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THE NAVIER{STOKES EQUATIONS

u: velocity, p: pressure
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THE NAVIER{STOKES EQUATIONS

u: velocity, p: pressure


 is a bounded 
uid domain in R3
8
>>>><

>>>>:

@t u + u�r u + r p � � r 2u = f in 


r� u = 0 in 
 ;

uj� = 0 or u is periodic;

ujt =0 = u0;
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THE NAVIER{STOKES EQUATIONS

u: velocity, p: pressure


 is a bounded 
uid domain in R3
8
>>>><

>>>>:

@t u + u�r u + r p � � r 2u = f in 


r� u = 0 in 
 ;

uj� = 0 or u is periodic;

ujt =0 = u0;

u0 is the initial data.

f a source term.

� is chosen equal to unity.

� is viscosity (inverse of Reynolds number).
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EXISTENCE

J. Leray (1934): introduces the notion ofturbulent solution.
A turbulent solution is aweak solutionin
u 2 L2(0; T ; H1(
)) \ L1 (0; T ; L2(
))
+ global energy inequality.
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EXISTENCE

J. Leray (1934): introduces the notion ofturbulent solution.
A turbulent solution is aweak solutionin
u 2 L2(0; T ; H1(
)) \ L1 (0; T ; L2(
))
+ global energy inequality.

J. Leray usesmolli�cation to prove existence:
 2 D(R3),  � 0,

R
R3  = 1,  � (x) = 1

�  
� x

�

�
.

@t u� + (  � � u� )�r u� + r p� � � r 2u� = f
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EXISTENCE

J. Leray (1934): introduces the notion ofturbulent solution.
A turbulent solution is aweak solutionin
u 2 L2(0; T ; H1(
)) \ L1 (0; T ; L2(
))
+ global energy inequality.

J. Leray usesmolli�cation to prove existence:
 2 D(R3),  � 0,

R
R3  = 1,  � (x) = 1

�  
� x

�

�
.

@t u� + (  � � u� )�r u� + r p� � � r 2u� = f

E. Hopf (1951)et al. uses theGalerkin techniqueto prove
existence.
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UNIQUENESS

Are weak solutionsuniquein the large?
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Are weak solutionsuniquein the large?

, Are weak solutionsclassicalfor T large?
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UNIQUENESS

Are weak solutionsuniquein the large?

, Are weak solutionsclassicalfor T large?

) Clay Institute 1M$ prize.
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SUITABLE WEAK SOLUTION

De�nition (V. Sche�er (1976))

A NS weak solution is said to besuitable weak solutionsi� ( u; p)
is a weak solution and

@t ( 1
2u2) + r� (u( 1

2u2 + p)) � � r 2( 1
2u2) + � (r u)2 � f � u � 0:

in D0((0; T )� 
)
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SUITABLE WEAK SOLUTION

Singular set:S
S = f (x; t ) 2 
 � ]0; T [; u 62L1 (V ); 8V s.t. (x; t ) 2 V g

Jean-Luc Guermond SUITABLE SOLUTIONS TO NSEs



BASIC FACTS ABOUT NAVIER{STOKES EQUATIONS
GALERKIN/FOURIER/NLGM

FE/WAVELETS GALERKIN APPROX IN TORUS
GALERKIN APPROX WITH DIRICHLET BCs

ARE SUITABLE SOLUTIONS USEFUL?
CONCLUSIONS/OPEN QUESTIONS

THE NAVIER{STOKES EQUATIONS
EXISTENCE/UNIQUENESS
SUITABLE WEAK SOLUTION
CONSTRUCTION OF SUITABLE SOLUTIONS
MOLLIFICATION/NONLINEAR GALERKIN

SUITABLE WEAK SOLUTION

Singular set:S
S = f (x; t ) 2 
 � ]0; T [; u 62L1 (V ); 8V s.t. (x; t ) 2 V g

P1(S) = lim � ! 0+ inff
P

r1
i ; S � [ Q(Mi ; ri ); ri < � g

r2

S

x

t

Q

x
r
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SUITABLE WEAK SOLUTION

Theorem (Ca�arelli-Kohn-Nirenberg (1982))

If (u; p) is a suitable weak solutions, then P1(S) = 0
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SUITABLE WEAK SOLUTION

Theorem (Ca�arelli-Kohn-Nirenberg (1982))

If (u; p) is a suitable weak solutions, then P1(S) = 0

) Singularities (if any) ofsuitable weak solutionsare pointwise in
space/time.
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SUITABLE WEAK SOLUTION

Theorem (Ca�arelli-Kohn-Nirenberg (1982))

If (u; p) is a suitable weak solutions, then P1(S) = 0

) Singularities (if any) ofsuitable weak solutionsare pointwise in
space/time.

