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@ u: velocity, p: pressure
e Qis a bounded fluid domain in R3
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INCOMPRESSIBLE 3D NAVIER-STOKES EQUATIONS

@ u: velocity, p: pressure

e Q is a bounded fluid domain in R?
O +uNu+Vp—vViu=f inQ
V-u=0 in £,
ulr =0 or uis periodic,

ul¢=o = uo,
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INCOMPRESSIBLE 3D NAVIER-STOKES EQUATIONS

u: velocity, p: pressure

e Q is a bounded fluid domain in R?

O +uNu+Vp—vViu=f inQ
V-u=0 in £,

ulr =0 or uis periodic,

ul¢=o = uo,

ug is the initial data.
f a source term.

p is chosen equal to unity.

v is viscosity (inverse of Reynolds number).
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EXISTENCE

o J. Leray (1934): introduces the notion of turbulent solution.
A turbulent solution is a weak solution in
u € 20, T; HY(Q)) N L>=(0, T; L%(Q))
+ global energy inequality:

1 T
2HUHEQ+V/O \\vu\\{2dt< o] 2+/ /fudxdt
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EXISTENCE

@ J. Leray uses mollification to prove existence:

¥ € D(R3), ¢ >0, frath =1, te(x) = Lo (¥).

Orte + (Vexue)-Vue + Vpe — vWVou, = f
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EXISTENCE

@ J. Leray uses mollification to prove existence:

Y€ DR, ¥ >0, [path =1, 1he(x) = 1y (%).
Orte + (Vexue)-Vue + Vpe — vWVou, = f

Idea: Mollify and pass to the limit.
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EXISTENCE

@ J. Leray uses mollification to prove existence:

Y€ DR, ¥ >0, [path =1, 1he(x) = 1y (%).
Orte + (Vexue)-Vue + Vpe — vWVou, = f

Idea: Mollify and pass to the limit.

e E. Hopf (1951) et al. uses the Galerkin technique to prove
existence.
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EXISTENCE

@ J. Leray uses mollification to prove existence:

Y€ DR, ¥ >0, [path =1, 1he(x) = 1y (%).
Orte + (Vexue)-Vue + Vpe — vWVou, = f

Idea: Mollify and pass to the limit.

e E. Hopf (1951) et al. uses the Galerkin technique to prove
existence.
Idea: Discretize and pass to the limit.
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@ Are weak solutions unique in the large?
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@ Are weak solutions unique in the large?

@ < Are weak solutions classical for T large?
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UNIQUENESS

@ Are weak solutions unique in the large?

@ < Are weak solutions classical for T large?

o Uniqueness for small data (essentially in H/2(Q), Fujita-Kato

(1964)) or large highly oscillatory data (become small fast by
diffusion).
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UNIQUENESS

@ Are weak solutions unique in the large?

@ < Are weak solutions classical for T large?

o Uniqueness for small data (essentially in H/2(Q), Fujita-Kato
(1964)) or large highly oscillatory data (become small fast by
diffusion).

@ Uniqueness in more regular classes (with short time existence,

Prodi-Serrin (1959-1963))
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WELL-POSEDNESS?

@ Cheskidov, Shvydkoy (2009): If u Leray solution and
[u(t)l gz, < c. then u classical solution.
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WELL-POSEDNESS?

@ Cheskidov, Shvydkoy (2009): If u Leray solution and
[u(t)l gz, < c. then u classical solution.

e Bourgain, Pavlovic (2008): V6 > 0, Juo, [luog-1 < & such
that at time t < J, [|u(t)] g2 > 1/0 ’
= evolution under NSE: BO_O};O — C([0, T]; Bly) is not
continuous.
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WELL-POSEDNESS?

@ Cheskidov, Shvydkoy (2009): If u Leray solution and
[u(t)l gz, < c. then u classical solution.

@ Bourgain, Pavlovic (2008): Vd > 0, Juo, |
that at time t <6, [Ju(t)[lg_1 > 1/6
= evolution under NSE: BO_O};O — C([0, T]; Bly) is not
continuous.

UOHBO—OI’OO < 6 such

o Cheskidov, Shvydkoy (Arxiv, 2009): The evolution under NSE .
Hs N Bl — C([0, T]; Bxly) is not continuous, Vs < 1.

