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1. Introduction

Let the function f be defined and infinitely many times differentiable on the
closed interval [0, 1]. Bernstein calls such functions regular-monotone [1] , if

(1.1) enfM(x) >0, 0<z<1,n=01,...
and
(1.2) €n = +1,

where the constants {e,} do not depend on x but can vary with n.

Bernstein had investigated the properties of the regular-monotone func-
tions in several papers [2, 3, 4] and had found interesting representations of
these functions in the cases when

en=1 €, =(-1)" e,= (—1)[%], €n = (—1)[T

Our student Sendov, using methods from functional analysis, gave a nice
generalization [5] of the results of Bernstein by finding the corresponding
expansions in the case when {¢,} is an arbitrary periodic sequence satisfying
(1.2). In his paper [6], applying techniques from classical analysis, Sendov
further generalizes his previous results by reducing even more the assumptions
on the sequence {e,}.

* The original document, written in Bulgarian, has been published in: Izvestia Math.
Institute 3, 2(1959), 187-200. The present translation into English was prepared by Guer-
gana Petrova.
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Notice, however, that for an arbitrary choice of the constants {e,} for
which (1.2) holds, there exist functions f satisfying (1.1) that are not ideni-
caly zero. For example, such functions are the Abel-Goncharov polynomials
defined as follows:

x t1 tn—1
Po(x)zéo, Pn(x):eo/ / / ToTl...Tnfldtn...dthtl,
xo JT1 Tp—1
n=12,...,
where
1
xk:§(1_€k6k+l)7 Tk=1—2$k, kZO,l,...,

and therefore
Tk = €x€xt1, k=0,1,....

To show that the polynomials P, indeed satisfy condition (1.1), it is enough
to observe that if an integrant ¢ is non-negative and 0 < x <1, then*

/ Tre(t) dt > 0.
T

In this paper, we find a representation of regular-monotone functions for which
the constants {e,} are arbitrary and do not satisfy any other condition but
(1.2). Our argument is different from the approach of both Bernstein and
Sendov.

2. Representation of regular-monotone functions
Let us consider the sequence {¢,}, where €,, = +1. We denote by K the set of
the corresponding regular-monotone functions, namely the set of all functions

that are infinitely many times differentiable on [0,1] and satisfy (1.1). Let
f € K. It is a well known fact (which also can be shown directly) that

(2.1) f@) =" e f¥(2,)Py(x) + Ru(2),
v=0
where

xT tl tn
(22) Rn(l') = €0 / / . / T0T1 - - - Tn€n+1f(n+1)(t) dt.. .dtgdtl.
o T Tn

*We will often use this property in what follows.
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Note that P,,R, € K, n = 0,1,..., and in particular, egP,(z) > 0 and
eoRn(xz) >0, n =0,1,.... This implies that for all positive integer values of

n
n

eof(x) > Z euf(y) (xU)EOP,,(:E),

v=0

and therefore the series with non-negative terms

Z f vaOP()

converges. Thus, the limit ¢(z) = lim R, (x) exists and we have
n—oo

(2:3) Z v (z) + ¢().

One can easily check that the function ¢ satisfies the condition
(2.4) oM (zp) =0, k=0,1,...,

and ¢ € K. Indeed, from (2.1), we have that for k <n

Z F) () + B ().

Note that the series

Z f vakP ()

is uniformly convergent because it is bounded from above by the convergent

series
oo

> e fW(w)en P (1 - ),

v=~k

whose terms do not depend on z. Thus, each of the sequences
k k
R (x), RM (2),..., k=0,1,...,

converges uniformly on [0,1], and therefore the function ¢ is differentiable
infinitely many times and

e®)(z) = lim RM (x).