Best partial regularity theorem to date.
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CONSTRUCTION BY MOLLIFICATION

Leray's molli�cation

@t u� + (  � � u� )�r u� + r p� � � r 2u� = f
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CONSTRUCTION BY MOLLIFICATION

Leray's molli�cation

@t u� + (  � � u� )�r u� + r p� � � r 2u� = f

CKN's retarded molli�cation (same idea as Leray's)

Jean-Luc Guermond SUITABLE SOLUTIONS TO NSEs



BASIC FACTS ABOUT NAVIER{STOKES EQUATIONS
GALERKIN/FOURIER/NLGM

FE/WAVELETS GALERKIN APPROX IN TORUS
GALERKIN APPROX WITH DIRICHLET BCs

ARE SUITABLE SOLUTIONS USEFUL?
CONCLUSIONS/OPEN QUESTIONS

THE NAVIER{STOKES EQUATIONS
EXISTENCE/UNIQUENESS
SUITABLE WEAK SOLUTION
CONSTRUCTION OF SUITABLE SOLUTIONS
MOLLIFICATION/NONLINEAR GALERKIN

CONSTRUCTION BY MOLLIFICATION

Leray's molli�cation

@t u� + (  � � u� )�r u� + r p� � � r 2u� = f

CKN's retarded molli�cation (same idea as Leray's)

Theorem (Leray (1934), Duchon-Robert (2000))

Uniqueweak solution for all t> 0 if � > d+2
4 , and u� !

� ! 0
u (up to

subsequences) and u issuitable.
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MOLLIFICATION/NONLINEAR GALERKIN

Assume hereafter 
 is the 3D torus
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MOLLIFICATION/NONLINEAR GALERKIN

Assume hereafter 
 is the 3D torus

" be a positive number (large eddy scales)
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MOLLIFICATION/NONLINEAR GALERKIN

Assume hereafter 
 is the 3D torus

" be a positive number (large eddy scales)

Set N" = 1
"

Jean-Luc Guermond SUITABLE SOLUTIONS TO NSEs



BASIC FACTS ABOUT NAVIER{STOKES EQUATIONS
GALERKIN/FOURIER/NLGM

FE/WAVELETS GALERKIN APPROX IN TORUS
GALERKIN APPROX WITH DIRICHLET BCs

ARE SUITABLE SOLUTIONS USEFUL?
CONCLUSIONS/OPEN QUESTIONS

THE NAVIER{STOKES EQUATIONS
EXISTENCE/UNIQUENESS
SUITABLE WEAK SOLUTION
CONSTRUCTION OF SUITABLE SOLUTIONS
MOLLIFICATION/NONLINEAR GALERKIN

MOLLIFICATION/NONLINEAR GALERKIN

Assume hereafter 
 is the 3D torus

" be a positive number (large eddy scales)

Set N" = 1
"

Set X" = _PPPN" (velocity space), and
M" = _PN" (pressure space).
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MOLLIFICATION/NONLINEAR GALERKIN

Assume hereafter 
 is the 3D torus

" be a positive number (large eddy scales)

Set N" = 1
"

Set X" = _PPPN" (velocity space), and
M" = _PN" (pressure space).

Let P" : _L2(
) �! X" be L2-projection.

_L2(
) = X" � (X" )?
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THE ALGORITHM

Solve foru� , p� s.t.
8
><

>:

@t (P" u� ) + P" u� �r u� + r p� � � r 2u� = f in 


r� u� = 0 in 
 ;

u� is periodic; u� jt =0 = u0;
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THE ALGORITHM

Solve foru� , p� s.t.
8
><

>:

@t (P" u� ) + P" u� �r u� + r p� � � r 2u� = f in 


r� u� = 0 in 
 ;

u� is periodic; u� jt =0 = u0;

Theorem

For all � > 0, problem is well-posed (existence + uniqueness).
u� ! u, p� ! p as� ! 0 (in appropriate spaces, up to
subsequences), u and p aresuitableweak solution to N.S.

