SMALL BALL PROBABILITY ESTIMATES FOR LOG-CONCAVE
MEASURES

G. PAOURIS

ABSTRACT. We establish a small ball probability inequality for isotropic log-
concave probability measures: there exist absolute constants c1,ce2 > 0 such
that if X is an isotropic log-concave random vector in R"™ with 3 constant
bounded by b and if A is a non-zero n x n matrix, then for every ¢ € (0,¢1)
and y € R™,

(072 HAHHs)Z
P(|Az — yll2 < e||Allus) < e\ b Mlop/ |

where c1,c2 > 0 are absolute constants.

1. INTRODUCTION

Recently, there is an increasing interest in extending results for independent
random variables, which are known from probability theory, to the setting of log-
concave probability measures. A Central Limit Theorem for isotropic log-concave
measures was established by B. Klartag in [12] for these measures (see also [7] for
an alternative proof and [13], [6] for related developments). A “large deviation
inequality” for isotropic log-concave measures was proved in [27]. In all these
questions the main effort is put in trying to replace the notion of independence by
the “geometry” of convex bodies, since a log-concave measure should be considered
as the measure-theoretic equivalent of a convex body. Most of these recent results
make heavy use of tools from the asymptotic theory of finite-dimensional normed
spaces.

The purpose of this paper is to add a “small ball probability” estimate in this
setting. The motivation for us was a question of N. Tomczak-Jaegermann initiated
by results in [16]. In this paper the authors, motivated by questions on random
polytopes, proved the following “small ball probability” estimate.

Theorem 1.1 ([16]). Let A be a non-zero n x n matriz and let X = (&1,...,&n)
be a random wvector, where & are independent subgaussian random variables with
Var(&;) > 1 and subgaussian constants bounded by 3. Then, for any y € R™, one

has
| Alls co (IIAlus\>
P([[AX —yllzs < =) <2exp | ——; )
( 2 B\ Allop

where co > 0 is a universal constant.
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It is pointed out in [16] that, in the special case where the &;’s are independent
standard Gaussian random variables, one can obtain the following stronger result.

Theorem 1.2 ([16]). Let A be a non-zero nxn matriz and let X = (&1,...,&,) be a
random vector, where the &;’s are independent standard Gaussian random variables.
Then, for any € € (0,¢1) and any y € R™, one has

(CZM)Q
P(||AX —y||2 < €||A|lug) < e\?Talop )
where c1,co > 0 are universal constants.

The proof of Theorem 1.2 makes use of the affirmative answer to the B-conjecture
by Cordero-Erausquin, Fradelizi and Maurey (see [5]). The “B-Theorem” has been
already applied for small ball probability estimates in [15] and [14].

The main result of this paper extends the previously mentioned results to the
setting of log-concave probability measures, answering a question posed to us by
N. Tomczak-Jaegermann.

Theorem 1.3. Let X be an isotropic log-concave random vector in R™, which has
subgaussian constant b. Let A be a mon-zero n x n matriz. For any y € R™ and
e € (0,¢1), one has

co llAlns )2
b

P([[AX —yll2 < el|Allns) < [ has)
where c1,co > 0 are universal constants.

Theorem 1.3 depends on a reverse Holder inequality for the negative moments
of the Euclidean norm with respect to a log-concave probability measure p with

density f. Let —n < p < oo, p # 0 and I,(f) := (Jzn Ha:||gf(a:)dx)% A result of
O. Guédon (see [10]) implies that for p € (—1,0) one has

L(f) = epIa(f),

where the constant ¢, depends only on p.

Actually, Guédon’s result is more general and holds even if we replace the Eu-
clidean norm by any other norm. Moreover, the result is sharp and can be achieved
for a 1-dimensional density.

In order to reveal the role of the dimension we introduce the quantity g.(f):

¢ (f) = max{k > 1: k.(Zk(f)) = K},

where k.. (Zy(f)) is the Dvoretzky number of the Lj-centroid body of f (see Section
2 for precise definitions). Then, one can show the following.

Theorem 1.4. Let f alog-concave density in R™ with center of mass at the origin.
Then for every k < c1q.(f) one has

I (f) = cala(f)

where c1,co > 0 are absolute constants.

The paper is organized as follows. In §2 we gather some background material
needed in the rest of the paper. In the next section we study a family of convex
bodies associated to a log-concave measure. This family was introduced by K.
Ball in [1]. In §4 we establish a volumetric relation between any marginal of a
log-concave measure and the corresponding projection of its associated generalized
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centroid body. Precisely, we prove an L,-version of the Rogers-Shephard inequality.
This is one of the main steps towards the proof of Theorem 1.4. Part of the material
of §3 and §4 are adaptations to the case of log-concave measures of tools and results
of [27]. This connection is clarified in the propositions 4.3- 4.5. In §5 we give an
exact formula (Proposition 5.4 in the main text) relating the negative moments of
the norm of the polar L, centroid body on the sphere with the negative moments
of the Euclidean norm with respect to the measure. This can be seen as a transfer
principle permitting the use of known concentration results on the sphere. We stress
the fact that all the results up to §5 are valid for an arbitrary log-concave measure
and not just merely for an isotropic one. This special class of measures is treated
in §6. The proof of Theorem 1.3 is completed in §6: It is based on Proposition 5.4
which is based on the L, Rogers-Shephard inequality. In the last section, we also
discuss the sharpness of the estimate in Theorem 1.3 and its connections with the
well-known “Hyperplane Conjecture” in Convex Geometry.

Acknowledgments. Part of this work was done during the Workshop in Analysis
and Probability 2008 held at Texas A&M University. I would like to thank the
organizers, and in particular Bill Johnson, for the hospitality and the financial
support. I would also like to thank Apostolos Giannopoulos and Assaf Naor for
many interesting discussions. Finally I would like to thank the anonymous referee
whose valuable remarks improved the presentation of the paper.

