V,-ESTIMATES FOR MARGINALS OF LOG-CONCAVE
PROBABILITY MEASURES

A. GIANNOPOULOS, G. PAOURIS, AND P. VALETTAS

ABSTRACT. We show that a random marginal 7g (1) of an isotropic log-concave
probability measure g on R™ exhibits better 1o-behavior:
(i) If k < y/n, then for a random F € G, we have that mp(u) is a to-
measure. We complement this result by showing that a random 7 (u)
is, at the same time, supergaussian.

(ii) If k = nf, % < 6 < 1, then for a random F € G, j, we have that mp(u)

_ _26

is a 94 (5)-measure, where a(d) = 55°7.

1. INTRODUCTION

The purpose of this note is to provide estimates on the 1,-behavior of ran-
dom marginals of log-concave probability measures. We show that random k-
dimensional projections of a high-dimensional measure of the log-concave class have
better tail properties than the original measure. We give precise quantitative es-
timates for every 1 < k < n. A typical k-dimensional marginal is ¢ as long as
k < /n; after this critical value we still have non-trivial information (« is always
greater than a simple function of }2?2) in full generality. This observation may be
viewed as a continuation of the ideas and the tools that were developed in [17]. It is
also parallel to the philosophy behind Klartag’s proof of the central limit theorem
for convex bodies in [7] and [8] (see also [5] and [4]). A main ingredient in these
works is the fact that appropriate marginals of log-concave measures in power-type
dimensions (k ~ n¢ for some ¢ > 0) are approximately spherically-symmetric. As
Klartag proves in [9] this phenomenon appears for a much wider class of probability
measures and constitutes the measure analogue of Dvoretzky’s theorem on approxi-
mately Euclidean sections of high-dimensional convex bodies. Actually, Dvoretzky’s
theorem plays a crucial role in all these works, as well as in the present note.

Recall that a probability measure p on R™ is called log-concave if for any Borel
sets A, B in R" and any A € (0, 1),

(L1) A + (1= N)B) = (A u(B)' .

It is known (see [2]) that if u is log-concave and if u(H) < 1 for every hyperplane
H, then p has a density f = f,, with respect to the Lebesgue measure, which is
log-concave: log f is concave on its support {f > 0}.
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We say that p is isotropic if it is centered, i.e.

(1.2) / (z,0)f(z) dz = 0,

and satisfies the isotropic condition
(1.3) / (x,0)*f(z)dr =1

for all § € S"~1. Then, the isotropic constant of y is defined by L, := f(0)/.
Let 1 < o < 2. We say that a direction § € S"~! is a 1,-direction for p with
constant r > 0 if

(1.4) 16 O llpe < 7I1€ O)l25

where
(1.5) lw||y, = inf {t >0: /" exp ((|u(x)|/)%) f(z)dx < 2} .

We say that p is a ¥, measure with constant r» > 0 if (1.4) holds true for every
6 € S"~1. It is well known that there exists an absolute constant C' > 0 such that
every log-concave probability measure p is ¥ with constant C.

We study the 1,-behavior of marginals of u. For every integer 1 < k < n and
any F € G, 1, we consider the measure 7 (u) with density

(16) ()@= [t
z+FL
By the Prékopa—Leindler inequality (see [20]), mr(u) is a log-concave probability
measure on F'. As a simple consequence of Fubini’s theorem, one can check that if
1 is isotropic then wp(u) is also isotropic.
For the study of marginals, we need a variant of the 1, norm. We start with

the well-known fact that ||ul|ly, =~ sup {% iq > a} and recall that if p is the

Lebesgue measure px on an isotropic convex body K in R™ and if u is a linear
functional, then

[[ullq [[ullq
1.7 U ~ su ~ su .
( ) H ”ﬂia ng ql/o‘ angn ql/"‘
We define
[[ullg
].8 u = sSu .
(18) lull, = sup 5

It is clear that ||ully, < [|ully,. In view of (1.7) this is a natural definition of a
“Po-norm” when one studies the behavior of linear functionals with respect to a
log-concave measure on R™; see, for example, the applications in Section 4.