This proves that ¢ € K and ¢ satisfies condition (2.4).
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We will prove the main result of this paper by considering several cases.
First, we will investigate the case when for infinitely many values of v, z, = 0.
For this purpose, we consider the function p(ux), where 0 < u < 1. Obviously,
(uz) € K for fixed u. Formula (2.1) gives

n

plur) = 3 eu'e® (uz,)P, (z) + Su(a),

v=0

where

x t1 [2%
Sn(l') = 60Un+1 / / e / T071 - - .Tnen+1g0("+l)(ut) dt... dtgdtl.
o Xy

If we denote by S(z) = lim S, (z), we have

n—00

o0

pluz) = 3 eu’ o (uz, ) P, (z) + S(a).

v=0
Let ,,41 = 0. Then €,41€,42 =1 and
en+1<p("+1)(t) - en+1cp("+1)(ut) = €ptat(l — u)go(””)(f) >0, ut<¢<t,
which gives
ent19" T (ut) < enqap T (1),

It follows that

€0Sn( n+1/ / / T0T1 - - - Tn€n +1<P("+1)()dt-'-dt2dt1
€0<P

and therefore €S, (z) < u"legp(z). Knowing that €pS,(x) > 0 and letting
n tend to infinity, we obtain that S(z) = 0. In summary, if we have that for
infinitely many positive integer values v we have x,, = 0, then

oo

(2.5) plux) = Zeyu”cp(”) (uz,)P,(z), 0<z<1, 0<wu<l.
v=0

If for all big enough integer values of n we have x,, = 0, then the case is trivial
since for these values of n we have ™ (uz,) = ™ (0) = ¢ (z,) = 0, and
therefore the right hand-side of (2.5) is a finite sum. If we let w — 1, we obain

oo

90(55) = Z 61/90(”) (;C,,)P,,(;E) =0,

v=0
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and then the expansion (2.3) becomes

(2.6) f@) = e (@)P, ().
v=0

Thus, we have shown that if for all big enough integer values of n, x, = 0,
the regular-monotone function f has a series expansion (2.6) using the Abel-
Goncharov polynomials.

The case when for infinitely many values of v, x,, = 1 is more complicated.
To study this case, we will need to determine the sign of

d P,(x)

n>m>0 0<zx<Il.

For this purpose, we chose a non-negative integer £ < m, m > 0, and consider

dPP@ PV 'Pé’“*”(x)_ns’“’(w)]
dx Prqu)($) Prqu)($) _Prquﬂ)(:v) P&k)(x)
B P,gfﬂ)(:v) P,(Ikﬂ)(:v) P,gk)(x)—R(lk)(:vk)
PP [P () _P,SP(w)—Pnf)(xk)]
P7(7ic+1)(x) 'P7(1k+1)(x) PékJrl)(g)
- PP@ [P Y@ PFYe ]

d P (z) P () | P ()
(2.8) @P,Sf)(:c) = Ti(x —f)wﬂf (n), where ¢(z) := Mv

Te(x — &) > 0, >0,
Py (@)
we have that ®
d Pp’(x)
Sin W) d '
TP " ¥ (n)

have the same sign and therefore the question of determining the sign of (2.8)
is equivalent to the question of determining the sign of

d P£k+l)($)
dx p£f+1)(x)'



98 INTERPOLATION EXPANSIONS OF REGULAR-MONOTONE FUNCTIONS

Note that
d P{™ ()
dz P (@)

and its sign is the same as the sign of 7,,, even when m = 0. Therefore, we
have determined that the sign of

= empém"‘l)(x)

d PP (z)
de i ()

(2.9)

for n > m > k > 0 coincides with the sign of 7,,, for all non-negative integer

values of k that do not exceed m. In particular, since (2.7) is obtained from

(2.9) when k = 0, it has the same sign as 7, forn >m >0 and 0 < z < 1.
Now, we are ready to consider the case when z, = 1 for infinitely many

values of v. Let n; < ne < mg < ... be the sequence of all non-negative
integer numbers for which x,, = 1. In this case the fraction
P"k+1 (I)
P, (2)
is monotone decreasing for 0 < x < 1, because the sign of the derivative
i P'n-k+1 (:E)
dx Py, (z)
coincides with the sign of 7,, = —1. Since €9 P, (1 — x9) > 0, we can consider
the fraction
P"k+1 (1 - :CO)
Pnk (1 — ,To) '

