, we arrive
at the following conclusion.

Corollary 2.7 There exists a unique Gaussian quadrature formula (for the Fourier-

Tchebycheff coefficients) of the form

n—1 2s
[a-erenomas T3 auoe)
-1 j=1 i=0

of ADP = (2s+2)(n—1) — 1. The nodes of this extremal formula are located at the zeros
M,y -1 of Up_1 and the coefficients can be given explicitly via the coefficients of the
Micchelli-Sharma quadrature.

3 Quadratures with simple nodes

In this section, we discuss quadratures with simple nodes, i.e., the information used to re-
cover the integral consists of function values only. In this case, we give explicit expressions
for the extremal nodes and the coefficients for some widely used weight functions.

3.1 Quadratures with free simple nodes

Here, we consider formulas of type
b n
[ on@i@d =Y afw). RO=-w.t-w. 6D
a j=1

where y := (y1,...,Yx), is a given set of points and y; # z; for all ¢ and j. We study the
problem of characterization of those y for which the quadrature has maximal algebraic
degree of precision. Clearly, for any choice of the parameters {a;}7_, and {z;}}_,,

ADP(3.1) < 2n + k,

since it is not exact for the polynomial P,A?(+;x) € ma,.1([R). The following version of
Corollary 2.2 gives a complete characterization of the nodes y for which there exists a
quadrature formula (3.1) of maximal ADP, equal to 2n + k — 1.

Theorem 3.1 The quadrature formula (3.1) has ADP= 2n+k—1 if and only if the nodes
YLy -y Yk, L1y - - -, Ty, are the zeros of the polynomial S, which is orthogonal in [a, b] with
weight p to every polynomial of degree k +mn — 1. Moreover, the coefficients {a;}_, of
the extremal quadrature are given by a; = o;P(x;), j = 1,...,n, where {a;}7_, are the
coefficients corresponding to the nodes x1,...,x, in the Gauss quadrature formula with
n + k nodes.

11



Proof: Let us consider the Gaussian quadrature

| utattyat = S agle) + 3 Big(w), (32

on [a, b] with weight . Its nodes xy,...,Zn, Y1, .., Yk, are the zeros of the polynomial of
degree n + k that is orthogonal to 74,1 (IR) on [a,b] with weight p. Since ADP(3.2)=
2(n + k) — 1, it should be exact for every polynomial of the form g = Py f, where f €
Tontk—1(IR) and Pg(t) = (t —y1) ... (t — yg). This yields

b n
/ HOPOS O dt = > iRl f(ay), for every [ € T (IR),

Thus, we derive a formula of type (3.1) with nodes {z;}}_, and coefficients a; = a; P;(7;)
of highest ADP.

Assume now that the quadrature (3.1) has ADP = 2n+k—1. Consider the polynomial
Skan(t) == Pe(t)A(t;x). For every polynomial @ € ., 1(IR) we have

[ uSe 0@ dt = [ P0AERIQE = 3 A wix)Q(r) = 0.

In other words, the polynomial Sy, is orthogonal to every polynomial from 7,1 (IR)
on [a,b] with weight p. It remains to show that the coefficients a; are related to the
Gaussian coefficients o by a; = a;P;(x;). To show this we apply quadrature (3.1) and
the Gaussian quadrature (3.2) to the polynomials A;(¢;x) and Py (t)A;(¢;x), respectively,
and derive

/ WO PUOA; (Ex) dE = a;h (2 %);

/M(t)Pk(t)Aj(t%X)dt = o Pe(xj)A;(z55%).

Comparing the above expressions, we obtain the wanted relation and the proof is com-
pleted. O

Theorem 3.1 characterizes completely the Gaussian quadrature of type (3.1) in the
case of simple nodes. It shows, that given a polynomial Py, it is not always possible to
construct a Gaussian quadrature of type (3.1). Necessary and sufficient condition for such
a formula to exist is the fact that the zeros of Py, {y; };‘?:1, have to be among the zeros of
the (n + k)-th polynomial (call it S, ), orthogonal on [a, b] with weight u. Therefore:

If Py, divides S,1k, then there exists a unique quadrature of the form (3.1) of highest
ADP, equal to 2n+ k — 1.