2. BACKGROUND MATERIAL

We work in R™, which is equipped with a Euclidean structure (-,-). We denote
by || - ||z the corresponding Euclidean norm, and write By for the Euclidean unit
ball, and S™~*! for the unit sphere. Volume is denoted by | - |. We write w,, for the
volume of BY and o for the rotationally invariant probability measure on S™~1.
The Grassmann manifold G,, ;, of k-dimensional subspaces of R" is equipped with
the Haar probability measure ji,, . We write Pr for the orthogonal projection onto
the subspace F'. We also write A for the homothetic image of volume 1 of a compact

: 1 A
set A g Rn, ile. A:= W

A set V is called star-shaped if for every z € V and X € [0,1] Az € V. We define
the gauge function of V' as

lz]lv ;= min{A >0:2 € AV} .

A convex body is a compact convex subset C' of R™ with non-empty interior. We
say that C is symmetric if —x € C whenever x € C. We say that C has center
of mass at the origin if fc<x79>dx = 0 for every § € S"~!. The support function
hc : R™ — R of C is defined by he(z) = max{(z,y) : y € C}. The mean width of
C is defined by

W(C) = / he (0)(d6).
Sn—1
The radius of C is the quantity R(C) = max{||z||2 : z € C'}, and the polar body
C° of C'is
C°:={yeR": (z,y) <1forallzeC}.

Whenever we write a ~ b, we mean that there exist universal constants ci,co > 0
such that cia < b < cpa. The letters ¢, ', c1,co > 0 ete. denote universal positive
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constants which may change from line to line. Also, if K, L C R"™ we will write
K ~ L if there exist universal constants c1,co > 0 such that ct K C L C oK.

Let A = (a; ;)1<i,j<n be anxn matrix. We write || A|us for the Hilbert-Schmidt
norm of A:
1Alfs = a?;,
%]

and || A||op for the operator norm of A:

[Allop i=  max [}46]]2

Let f : R® — Ry be an integrable function. We say that f has center of mass
at the origin if

(2.1) /n (z,y)f(x)de =0 for ally € R".

Given f and y € R™ we write f, for the function f,(z) := f(z +y).

Let f : R® — Ry be an integrable function with [p, f(z)dz = 1. For every
1 <p<ooand@ e S ! we consider the quantities

(2:2) i@ = ([ i)

If hy, () (0) < oo for every § € S, we define the Ly-centroid body Z,(f) of f to
be the centrally symmetric convex body that has support function hz,y).

L,-centroid bodies were introduced in [18] (see also [19]), where a generalization
of Santald’s inequality was proved. In [18] and [19] a different normalization (and
notation) was used. Here, we follow the normalization (and notation) that appeared
in [25], since it fits better in a probabilistic setting. These bodies played a crucial
role in [27] and [7]. If K is a compact set of volume 1, we will write Z,(K) instead
of Zp(]-K)

Note that for 1 < p < ¢ < oo one has Z,(f) C Z,(f). If f := 14 for some
compact set A C R"™, then Z,(f) = co{A,—A}. Note that if T € SL,, then for all
p > 0 one has

(2.3) Zy(f o T~V = TZy(f).
We refer to [27] for additional information on Z,-bodies.

A random variable ¢ is called subgaussian if there exists a constant 0 < § < oo
such that

€ll2x < BlVllox k=1,2,...,

where 7 is a standard Gaussian random variable.
Let p be a probability measure in R™ with density f > 0 and let o > 1. We say
that p (or f) is ¢, with constant b, if for every p > a one has

Zp(f) € bap* Za(f),
or, equivalently, if for every § € "~ and t > 0,

’ ({x el ze( [ |<x7e>|af<x>dx)l/a}> < 2exp (—;)
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For —n < p < oo we define the quantities I,(f) as

24 b= ([ eteswa)

We say that a function f : R™ — [0, 00] is log-concave if, for every z,y € R" and
A€ (0,1),

FOa+ (1= Ny) = f@) f)'
Note that if f is log-concave and finite then, I,(f) < oo for —n < p < oo and

(Joun [, 0P £ (2)d) /P < 00 for p > 0.

It is well known that the level sets of a log-concave function are convex sets.
Also, if K C R™ is a convex body, the Brunn-Minkowski inequality implies that the
measure g with du:=1__x  (x)dx is a log-concave probability measure in R™.

K|
We refer to the books [31], [23] and [28] for basic facts from the Brunn-Minkowski

theory and the asymptotic theory of finite dimensional normed spaces.

3. KEITH BALL’'S BODIES

K. Ball introduced a way to “pass” from a log-concave function to a convex body
(see [1]). In this section we focus on the interaction between K. Ball’s bodies K (f)
of some function f and the L,-centroid bodies Z,(f) of this function.

Let f be an integrable and bounded function in R™ and let p > 0. We define a
set Kp,(f) by

(3.1) K1) = o errip [~ oo a2 f0)}.

Note that 0 € K,(f) and if x € K,(f) and X € [0,1], Az € K,(f). So K,(f) is a
star shaped set and we can write

(3.2) Izl () = <f€90) /OOo f(ms)rpldr) o .

Indeed, for any A > 0 and = € R™ we have

_ P o _ D e _ 1 _
”)‘zHKZ(f) = f(o)/o f(r z)rP~tdr = 3 1(0) /0 fra)rP~tdr = EHIHKZ(J‘)'
Note that if f is even, then K,(f) is symmetric for all p > 0.
Integrating in polar coordinates we see that, for any 6§ € S"~1,

/18l 41 (F)
/ (x,0)dz = nwn/ (¢, 0) / r*drdo(¢)
Kna1(f) Sn=t 0

= G e [ o)

1

- /n(:c,e)f(x)dx.

So, if f has center of mass at the origin then K, 1(f) has also center of mass at
the origin.
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The same argument shows that, for every p > 0 and 6 € S* 1,

/018154, (F)
/ [(x,0)Pde = nwn/ \<¢,9>|p/ r" Pl drdo ()
Knip(f) snt 0

— D9 p oor"+p_1 rf)drdo

S o8 LTI A (O
1 p

= 57 [ o s,

Throughout the rest of the paper we will assume that the function f satisfies
0 <[Kp(f)] < o0
for every p > 1. This yields that for every p > 1 we have

/ (&, 0)Pda = | Koy (1) 5 / o).
K7L+P(f)

Knip(f)

So, we conclude that for p > 1,

(3.3) Zo (K p (D) K s (F)3 7 FO)V/7 = Z,(f).