Jean-Luc Guermond SUITABLE SOLUTIONS TO NSEs



BASIC FACTS ABOUT NAVIER{STOKES EQUATIONS
GALERKIN/FOURIER/NLGM

FE/WAVELETS GALERKIN APPROX IN TORUS
GALERKIN APPROX WITH DIRICHLET BCs

ARE SUITABLE SOLUTIONS USEFUL?
CONCLUSIONS/OPEN QUESTIONS

THE NAVIER{STOKES EQUATIONS
EXISTENCE/UNIQUENESS
SUITABLE WEAK SOLUTION
CONSTRUCTION OF SUITABLE SOLUTIONS
MOLLIFICATION/NONLINEAR GALERKIN

CONSTRUCTION BY HYPERVISCOSITY

Add a vanishing hyperviscosity (Lions (1959). 
 is the
d-torus, d is the space dimension.

8
>>>><

>>>>:

@t u� + u� �r u� + r p� � � r 2u� + "2� (�r 2)� u� = f ;

r� u� = 0

u� is periodic;

u� jt =0 = u0:
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CONSTRUCTION BY HYPERVISCOSITY

Add a vanishing hyperviscosity (Lions (1959). 
 is the
d-torus, d is the space dimension.

8
>>>><

>>>>:

@t u� + u� �r u� + r p� � � r 2u� + "2� (�r 2)� u� = f ;

r� u� = 0

u� is periodic;

u� jt =0 = u0:

Theorem (Lions (1959), Beir~ao da Veiga (1985))

Uniqueweak solution for all t> 0 if � > d+2
4 , and u� !

� ! 0
u (up to

subsequences) and u issuitable.
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QUESTIONS

) Two ideas:

8
><

>:

Regularize the NL term

Add extra viscosity
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QUESTIONS

) Two ideas:

8
><

>:

Regularize the NL term

Add extra viscosity

What does Galerkin ash ! 0?
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QUESTIONS (
Hyperviscosity

Leray regularization

Suitable weak solutions

Weak solutions
Hopf/Galerkin

????
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QUESTIONS (
Hyperviscosity

Leray regularization

Suitable weak solutions

Weak solutions
Hopf/Galerkin

????

Q1: Is the set of suitable solutions apropersubset of weak
solutions?
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QUESTIONS (
Hyperviscosity

Leray regularization

Suitable weak solutions

Weak solutions
Hopf/Galerkin

????

Q1: Is the set of suitable solutions apropersubset of weak
solutions?

Q2: Do the Galerkin solutions end up to besuitableafter all?
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Jean Baptiste Joseph Fourier
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Set h = 1
N (�nest scale representable) and de�ne
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THE GALERKIN/FOURIER/NLGM SETTING

Set h = 1
N (�nest scale representable) and de�ne

Xh = _PPPN , and Mh = _PN ,
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THE GALERKIN/FOURIER/NLGM SETTING

Set h = 1
N (�nest scale representable) and de�ne

Xh = _PPPN , and Mh = _PN ,

Let 0 < � < 1 and set" = h� (large eddy scale)
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THE DISCRETE SETTING
THE ALGORITHM
CONVERGENCE

THE GALERKIN/FOURIER/NLGM SETTING

Set h = 1
N (�nest scale representable) and de�ne

Xh = _PPPN , and Mh = _PN ,

Let 0 < � < 1 and set" = h� (large eddy scale)

Seekuh 2 C0([0; T ]; Xh), and ph 2 L2(0; T ; Mh) s.t.
8t 2 (0; T ], 8v 2 Xh, and 8q 2 Mh

8
><

>:

(@t P" uh; v) + � (r uh; r v) + ( P" uh�r uh; v) � (ph; r� v) = ( f ; v);

(r� uh; q) = 0 ;

uhjt =0 = P" u0:
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THE GALERKIN/FOURIER/NLGM SETTING

De�ne Vh = f vh 2 Xh; r� (vh) = 0 g
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THE GALERKIN/FOURIER/NLGM SETTING

De�ne Vh = f vh 2 Xh; r� (vh) = 0 g

Set Z" = P" (Vh) ( large scale space)
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THE GALERKIN/FOURIER/NLGM SETTING

De�ne Vh = f vh 2 Xh; r� (vh) = 0 g

Set Z" = P" (Vh) ( large scale space)

Set Yh = Q" (Vh) (small scale space)
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THE GALERKIN/FOURIER/NLGM SETTING

De�ne Vh = f vh 2 Xh; r� (vh) = 0 g

Set Z" = P" (Vh) ( large scale space)

Set Yh = Q" (Vh) (small scale space)

Vh = Z" � Yh, orthogonal decomposition w.r.t.L2- and
H1-scalar product.
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THE DISCRETE SETTING
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THE GALERKIN/FOURIER/NLGM SETTING

De�ne Vh = f vh 2 Xh; r� (vh) = 0 g

Set Z" = P" (Vh) ( large scale space)

Set Yh = Q" (Vh) (small scale space)

Vh = Z" � Yh, orthogonal decomposition w.r.t.L2- and
H1-scalar product.