We emphasize this remark, since it is related to the question of uniqueness of the
Gaussian quadrature for Fourier coefficients.

Next, we will give some examples of Gaussian quadratures. Let us first recall that

_ sin(n+1)0

T,(x) =cosnb, U,(z)= —ang where x = cosf,
sin

12



are the Tchebycheff polynomials of first and second kind, respectively. It is a well known
fact that the nodes of the Gaussian quadrature formula of the form

n+1

/\/1—t2f t)dt ~ Zﬁj (n +Za] (&), (3.3)

are the zeros of Us,.1. Using the identity

Uznt1(t) = 2T5,41 () Uy (1),

we conclude that the nodes of (3.3) coincide with the zeros 1, ..., n, of U, and the zeros
&1,y &nyr of Tiq. The explicit form of (3.3) is well known:

! T = gm 2 g
V1—t? ~ in ——— —_
/_1 eI dt 2n+2;(8mn+1> f(cosn+1)
n+1 2
T . (2= (2k — 1)m
2n+2;(sm on + 2 ) f<cos m+2 )

The following corollaries are a simple consequence of Theorem 3.1.

Corollary 3.2 [f (3.3) is the Gaussian quadrature formula on [—1, 1] with weight u(t) =
V1 —1t2, then the quadrature formula

1 an
/ VI=EU 0 f(t)dt ~ Y anf (&),
-1 k=1

with

%= o (Siﬂwfvn(m:m)“ T 2R DT

2n + 2 2n + 2 2n + 2 2n + 2

is the unique formula of highest ADP (equal to 3n + 1) among all formulas of this type

with n+ 1 nodes. Here & = cos (22167;:2)”, k=1,....,n+1, are the zeros of the Tchebycheff
polynomial of first kind T,,1.

Corollary 3.3 If (3.3) is the Gaussian quadrature formula on [—1, 1] with weight u(t) =
V1 =12, then the quadrature formula

/ V1= 2T, (8 f(t)dt ~ benj

with

. 2 .
ST .oT JT
i = )2n+2(smn+1> e COSn—i—l

is the unique formula of highest ADP (equal to 3n) among all formulas of this type with
n nodes.

13



3.2 Connection to Gauss-Kronrod quadratures

In this section we discuss the relation between the Gauss-Kronrod quadratures and
quadratures of type (3.1) when the polynomial P is fixed.

To improve the numerical results obtained by the application of a certain quadra-
ture formula, Kronrod [7] suggested the following procedure. Assume we start with a
quadrature

b k
| nsodes S a,s) (3.4)

Keeping {y; ;?:1 fixed, can we choose another set of n nodes x; < ... < x, so that the
quadrature based on the nodes {y;}5_, and {z;}7_, has a maximal ADP. In other words,
we are looking for a quadrature of the form

b k n
JRCHOL D SN RSD SERIEY (35)

with fixed {y; ;‘?:1 which has maximal ADP. Note that here y; # x; for all 7 and j.
The following lemma gives the correspondence between quadratures (3.5) and quadra-
tures of type (3.1) with fixed polynomial Pj.

Lemma 3.4 Quadrature formula (3.5) with fized nodes {yj}é‘?:1 has ADP= N + k if and
only if the quadrature

b n
[ ORI ®d xS b s, Pl = G- w). (30)

has ADP= N. Moreover the relationship between {a;}_,, {8;}7_,, and {b;}}_, is given
by

k n k n
oo f )+ D Bif () =Y vl ) + D biflvn, -k wg),
j=1 j=1 j=1 j=1

where ) o
1 / Py (t
V=S | K di
TPy) o Tt
Proof: The equivalence of the two quadratures is a direct consequence of Theorem 2.1.
The relation between the coefficients of these quadratures follows from the proof of The-

orem 2.1 which gives that formula (3.5) can be written in the form

k

/M(t)f(t)dt ~ Z%‘f(yj)+ijf[y1,---,yk,$jh

j=1
1 b

R DA (t: y) dt,

K Aj(yj;y)/a HOA ()

where {b;}7_; are the coefficients from (3.6). O

14



The question is whether one can choose the nodes {z;}7_, so that N is as high as
possible. Clearly, the maximal N satisfies N > n — 1, since we always can choose an
interpolation quadrature (3.6) based on the set of nodes {x;}7_;.