Let V be a star-shaped body in R™ and let ||z||y be the gauge function of V.
Working in the same manner we see that for —n < p < oo, p # 0,

N9l p (F)
| lelde = e [ el | 1 drdo ()
Knyp(f) sn—t 0

nwy,

= e [ el [ st

! P f(z)dx
= 57 [ el s

Setting V = BZ we get

(3.4) LKty () B (F) 757 £(0)7 = L, (f).

The family of bodies K, was introduced by K. Ball in [1], where the following
theorem was proved:

Theorem 3.1. If f is a log-concave function then K,(f) is a convex set for all
p>0.

We will use the following standard lemma:

Lemma 3.2. Let f : [0,00) — [0,00) be a log-concave function. Then, for all
1 < p < q we have

69 (e [ esom) < (i [

and

50 (mrm ), " “”“)Uq < (rpenm [ 7 “)dt)l/p'
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Comment. The proof of both facts is well-known to specialists and can be found
in [21]. The first claim can be derived from Lemma 2.1 in [21, page 76], whereas
the second claim can be derived from Corollary 2.7 in [21, page 81]. Both facts are
also corollaries of a result of Borell (see [4]).

If f is log-concave and even, then || f|lc = f(0). If f is log-concave and has
center of mass at the origin then the quantities ||f|lcc and f(0) are comparable.
More precisely, we have the following theorem of M. Fradelizi (see [8]).

Theorem 3.3. Let f: R™ — [0,00] be a log-concave function with center of mass
at the origin. Then,

(3.7) [flloo < €" £(0).

Proposition 3.4. Let f : R™ — [0,00] be a log-concave function with center of
mass at the origin and fR" f(z)dx = 1. Then, for p > 1 one has

(3.8) 2Ky D) € SO 2,(f) € "L 2,050,
Moreover, for —(n—1) < p < oo,
(39) (K1) < FOM 1) < "L 1Ky (1)),

Moreover, if f is even then the constant on the left hand side in the previous two
inclusions can be chosen to be 1 instead of é

Proof. Using (3.5), (3.6) and (6) we see that if f is log-concave then
(g + 1)

3.10 < 0
(3.10) 2/l () < T(p+ 1)1/p||$\|1<q(f)
and

Ifllse \ P
3.11 < [ === .
( ) ”x”Kq(f) = ( 7(0) > H$||K,,(f)

Moreover, if f has center of mass at the origin, then (3.11) becomes

(3.12) ],y < €77 2l -

So, if f is log-concave and has center of mass at the origin, we get the following
volumetric estimates for 1 < p < ¢:

n?_n? D(g+1)Ya\"
a1y R0 <150 < (R ) L
Once again, integrating in polar coordinates we get
1
3.14 K, (f :—/f:rdx.
(3.14) K ()] f(O)Rn()

So, if f is a log-concave function with center of mass at the origin and fR” f(z)dx =
1 then, combining (3.14) and (3.13) we get that, for p > 0,

e ntp 1
Fi < (D) < (04 )™
and hence,
1 1,1 ' 1/17
L < HOF K < 2D
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Using the bounds

((n+p))? _ ()P n+p _ ntp

e = (n+p ir — ~se )
(n!) 57 =) a5 ()Y n
we conclude that
141 1,1 n+p
(3.15) *<f( )" p| n+p(f)|”+p <e "
Working in the same way for 0 < p <n — 1, we get
K ()] € i € e Ky
€ np n— = = n n— ’
' FO) = ((n—pt)y=> '
and hence,
1 11 11 ((n'))%
< fO)" TR |K,,_ nTp L —
Using the bounds
N np — )\
T sl 0
((n—p)Hht/» (n=p)ht/P = n—p
we conclude that
1 1 1 1 1 n
3.16 - < f(O)» 7 |K,_ nTp < .
(3.16) ;S FOF K (DA F <t
Combining (3.15), (3.16) and (3.3), (3.4) we complete the proof. O

Working in the same spirit we can also compare the symmetric convex bodies
e

Zq(K;:;/(f)) and Zy(Kp4r, (f)) for —(n —1) <r; <ry < oo and ¢ > 1. We have
the following

Proposition 3.5. Let f : R” — [0,00) be a log-concave function with center of
mass at the origin and fRn f(z)dx = 1. Then, for every 1 < q < n, one has

(3.17) L f(0)" Zy(f) € Zy(Kns1(£)) € e2f (0" Zy(f)
and
(3.18) esFO) /" Zy(f) € Zy(Knya(f)) € eaf(0)/" Z(f),

where c1,co,c3,c4 > 0 are universal constants.

Proof. Let § € S"~'. We have that

Mo (IKWI) S, [0 O de
W ez ® | Bnr| Sy 12, 6)|0d
(|KW|)1+ 2 [onr 10,0171 "V do ()
Bnnl ) 2en oL 16, 0)]9]l6ll " P do(g)
Using (3.11) and (3.12) we get
(D(n + 1)) 755 ||¢||K§j?;f<f)

o <e (W+T1)(W+T2) .