AssumeQ" f = 0 (for h small enough).
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THE DISCRETE SETTING
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THE GALERKIN/FOURIER/NLGM SETTING

De�ne Vh = f vh 2 Xh; r� (vh) = 0 g

Set Z" = P" (Vh) ( large scale space)

Set Yh = Q" (Vh) (small scale space)

Vh = Z" � Yh, orthogonal decomposition w.r.t.L2- and
H1-scalar product.

AssumeQ" f = 0 (for h small enough).

Set uh = z" + yh 2 Z" � Yh
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THE DISCRETE SETTING
THE ALGORITHM
CONVERGENCE

THE ALGORITHM

Solve foruh = z" + yh s.t.
8
><

>:

z" jt =0 = P" u0

@t z" � � r 2z" + P" (z" �r (z" + yh)) = P" f

� � r 2y" + Q" (z" �r (z" + yh)) = 0 :

Jean-Luc Guermond SUITABLE SOLUTIONS TO NSEs



BASIC FACTS ABOUT NAVIER{STOKES EQUATIONS
GALERKIN/FOURIER/NLGM

FE/WAVELETS GALERKIN APPROX IN TORUS
GALERKIN APPROX WITH DIRICHLET BCs

ARE SUITABLE SOLUTIONS USEFUL?
CONCLUSIONS/OPEN QUESTIONS

THE DISCRETE SETTING
THE ALGORITHM
CONVERGENCE

THE ALGORITHM

Solve foruh = z" + yh s.t.
8
><

>:

z" jt =0 = P" u0

@t z" � � r 2z" + P" (z" �r (z" + yh)) = P" f

� � r 2y" + Q" (z" �r (z" + yh)) = 0 :

) � � r 2y" + Q" (z" �r yh) = � Q" (z" �r z" )
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THE DISCRETE SETTING
THE ALGORITHM
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THE ALGORITHM

Solve foruh = z" + yh s.t.
8
><

>:

z" jt =0 = P" u0

@t z" � � r 2z" + P" (z" �r (z" + yh)) = P" f

� � r 2y" + Q" (z" �r (z" + yh)) = 0 :

) � � r 2y" + Q" (z" �r yh) = � Q" (z" �r z" )

) y" = y" (z" )
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THE DISCRETE SETTING
THE ALGORITHM
CONVERGENCE

THE ALGORITHM

Solve foruh = z" + yh s.t.
8
><

>:

z" jt =0 = P" u0

@t z" � � r 2z" + P" (z" �r (z" + yh)) = P" f

� � r 2y" + Q" (z" �r (z" + yh)) = 0 :

) � � r 2y" + Q" (z" �r yh) = � Q" (z" �r z" )

) y" = y" (z" )

) uh = z" + y" (z" ) (nonlinear dynamics restricted to large eddy
scales� " ).
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THE DISCRETE SETTING
THE ALGORITHM
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CONVERGENCE

Theorem

(i) uh * u weak L2(0; T ; H1), ph * p weak L
4
3 (0; T ; L2).
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CONVERGENCE

Theorem

(i) uh * u weak L2(0; T ; H1), ph * p weak L
4
3 (0; T ; L2).

(ii) If 0 < � < 2
3 , the pair (u; p) is a weaksuitablesolution of N.S.
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THE DISCRETE SETTING
THE ALGORITHM
CONVERGENCE

CONVERGENCE

Theorem

(i) uh * u weak L2(0; T ; H1), ph * p weak L
4
3 (0; T ; L2).

(ii) If 0 < � < 2
3 , the pair (u; p) is a weaksuitablesolution of N.S.