00,00 00,00
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SUITABLE WEAK SOLUTION

Definition (V. Scheffer (1976))

A NS weak solution is said to be suitable weak solutions iff (u, p)
is a weak solution and

ﬁt(%uz) + V-(u(%u2 +p)) — 1/V2(%u2) +v(Vu)?> —f-u<0.

in D'((0, T)xQ)

Jean-Luc Guermond Construction of suitable weak solutions for the 3D NSEs



BASIC FACTS ABOUT NAVIER-STOKES EQUATIONS
THE NAVIER-STOKES EQUATIONS
EXISTENCE/UNIQUENESS
SUITABLE WEAK SOLUTION

SUITABLE WEAK SOLUTION

@ Singular set: S
S={(x,t) € Qx]0, T[: u g L>®(V),VV st. (x,t) € V}

t
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SUITABLE WEAK SOLUTION

@ Singular set: S
S={(x,t) € Qx]0, T[: u g L>®(V),VV st. (x,t) € V}

t

T

o PYS) =lims_o+inf{> rl, : SCUQM;, ), ri <5}

Jean-Luc Guermond Construction of suitable weak solutions for the 3D NSEs



BASIC FACTS ABOUT NAVIER-STOKES EQUATIONS
THE NAVIER-STOKES EQUATIONS
EXISTENCE/UNIQUENESS
SUITABLE WEAK SOLUTION

SUITABLE WEAK SOLUTION

Theorem (Caffarelli-Kohn-Nirenberg (1982))
If (u, p) is a suitable weak solutions, then P1(S) = 0
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SUITABLE WEAK SOLUTION

Theorem (Caffarelli-Kohn-Nirenberg (1982))
If (u, p) is a suitable weak solutions, then P1(S) = 0

= Singularities (if any) of suitable weak solutions are almost
pointwise in space/time.
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SUITABLE WEAK SOLUTION

Theorem (Caffarelli-Kohn-Nirenberg (1982))
If (u, p) is a suitable weak solutions, then P1(S) = 0

= Singularities (if any) of suitable weak solutions are almost
pointwise in space/time.

‘ Best partial regularity theorem to date. ‘
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EX 1: CONSTRUCTION BY MOLLIFICATION

@ Leray's mollification

Orue + (Vexu)-Vue + Vpe — wWou = f
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EX 1: CONSTRUCTION BY MOLLIFICATION

@ Leray's mollification

Orue + (Vexu)-Vue + Vpe — wWou = f

@ CKN'’s retarded mollification (same idea as Leray's)
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CONSTRUCTION OF SUITABLE SOLUTIONS CONSTRUCTION BY MOLLIFICATION
CONSTRUCTION BY BY HYPERVISCOSITY
MORE TRACTABLE QUESTIONS

EX 1: CONSTRUCTION BY MOLLIFICATION

@ Leray's mollification

Orue + (Vexu)-Vue + Vpe — wWou = f

@ CKN'’s retarded mollification (same idea as Leray's)

Theorem (Leray (1934), Duchon-Robert (2000))

Unique weak solution for all t > 0, and u, T (up to %

subsequences) and u is suitable.
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EX 2: CONSTRUCTION BY MOLLIFICATION/NLGM

e Nonlinear Galerkin Method (Foias-Manley-Temam (1988))
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EX 2: CONSTRUCTION BY MOLLIFICATION/NLGM

e Nonlinear Galerkin Method (Foias-Manley-Temam (1988))
@ Assume Q is the 3D torus
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EX 2: CONSTRUCTION BY MOLLIFICATION/NLGM

e Nonlinear Galerkin Method (Foias-Manley-Temam (1988))
@ Assume Q is the 3D torus

@ ¢ be a positive number (large eddy scales)
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EX 2: CONSTRUCTION BY MOLLIFICATION/NLGM

e Nonlinear Galerkin Method (Foias-Manley-Temam (1988))
@ Assume Q is the 3D torus

@ ¢ be a positive number (large eddy scales)

o Set N; = %
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EX 2: CONSTRUCTION BY MOLLIFICATION/NLGM

e Nonlinear Galerkin Method (Foias-Manley-Temam (1988))
@ Assume Q is the 3D torus

@ ¢ be a positive number (large eddy scales)

o Set N; = %

o Set X. =Py, (velocity space).
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EX 2: CONSTRUCTION BY MOLLIFICATION/NLGM

"]
"]
]
(]

Nonlinear Galerkin Method (Foias-Manley-Temam (1988))
Assume Q is the 3D torus

¢ be a positive number (large eddy scales)

Set N, = %

Set X. = Py, (velocity space).

Let P. : L2(Q) — X. be L2-projection.

L2(Q) = X. & (X.)*
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EX 2: CONSTRUCTION BY MOLLIFICATION/NLGM

@ Solve for ue, pe s.t.