The monotonicity gives that

Pnk+1 (‘T) > Pnk+1 (1 - LL‘Q)
Pnk(x) h Pﬂk(l _IO) ’

(2.10)

when zo = 0 and

Pnk+1 (‘T) < Pnk+1 (1 - LL‘Q)

Pnk(x) N Pﬂk(l_I0)7

(2.11)

when zg = 1, namely in both cases we have

Py, () P, (%)
2.12 T k1 — ke > 0.
( ) 0 Pﬂk+1(1 _:EO) Pnk(l _:EO) -

Therefore the sequence of non-negative and bounded by 1 functions

P, () P, ()

(2.13) Pol—a9) Po(l—mg) "
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is monotone (monotone increasing or decreasing depending on whether zo = 0
or o = 1) and thus it converges. Let us denote its limit by egP(x).
Let us fix z € [0, 1], chose € > 0 and m such that

Py, (2)

(2.14) P10 (1= 20)

—eP(z)] < e

for k£ > m. In this case when v > n,, we have

le,u’ o) (uz, )P, (x) — e,u’ o) (uz, )P, (1 — z0)eoP(z)]
(2.15) < ee,u’ o (ux,)eo P, (1 — x0).
Indeed, for z, = 1 this inequality follows from (2.14) and for x,, = 0 we have

oW (ux,) = 0.
Let us consider

p(ux) — eoP(2)p(1 — o)

o0

Z e u’ o) (uz, )P, (x) — eoP(x) Z e u’ o) (uz, )P, (1 — xg)
v=0
Z e, u’ W) (ux, )P, () — e P(x) Z e u’ o) (ux, ) P, (1 — x0)
v=0
+ Z {e u’ oW (ux, )P, (x) — eoP(z)e, u” o™ (uz, )P, (1 — Io):| .
v=nm+1
This equality and (2.15) give
|p(uz) — eoP(a)p(1 = o)
< Z e u’ oW (uz,)| P, (2)| + eoP() Zeyu”gp(”)(uajyﬂPy(l — Zp)|
v=0
+e Z e, u’ o) (uz, )eo Py (1 — a0)
v=nm,+1
<Zeu<p (ux,)| P, (x)]
+ eoP(x) Z e u’ o) (ux,)| Py (1 — xo)| + ecop(u),
v=0

and if we let © — 1, we obtain

lp(z) — €0 P(2)p(1 — )| < ecop(),
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and therefore Z

p(x) = eop(l — 20) P(x).
If o(1 — 2p) # 0, then the function P is infinitely many times differentiable
for 0 <z <1 and belongs to K. If (1 — zg) = 0, then ¢(z) = 0. This way
(2.3) becomes

o0

(2.16) f@) = ef” (@) P (2) + AP(a),

V=0

where A is non negative constant, P € K does not depend on f and satisfies
the conditions

(2.17) P® () =0, k=0,1,....

The case when we have only finite number of values of v for which z, =0 is
simple since for all big enough values for v we have z,, = 1. In this case, we
investigate the function ¢(1 — u+ ux), where 0 < u < 1. Similarly to the way
we showed (2.5), we can prove that

oo

ol —u+ux) = Z e u’ o (1 —u+ux,)P,(z).
v=0

In this case the infinite series reduces to a finite sum and therefore when we
let u — 1, we obtain ¢(z) = 0, namely

(2.18) f@) =" e f(@,)P,(2).
v=0

This shows that (2.16) holds in this case as well and AP(z) = 0.
We have shown that if for all big enough integer values of v either only
x, =0 or only z, = 1, then (2.16) becomes (2.18) and therefore if we have

¥ (a) =0, k=0,1,2,...

then f(x) = 0. We will show that in all other cases there exists a function
P € K, satisfying
P® (1) =0, k=0,1,2,...

that is not identically zero. We consider the sequence

P, () P, ()

€0 , €0 ge ey
Pnl(l —Io) Pn2(1 —.I())
where n; < my < ... is the sequence of these integer positive values of v for
which z,, = 1, and we will denote by P(x) its limit. Let us denote
P, (x
gl(l') =€ nl( ) € K.