1 � Large eddies> " = h2=3
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 is the three-dimensional torus.
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 is the three-dimensional torus.
Finite element spaces,Xh � H1

# (
) for velocity and
Mh � H1

# (
) for pressure.
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 is the three-dimensional torus.
Finite element spaces,Xh � H1

# (
) for velocity and
Mh � H1

# (
) for pressure.
Assume there isc > 0 independent ofh such that

8qh 2 Mh; sup
06= vh2 Xh

(r qh; vh)
kvhkL2

� ckr qhkL2:
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HYPOTHESES/DEFINITIONS


 is the three-dimensional torus.
Finite element spaces,Xh � H1

# (
) for velocity and
Mh � H1

# (
) for pressure.
Assume there isc > 0 independent ofh such that

8qh 2 Mh; sup
06= vh2 Xh

(r qh; vh)
kvhkL2

� ckr qhkL2:

Modify the nonlinear term as follows:

bh(u; v; v) =

(
(u�r u + 1

2ur� u; v) (Temam, 1967)

(( r� u)� u + 1
2r (Kh(u2)) ; v)

whereKh : L2(
) �! Mh, linear L2-stable approximation
operator.

Jean-Luc Guermond SUITABLE SOLUTIONS TO NSEs



BASIC FACTS ABOUT NAVIER{STOKES EQUATIONS
GALERKIN/FOURIER/NLGM

FE/WAVELETS GALERKIN APPROX IN TORUS
GALERKIN APPROX WITH DIRICHLET BCs

ARE SUITABLE SOLUTIONS USEFUL?
CONCLUSIONS/OPEN QUESTIONS

THE HYPOTHESES
THE GALERKIN FORMULATION
THE MAIN RESULT
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De�nition ( Discrete commutator property)

There is an operatorPh 2 L (H1
# (
); Xh) (resp.

Qh 2 L (L2(
); Mh)) such that for all � in W 2;1
# (
) (resp. all � in

W 1;1
# (
)) and all vh 2 Xh (resp. allqh 2 Mh)

k� vh � Ph(� vh)kH l � c h1+ m� l kvhkHm k� kW m+1 ;1 ; 0 � l � m � 1

k� qh � Qh(� qh)kL2 � c hkqhkL2k� kW 1;1 :
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For instance we want:
k� vh � Ph(� vh)kL2 � c hkvhkL2k� kW 1;1 ,
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HYPOTHESES/DEFINITIONS (ctd.)

For instance we want:
k� vh � Ph(� vh)kL2 � c hkvhkL2k� kW 1;1 ,

FE and wavelet-based approximation spaceshave the discrete
commutator property(local interpolation properties).
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HYPOTHESES/DEFINITIONS (ctd.)

For instance we want:
k� vh � Ph(� vh)kL2 � c hkvhkL2k� kW 1;1 ,

FE and wavelet-based approximation spaceshave the discrete
commutator property(local interpolation properties).

Fourier-based approximation spacesdo not have the discrete
commutator property(No local interpolation properties).
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GALERKIN FORMULATION

Seekuh 2 C1([0; T ]; Xh) and ph 2 C0([0; T ]; Mh) such that for
all vh 2 Xh, all qh 2 Mh, and all t 2 [0; T ]
8
><

>:

(@t uh; v) + bh(uh; uh; v) � (ph; r� v) + � (r uh; r v) = hf ; vi ;

(r� uh; q) = 0 ;

uhjt =0 = I hu0;

whereI h : L2(
) �! Vh, L2-stable interpolation operator.
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THE MAIN RESULT

Theorem (Guermond (2006))

Under the above hypotheses, if Xh and Mh havethe discrete
commutator property, the couple(uh; ph) convergences to a
suitablesolution to NS.
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THE MAIN RESULT

Theorem (Guermond (2006))

Under the above hypotheses, if Xh and Mh havethe discrete
commutator property, the couple(uh; ph) convergences to a
suitablesolution to NS.

Question wasopensince Sche�er (1977).
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THE MAIN RESULT (ctd.)

The main trick: no boundary condition) easy estimate on
the pressure

kphkL4=3((0 ;T );L2(
)) � c:
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THE MAIN RESULT (ctd.)

The main trick: no boundary condition) easy estimate on
the pressure

kphkL4=3((0 ;T );L2(
)) � c:

Use thediscrete commutatorproperty to pass to the limit on
nonlinear terms:uhph and uhu2

h.
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THE MAIN RESULT (ctd.)

The main trick: no boundary condition) easy estimate on
the pressure

kphkL4=3((0 ;T );L2(
)) � c:

Use thediscrete commutatorproperty to pass to the limit on
nonlinear terms:uhph and uhu2

h.