0:(P.u) + Pouc-Vue +Vp. —vV2u. =f in Q
Vue=0 inQ,

uc is periodic,  Uc|t—0 = up,
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CONSTRUCTION OF SUITABLE SOLUTIONS CONSTRUCTION BY MOLLIFICATION
CONSTRUCTION BY BY HYPERVISCOSITY
MORE TRACTABLE QUESTIONS

EX 2: CONSTRUCTION BY MOLLIFICATION/NLGM

@ Solve for ue, pe s.t.

0:(P.u) + Pouc-Vue +Vp. —vV2u. =f in Q
Vue=0 inQ,

uc is periodic,  Uc|t—0 = up,

For all € > 0, problem is well-posed (existence + uniqueness).
ue — u, pe — p as € — 0 (in appropriate spaces, up to
subsequences), u and p are suitable weak solution to N.S.
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CONSTRUCTION BY BY HYPERVISCOSITY
MORE TRACTABLE QUESTIONS

EX 3: CONSTRUCTION BY HYPERVISCOSITY

@ Add vanishing hyperviscosity (Lions (1959)). Q is the d-torus,
d is the space dimension.

81’“& + Ue'vue + va - VV2U€ + 82&(_v2)au€ = f’
Vue=0
U is periodic,

Ue|t=0 = Uo.
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EX 3: CONSTRUCTION BY HYPERVISCOSITY

@ Add vanishing hyperviscosity (Lions (1959)). Q is the d-torus,
d is the space dimension.

81’“& + Ue'vue + va - VV2U€ + 82&(_v2)au€ = f’
Vue=0
U is periodic,

Ue|t=0 = Uo.

Theorem (Lions (1959), Beirdo da Veiga (1985))

Unique weak solution for all t > 0 if o > %, and u, U (up to
€E—>

subsequences) and u is suitable.
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MORE TRACTABLE QUESTIONS

{

Hyperviscosity

Leray regularization

Suitable weak solutions

Hopf/Galerkin

.

‘Weak solutions
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MORE TRACTABLE QUESTIONS

{Hyperviscosity

Leray regularization

Suitable weak solutions

Hopf/Galerkin

‘Weak solutions

Q1: Is the set of suitable solutions a proper subset of weak
solutions?
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CONSTRUCTION OF SUITABLE SOLUTIONS CONSTRUCTION BY MOLLIFICATION
CONSTRUCTION BY BY HYPERVISCOSITY
MORE TRACTABLE QUESTIONS

MORE TRACTABLE QUESTIONS

{

Hyperviscosity

Leray regularization

Suitable weak solutions

Hopf/Galerkin

‘Weak solutions

Q1: Is the set of suitable solutions a proper subset of weak
solutions?

Q2: Do the Galerkin solutions end up to be suitable after all?
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GALERKIN APPROX IN TORUS

© GALERKIN IN TORUS

Boris Grigorievich
Galerkin
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HYPOTHESES /DEFINITIONS

o  is the three-dimensional torus.
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HYPOTHESES /DEFINITIONS

@  is the three-dimensional torus.
@ Finite element or wavelet spaces, X;, C Hv}#(Q) for velocity
and M C H;#(Q) for pressure.
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FE/WAVELETS GALERKIN APPROX IN TORUS THE GALERKIN FORMULATION
THE MAIN RESULT

HYPOTHESES /DEFINITIONS

o ) is the three-dimensional torus.

@ Finite element or wavelet spaces, X;, C Hv}#(Q) for velocity
and M C H;#(Q) for pressure.

@ Assume there is ¢ > 0 independent of h such that

\Y%

> c||Vanl|L2-
0vpeX, |IVallL2
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FE/WAVELETS GALERKIN APPROX IN TORUS THE GALERKIN FORMULATION
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HYPOTHESES /DEFINITIONS

Q is the three-dimensional torus.

Finite element or wavelet spaces, X}, C Hv}#(Q) for velocity
and M C H;#(Q) for pressure.

Assume there is ¢ > 0 independent of h such that

Vap, Vv,
0£veX, | VallL2

> c||Vanllee-

Modify the nonlinear term as follows:

bp(u,v,v) =

{(U-Vu + 5uV-u,v) (Temam, 1967)
(Vxu)xu+ 3V (Kp(u?)),v)

where KCp, : L2(Q) — M}, linear L2-stable approximation
operator.
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THE HYPOTHESES
FE/WAVELETS GALERKIN APPROX IN TORUS THE GALERKIN FORMULATION
THE MAIN RESULT

HYPOTHESES /DEFINITIONS (ctd.)