Our first result provides estimates on the ¢/ -behavior of random marginals of

1.
Theorem 1.1. Let p be an isotropic log-concave probability measure on R™.
(i) If k < \/n then there exists Ay C G, with measure vy x(Ar) > 1 —

exp(—cy/n) such that, for every F € Ay, wp(u) is a ¥h-measure with con-
stant C, where C' > 0 is an absolute constant.
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(i) If k = n®, % < § < 1 then there ezists Ay, C G i with measure vy, (Ag) >
1 — exp(—ck) such that, for every F € Ay, np(p) is a z/;’a(é)—measure with

constant C', where a(d) = % and C' > 0 s an absolute constant.

We next consider the question whether, in the case 1 < k < +/n, random
marginals 7 (u) of an isotropic log-concave probability measure p on R™ are su-
pergaussian (in the terminology of [19]). If v is an isotropic log-concave probability
measure on R¥, a direction # € S*~! is called supergaussian for v with constant
r>0if, forall 1 <t < ¥,

(1.9) v({z: |(@.0)] > t}) = e

The minimum of the set of » > 0 for which (1.9) holds true is called the supergaus-
sian constant of v in the direction of 6 and is denoted by g, (). It was proved in
[19] that if K is an isotropic convex body in R¥, then a random direction is super-
gaussian for vx with a constant O(Lg ) (the same question had been considered by
Pivovarov [21] for the class of 1-unconditional bodies). We prove the following.

Theorem 1.2. Let p be an isotropic log-concave probability measure on R™. If
k < /n, then there exists By, C Gy, 1, with measure vy, j,(By) > 1 —exp(—cy/n) such
that, for every F' € By, np(u) is a supergaussian measure with constant ¢, where
¢ > 0 is an absolute constant: this means that

The paper is organized as follows. In Section 2 we introduce background material
on Lg—centroid bodies; these play a central role in our approach. The proof of the
two main results is presented in Section 3. Generalizations, applications and further
remarks are collected in Section 4.

Notation and Preliminaries. We work in R™, which is equipped with a Euclidean
structure (-,-). We denote by || - ||2 the corresponding Euclidean norm, and write
B for the Euclidean unit ball, and S™~! for the unit sphere. Volume is denoted
by | -|. We write o for the rotationally invariant probability measure on S"~!.
The Grassmann manifold G, ;, of k-dimensional subspaces of R" is equipped with
the Haar probability measure v, ;. We also write A for the homothetic image of
volume 1 of a compact set A C R", i.e. A= IAI%/"'

The letters ¢, c, ¢1, ¢y ete. denote absolute positive constants which may change
from line to line. Whenever we write a ~ b, we mean that there exist absolute
constants c1,¢2 > 0 such that cia < b < coa. We refer to [14], [6] and [18]
for information on isotropic convex bodies and to the books [15] and [20] for the
asymptotic theory of finite dimensional normed spaces.

A convex body in R™ is a compact convex subset C of R™ with non-empty
interior. We say that C' is symmetric if x € C implies that —x € C. We say that C
is centered if fc (x,0) dx = 0 for every § € S"~1. The support function ho : R® — R
of C is defined by he(x) = max{(z,y) : y € C}. For each —co < p < 00, p # 0, we
define the p-mean width of C' by

(1.11) wy(C) = (/S hg(a)a(de))l/p.

Note that w(C') := wy(C) is the mean width of C. The radius of C is the quantity
R(C) = max{||z|2 : x € C} and, if the origin is an interior point of C, the polar
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body of C'is C° :={y € R" : (x,y) < 1forall x € C}. If K is a convex body in
R™ then the Brunn-Minkowski inequality implies that the measure px with density
13 is log-concave.

2. BASIC FORMULAS

2.1. Let p be a log-concave probability measure on R™ with a log-concave density
f. For every ¢ > 1 and y € R™ we define

1) @) = ([ 1eitraas)

The integral is finite for every ¢ > 1, by the log-concavity of pu. We define the
Lg-centroid body Z, (1) of p to be the centrally symmetric convex set with support
function hz,_ ().

L ,—centroid bodies were introduced in [11]. The normalization and notation was
different (see also [12] where an L, affine isoperimetric inequality was proved). We
follow the normalization and notation of [17]. If K is a convex body of volume 1,
we also write Z,(K) instead of Z,(ux).