QUESTION:Does the result hold forDirichlet BCs?

Jean-Luc Guermond SUITABLE SOLUTIONS TO NSEs



BASIC FACTS ABOUT NAVIER{STOKES EQUATIONS
GALERKIN/FOURIER/NLGM

FE/WAVELETS GALERKIN APPROX IN TORUS
GALERKIN APPROX WITH DIRICHLET BCs

ARE SUITABLE SOLUTIONS USEFUL?
CONCLUSIONS/OPEN QUESTIONS

THE HYPOTHESES
PRELIMINARY RESULTS
THE GALERKIN FORMULATION
THE MAIN RESULT

OUTLINE

Johann Peter Gustav Lejeune Dirichlet

1 BASIC FACTS ABOUT THE NSE
2 GALERKIN/FOURIER/NLGM
3 GALERKIN APPROX IN TORUS
4 GALERKIN APPROX + DIRICHLET
5 ARE SUITABLE SOLUTIONS USEFUL?

Jean-Luc Guermond SUITABLE SOLUTIONS TO NSEs



BASIC FACTS ABOUT NAVIER{STOKES EQUATIONS
GALERKIN/FOURIER/NLGM

FE/WAVELETS GALERKIN APPROX IN TORUS
GALERKIN APPROX WITH DIRICHLET BCs

ARE SUITABLE SOLUTIONS USEFUL?
CONCLUSIONS/OPEN QUESTIONS

THE HYPOTHESES
PRELIMINARY RESULTS
THE GALERKIN FORMULATION
THE MAIN RESULT

HYPOTHESES/DEFINITIONS

Finite element spaces,Xh � H1
# (
) for velocity and

Mh � H1
# (
) for pressure.
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HYPOTHESES/DEFINITIONS

Finite element spaces,Xh � H1
# (
) for velocity and

Mh � H1
# (
) for pressure.

Assume there isc > 0 independent ofh such that

8qh 2 Mh; sup
06= vh2 Xh

(r qh; vh)
kvhkL2

� ckr qhkL2:
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HYPOTHESES/DEFINITIONS

Finite element spaces,Xh � H1
# (
) for velocity and

Mh � H1
# (
) for pressure.

Assume there isc > 0 independent ofh such that

8qh 2 Mh; sup
06= vh2 Xh

(r qh; vh)
kvhkL2

� ckr qhkL2:

Modify the nonlinear term as follows:

bh(u; v; v) =

(
(u�r u + 1

2ur� u; v) (Temam, 1967)

(( r� u)� u + 1
2r (Kh(u2)) ; v)

whereKh : L2(
) �! Mh, linear L2-stable approximation
operator.

Jean-Luc Guermond SUITABLE SOLUTIONS TO NSEs



BASIC FACTS ABOUT NAVIER{STOKES EQUATIONS
GALERKIN/FOURIER/NLGM

FE/WAVELETS GALERKIN APPROX IN TORUS
GALERKIN APPROX WITH DIRICHLET BCs

ARE SUITABLE SOLUTIONS USEFUL?
CONCLUSIONS/OPEN QUESTIONS

THE HYPOTHESES
PRELIMINARY RESULTS
THE GALERKIN FORMULATION
THE MAIN RESULT

HYPOTHESES/DEFINITIONS (ctd.)

Vh := f vh 2 Xh; (r� vh; qh) = 0 ; 8qh 2 Mhg
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HYPOTHESES/DEFINITIONS (ctd.)

Vh := f vh 2 Xh; (r� vh; qh) = 0 ; 8qh 2 Mhg

Discrete Stokes operatorAh : Vh �! Vh

(Ahuh; vh) = ( r uh; r vh); 8vh 2 Vh:
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HYPOTHESES/DEFINITIONS (ctd.)