Definition (
There is an operator P € £(H#(Q); Xp) such that for all ¢ in

W5>(Q) and all v, € X,

v — Pr(dva)llgr < ¢ A vpllpm | @l wmsroo, 0<T<m<1
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HYPOTHESES /DEFINITIONS (ctd.)

Definition (
There is an operator P € £(H#(Q); Xp) such that for all ¢ in

W5>(Q) and all v, € X,

v — Pr(dva)llgr < ¢ A vpllpm | @l wmsroo, 0<T<m<1

@ Similar hypothesis on pressure space Mj,.
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THE HYPOTHESES
FE/WAVELETS GALERKIN APPROX IN TORUS THE GALERKIN FORMULATION

THE MAIN RESULT

HYPOTHESES /DEFINITIONS (ctd.)

Definition (
There is an operator P € £(H#(Q); Xp) such that for all ¢ in

W5>(Q) and all v, € X,

v — Pr(dva)llgr < ¢ A vpllpm | @l wmsroo, 0<T<m<1

@ Similar hypothesis on pressure space Mj,.
@ Define @ : ¢ —— ¢1), then

Ph(pvh) — ¢vh = Pa(®(vhn)) — ®(Ph(va)) := [P, P|(vh)
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THE HYPOTHESES
FE/WAVELETS GALERKIN APPROX IN TORUS THE GALERKIN FORMULATION
THE MAIN RESULT

HYPOTHESES /DEFINITIONS (ctd.)

e For instance we want: ||[Pp, ®]vall 2 < ¢ hllvall 2|0l wisee,
e [[Ph; @l cpuniz, 2y < ¢ hlldllwree.
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THE HYPOTHESES
FE/WAVELETS GALERKIN APPROX IN TORUS THE GALERKIN FORMULATION
THE MAIN RESULT

HYPOTHESES /DEFINITIONS (ctd.)

e For instance we want: ||[Pp, ®]vall 2 < ¢ hllvall 2|0l wisee,
e [[Ph; @l cpuniz, 2y < ¢ hlldllwree.

@ FE and wavelet-based approximation spaces have the discrete
commutator property
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THE HYPOTHESES
FE/WAVELETS GALERKIN APPROX IN TORUS THE GALERKIN FORMULATION
THE MAIN RESULT

HYPOTHESES /DEFINITIONS (ctd.)

@ Localization is the key property:

[ = Prbll 2y < chilI V9l 2ea,)

K is a cell, hx := diam(K), AK is a patch containing K,
diam(AK) S C/hK.
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THE HYPOTHESES
FE/WAVELETS GALERKIN APPROX IN TORUS THE GALERKIN FORMULATION
THE MAIN RESULT

HYPOTHESES /DEFINITIONS (ctd.)

@ Localization is the key property:

[ = Prbll 2y < chilI V9l 2ea,)
K is a cell, hx := diam(K), AK is a patch containing K,
diam(Ak) < c'hk.
@ Second key: P is a projection
¢V — Pu(ovi) = dvi, — Pr((d(xk) + O(hk))vh)
= ¢vih — ¢(xk)Pn(va) + O(hk)vs
= (¢ — ¢(xk))va + O(hk) = O(hk) v
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THE HYPOTHESES
FE/WAVELETS GALERKIN APPROX IN TORUS THE GALERKIN FORMULATION
THE MAIN RESULT

HYPOTHESES /DEFINITIONS (ctd.)

@ Localization is the key property:

[ = Prbll 2y < chilI V9l 2ea,)
K is a cell, hx := diam(K), AK is a patch containing K,
diam(Ak) < c'hk.
@ Second key: P is a projection
¢V — Pu(ovi) = dvi, — Pr((d(xk) + O(hk))vh)
= ¢vih — ¢(xk)Pn(va) + O(hk)vs
= (¢ — ¢(xk))va + O(hk) = O(hk) v

@ Fourier-based approximation spaces do not have the discrete
commutator property (No localization for interpolation
properties).
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GALERKIN FORMULATION

e Seek up, € CY([0, T]; X4) and pp, € C°([0, T]; My) such that for
all vy € Xp, all gy € My, and all t € [0, T]

(Orup, v) + bp(up, up, v) — (pr, V-v) + v(Vup, Vv) = (f, v),
(V'Uf” q) = Oa
up|t=0 = Zpuo,

where 7, : L?(Q) — V,, L2-stable interpolation operator.