)
(Clntra) 5 ol
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Also, (3.13) implies that

< Bnira| (ot o))
Kngri| — (D(n+ )74

—n? T2
eV Tt

So,

ot h o (0
e (Do r) T <f>>E i

(T(n +rp))atrtr th(Kmf))
n(ra—rp)(nta) (T'(n + ?"2))‘1(27132)

< eantri)(ntra) P
(D(n+ 7)) T

VAN
<

ForneN, ¢g>0and —n <r; <71y < oo we define

n+q
n(ro—r1)(n ntr
(3.19) An,q,rl,rg = eqénir41§()n(7+t§; (F(n + 7’2)) a T:qu) ‘
(O + )T

So, we have shown that if f is a log-concave function in R™ with center of mass
at the origin, then for every ¢ > 1, for every —(n — 1) < r1 < ry < 0o and for all
f € S*1, one has

—_—

h (©)
(3.20) Aghypan < om0t < 4

q,T1,T2,m — . q;T1,72,M)
ZQ(Kn+7‘2 (f))

or equivalently

3.21)  AZL  Zi(Kia (F) € Zo(Konirs () € Agors s n Za(Komira (F))-

We are interested in the case where ro = g and ro = 1 or 7o = 2. We have that

sa-n  (D(n +g))7

e a(n+1) —
(D(n + 1)) @D

n(g—1) H
(e T (n41)...(n4+q— 1))

A

n,q,1,q

(n')%ri
1
< <62"if‘+1” (”+q1)q1>q
< |
< eQL—i—q_
n

A similar computation shows that A, 42, < €22, So, we get that that for r = 1
orr =2,

n n-+q
mzq(Knﬂ(f)) C Zg(Knir(f)) C €2 i Zg(Kn+q(f))-

Then, for ¢ < n, using (3.8), (3.21) we get (3.17), (3.18). O
We will also use the following:

(3.22)

Lemma 3.6. Let K be a conver body in R™ with volume one and center of mass
at the origin. Then, for every p > n,

(3.23) Zp(K) D cico{K,—K}
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and
(3.24) &1 < 12K < e
where c1,co > 0 are universal constants.

Proof. Under our assumptions, one can prove that for every § € S»~1,

n) \ /7P
2,00 2 (s oty ) maxllc(9).hc(-0))

For a proof of this well-known fact see [25]. It follows that if p > n then hy (k) >
¢y max{hg(0), hx(—0)}, which proves (27).

This in turn means that |Zp(K)|1/” > ¢1|co{ K, —K}|'/" > ¢;|K| > ¢;. Taking
into account the fact that Z,(K) C co{K,—K} and using an inequality due to
Rogers and Shephard (see [30]) we readily see that |co{K,—K}| < 2"|K]|. This
proves (3.24). O

Recall that if f has center of mass at the origin then K, 1(f) has also its center
of mass at the origin. So, combining the previous Lemma with (3.17) we get the
following:

Proposition 3.7. Let f : R" — [0,00) be a log-concave function with center of
mass at the origin and [,, f(x)dx =1. Then,

C2

fom

o ) <

where c1,co > 0 are universal constants.

(3.25)

4. MARGINALS AND PROJECTIONS

Let f: R™ — [0,00) be an integrable function. Let 1 < k < n be an integer and
let F' € Gy, ;. We define the marginal 7p(f) : F — Ry of f with respect to F' by

(4.1) me(f)@)= [ fw)dy
T+ F-L
Note that, by Fubini’s theorem,
(4.2) / me(H@)dz = [ f(@)de
F R"

and, for every 0 € Sp,

(4.3) /F<m,9>7rp(f)(x)dx: /n<x,9>f(x)dm.

In particular, if f has center of mass at the origin then for every F € G, i, mp(f)
has the same property.
The same argument gives that, for every p > 0 and 6 € Sp,

| 1@ors@ar = [ 1worm)@

and, for every —k < p < o0,

[ 1Pealtf@de = [ lalgme ().
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‘We will use the notation

1/p
L F)i= ([ Ipeelieas)
Rn
So, we have the following:

Proposition 4.1. Let f : R™ — [0,00) be an integrable function with flR{" f(x)dx =
1. Then, for1 <k <n, F € G, and p > 0, one has

(4.4) Pp(Zy(f)) = Zp(mr(f))-
Also, for any —k < p < o0,
(4.5) L(f, F) = I(me(f))-

Let f be a log-concave function with center of mass at the origin and fRn f(z)dz =
1. Then, for every F' € G, the same holds true for 7p(f). So, we may apply
Proposition 3.7 to get

C1 : C2
75 < |Ze(mr())IVE <

7r(f)(0) mr(f)(0)1/F
This last fact, combined with (4.4), proves the following.

Proposition 4.2. Let f be alog-concave function with center of mass at the origin
and f]R" f(x)dz =1. Then, for any 1 <k <n and F' € Gy, , one has

(4.6) c1 < mp(f)(0)F|PeZy (f)]VF < co,
where c1,co > 0 are universal constants.

Consider the special case where K is a convex body of volume 1 and has center
of mass at the origin and f := 1x. Observe that 7#(f)(0) = |[K N F+|. Then, the
previous proposition can be viewed as an “Ly-version” of the following inequality
due to Rogers-Shephard [29] (see [32] or [22] for the lower bound).

Theorem 4.3. Let K be a convex body of volume 1 in R™. Let 1 < k <n and let
F e Gy Then,

|Pp(K)||K N FY| < (Z)
If K has center of mass at the origin, then
1< |P(K)|IK N F.

The term “Rogers-Shephard inequality” is usually used for the upper bound. A
more general inequality can be easily obtained by the following formula for mixed
volumes, which is due to Fedotov (see [3] or [31]): Let F € Gy, let Kq,...Kj be
convex bodies in R™ and let L;, ..., L,,_; be compact convex subsets of F-. Then,

n
(4.7) <k>V(K1,...Kk,L1, coiLlpy_i) =V(PpKy,...,PrKp)V(L1,...,Lyp_k).
In the special case where Ly = L, = K N F+, (4.7) implies that

k

The Rogers-Shephard inequality follows if we take K; = Kj = K and use the
monotonicity property of mixed volumes.

(n>V(K1,...Kk,KﬂFL...KﬂFL) = V(PpKy, ..., PrKy)|K 0 FL|.
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Note that one can rewrite the inequality in the following form:

1< (|Pp(E)||K nFH)YE < el

In the special case where K is an ellipsoid of volume 1 one actually has

n 1/k n
cl\/;g(|PF(K)|KmFL|)/ <on7

where c¢1, co > 0 are universal constants.
The following direct consequence of Proposition 4.2 can be viewed as an “L,
version of the Rogers-Shephard inequality”:

Theorem 4.4. Let K be a convex body in R™ with center of mass at the origin and
volume 1. Then, for every F' € G, i one has

(4.8) e < |K N FHYE Pr(Zu(K)|VE < ey,
where c1,co > 0 are universal constants.