YAROSLAV A. TAGAMLITSKI 101

Let &1, &2, &3 be three different values between 0 and 1. We have
. . . "
gz(gl) + 91(52) + 91(53) g (5)

(G1—&)(& —&) (L—-&)&—-§&) (E-&)(&—E&) 20’
where € € (0,1). It follows that

g9i(&1) n 9i(&2) n gi(&3) >0

Pl -G -6  (G-)6-6) (G- G-~

which after taking a limit results in

P(&1) n P(&) n P(&3) >0

“le-eE-9 @-aE-9 G-aG-l
Therefore the function esP is convex and therefore P is continuous in all
interior points of (0,1).

Next, we will investigate the points © = 0 and z = 1. Let m be positive
integer for which z,, = 0, namely 7,, = 1. By assumption, there are such
numbers (even infinitely many). We consider the ratio

when n; > m. This ratio is monotone increasing, as noted above, since 7,,, = 1.
Thus, if zg = 0, then

and if g = 1, then

so in both cases

We let ¢ — oo and obtain

P (z)
2.19 >eaP
It follows from (2.12) that the sequence
Pn1 (x) Pn2 (x)

2.20
(2.20) Py (1—x0) Py, (1 —a0)
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is monotone increasing and threfore for every positive integer ¢ we have

Py, (I)

(2.21) e P(x) > T()m.

Now we are ready to show that the function P is continuous at z = 0 and
x = 1. Let & be either 0 or 1. Let us chose € > 0. We can select § > 0 in such
a way that for |z — £| < § we have

P () P (§)

2.22 —
( ) T0 Pm(l — JJO) 70 Pm(l — l‘o) <€,

(2.23) 70 <e€, i isfixed

We also have
Py (1—z0) P, (1—10)

i

= e P(¢),

and therefore using (2.19) and (2.21), we derive from (2.22) and (2.23)

70

(
e1P(z) —e1P(§) <e, eaP(f) —eaP(x)<e

which shows that P is continuous at &.

We proved that the monotone sequence (2.20) of continuous functions
converges on [0, 1] to a continuous function. By Dini’s theorem, this sequence
is uniformly convergent.

Similar arguments applied to the sequence with general term

(2.24) 713,% (_xll )

show that this sequence is uniformly convergent on [0, 1] as well. Indeed, the

polynomials
P/(z), Py(z),...

are Abel-Goncharov polynomials corresponding to the sequence
€1,€2,...

Zn, = 1. We also know that there is at least one zero (by assumption there
are infinitely many zeroes) among the numbers

T1,T2,...

Note that the sequence with general term

P, (x)
P, (1—m)
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is convergent for x = x and therefore is convergent for every x € [0,1],
because (2.24) is uniformly convergent. In particular, it is convergent for
z =1—29. We will show that its limit is different from zero. This is indeed
the case since otherwise for every x from the closed interval we have

P,
lim ()

_ )
imoo P (1—wy) 7

because
| P ()] < [Py (1 — o).

It follows, taking into account the uniform convergence of the sequence (2.24)
that
AT
oo B (1= 1)

which is not true for x = 1 — z;. Thus, we proved that the limit of the
sequence with general term

:O,

Pni (1 — ‘TO)
P (1 —1)

is different from zero and therefore the sequence with general term
P (1-a)

is convergent. Thus, the sequence with general term

b B(-m=) P ()

is uniformly convergent on [0, 1], and therefore P is differentiable in [0, 1] and

. P, (z)
Pla) = lim cop=4—"15

We can use similar arguments to show that the sequence with general term

P (2)
Pni (1 — ,To)

is uniformly convergent on [0, 1] and therefore

(k)
Pk (z) = lim 607”7@)

This is enough to claim that P € K and

P® (1) =0, k=0,1,2,...
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Notice that P(1 — z¢) = 1 and therefore P is not identically zero.