Jean-Luc Guermond Construction of suitable weak solutions for the 3D NSEs



THE HYPOTHESES
FE/WAVELETS GALERKIN APPROX IN TORUS THE GALERKIN FORMULATION
THE MAIN RESULT

THE MAIN RESULT

Theorem (Guermond (2006))

Under the above hypotheses, if X, and M), have the discrete
commutator property, the couple (up, pp) convergences to a
suitable solution to NS.
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THE MAIN RESULT

Theorem (Guermond (2006))

Under the above hypotheses, if X, and M), have the discrete
commutator property, the couple (up, pp) convergences to a
suitable solution to NS.

@ Question was open since Scheffer (1977).
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THE MAIN RESULT (Sketch of proof)

@ The main trick: no boundary condition = easy estimate on
the pressure.
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THE MAIN RESULT (Sketch of proof)

@ The main trick: no boundary condition = easy estimate on
the pressure. Use discrete version of V2p = —0;(u;0;u;) to get

1PallL4r3((0, Ty 2(0)) < €
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THE MAIN RESULT (Sketch of proof)

@ The main trick: no boundary condition = easy estimate on
the pressure. Use discrete version of V2p = —0;(u;0;u;) to get

1PallL4r3((0, Ty 2(0)) < €

@ Use the discrete commutator property to pass to the limit on

nonlinear terms: uppp and uhu%.
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THE MAIN RESULT (Sketch of proof)

@ The main trick: no boundary condition = easy estimate on
the pressure. Use discrete version of V2p = —0;(u;0;u;) to get

1PallL4r3((0, Ty 2(0)) < €

@ Use the discrete commutator property to pass to the limit on

nonlinear terms: uppp and uhu%.

Question: Does the result hold for | Dirichlet BCs [?
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THE MAIN RESULT (Sketch of proof)

e Cannot test with ¢up & Xp.
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THE MAIN RESULT (Sketch of proof)

e Cannot test with ¢up & Xp.
@ Test with Pp(pup)

(up-Vup, Pp(oup)) = (up-Vup, dup) + (up-Vup, Pp(oup) — dup)
= (un'V(303), ¢) + (up-Vup, [Ph. Plup)

(3V-(upun), 8) + (un-Vup, [Ph, ®lup)

= —(%u,%uh, Vo) + (up-Vup, [Ph, Plup).

%
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THE MAIN RESULT (Sketch of proof)

e Cannot test with ¢up & Xp.
@ Test with Pp(pup)

(up-Vup, Pp(oup)) = (up-Vup, dup) + (up-Vup, Pp(oup) — dup)
= (un'V(303), ¢) + (up-Vup, [Ph. Plup)
~ (3V-(upun), @) + (upVup, [Ph, ®lup)
—(3uun, Vo) + (un-Vup, [P, lup).

@ Use the discrete commutator property to pass to the limit.
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THE MAIN RESULT (Sketch of proof)

e Cannot test with ¢up & Xp.
@ Test with Pp(pup)

(up-Vup, Pp(oup)) = (up-Vup, dup) + (up-Vup, Pp(oup) — dup)
= (un'V(303), ¢) + (up-Vup, [Ph. Plup)
~ (3V-(upun), @) + (upVup, [Ph, ®lup)
—(3uun, Vo) + (un-Vup, [P, lup).

@ Use the discrete commutator property to pass to the limit.

@ Idem form the term uppp
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GALERKIN APPROX WITH DIRICHLET BCs

OUTLINE

| @ GALERKIN + DIRICHLET

Johann Peter Gustav
Lejeune Dirichlet
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HYPOTHESES /DEFINITIONS

e Finite element spaces, Xj, C H;E(Q) for velocity and
My C H;#(Q) for pressure.
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HYPOTHESES /DEFINITIONS

e Finite element spaces, Xj, C H;E(Q) for velocity and
My C H;#(Q) for pressure.
@ Assume there is ¢ > 0 independent of h such that

Van, vh
Vane My sup SIS 190,
0#£vpEX) ||VhHL2
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HYPOTHESES /DEFINITIONS

e Finite element spaces, Xj, C H;E(Q) for velocity and
My C H;#(Q) for pressure.
@ Assume there is ¢ > 0 independent of h such that

Ya, € My, sup 7(th, Vh)

> c||Vanl|2-
0#£vpEX) ||VhHL2

@ Modify the nonlinear term as follows:

(uVu+ FuV-u,v) (Temam, 1967)

ba(u, v, v) = {((Vx u)xu+ %V(’Ch(u2))7 v)

where Ky : L2(Q) — My, linear L2-stable approximation
operator.
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HYPOTHESES /DEFINITIONS (ctd.)

o Vy:={vy € Xp; (V-vh,qn) =0, Vg € My}
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HYPOTHESES /DEFINITIONS (ctd.)

o Vy:={vy € Xp; (V-vh,qn) =0, Vg € My}

@ Discrete Stokes operator Ay, : V, — Vy,

(Ahuh, Vh) = (Vuh,Vvh), Yvp € Vp.
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HYPOTHESES /DEFINITIONS (ctd.)

o Vy:={vy € Xp; (V-vh,qn) =0, Vg € My}

@ Discrete Stokes operator Ay, : V, — Vy,

(Ahuh, Vh) = (Vuh,Vvh), Yvp € Vp.

o Discrete norm [|vs|lvs := (A, vh)%, Vs € R.
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GALERKIN APPROX WITH DIRICHLET BCs

PRELIMINARY RESULTS

Lemma

dcy > 0 (non-increasing function) 3¢, > 0 (non-decreasing
function), independent of h:

1 3
—5 <s< 35, lower,

c,(\s|)|]vhHﬁs < lvallvs < Cu(|5’)HVh”ﬁg7 {_3 <s<3. upper
2 29
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GALERKIN APPROX WITH DIRICHLET BCs

PRELIMINARY RESULTS

Lemma

dcy > 0 (non-increasing function) 3¢, > 0 (non-decreasing
function), independent of h:

1
ci([sDlIvallgs < llvallvy < cullsDlvallgs. {_§ -
2

and for all s € (—3,0]

C/(lsl)HV%VhHﬁS < [[Apvallvs < CU(|5|)||V%Vh||ﬁ5v Vvp € V.

Jean-Luc Guermond Construction of suitable weak solutions for the 3D NSEs



THE HYPOTHESES
PRELIMINARY RESULTS
THE GALERKIN FORMULATION

GALERKIN APPROX WITH DIRICHLET BCs THE MAIN RESULT

GALERKIN FORMULATION

e Seek up, € CY([0, T]; X4) and pp, € C°([0, T]; My) such that for
all vy € Xp, all gy € My, and all t € [0, T]

(Orup, v) + bp(up, up, v) — (pr, V-v) + v(Vup, Vv) = (f, v),
(V'Uf” q) = Oa
up|t=0 = Zpuo,

where 7, : L?(Q) — V,, L2-stable interpolation operator.
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THE MAIN RESULT

Theorem (Guermond (2007))

Under the above hypotheses, if X, and M), have the discrete
commutator property, the couple (up, pp) convergences to a
suitable solution to NS.
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GALERKIN APPROX WITH DIRICHLET BCs

THE MAIN RESULT

Theorem (Guermond (2007))

Under the above hypotheses, if X, and M), have the discrete
commutator property, the couple (up, pp) convergences to a
suitable solution to NS.

=| Galerkin solutions are suitable (provided discrete commutator property)‘
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GALERKIN APPROX WITH DIRICHLET BCs

THE MAIN RESULT

Theorem (Guermond (2007))

Under the above hypotheses, if X, and M), have the discrete
commutator property, the couple (up, pp) convergences to a
suitable solution to NS.

=| Galerkin solutions are suitable (provided discrete commutator property)‘

é‘ Hopf and Leray solutions are suitable‘
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THE MAIN RESULT (Sketch of proof)

@ The key difficulty: Cannot use V?p = —0j(uj0juj) to get
pressure (no control on J,p at the boundary!)
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THE MAIN RESULT (Sketch of proof)

@ The key difficulty: Cannot use V?p = —0j(uj0juj) to get
pressure (no control on J,p at the boundary!)

e Alternative: (control on d;up and V2up) + (Inf-sup) =
(control on py).
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THE MAIN RESULT (Sketch of proof)

@ The key difficulty: Cannot use V?p = —0j(uj0juj) to get
pressure (no control on J,p at the boundary!)

e Alternative: (control on d;up and V2up) + (Inf-sup) =
(control on py).