Vh := f vh 2 Xh; (r� vh; qh) = 0 ; 8qh 2 Mhg

Discrete Stokes operatorAh : Vh �! Vh

(Ahuh; vh) = ( r uh; r vh); 8vh 2 Vh:

Discrete normkvhkVs
h

:= ( As
hvh; vh)

1
2 ; 8s 2 R.
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PRELIMINARY RESULTS

Lemma

9cl > 0 (non-increasing function)9cu > 0 (non-decreasing
function), independent of h:

cl (jsj)kvhkeHs
0

� k vhkVs
h

� cu(jsj)kvhkeHs
0
;

(
� 1

2 < s < 3
2 ; lower;

� 3
2 < s < 3

2 ; upper
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PRELIMINARY RESULTS

Lemma

9cl > 0 (non-increasing function)9cu > 0 (non-decreasing
function), independent of h:

cl (jsj)kvhkeHs
0

� k vhkVs
h

� cu(jsj)kvhkeHs
0
;

(
� 1

2 < s < 3
2 ; lower;

� 3
2 < s < 3

2 ; upper

and for all s2 (� 3
2 ; 0]

cl (jsj)kr 2
hvhkeHs

0
� k AhvhkVs

h
� cu(jsj)kr 2

hvhkeHs
0
; 8vh 2 Vh:
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GALERKIN FORMULATION

Seekuh 2 C1([0; T ]; Xh) and ph 2 C0([0; T ]; Mh) such that for
all vh 2 Xh, all qh 2 Mh, and all t 2 [0; T ]
8
><

>:

(@t uh; v) + bh(uh; uh; v) � (ph; r� v) + � (r uh; r v) = hf ; vi ;

(r� uh; q) = 0 ;

uhjt =0 = I hu0;

whereI h : L2(
) �! Vh, L2-stable interpolation operator.
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THE MAIN RESULT

Theorem (Guermond (2007))

Under the above hypotheses, if Xh and Mh havethe discrete
commutator property, the couple(uh; ph) convergences to a
suitablesolution to NS.
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Theorem (Guermond (2007))

Under the above hypotheses, if Xh and Mh havethe discrete
commutator property, the couple(uh; ph) convergences to a
suitablesolution to NS.

) Galerkin solutions are suitable (provided discrete commutator property)
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THE MAIN RESULT

Theorem (Guermond (2007))

Under the above hypotheses, if Xh and Mh havethe discrete
commutator property, the couple(uh; ph) convergences to a
suitablesolution to NS.

) Galerkin solutions are suitable (provided discrete commutator property)

) Hopf and Leray solutions are suitable
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THE MAIN RESULT (ctd.)

Lemma
There is c independent of h so that,

k@t uhkH � � 1((0 ;T );H � � (
)) + kuhkH � ((0 ;T );H � � (
)) � c;

for all � 2 [1
4 ; 1

2) and for all � < � := 2
5(1 + � ).

Jean-Luc Guermond SUITABLE SOLUTIONS TO NSEs



BASIC FACTS ABOUT NAVIER{STOKES EQUATIONS
GALERKIN/FOURIER/NLGM

FE/WAVELETS GALERKIN APPROX IN TORUS
GALERKIN APPROX WITH DIRICHLET BCs

ARE SUITABLE SOLUTIONS USEFUL?
CONCLUSIONS/OPEN QUESTIONS

THE HYPOTHESES
PRELIMINARY RESULTS
THE GALERKIN FORMULATION
THE MAIN RESULT

THE MAIN RESULT (ctd.)

Lemma
There is c independent of h so that,

k@t uhkH � � 1((0 ;T );H � � (
)) + kuhkH � ((0 ;T );H � � (
)) � c;

for all � 2 [1
4 ; 1

2) and for all � < � := 2
5(1 + � ).

Slight improvement over Sohr and von Wahl (1986)
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THE MAIN RESULT (ctd.)

Lemma
There is c independent of h so that,

k@t uhkH � � 1((0 ;T );H � � (
)) + kuhkH � ((0 ;T );H � � (
)) � c;

for all � 2 [1
4 ; 1

2) and for all � < � := 2
5(1 + � ).

Slight improvement over Sohr and von Wahl (1986)

Lemma

There is c independent of h such that for s2 [ 3
10; 1

2 ]

kphkH � r ((0 ;T );Hs(
)) � c;

for all r > r = 1
4 + s

2 .
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UNDER-RESOLVED SIMULATIONS

At high Re numbers, CFD is always under-resolved. For
practical purposesRe � 1 .
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UNDER-RESOLVED SIMULATIONS

At high Re numbers, CFD is always under-resolved. For
practical purposesRe � 1 .

h is never small enough to guarantysuitability of the
approximation.
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UNDER-RESOLVED SIMULATIONS

At high Re numbers, CFD is always under-resolved. For
practical purposesRe � 1 .

h is never small enough to guarantysuitability of the
approximation.