The inequality of Theorem 4.4 is sharp up to a universal constant. A disadvan-
tage is that the constants are not optimal (in contrast, the equality cases in the
classical Rogers-Shephard inequality are known).

The Lg-version of the Rogers-Shephard inequality played an important role in
[27]. In that paper, our approach was based on the bodies B, (K, F') which had
appeared already in the classical paper of Milman and Pajor [21]. Our approach in
the present paper is a little more general. We will recall the definition in order to
provide a unified setting for our results.

Let us first recall the definition of isotropicity for convex bodies: Let K be a
convex body in R™ with center of mass at the origin and volume 1. We define the
isotropic constant of K as follows:

We will say that K is isotropic if Z3(K) = Lk D,,.
Next, let K be a convex body of volume 1 in R", let 1 < k < n, F € G, and
p > 0. We define a convex body B,(K, F) in F by
By(K, F) i= Kpia(nr ((1x).

Then, we have the following;:

Theorem 4.5. Let K be a convex body of volume 1 in R™ and let 1 < k < n,
FeG,y andp>0. Then,

(i) If K has center of mass at the origin, then By (K, F) has also center of mass at
the origin.

(i) If K is symmetric, then B,(K,F) is also symmetric. Moreover, if K is sym-
metric and isotropic, then By+1(K, F) is also isotropic.
(iii) If K has center of mass at the origin then, for any q < k we have

Zy(Bira (K, F)) = |K N FYEPp(Z,(K)) = Zy(Bi(K, F)).
(iv) If K is isotropic, then

L m

KNFY|~
K np = Pt
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Moreover, if K has center of mass at the origin, then LE;::(K,F) ~ LB;(KF).
Proof. (i) Recall that if 1 has center of mass at the origin, then 7p (1) has center
of mass at the origin. This implies that Kj41(7r(1x)) has center of mass at the
origin.

(ii) Since 1k is an even function, the same is true for 7p(1x). This implies that
K,(mr(1k)) is symmetric. We also have that if K is isotropic then, for every
F € Gui, LkBr = PpZ2(1g) = Zs(np(lk)), where we have also used (4.4).
Moreover, (3.3) implies that if Zy(7mp(1k)) is homothetic to Bj then the same
holds true for Zs(Kgio(mrp(1lk)). So, if K is also symmetric, then EZ/H(K, F)is
isotropic.

(iii) Note that |K N F*| = 7p(1x)(0). Using (3.17) and (4.4) we get

Zy (Kicia(me (16)))) = mr (L) (0)/ 2, (m (1)) = |K 0 F 2 Pe(Zy(11c)).

We work similarly for m(ﬂp (1k)), this time using (3.18) instead of (3.17).
(iv) It follows immediately from (ii) and (iii). O

Statement (iv) in the previous theorem can be found explicitly in [21]. Note that
the body B, (K, F') that we have defined here is homothetic to the one defined in [21]
or [27]. On the other hand, the assertions of the previous theorem are independent
of scaling.

The following identity will play a crucial role in the proof of the main theorem:

Proposition 4.6. Let f be an integrable function on R™ and let k < n be a positive
integer. Then,

~1/k
(4.9) I_(f) = cnp </G WF(f)(O)dM(F>> :

(n—k)wn—x

/
where ¢y ), = ( ™ ) ~ /n. Moreover, if f is also log-concave and has
n

center of mass at the origin then, for every y € R”,

(410) I4(f) 2 T ().

Proof. Let f:R™ — R, and y € R™. Then, for every F' € Gy,

mel)@ = [ = [ G Pyt ey
— [ e peaa= | F(2)dz = Tp(f)(x + Pry).
x+FL z+Pry+F+

In particular, if f : R® — R, is a log-concave function with center of mass at the
origin and if y € R™, using Theorem 3.3 we get

(4.11) Tr(£,)(0) < 7 ()llse < e mr(f)(0).
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Also, for any integrable f and 1 < m < n we have that

/G o 7r(f)(0)du(F) = /G - 7L (f)(0)du(F) = /G - /F f(2)dzdu(F)

_ /G o /S ) /O T 00V drdo e (0)dp(F)

= Mm nwn/ / r™ =L f(rf)drdo(0)
Nnwn, sn—1Jo
= D [ g e ),
nwn Jre [lzllz™™ nwy
Equivalently, we may write that, for every integer k < n,
—1/k
(4.12) Ik (f) = cnk (/ WF(f)(O)dM(F)> :
Gn,k
1/k
where ¢, = (7("752}:"* ~ \/n.

Let f : R™ — R, be a log-concave function with center of mass at the origin
and let y € R™. Using (4.11) we get that, for every integer k < n,

~1/k —1/k
Cn
Ll = e < L mfy)(mdu(F)) > ( L WF(f)(O)du(F)>
= éj—k(f)~
The proof is complete. O

The following argument is a variation of an argument of Milman and Pajor (see
[21]).

Proposition 4.7. Let K be a compact set of volume 1 in R™. Then, if —(n—1) <
p<oo, p#0,

(4.13) L,(K) > I,(By) ~ V/n.

Proof. Let V be a star shaped body and write ||x||y for the gauge function of V.
Then, for every —n < p < oo, p # 0, one has

1/p 1/p
([ telias) (/ alpdo+ [ ~|ac||€dac)
K KNV K\V
1/p
(/ alpdo+ [ |x||’adx>
1% V\K

KN
1/p
( [ ||x|’adx)
\%

1
n p 1

= < ) |V| o
n+p

If we choose V' = B we get the left hand side inequality in (4.13). To complete

the proof observe that for —(n — 1) < p < o0, p # 0, we have I,(BY) ~ \/n. O

Y]
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Proposition 4.8. Let f : R™ — R, be a log-concave function with center of mass
at the origin and fR" f(x)dr =1. Let 1 <k < &. For every y € R,

(414) I—k;(fy) 2 f(0>1/n7

where ¢ > 0 is a universal constant.