@ Key: Use Fourier in time to derive estimates on O;uy in
negative norms.
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THE MAIN RESULT (Sketch of proof)

There is ¢ independent of h so that,
0 unll 10, 7)) + llUnll 4= (0, T):H-=(Q)) < €,

for all o € [3,3) and for all T < 7 := 2(1 + ).
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THE MAIN RESULT (Sketch of proof)

There is ¢ independent of h so that,
0 unll 10, 7)) + llUnll 4= (0, T):H-=(Q)) < €,

for all o € [3,3) and for all T < 7 := 2(1 + ).

e Slight improvement over Sohr and von Wahl (1986)

SW (1986) = duy € H 2~<(0, T; H™275(Q))
G (2007) = du, € H:-4(0, T; H~27(2))
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THE MAIN RESULT (Sketch of proof)

There is ¢ independent of h so that,
0 unll 10, 7)) + llUnll 4= (0, T):H-=(Q)) < €,

for all o € [3,3) and for all T < 7 := 2(1 + ).

e Slight improvement over Sohr and von Wahl (1986)
SW (1986) = du; € H27(0, T; H"27¢(Q))
G (2007) = duy € H 5 5(0, T; H 25(Q))
b’#

o Conjecture: duy € LlsTO(O7 T; L%Q).
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THE MAIN RESULT (Sketch of proof)

There is c independent of h such that for s € [, 3]

lPallH-r((0,T);Hs(2)) < €

forallr>?:%+

Nl
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THE MAIN RESULT (Sketch of proof)

There is c independent of h such that for s € [, 3]

lPallH-r((0,T);Hs(2)) < €

forallr>?:%+

Nl

Enough a priori estimates to pass to the limit (+discrete
commutator).
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© FOURIER IN TORUS

Jopseph Fourier
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FOURIER APPROX IN TORUS

GALERKIN/FOURIER

(] XN :PN, and MN = [EDN,
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GALERKIN/FOURIER

o XN = ]P’N, and MN = [EDN,
o Seek uy € CY([0, T]; Xn), and py € C°(0, T; My) s.t.
vVt € (0, T], Vv € Xn, and Vg € My

(Orun, v) + v(Vuy, Vv) + (uy-Vuy, v) — (pn, Vov) = (f,v),
(V-UN, q) = 07

un|t=0 = Pmuo.
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PASSAGE TO THE LIMIT

@ Enough a priori estimates to pass to the limit for weak
solutions: uy — u, py — p, in appropriate spaces, up to
subsequences.
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FOURIER APPROX IN TORUS

PASSAGE TO THE LIMIT

@ Enough a priori estimates to pass to the limit for weak
solutions: uy — u, py — p, in appropriate spaces, up to
subsequences.

@ Question: (u, p) suitable weak solution?
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FOURIER APPROX IN TORUS

PASSAGE TO THE LIMIT

@ Enough a priori estimates to pass to the limit for weak
solutions: uy — u, py — p, in appropriate spaces, up to
subsequences.

@ Question: (u, p) suitable weak solution?

@ Current answer: Question still open.
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FOURIER APPROX IN TORUS

PASSAGE TO THE LIMIT

@ Enough a priori estimates to pass to the limit for weak
solutions: uy — u, py — p, in appropriate spaces, up to
subsequences.

@ Question: (u, p) suitable weak solution?
@ Current answer: Question still open.

@ Same problem if one uses special bases: e.g. eigenvetors of
Stokes operator.
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FOURIER APPROX IN TORUS

PASSAGE TO THE LIMIT

@ Enough a priori estimates to pass to the limit for weak
solutions: uy — u, py — p, in appropriate spaces, up to
subsequences.

@ Question: (u, p) suitable weak solution?

@ Current answer: Question still open.

@ Same problem if one uses special bases: e.g. eigenvetors of

Stokes operator.

@ Bottom line: The commutator property is not strong enough.
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THE COMMUTATOR STORY

@ Let ¢ smooth function. Define ® : ¢ — ¢
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THE COMMUTATOR STORY

@ Let ¢ smooth function. Define ® : ¢ — ¢
o Define commutator [Py, ®] : Py — L2(Q).
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THE COMMUTATOR STORY

@ Let ¢ smooth function. Define ® : ¢ — ¢
o Define commutator [Py, ®] : Py — L2(Q).

o No supper-convergence in L(H*, L?)!
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THE COMMUTATOR STORY

@ Let ¢ smooth function. Define ® : ¢ — ¢
o Define commutator [Py, ®] : Py — L2(Q).

o No supper-convergence in L(H*, L?)!
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THE COMMUTATOR STORY

@ Let ¢ smooth function. Define ® : ¢ — ¢
o Define commutator [Py, ®] : Py — L2(Q).

o No supper-convergence in L(H*, L?)!