Let us introduce the polynomial

En(t) = (t —a1) ... (t — z,).

According to Theorem 2.1, quadrature (3.5) is exact for all polynomials of degree n+k+m
if and only if quadrature (3.6) is exact for all polynomials of degree n + m. It can be
easily seen that the latter is true if and only if

b
/ p@)t—w)... (t—y)En(H)Q(t)dt =0, for all @ € m,(IR).

In the case when n = k + 1, and quadrature (3.4) is the Gauss quadrature formula
on [a,b], associated with the weight p, the quadrature (3.5) of ADP > 2k is known as
Gauss-Kronrod quadrature.

Our observation above, applied in the case when (3.4) is the Gaussian quadrature
on [a,b] with weight p, n = k + 1, and m = k gives the following classical result on
Gauss-Kronrod quadratures (see [1, 14]).

Corollary 3.5 Let (3.4) be the Gauss quadrature on [a, b] with weight p. Then quadrature
(3.5) with n =k + 1 is exact for all polynomials of degree 3k + 1 if and only if

b
[ reE =) B (0@ dt =0, for all Q € m(R).

For a given weight u, the polynomial FEj,; that satisfies these orthogonality relations
is called the Stieltjes polynomial. The problem of existence of such a polynomial for a
particular weight goes back to Stieltjes. Szego proved its existence in the case of constant
weight and raised some still open questions concerning existence for other classical weights.

Lemma 3.4 shows that the question of constructing formulas of type (3.1) of highest
ADP with k£ + 1 nodes in the special case when P, is fixed to be the k-th orthogonal
polynomial on [a,b] with weight p becomes a question of constructing Gauss-Kronrod
formulas on [a, b] with weight . More precisely, the formula

k+1

| ur@de > i)+ Y 65w

is a Gauss-Kronrod formula with ADP= N if and only if the quadrature

k+1

| e = ) - f0 e~ S b f(a)

has ADP= N —Fk. The coefficients are given by the relation b; = 8; P (z;), 7 = 1,...,k+1.

15



For results on existence, nonexistence, and construction of Kronrod type extensions
b

of the Gaussian rule for the integral / w(t) f(t) dt for particular weight functions p, we

refer the reader to [5, 12, 13, 14, 15, 18, 17, 18] and the references therein.

As discussed at the beginning of this paper, we have that N < 2n + k — 1, and the
quadrature is called Gaussian, if N = 2n + k — 1. Theorem 3.1 shows that the cases
of Gaussian quadratures (3.6) happen only if the fixed {yj};?zl are among the zeros of
Spik, the (n+ k)-th polynomial, orthogonal on [a, b] with weight p. In the case of Gauss-
Kronrod formulas, the nodes {y;}»_, are the nodes of the Gauss quadrature on [a, b] with
weight p, i.e. they are the zeros of Sy. Therefore, the ADP(3.5)= 2n + 2k — 1 if and only
if Spyx = SpR, for some R, € m,(IR). Example of Gauss-Kronrod formula (3.5) with
ADP= 4k + 1 is (3.3).

In the light of this discussion, the question of uniqueness of the Micchelli-Rivlin quadra-
ture formula (1.2) amid all formulas of type (1.3) reduces to the question: Do there exist
points z; < --- < x,, other than {¢; 1, such that the n nodes Gauss quadrature with

Tchebycheff weight 1/4/1 — ¢2 can be extended to the form

Lf . - :
/1 \/{(T)tzdt ~ ;ajf(fj) +;[ﬁjf(l‘j) + 95 f'(25)]

of ADP = 4n — 17 Or, equivalently: Does there exists a weight of the form

(t—21)? - (t —x,)?

with {x;}7_; # {&;}7-,, so that T, is orthogonal with respect to this weight to all poly-
nomials of degree n — 17 As we mentioned already, the answer is "no”. But a similar
multiple node version of this question is still open. Namely: Given any natural number
v, does there exists a weight of the form

(t—20)2 - (t — 2p)%

pu(t) = Nipe: ,

with {z;}7_, # {;}}j=1, so that T, is orthogonal with respect to this weight to all poly-
nomials of degree n — 17 The answer of this question will settle a long time open problem
about the uniqueness of a multiple node Gaussian formula for the Fourier-Tchebycheff
coefficients (see [11]).