It is a simple consequence of Holder’s inequality that Z,(u) C Z,(u) for all
1 < p < ¢ < o0. On the other hand, Borell’s lemma (see [15]) implies that

(2.2) Z4() € 207 Zy (1)

for all 1 < p < ¢ < oo, where ¢y > 1 is an absolute constant. For additional
information on L,—centroid bodies, we refer to [17] and [18].

2.2. Let p be a log-concave probability measure on R™ with a log-concave density
f,andlet 1 <k <n and F € G, . Fubini’s theorem shows that, for every ¢ > 1
and 6 € Sp,

(2.3) / (2, 6)“dp(x) = /F (2, 6)[“dp (1) ).
Since hp,(z,(u))(0) = hz,u)(0) for all & € Sk, it follows that

(2.4) Pr(Zq(1) = Zo(wr (1))

2.3. Let p be a log-concave centered probability measure on R™. For every ¢ > —n,
g # 0, we define the quantities I,(p) by

1/q
25) G = ([ algau)
The following fact is proved in [18]: For every 1 < g < n/2,

(2.6) I_4(p) ~ \/mw—q(zq(ﬂ))

and
(2.7) Iy(p) ~ \/qu(zq(#))-

2.4. Let C be a symmetric convex body in R™. Define k. (C) as the largest positive
integer £ < n for which a random k-dimensional projection of C is 4-Euclidean:
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this can be made precise if we ask, for example, that the measure of the set of
F € Gy, i which satisfy

(2.8) SW(O)(BY N F) € Pr(C) € 2W(C)(Bf N F)

is greater than 2. The parameter k. (C) is determined by the parameters w(C')
and R(C): There exist absolute constants ¢, co > 0 such that
w(C)? w(C)?
<k (C) <
r(ey =M= Ry
for every symmetric convex body C in R™. The lower bound appears in Milman’s

proof of Dvoretzky’s theorem (see [13]) and the upper bound was proved in [16].
The following Lemma is proved in [10]:

(2.9) can

Lemma 2.1. Let C be a symmetric convex body in R™. Then,
(i) wq<c> ~ w(C) for all g < k. (C).
~ /q/n R(C) for all k.(C) < q <n.
(111) wq(C’) ~ R(C) for all ¢ > n.
2.5. We define
(2.10) g« (@) := max{k <n: k.(Zp(p)) > k}.

Then, the main result of [18] states that, for every centered log-concave probability
measure y on R™, one has

(2.11) I_g(p) ~ Ig(p)

for every 1 < g < g.(¢). In particular, for all ¢ < g.(u) one has I;(p) < Cly(p),
where C' > 0 is an absolute constant.

Assuming that p is isotropic, one can check that g.(u) > ¢y/n, where ¢ > 0 is an
absolute constant (for a proof, see [17]).

3. V,-ESTIMATES FOR MARGINALS

Let p be an isotropic log-concave probability measure on R™. We first prove
Theorem 1.1(i) and Theorem 1.2.
3.1. The case k < \/n. From (2.2) we see that Z,(u) C cqZs(u) for all ¢ > 2.
Since p is isotropic, we have Z(p) = BY, and hence, R(Z,(u)) < cq for all ¢ > 1.
Let d(q) = % and D(p) = {¢g>2:q9<d(q)}. Let o be the maximum
of the set of ¢ > 2 for which [2, ¢] C D(u). Then, by the continuity of d(g), we have

go = d(qo). In particular, from Lemma 2.1 we have

(3.1) W(Zay (1) = W3 (Za (1)) = Va0 Ly () 2 /.

It follows that
w?(Zy, (1)) _ cnge  cn
3.2 = do > ==,
(32) CTRZy ) T @ w
and hence gy > cy/n. By the definition of qq, for all ¢ < ¢y/n we have ¢ < d(q), and
the previous argument, applied for ¢, shows that

(3-3) w(Zy(p)) = ¢y/q and k.(Zy(n)) = en/q.
Now, let k < y/n. For every 1 < ¢ < k we have I, (1) < CIy(u) = Cy/n, and hence,
(3-4) w(Zg(p) < wy(Zy(n)) < C\/g.
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Then, if we fix ¢ < k, Dvoretzky’s theorem (see [15]) shows that
(3.5) Pp(Zq(p) = w(Ze(1n))(By N F)

for all F' in a subset By, 4 of G, i of measure

(3.6) Unk(Big) > 1 — e~ k(Za(W) > 1 _ g1V,

Applying this argument for ¢ = 2¢, i = 1,...log, k, and taking into account the
fact that Z,(u) C Z,(p) C cZ,(p) if p < ¢ < 2p, we conclude that there exists
By, C Gy with v, ,(Bg) > 1 — e~2V™ guch that, for every F € By and every
1<q<k,

(3.7) Zg(mp(p)) = Pr(Zg(p)) =~ w(Zq(p))(By N F).