Lemma (Negative result)
dci, ¢, Vo € WI’OO(Q)

alN HIgllwreo < N[Pn, @l gepn 2y < NIl wre.
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THE COMMUTATOR STORY

e Some superconvergence in L(H*, L°°), (Biryuk-Craig-lbrahim
(2007)).
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THE COMMUTATOR STORY

@ Some superconvergence in £L(H!, L), (Biryuk-Craig-lbrahim
(2007)).
@ Define tail of Fourier series Qu = ¢ — Py .
2 2
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THE COMMUTATOR STORY

@ Some superconvergence in £L(H!, L), (Biryuk-Craig-lbrahim
(2007)).
@ Define tail of Fourier series Qu = ¢ — Py .
2 2
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FOURIER APPROX IN TORUS

THE COMMUTATOR STORY

@ Some superconvergence in £L(H!, L), (Biryuk-Craig-lbrahim
(2007)).
@ Define tail of Fourier series Qu = ¢ — Py .
2 2

Lemma (Positive result)

Jc, Vo € H3(Q), Yuy € Py

_1
I[P, Plunlle < ¢ (HQg un|[pn + N 2HUNHH1> 18] 13-

and 3 up so bound from below is sharp.
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THE COMMUTATOR STORY

@ Some superconvergence in £L(H!, L), (Biryuk-Craig-lbrahim
(2007)).
@ Define tail of Fourier series Qu = ¢ — Py .
2 2

Lemma (Positive result)

Jc, Vo € H3(Q), Yuy € Py

_1
I[P, Plunlle < ¢ (HQg un|[pn + N 2HUNHH1> 18] 13-

and 3 up so bound from below is sharp.

o = ||[Pn, Plunl/rc — 0 if uy — uin H! strong, (weak
convergence is not enough!)
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THE COMMUTATOR STORY

@ Test momentum with Py (¢up)
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THE COMMUTATOR STORY

@ Test momentum with Py (¢up)
@ Process nonlinear term as follows:

(un-Vun, Pn(¢un)) = (un-Vun, puy) + (un-Vun, Pn(Pun) — dun)
- —(%U2NUN,V¢) + (un-Vup, [Py, ®lup).
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THE COMMUTATOR STORY

@ Test momentum with Py (¢up)
@ Process nonlinear term as follows:

(un-Vun, Pn(dun)) = (un-Vun, pun) + (un-Vun, Pu(dun) — ¢un)
frd _(%U%VuNa VQS) + (UN'VUN7 [PN7 (D]UN)
@ Then

.
/0 [(un-Vup, [Py, lun)ldt < [lunll o2y llunll c2¢amy ITPNs Plunll2(ze)
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THE COMMUTATOR STORY

@ Test momentum with Py (¢up)
@ Process nonlinear term as follows:

(un-Vun, Pn(dun)) = (un-Vun, pun) + (un-Vun, Pu(dun) — ¢un)
frd _(%U%VuNa VQS) + (UN'VUN7 [PN7 (D]UN)
@ Then

.
/0 [(un-Vup, [Py, lun)ldt < [lunll o2y llunll c2¢amy ITPNs Plunll2(ze)

< C”UNHLQ Hl)HQNUNHLz(Hl + L. O T -

@ Does no go to 0, unless uy — u in L2(0, T; H') strong
(energy equality).
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CONJECTURE

@ Result would be true if for all kg > 0,

T o ———
lim / sup (uN-VuN)i dt=0
N—+co Jo  N<k<N-+kg
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FOURIER APPROX IN TORUS

CONJECTURE

@ Result would be true if for all kg > 0,

T o ———
lim / sup (uN-VuN)i dt=0
N—+co Jo  N<k<N-+kg

@ Note that if u Leray solution
T ___ )
li Vu)pdt=0
k—|>r-ir-]oo/0 (U U)k

Consequence of Riemann Lebesgue Lemma, W :
|lu-Vul| g is in L2(0, T). u
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e FE, wavelets, ... (local) % Spectral (global).
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THE DISCRETE SETTING
PASSAGE TO THE LIMIT
THE COMMUTATOR STORY

FOURIER APPROX IN TORUS

CONCLUSIONS/OPEN QUESTIONS

e FE, wavelets, ... (local) % Spectral (global).

o FE, wavelets, ... have enough built-in “numerical” viscosity so
that Galerkin — suitable weak solution.

@ Spectral approx may not have enough “numerical” viscosity.

@ The commutator argument is not strong enough for spectral
approx.

QUESTION: ‘What happens for spectral expansions?

QUESTION: | Weak=Suitable? |
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