It would be also interesting to study the existence of Gauss-Kronrod extensions of the
form

| nf®dex S asfm) + 55w + 2 w)

1

of ADP = 4n — 1 for other weights, say for the constant weight.
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3.3 Quadratures with fixed simple nodes

Here, we shall discuss quadratures of the form

[ 0P @@ dt = > b )+ Y aif @), AO= (- - w). (G

The nodes y1, ...,y are fixed and we look for n other points z1, ..., x,, to obtain highest
possible ADP. Clearly, if n = 0 the maximal ADP of such formula will be & — 1, since
the formula will not be exact for P,. In this case any interpolatory formula based on the
nodes {y;}¥_, is Gaussian. The following theorem is true.

Theorem 3.6 For any given set of distinct points'y := (y1,...,yx) there exists a unique
quadrature formula of the form (3.7) of highest ADP (which is 2n + k — 1). The nodes
{@;}5_, and the numbers a;P(x;), j = 1,...,n, coincide with the nodes and the coeffi-
cients of the Gauss quadrature formula with n nodes on the interval [a,b] with the weight
wP?, and therefore a;Py(x;), j =1,...,n, are positive.

Proof . Let L;_; be the Lagrange interpolating polynomial of degree k—1 for the function
f and nodes y. Then, by Newton’s formula,

f(t> = Lk—l(t> + f[yh B 7yk7t]Pk<t>

We multiply this identity by pP; and integrate over [a,b] to obtain

/u@ﬂ@ﬂﬂﬁzfM®&®M4®ﬁ+/u®%®ﬂmuw%ﬂﬁ (3.8)

Using the Gauss quadrature formula associated with the weight p and the interval [a, ]
(with certain nodes z1, ..., z; and coefficients 71, ..., 7x), we compute

b k
[ r RO - S Pl () X (39)

7j=1

The last equality holds with some {c] _, since the values Ljy_1(z;) can be expressed in
terms of f(y1),..., f(yk). Note that the above evaluation of the integral holds for every
function f, and hence for every polynomial of degree 2n + k — 1. Next, we compute the
second integral in (3.8) by the Gauss quadrature formula associated with the weight pP?
(with some nodes z1, ..., x, and coefficients a1, ..., a,). Note that for every polynomial
f of degree 2n + k — 1 the divided difference f[yi,...,yx,t] is a polynomial of degree
2n — 1. Thus the next evaluation is exact for every f € ma,1x_1(/R) and we have

n

b n k
/N(t)Pif(t)f[y17~--7Z/k7ﬂdt:Zajf[y17-~-,yk;$j] Zpk Z

with some coefficients &;. Now substituting this equality and (3.9) into (3.8), we obtain
a formula of the form (3.7) with ADP =2n + &k — 1.
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The uniqueness follows easily. Indeed, assume that (3.7) has ADP = 2n+k—1. Then,
applying the formula to P,(), we get the equality

[ u0PR®QU) &t =3 0Pl Qey)

for every @ € 7o, 1(IR), and hence the coefficients {a;Py(7;)}}—, and the nodes {z;}}_,

are uniquely characterized as parameters of a Gaussian quadrature. The coefficients

{bj}é?:l are uniquely determined by the condition that the formula is of interpolatory

type and has nodes at {y;}¥_, and {z;}_,. The proof is completed. 0
Theorem 3.6 shows that one can improve the precision of the quadrature

[ ORGSO d = Y 55 w), Pl = (=) (= )

following the strategy of Konrod, namely by adding additional nodes {z;}"_,. One can
achieve the highest possible precision 2n + k — 1 only by adding specific nodes, the nodes
of the Gauss quadrature on [a, b] with weight pP?.