Proof. Using (3.9), (4.10) and (4.13) we see that

1 —~ —

FOY"I,(£,) = FOV"I() 2 ~Tw(Knoi(£) = Z1-x(B3) 2 eV,

—_

where ¢ > 0 is a universal constant. O

5. CONSTANT BEHAVIOR OF MOMENTS

Let C be a symmetric convex body in R™ and let —oo < p < oo, p # 0. We
define

(5.1) W,(C) = </S hg(e)dg(9)>1/p.

Also, we denote by k. (C) the “Dvoretzky number” of C: roughly speaking, this is
the maximal dimension such that a random projection of C' is 4-Euclidean, i.e.

%W(C)BF C PrC C2W(C)Bp.

A remarkable formula due to V. D. Milman (see [20]) states that the Dvoretzky
number of C' is determined from “global” parameters of C' (see also [24]):

(5.2) ki (C) =~ (Z((g)))Q'

The following theorem was proved in [17]:

Theorem 5.1. Let C' be a symmetric convex body in R™. Then,
(i) If 1 < g < ki (C) then W(C) < Wy(C) < a1 W(C).

(ii) If k. (C) < g < n then ca\/q/n R(C) < W,(C) < c31/q/n R(C).
(iil) If k. (C) > n then co R(C) < W,(C) < R(C).

In the statements above, cq1,co > 0 are universal constants.

In particular, we see that we have almost constant behavior of the moments
W4(C) until ¢ becomes of the order of k,(C). The same phenomenon occurs also
for negative moments: we have the following theorem (see [15] and [14]):

Theorem 5.2. Let C be a symmetric convexr body. Then, for p < c1k.(C),
W_,(C) > W (C),

where c1,co > 0 are universal constants.

Combining Theorems 5.1 and 5.2, and adjusting the constants, we get:

Proposition 5.3. Let C be a symmetric convex body in R™. Then, W,(C) ~
W_,(C) if and only if p < k ~ k. (C).
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Remark. To be more precise, Theorem 5.1 implies that if for some § > 1 one has
that W_,(C) > W, (C) then p < ¢6?k,(C), where ¢ > 0 is an universal constant.

The Santal6 inequality asserts that, for every symmetric convex body K in R”,
[K||K°| < wp.

The reverse Santal6 inequality proved by Bourgain and Milman (see [2]) asserts
that

[K||K°| = ¢y,
where ¢ > 0 is a universal constant. Combining the two results we may write
1/n
KK
5.3 < <1
) = (o) =1

where ¢ > 0 is a universal constant.
Using (5.3) we can express negative moments of the support function of a convex
body as an average of volumes of projections:

Proposition 5.4. Let f : R™ — R, be a log-concave function with center of mass
at the origin and [, f(x)dz = 1. For every integer k < n,

1
k

(5.4) W_i(Zi(f) =~ Vk ( /G wF(f)(O)dMF))

n,k

55) L*q>~viwcazmn>

Proof. For 1 < k <n and any symmetric convex body C' in R",

WIO) = (Lnlmiwddm)wk

1/k
(%/M )
( o Bk)M“FO

B 1/k
2

d F ,
LIPr(C ( ))
and hence,

(5.6) W_x(C) = Vk ( /G |Ppclldu<F)>

Now, let f R™ — R, be a log-concave function with center of mass at the origin
and fRn xz)dz = 1. Consider an integer k¥ < n and let F' € G, . Recall that
(from 4.6)

1
k

: 1
ﬁizxﬂwaﬁwFUxm/@

Then, by (5.6) and (4.12) we complete the proof. O
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Proposition 5.5. Let f be an integrable function on R™ and let p > 1. Then,

(5.7 WolZp() =\ [ Do f):

Proof. We will use the following simple fact (see e.g. [25]): For any x € R™ and
any p > 1 one has

58) ([ 1worow) = [T .

So, if f is an integrable function in R™, by Fubini’s theorem we have that for every
p=1,

) = ([ [ eoreooe)”

: </” /5”*1 |<x’9>pd‘7(9)f(x)dx>l/p
o ( / Hf””gf(:z:)dx)l/p

=[S

This proves the proposition. ([

The formulae (5.7) and (5.5) lead us to the following definition (in the case
of convex bodies it first appeared in [26]): Let f be an integrable function with
Jgn f(x)dz =1 and § > 0. We define

(5.9) ¢ (f) = max{k < n: ko (Zx(f)) > K},
and

q«(f,0) := max{k <n: k.(Zx(f)) > 5%}
Combining (5.5) and (5.7) with Proposition 5.3 we get:

Theorem 5.6. Let f: R™ — R, be a log-concave function with center of mass at
the origin and f]R" f(z)dxz = 1. For any integer k < n we have I_p(f) ~ Ix(f) if
and only if k < cq.(f), where ¢ > 0 is an absolute constant.

In particular, from the previous theorem we see that for all k& < g.(f) one has
I(f) < CIy(f), where C > 0 is a universal constant. This was the main result of
[27]. Moreover note that Theorem 5.6 implies Theorem 1.4.

Remark. To be more precise, if for some 6 > 1 and some integer k£ one has that
I_(f) > +I(f), then k < g.(f, cd), where ¢ > 0 is an universal constant.

The following bound for the quantity q.(f) was proved in [27]:

Proposition 5.7. Let f be an integrable function on R™ with f]Rn flx)dx = 1.
Assume that f is 1, with constant b, for some o > 1. Then,

(5.10) 0. (f) > — (k.(Za(f)) %,

bg

where ¢ > 0 is a universal constant.
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It is well known that there exists a universal constant C' > 0 such that every
log-concave function f is ¢, with constant C. Note that (4.4) implies that if f is a
1o function with constant b, for some o > 1, then the same is true for wp(f), for
every F'€ Gy 1.

We conclude this section with the following fact.