From (3.3) and (3.4) we have w(Z,(u)) ~ /q for all ¢ < \/n. Therefore, the last

formula can be written in the form

(3:8) hz,(xr () (0) ~ VA
forall F € By, 0 € Spand 1 < g <k.
From the inequality

K 0 g h T 0
(3.9) sup WM eamrey _ (S Pz ©) o g
1<q<k Va 1<q¢<k V4

we immediately get Theorem 1.1(i).
Next, we give the proof of Theorem 1.2, following an argument which essentially
appears in [19]. Since

(3.10) D Zsq (1)) (0) = Nz, (7 (1)) ()

using the Paley—Zygmund inequality we see that, for every ¢ > 1 and every 6 € Sp,

(3.11) [mr(w)] ({x eF:|{z,0)] > ;hzq(w(”))(ﬁ)}) > e 9,
Then, (3.8) gives
(3.12) ()] ({2 € P+ [(2,0)] > cy/@}) > e

for every 1 < ¢ < k and every 6 € Sp.
If 1 < t < evVk we can write ¢ in the form ¢ := /q for some ¢ < k. Then, a direct
application o (3.12) gives

(3.13) [ ()] ({z € R” 1 [(2,0)| > #}] > e™"/°

for all € Sp. This implies that 57, ,(,)(0) > c for all § € Sg, where ¢ > 0 is an
absolute constant. ([

It remains to prove Theorem 1.1(ii).

3.2. The case k > /n. Fix k = n®, where § € (%, 1), and let 1 < ¢ < k. Then,
using Lemma 2.1 and the identity (2.4), we see that, for every F € G, ,

(3.14) R(Zy(mp(p)) = crwn(Z(mr (1)) = wi(Pr(Zq(p)))-
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Therefore,

1/k
( /G R(Z,y(mr (1)) dun,k<F>>

1R

1/k
( /G Wi (Pr(Zy(1)) dun,m)

where op is the rotationally invariant probability measure on the sphere Sp :=
S"=1N F. Since

(3.15) hpF(Zq(#))(Q) = hzq(ﬂ)(e), RS SF,

316) [ [ @ der@) dn i) = [ 0 0)do(0) = wb(Z,0).

we get the following.

Lemma 3.1. Let p be an isotropic log-concave probability measure on R™. For
everyl <k <nand1l < q<k,

1/k
(3.17) (/G Rk(Zq(TrF(U)))an,k(F)> >~ wi(Zg(1)-

The next Lemma gives some bounds for wy(Z,(u)).

Lemma 3.2. Let p be an isotropic log-concave probability measure on R™. If k =
nd,§e (%,1) and 1 < q <k, then

(3.18) wi(Zg(p) < esqt/ ),

where a(d) = 362%1'

Proof. Let 1 < q < k. We distinguish two cases:

(i) Assume that k < n/q. Then, we have ¢ < n/q and (3.3) shows that k.(Z,(u)) >
cn/q. Therefore, k < ck,(Z4(1)), and hence,

(3.19) Wk(Zy (1)) = w(Zy(0) < wy(Zy(1)) = Va

(ii) Assume that k > n/q From Lemma 2.1 we have that w(Zy(p)) ~ w(Zy(p
if k < ko(Zy(p)) and wy(Z ~ \/k/nR(Z ) if k> ki (Z4(n)). Since g <
using (3.4) we get that wk(Z (K)) < f(q7 ), where flgk) < ceyqgif g <k

k.(Zg(p)) and f(q, k) < cqg\/k/nif k > k.(Z4(p)). Note that k. (Zg(p)) > n/k. So
we get that

(3.20) flg, k) <ey/qif q<n/kand f(q. k) <qgvk/nif n/k <gq.
We want ¢'~5vk < /n for all ¢ < k. This will be true if k2~ ~ n!/2. Since
k = n?, the optimal value of « is