Q: Should we bother aboutsuitability?
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UNDER-RESOLVED SIMULATIONS

At high Re numbers, CFD is always under-resolved. For
practical purposesRe � 1 .

h is never small enough to guarantysuitability of the
approximation.

Q: Should we bother aboutsuitability?

A: Yes. (What does suitability means after all)?
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UNDER-RESOLVED SIMULATIONS

Let u; p solve the Navier-Stokes equations.
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UNDER-RESOLVED SIMULATIONS

Let u; p solve the Navier-Stokes equations.

De�ne the residual

R(x; t ) = @t u � � r 2u + u�r u + r p � f
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UNDER-RESOLVED SIMULATIONS

Let u; p solve the Navier-Stokes equations.

De�ne the residual

R(x; t ) = @t u � � r 2u + u�r u + r p � f

u; p is suitable if the residual ispointwisedissipative

R � u � 0; a:e: x; t :
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UNDER-RESOLVED SIMULATIONS

Let u; p solve the Navier-Stokes equations.

De�ne the residual

R(x; t ) = @t u � � r 2u + u�r u + r p � f

u; p is suitable if the residual ispointwisedissipative

R � u � 0; a:e: x; t :

) The singularsub-scales(if any) are dissipative (at very small
scales energy is dissipated)
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A NEW SUBGRID VISCOSITY MODEL?

In under-resolved computations

Rh(x; t ) := @t uh � � r 2uh + uh�r uh + r ph � f 6= 0!
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A NEW SUBGRID VISCOSITY MODEL?

In under-resolved computations

Rh(x; t ) := @t uh � � r 2uh + uh�r uh + r ph � f 6= 0!

Under-resolved computations, There are singular subscales
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A NEW SUBGRID VISCOSITY MODEL?

In under-resolved computations

Rh(x; t ) := @t uh � � r 2uh + uh�r uh + r ph � f 6= 0!

Under-resolved computations, There are singular subscales
To guaranty that at the grid scaleh, energy is well dissipated
(suitability) we should have

Rh(x; t ) � uh � 0; 8x; t
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A NEW SUBGRID VISCOSITY MODEL?

In under-resolved computations

Rh(x; t ) := @t uh � � r 2uh + uh�r uh + r ph � f 6= 0!

Under-resolved computations, There are singular subscales
To guaranty that at the grid scaleh, energy is well dissipated
(suitability) we should have

Rh(x; t ) � uh � 0; 8x; t

In other words

(Rh(x; t ) � uh)+ := max(Rh(x; t ) � uh; 0) = 0 ; 8x; t
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A NEW SUBGRID VISCOSITY MODEL?

Proposal:Use (Rh(x; t ) � uh)+ to construct a subgrid viscosity.
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A NEW SUBGRID VISCOSITY MODEL?

Proposal:Use (Rh(x; t ) � uh)+ to construct a subgrid viscosity.

For instance

� h2r�
�

(Rh(x; t ) � uh)+

kuhk2 r uh

�
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A NEW SUBGRID VISCOSITY MODEL?

Proposal:Use (Rh(x; t ) � uh)+ to construct a subgrid viscosity.

For instance

� h2r�
�

(Rh(x; t ) � uh)+

kuhk2 r uh

�

Note that (Rh(x; t ) � uh)+ ! 0 if there is no subgrid scale!
(no consistency problem).
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CONCLUSIONS/OPEN QUESTIONS

FE, wavelets, ... (local)6� Spectral (global).
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FE, wavelets, ... (local)6� Spectral (global).

FE, wavelets, ...have enough built-in\numerical" viscosity.
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FE, wavelets, ... (local)6� Spectral (global).

FE, wavelets, ...have enough built-in\numerical" viscosity.
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CONCLUSIONS/OPEN QUESTIONS

FE, wavelets, ... (local)6� Spectral (global).

FE, wavelets, ...have enough built-in\numerical" viscosity.

Spectral approxdo not have enough \numerical" viscosity.

QUESTION: What happens for spectral expansions?
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CONCLUSIONS/OPEN QUESTIONS

FE, wavelets, ... (local)6� Spectral (global).

FE, wavelets, ...have enough built-in\numerical" viscosity.

Spectral approxdo not have enough \numerical" viscosity.

QUESTION: What happens for spectral expansions?

QUESTION: Does Weak=Suitable?
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CONCLUSIONS/OPEN QUESTIONS

The notion of suitability can be useful to construct reasonable
subgrid models.
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