Proposition 5.8. Let f be an integrable function on R™ with fRn f(z)de = 1.
Assume that f is ¢, with constant by, for some o > 1. Then, for every F € G i,

Cc

(5.11) 0:(mr(f)) 2 15 (b (Z2(7p(£))) %

N

where ¢ > 0 is a universal constant.

6. SMALL BALL PROBABILITY

Proposition 5.8 suggests that one has the best bounds for the quantity g, if the
ellipsoid Zs(f) is a multiple of the Euclidean ball. We have the following;:

Definition 6.1. Let f : R™ — R, be an integrable function with f]R" f(x)dx = 1.
We say that f is isotropic if f has center of mass at the origin and Zs(f) = B¥.
Equivalently if, for every § € S7~1,

(6.1) [ w0 @y =1

Note that if f is isotropic then I1r(f) = y/n.

It is known that given any f one can find T' € SL,, such that foT~! is isotropic.
Also, the isotropic condition (6.1) is known to be equivalent with the following;:

(6.2) /n (x, Az) f(x)dx = tr(A)

for every n x n matrix A. In particular, one has that, if f is isotropic then

(63) | 1AslB @yt = Al
Let f be isotropic and let T € SL,,. Then,
Zy(foT™) = T(Za(f)) = T(B3).
Note that W(T'(B%)) = % and R(T(B%)) = ||[T]lop- So, using (5.2), we have
that

(6.4) ko(Zo(f o T™H) = (||§||ZIS ) '

Also, if F € Gy, 1, then Zy(np(f o T 1)) = Pp(Zo(f oT')) = Pp(T(Bg)). There-
fore,

||PFT||HS)2

(65) k'*(ZQ(TFF(fOT—l))) ~ ( ||PFT||op

We are now ready to give a proof of the Theorem 1.3. Actually we will prove the
following more general statement (Theorem 1.3. corresponds to the case o = 2):
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Theorem 6.2. Let X be an isotropic log-concave random vector in R™ which is
Yo with constant b, for some o > 1. Let A be a non-zero n X n matriz, let y € R™
and € € (0,¢1). Then, one has

HAHHS)D‘

(6.6) P([[AX —yll2 < e[| Allus) < oo (aps ’
where c1,co > 0 are absolute constants.

For the convenience of the reader the proof is divided in 2 parts: First, we will deal
with the case where the operator is invertible.

Proposition 6.3. Let o > 1 and let f be an isotropic log-concave function on R™,
which is Y, with constant b,. Let S € GL, and y € R™. Then,

HSHHS)”‘

(6.7 P (|2 — yll2 < cclSllus) < 7 (FE
Proof. We set
_c <||T||H5>a
bg ”T”op
We have chosen ¢ > 0 such that m € N and (see (6.4) and (5.11)),

C (ITlas\" _ C g / B
Sba‘(llTllop) < 3o (h(Za(foT71)* < C'qu(foT™.

Note that m < n. Then, Theorem 5.6 implies that
I po(foT ) >clh(foT™).
Using (4.10), (6.3) we get

[Tyl sade < e [ el @t
R™ Rn

= IZ3(foT™Y)

< A'LT(feTT)

-3

= o ([ el s )

= (allTas)™™.
Then, from Markov’s inequality we get that for every e € (0, 1),

e ( I Tl 1 )“

(6.8) P(|ITz —yll2 < e[| T||us) < e™ =& \TTTew
Given S € GLy,, let T := |det S|~'/™S; then, T € SL,. Observe that (6.8) holds
for every y € R™ and is homogeneous in 7. The proof is complete. O

Proof of Theorem 6.2: Let 1 < k := rank(A) < n. There exist F' € G, (F :=
Im(A)) and B; € GL,, such that A = (det By)Pr(B), where B = (det B;)"!B; €
SLy,.

Let m := ;% (%) . We have chosen ¢ > 0 so that m € N and (see (6.5) and
(5.11) ),

C (IIPrBlus\" _ Ci e .
= be <PFB||0p> S be (ko(Zo(np(f o B™))))? < qu(np(foB™Y).

Note that m < k. Then, Proposition 4.6 implies that
Lom(mr(f o B™) = ela(rr(f o B™).
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Then, for every y € R™ we have

[ s =yl f@ie < e [ sl fa)da
Rn -
N <det€ B) /R |Ppz||y™ (B~ x)da
¢ " —m —
- <d€tBl> IZ5(feB 1,F)
e "o B
- <detB1) 25 (me(foB™Y)
= (de?le) (L((mp(foB™1)) "
= <deilBl> (12(FOB_17F))*W
B <deE1B> (/ ”PFBx”gf(x)dx> ’
= o (/R ||Aﬂ?§f(a:)dx) ’
= "[|Allug"

where we have also used (4.5) and (6.3).
So, from Markov’s inequality again, we get that for every e € (0,1),

I\AHHS)O‘

(6.9) P (Il 4z — yll2 < ccal[Allus) < & = 7 (T35
This finishes the proof of Theorem 6.2 and Theorem 1.3. O

Remark. Note that the dependence in Theorem 1.3 is better than the one in
Theorem 1.1, although it is not clear if it is the right one. The best dependence
is related to a major open question in Convex Geometry known as the Hyperplane
Conjecture: Let K be a convex body of volume 1, with center of mass at the origin.
Then, there exists # € S*~! such that

K Not| > e,

where ¢ > 0 is an universal constant.

An equivalent formulation of the problem is the following: There exists a uni-
versal constant C' > 0 such that Ly < C for every convex body K with center of
mass at the origin.

It is well known (it also follows from Proposition 3.5) that the previous statement
is equivalent to the following:

Hyperplane Conjecture: There exists a universal constant C > 0 such that, for
every isotropic log-concave function f on R™,
(6.10) fo)m < c.

The best known bound is due to B. Klartag: f(0)'/" < Cn'/* (see [11]). For more
informations on isotropicity and the Hyperplane Conjecture we refer to [21] or [9].