20
36—-1°
From (i) we check that (3.18) holds true for k¥ < n/q as well. This proves the
Lemma. (]

(3.21) a(8) =

(/GM /Sp hllgF(Zq(H))(e) dopr(0) dyn,k(F)>

1/k
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Proof of Theorem 1.1(ii). We apply Markov’s inequality for ¢ = 2%, i = 1,...log, k
in Lemma 3.1, and taking into account the fact that Z,(u) C Z,(n) C c¢Z,(u) if
p < g < 2p, we conclude that

R(Z
1<g<k  Wk(Zq(1))
where C' > 0 is an absolute constant, for all £ in a subset Ay of G, ; with measure
Uni(Ar) > 1— (logy ke 2k > 1 — ek,
Now, we are using the estimates from Lemma 3.2; for every F' € A; we have

(323) IO, = swp Lofle ooy gy Balrrln)

< C!
S ) 12ask we(Zg(p) ~ 7

for all 8 € Sg, where Cs > 0 is an absolute constant. O

4. FURTHER REMARKS AND APPLICATIONS

4.1. Assume that p is a ¥ measure with constant r > 0 for some 3 € (1,2). Then,
the argument of Section 3 leads to the following generalization of Theorem 1.1.

Theorem 4.1. Let § € (1,2) and let p be an isotropic log-concave probability
measure on R™ which is g with constant r > 0.

(i) If £ < n% then there exists A C Gp i with measure vy, ,(Ag) > 1 —
exp(—cng) such that, for every F € Ay, np(p) is a vh-measure with con-

stant C( )
(ii) If k = n® < 0 < 1 then there exists Ay, C Gy, with measure vy, (Ag) >
1—exp(— ck) such that, for every F € Ay, np(u) is a wa(&ﬁ) measure with

constant C(r), where a(6, 3) = %.

4.2. The estimate for «(d, 3) in Theorem 4.1 is optimal in the following sense: let
i be an isotropic log-concave probability measure on R™ which is 1z and has the

property that there exists § € S™~! such that hz,uw)(0) =~ q% forall 1 < ¢ < n.

Then, Lemma 2.1 shows that for k = nd > ng we have
(4.1) wi(Z(p) =~ VE/n R(Zy() ~ /k/nk? = kawo.

Then, using (3.17) and the Paley—Zygmund mequality we can check that there exists
Ay C G with measure v, ;(Ag) > exp(—ck) such that, for every F € Ay, there

exists 6 € Sp such that hyz, () (0) > k=@ |

4.3. For every p > 1 we consider the convex body K,(¢) (introduced by K. Ball in
[1]) with gauge function

(42) lellx, g = (f}fo) / N fm)r“dr) o

Let 1 <k <nand F € G, . For § € Sp we define

(43) H0||Bk+1(H7F) = ||0||Kk+1(77F(U))'
For all1 < g <k <nand F € G, , one has (see [18] and [3])

(4.4) w0 (0)F Zy(r (1)) = £ (0)% Zy( Byt (1, ).
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If p is isotropic, then E;:l(u,F) is an isotropic convex body in F. In particular,
the case p = 2 of (4.3) shows that

1 1
(4.5) Jre(w (0)% = fu(0)~ LBy yr(u.F)-

Since the v, and %/, norms are equivalent for convex bodies, as an immediate
consequence of the above formulas we get the following version of Theorem 4.1:

Theorem 4.2. Let 8 € (1,2) and let p be an isotropic log-concave probability
measure on R™ which is g with constant r > 0.

(i) If £ < ns then there exists A C Gp i with measure vy, ,(Ag) > 1 —
exp(—cng) such that, for every F' € Ay, Brpi1(u, F) is a 9-body with
constant C(r).

(i) If k =n?, g < § < 1 then there exists Ay, C Gp 1 with measure vy k(Ag) >
1 — exp(—ck) such that, for every F' € Ag, Bri1(p, F) is a Yo 5,3)-body

with constant C(r), where a(0, ) = %.