The nodes {y; }§:1 of the starting formula do not have any impact on the accuracy of
the resulting formula (3.7). However, we can select {yj}é?:l to be the zeros of the k-th
orthogonal polynomial on [a, b] with weight . Then the following corollary is a particular
application of Theorem 3.6.

Corollary 3.7 Let Pi(t) = (t —y1) ... (t —yx) be the k-th orthogonal polynomial on [a, D]
with weight . Then there exists a unique Gaussian quadrature (with ADP=2n+k —1)
of type (3.7). This formula is

| uOR £ O de = S 0l o)

where {a;}s_, are the weights and {x;}7_, are the nodes of the Gauss formula on [a,b]
with weight pP?,

| uOR O @t~ Y 0 fs)

Proof: The proof follows the argument in Theorem 3.6 and the fact that the value of
b

the first integral in (3.8), / p(t) P(t) Li—1(t) dt = 0, because of the orthogonality of Pj.

This completes the proof. ‘ O
Next, we give some examples of Gaussian formulas of type (3.7). Before going further,
we need the following lemma.

Lemma 3.8 For every integer s > 0, the quadrature

! , 25 + 2\ <«
[a-errueamas (PO Y re. )

where U, 1is the Tchebycheff polynomial of second kind and {fj}}‘:l are the zeros of the
Tchebycheff polynomial of first kind T,, is exact for all polynomials in o, _1(IR).
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Proof: The proof follows the argument from Lemma 2 in [2]. First, we need to show
that 7T, is orthogonal to m,_1(IR) on [—1,1] with weight (1 — ¢)**2U>*2(¢). Let Q be an
arbitrary polynomial from m,_1(IR). We use the relation (see Lemma 3.2 in [8])

1 1

S l S S
1 s+1
= A+ B Tion0i(t) |, 3.11
m ( ]21 jst (2 +2)]( )) ( )

where

—1)
g L (22) Bjs:( (242 )
223+2 S—|—1 228+1 3"‘1_]

/_ (1= 2+ UEROT00 dt = A, / \/%Tn(t)Q(t)dt

1

to obtain that

+ (DT, (H)Q(t) dt = 0.

s+l
/ m 2n+2

The last equality is true since 7,,Q € mo,—1(IR), and T(2p+9);, 7 = 1,...,s+1, is orthogonal
to all polynomials in g, _1(/R). This gives that the nodes of quadrature (3.10) are the
zeros {&;}7_, of T,,. Let us now consider the interpolation quadrature with these nodes.
Its weights {a;}7_, are

a; = /1 V1-1(1- tQ)SUSSH(t)—/Qj(g?) dt
A (S

/ \/Tﬁ/\ (& €)

B T 2s + 2 1
= omra, sl j=1,...,n,

where we have used relation (3.11), and the fact that

/ A(t:E)
Vl—tzA (&)

This interpolation formula is actually Gaussian, since every ) € ma,_1(IR) can be written
as Q =T,5S + Q, with S, Q € m,_1([R), and therefore

t

s
t=—

1

/_(1_t2)s+§Ugs+2<t)Q(t)dt:/_ (1 t2)s+2U23+2( dt ZCLJQ f] ZaJQ(éj)

1 1

The proof is completed. O
Notice that using the same arguments as in Corollary 2.7, we arrive at the following
statement for the Fourier-Tchebysheff coefficients.
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Corollary 3.9 There exists a quadrature formula

1 n 2s+1

GRS R AOHUTED D) STTALEH

1 j=1 i=0
with ADP = (2s + 3)n — 1. The nodes of this formula are the zeros of U,.

Corollary 3.10 The quadrature

n

2 (1 !
P /1 VI= U f(t)dtm 5= fls s &),

Jj=1

with {n;}j_, the zeros of U, and {§;}7_, the zeros of T, is the only Gaussian quadrature
(exact for all polynomials of degree 3n — 1), of the form (3.7) with pu(t) = V1 —t? and
P, =U,.