Now, it is easy to prove that the sequence

P () By(z)
€0P1(1 - I0)7€0P2(1 — .I())" o

(2.25)

converges uniformly to P on [0,1] . Indeed, to show that it is enough to
consider the sequence

mp <mo<...,

of these positive integers for which z,,, = 0. We consider the sequence

P, (2) Py (2)

2.26
(2.26) OB (1 —20) P, (1 —20)

for which it is easy to see (similarly to the case of the sequence (2.20)) that
it is convergent. Let us denote by @ its limit. As we did when considering P,
one can show that the sequence (2.26) is uniformly convergent, @ € K and

QW™ (x) =0, k=0,1,2,...
This implies that we can expand @ in series using (2.16). This gives
Q(z) = AP(z)

Notice that Q(1 —z¢) =1 and P(1 — ) = 1 and therefore A = 1, namely

This way we show that the sequence (2.25) converges to P uniformly on [0, 1].
The same way one can show that the sequence of the derivatives of order k&

k k
P@ PO
Pl(l—I0)7 1:)2(1—.%0)7

€0

is also uniformly convergent on [0, 1].

Finally, let us mention that using differentiation term by term (which is
easily justified) it can be seen that every function that has expansion of the
form

J@) =3 aPue) + AP()
v=0

for z € [0,1] with a,, > 0 and A > 0 always belongs to K. This way we have
proved the following theorem.



YAROSLAV A. TAGAMLITSKI 105

Theorem 1. Every function f € K has expansion of the form
(2.27) f(z) = Z a, P,(z) + AP(x),
v=0

where a,, and A are non negative constants and the function P € K does not
depend on f and satisfies the conditions

P® (1) =0, k=0,1,2,....
The coefficients a, are determined by
a, = ¢, P%) ().

If for all big enough integer values of v we have either only x, = 0 or only
x, =1, then P =0. In all other cases P is not identically zero and we have
that on [0,1], P is the uniform limit

L P, ()
Pl) = lim copa—r5

Conversely, if a function f has on [0,1] an expansion of the form (2.27) with
a, >0 and A >0, then it belongs to K.

In conclusion, we will consider several examples.

1. If for all positive integer values of n we have €, = 1, then x,, = 0. In
this case the expansion (2.27) has the form

EED SFIOES
v=0 '

which is the Bernstein result in [2].
2. If for all positive integer values of n we have €, = (—1)", then x,, = 1.
In this case the expansion (2.27) has the form

oo

fl@) =Y (-1 )

v=0

(1—a)”
V!

)

This result is not different from the above mentioned one and it derived from
it if we substitute = by 1 — .

3. Let for all positive integer values of n we have ¢, = (—1)%. In this case
the sequence of x’s

LL‘QZO, ,Tl:l, ,TQ:O, 1'3:1,...,
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is periodic with period 2. We consider the function
T
(x) = sin 5%
Obviously ¢ € K,
e (z) =0, k=0,1,2,...,
the expansion (2.27) gives

sin gzzr = AP(z).

Apparently A # 0 and we can determine P. In this case (2.27) has the form
f@) =3 e f®(2,)Py(2) + Csin - .
v=0 2

This is the expansion for the cyclic monotone functions, derived by Bernstein
in [3].
4. Let the sequence
€0,€2,. ..,

is periodic with period ¢, i.e. for all positive integer values of n we have
€n = €ntq- In this case the function P@ ¢ K and therefore admits expansion
in the form (2.27). On the other side,

Ptk () =0, k=0,1,...,
and therefore this expansion has the form
P (z) = AP(x),

which is a simple linear differential equation with constant coefficients. This
way we obtain the result of Sendov from [5], where he generalizes Bernstein’s
results considered in the first three examples.
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