4.4. It was mentioned in §2.5 that if p is an isotropic log-concave probability
measure on R”, then I_,(p) >~ I, (p) for every 1 < g < ¢, (p). If p is a 1g-measure,

then g, (u) > en®. This gives the lower bound
(4.6) I_q(p) = evn

for all ¢ < ns. Using the results of this note, we can give some non-trivial lower
bounds for I_,(x) when ¢ > n%. Let f be the density of u. We start with a
formula from [18, Proposition 4.6]: taking into account (4.5) we see that, for every
1<k<n,

1
k

(4.7) Ip(p) = vn (/G L%k+1(p,F)an,k(F)>

Then, what we need is an upper bound for the quantity
(18) | B @)

in the case k = n%, § € (% 1). We now use the following fact (see [6, Theorem

2.5.4]): If a € (1,2] and C is an isotropic convex body in R* which is 1, with
constant r > 0, then

(4.9) Lo <erSkoa log k.

From Lemma 3.2 we know that, for every 1 < ¢ < k, we have wy(Z, (1)) < cq*/*,
_ 285

Where Oy = m

Then, the argument of Lemma 3.1 shows that the probability that R(Z,(Bg+1(i, F))) >
esq*/ is less than s—*. Tt follows that, for every s > 1 we have

(4.10) sup ||<.79>||'¢)a*(3k+1(ﬂiF)) <as
0eSkr

on a subset By, 5 of Gy, i of measure vy, j,(Br,s) > 1 — s~*%. Therefore,

2—a
4

(4.11) Lp, . (ur) < cas Tk logk
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for all F' € By . Set m(k) = ok logk. Then, we can estimate the integral
(4.7) as follows:

/G L’gkﬂ(#’F)dun,k(F) = /0 kt* vk (F : Ly, (ur) > t)dt
n,k

IN

o0
mk(k)+/ kt* v, o (F : Lp,  ur) > t)dt
m(k)

[ ® (h=Day o
= mP(k) |1+ / ks 2 v n(F i Lo, ur) > m(k)s™) dt
L 1

[ ko, [ (:-Das as
< mk(k) 1+ g / s(k 7 32_1s_kd8:|
L 1

= mF(k) 1+ka*/ slk(laf)ds}
I 1

2

(x*

1

mF (k) ~ (k log k:)

Inserting this information into (4.7) we get

(4.12) Toa(p) > 22:/73 > G pi-ftges
k logk ~ logn

Using our estimate for a.. = a4, 3), we finally get the following:

Theorem 4.3. Let 8 € [1,2] and let p be an isotropic log-concave probability
measure on R™, which is a Y g-measure with constant r > 0.

(1) Ifk<n2 then I_k(u) > c(r)y/n.

(2) If k =n for some § € (g,l), then

(1-6)(25—B)+88
n 20(25—B) 53]

(%) I k(p) = c(r)

logn

Final remark. In Theorem 4.3, we can actually obtain a stronger estimate. For
an isotropic convex body C in R*, let C; = C'N (4y/sL¢)Bs and C = C,. For any
F € G, we consider the body Bjyi+1(K, F) and, using the estimates from Lemma
3.2, we observe that

i B
(i) hZ «(Bri1 (K, F))(H) < C\[LBk+1(K F); for1 <g< ( ) )

%
(i) hZ ¢(Bry1 (K, F)) () < C[qBLBk+1(KF (%) <gsn
(111) hZ (m)(a) < C\/>LB;€+1(KF ) for nz <q<k.

B
2,

’Q

This implies that By41 (K, F) is a ¥3-body with constant O( ) Inserting this
information in the proof of Theorem 4.3, and using the fact — proved in [3] — that
if C' is a 195 body with constant r then Lo < ery/log(er) in the place of (4.9), one
can prove the following fact: Let 3 € [1,2] and let p be an isotropic log-concave
probability measure on R™, which is a 1g-measure with constant » > 0.

(i) Ik < n%, then I (1) > ery/n.
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(ii) If k = n? for some § € (%, 1), then

(%) I g () > cr

log ((crn) ¥>
Using this result, we can also slightly improve the small probability estimate
i ({z € R ¢ lafs < cev/}) < V7

from [18]. Using (**) one can show that if p is an isotropic log-concave measure in
R™ then, for every € € (0,1),

(4.13) p({z €R™:lzfls < cevn}) < 5‘/ﬁmin{1,€"5(w)}’

where d(g,n) = % —loglogn. We omit the detailed proofs of these assertions;

we would also like to mention that these estimates are optimal up to our current
knowledge on Lk and a logarithmic in the dimension term.
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