Proof: An application of Corollary 3.7 in the case of k = n, P, = 27"U,, [a,b] = [-1,1],
pu(t) =1 —t? and Lemma 3.8 with s = 0 completes the proof. O

Finally, note that an application of Corollary 3.7 in the case k = n, P, = 2T,
and using the fact that T, is the n-th orthogonal polynomial on [—1,1] with weight
p(t) = (1 —t3)7Y2T2(¢) produces the formula

1 1 n—1 -
/_1 ﬁTn(zt)f(zf) dt ~ 2 ;ajf[&, &l

where {;}7_, are the zeros of T,, and {a;}7_, are the weights of the Gauss formula with
n nodes on [—1,1] with weight u(t) = (1 — t2)7Y2T2(¢). The formula is exact for all
polynomials in 73,1 (IR). This is exactly formula (1.2) derived in [9]. Indeed, subtracting
(1.2) from the above formula, we conclude that the linear functional

27 Y 4l G &) = G Gl
j=1

annihilates all polynomials of degree 3n — 1. But it is based only on 2n evaluations: the
value of f and f’ at n points. Thus all coefficients of f(&) and f'(&), for k = 1,...,n,
in this expression should be equal to zero. Hence, the formulas coincide. O

References

[1] H. Brass, Quadraturverfahren, Vandenhoeck & Ruprecht, Gottingen, 1977.

[2] B. Bojanov On a quadrature formula of Micchelli and Rivlin, J. Comput. Appl. Math.
70 (1996), 349-356.

20



[3]

[4]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

B. Bojanov, Gaussian quadrature formulae for Tchebycheff systems, East J. Approx.
3(1997), 71-88.

R. DeVore, A property of Chebyshev polynomials, J. Approx. Theory 12 (1974), 418—
419.

W. Gautschi, S. Notaris, Stieltjes polynomials and related quadrature formulae for a
class of weight functions, Math. Comp. 65 (1996), 1257-1268.

A. Ghizzetti, A. Ossicini, Sull’esistenza e unicitd delle formule di quadratura gaus-
siane, Rend. Mat. 8 (1975), 1-15.

A. Kronrod, Nodes and weights for quadrature formulae. Sixteen place tables, Nauka,
Moscow, 1964 (in Russian); Consultants Bureau, New York, 1965 (in English).

S. Li, Kronrod extension of Turdn formula, Studia Sci. Math. Hungarica 29 (1994),
71-83.

C. A. Micchelli and T. J. Rivlin, Turan formulae and highest precision quadrature rules
for Chebyshev coefficients, IBM J. Res. Develop. 16 (1972), 372-379.

C. A. Micchelli and T.J. Rivlin, Some new characterizations of the Chebyshev poly-
nomials, J. Approx. Theory 12 (1974), 420-424.

C.A. Micchelli and A. Sharma, On a problem of Turan: multiple node Gaussian
quadrature, Rend. Mat. 3 (1983), 529-552.

G. Monegato, A note on extended Gaussian quadrature rule, Math. Comp. 30 (1976),
812-817.

G. Monegato, An overview of the computational aspects of Kronrod quadrature rules,
Numer. Algorithms 26 (2001), 173-196.

G. Monegato, Stieltjes polynomials and related quadrature rules, SIAM Rev.,
24 (1982), 137-158.

T. Patterson, The optimum addition of points to quadrature formulae, Math. Comp.
22 (1968), 847-856

F. Peherstorfer, K. Petras, Ultraspherical Gauss-Kronrod quadrature is not possible
for A > 3, SIAM J. Numer. Anal. 37 (2000), 927-948.

F. Peherstorfer, K. Petras, Stieltjes polynomials and Gauss-Kronrod quadrature for
Jacobi weight functions, Numer. Math. 95 (2003), 689-706.

P. Rabinowitz, The exact degree of precision of generalized Gauss-Kronrod integration
rules, Math. Comp. 35 (1980), 1275-1283.

R.D. Riess and L. W. Johnson, On the determination of quadrature formulae of high-
est degree of precision for approximating Fourier coefficients, J. Inst. Maths Applics,
13 (1974), 345-351.

21



[20] L. Tschakaloff, General quadrature formulae of Gaussian type, Bulg. Akad. Nauk.
Izv. Mat. Inst. 2 (1954), 67-84 (in Bulgarian).

[21] P. Turan, On the theory of the mechanical quadrature, Acta Sci. Math. (Szeged)
12 (1950), 30-37.

22