Let A be a projection matrix and let F' := Im(A) and k = rank(A) = dim(F).
Note that ||Allas = vk and ||Allop = 1. Assume that the Hyperplane Conjecture
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is true. Then, by Proposition 4.8 we have that, for every y € R",

/Rn 1Az — yll; 7Y f2)de < <C7TF(f)\/(£)1/k)kl . (\c/lE)k_l_

So, from Markov’s inequality, we get that for every e € (0, 1),
P (|| Az —yll2 < eC||Allus) < 7%

This means that in this case we have no dependence on the v, constant! In fact,
the Hyperplane Conjecture is closely related to the question of the dependence in
the 1, constant in Theorem 6.3. To fully reveal this connection we need different
tools; we will present this connection elsewhere.

REFERENCES

1. K. M. Ball, Logarithmically concave functions and sections of convex sets in R™, Studia Math.
88 (1988), 69-84.

2. J. Bourgain, V. D. Milman, New volume ratio properties for convex symmetric bodies in R",
Invent. Math. 88, no. 2, (1987), 319-340.

3. Y. D. Burago and V. A. Zalgaller, Geometric Inequalities, Springer Series in Soviet Mathe-
matics, Springer-Verlag, Berlin-New York (1988).

4. C. Borell, Complements of Lyapunov’s inequality, Math. Ann. 205 (1973), 323-331.

5. D. Cordero-Erausquin, M. Fradelizi, B. Maurey, The (B) conjecture for the Gaussian measure
of dilates of symmetric convex sets and related problems , J. Funct. Anal., 214 (2004), no.2,
410-427.

6. R. Eldan and B. Klartag, Pointwise Estimates for Marginals of Convex Bodies, J. Funct.
Anal., 254, Issue 8, (2008), 2275-2293.

7. B. Fleury, O. Guédon and G. Paouris, A stability result for mean width of Ly,-centroid bodies,
Advances in Mathematics, 214 (2007) 865-877.

8. M. Fradelizi, Sections of convex bodies through their centroid, Arch. Math. 69 (1997), 515—
522.

9. A. Giannopoulos, Notes on isotropic convex bodies, Warsaw University Notes (2003).

10. O. Guédon, Kahane-Khinchine type inequalities for negative exponent, Mathematika 46
(1999), 165-173.

11. B. Klartag, On convex perturbations with a bounded isotropic constant, Geom. and Funct.
Anal. (GAFA) 16 (2006) 1274-1290.

12. B. Klartag, A central limit theorem for convex sets, Invent. Math. 168 (2007), 91-131.

13. B. Klartag, Power-law estimates for the central limit theorem for convex sets, J. Funct. Anal-
ysis 245 (2007), 284-310.

14. B. Klartag and R. Vershynin, Small ball probability and Dvoretzky Theorem , Israel J. Math.
157 (2007) , no. 1, 193-207.

15. R. Latala, K. Oleszkiewicz ,Small ball probability estimates in terms of width, Studia Math.
169 (2005), 305=-314.

16. R. Latala, P Mankiewicz, K Oleszkiewicz, N. Tomczak-Jaegermann, Banach-Mazur distances
and projections on random subgaussian polytopes, Discrete & Computational Geometry 38,
Nol, (2007), 29-50.

17. A. Litvak, V. D. Milman and G. Schechtman, Averages of norms and quasi-norms, Math.
Ann. 312 (1998), 95-124.

18. E. Lutwak and G. Zhang, Blaschke-Santald inequalities, J. Differential Geom. 47 (1997), 1-16.

19. E. Lutwak, D. Yang and G. Zhang, LP affine isoperimetric inequalities, J. Differential Geom.
56 (2000), 111-132.

20. V. D. Milman , A new proof of A. Dvoretzky’s theorem in cross-sections of convex bodies,
(Russian), Funkcional. Anal. i Prilozen. 5 (1971), no.4, 28-37.

21. V. D.Milman and A.Pajor, Isotropic positions and inertia ellipsoids and zonoids of the unit
ball of a normed n-dimensional space, GAFA Seminar 87-89, Springer Lecture Notes in Math.
1376 (1989), pp. 64-104.

22. V. D. Milman, A. Pajor, Entropy and Asymptotic Geometry of Non-Symmetric Convex Bod-
ies, Advances in Mathematics 152, 2, (2000), 314-335.



22

23

24.

25.

26.

27.

28.

29.

30.

31.

32.

U.

G. PAOURIS

. V. D. Milman and G. Schechtman, Asymptotic Theory of Finite Dimensional Normed Spaces,
Lecture Notes in Math. 1200 (1986), Springer, Berlin.

V. D. Milman and G. Schechtman, Global versus Local asymptotic theories of finite-
dimensional normed spaces, Duke Math. Journal 90 (1997), 73-93.

G. Paouris, Wa- estimates for linear functionals on zonoids, Geom. Aspects of Funct. Analysis,
Lecture Notes in Math. 1807 (2003), 211-222.

G. Paouris, On the Va-behavior of linear functionals on isotropic convex bodies, Studia Math.
168 (2005), no. 3, 285-299.

G. Paouris, Concentration of mass on convex bodies, Geom. Funct. Anal. 16 (2006), 1021—
1049.

G. Pisier, The Volume of Convex Bodies and Banach Space Geometry, Cambridge Tracts in
Mathematics 94 (1989).

C. A. Rogers and G. C. Shephard, The difference body of a convex body, Arch. Math. 8
(1957), 220-233.

C. A. Rogers and G. C. Shephard, Convex bodies associated with a given convex body, J.
London Soc. 33 (1958), 270-281.

R. Schneider, Convex Bodies: The Brunn-Minkowski Theory, Encyclopedia of Mathematics
and its Applications 44, Cambridge University Press, Cambridge (1993).

J. Spingarn, An inequality for sections and projections of a convex set, Proc. Amer. Math.
Soc. 118, 4, (1993), 1219-1224.

DEPARTMENT OF MATHEMATICS, TEXAS A& M UNIVERSITY, COLLEGE STATION, TX 77843
S.A.
E-mail address: grigoris_paouris@yahoo.co.uk



