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THE NAVIER-STOKES EQUATIONS

® u: velocity, p: pressure
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THE NAVIER-STOKES EQUATIONS

® u: velocity, p: pressure

@ Q is a bounded fluid domain in R3
Ou+uVu+Vp—ovViu=f inQ
V-u=0 in £,
ulr =0 or uis periodic,

u‘tZO = Uo,
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THE NAVIER-STOKES EQUATIONS

® u: velocity, p: pressure

@ Q is a bounded fluid domain in R3
Ou+uVu+Vp—ovViu=f inQ
V-u=0 in £,
ulr =0 or uis periodic,

u‘tZO = Uo,

® up is the initial data.
o f a source term.
@ p is chosen equal to unity.

@ v is viscosity (inverse of Reynolds number).
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EXISTENCE

@ J. Leray (1934): introduces the notion of turbulent solution.
A turbulent solution is a weak solution in
u € L2(0, T; HY(Q)) N L>(0, T; L3(Q))
+ global energy inequality.
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EXISTENCE

@ J. Leray (1934): introduces the notion of turbulent solution.
A turbulent solution is a weak solution in

u € L%(0, T; HY(Q)) N L>(0, T; L%(Q))
+ global energy inequality.

@ J. Leray uses mollification to prove existence:

b€ D(R3), >0, frsth =1, Poe(x) = Lop ().

Orte + (Vexue)-Vue + Vpe — wWou, = f
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EXISTENCE

@ J. Leray (1934): introduces the notion of turbulent solution.
A turbulent solution is a weak solution in

u € L%(0, T; HY(Q)) N L>(0, T; L%(Q))
+ global energy inequality.

@ J. Leray uses mollification to prove existence:

b€ D(R3), >0, frsth =1, Poe(x) = Lop ().

Orte + (Vexue)-Vue + Vpe — wWou, = f

@ E. Hopf (1951) et al. uses the Galerkin technique to prove
existence.
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UNIQUENESS

@ Are weak solutions unique in the large?
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SUITABLE WEAK SOLUTION

Definition (V. Scheffer (1976))

A NS weak solution is said to be suitable weak solutions iff (u, p)
is a weak solution and

(A + V- (u(3u® + p)) —vV2(E) + v(Vu)> — f-u < 0.

in D'((0, T)xQ)
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SUITABLE WEAK SOLUTION

@ Singular set: S
S={(x,t) € Qx]0, T[, u & L*(V),VV s.t. (x,t) € V}
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SUITABLE WEAK SOLUTION

@ Singular set: S
S={(x,t) € Qx]0, T[, u & L*(V),VV s.t. (x,t) € V}

o PYS) =lims_o+inf{dr}, SCUQM;, 1), ri <5}

Jean-Luc Guermond SUITABLE SOLUTIONS TO NSEs




BASIC FACTS ABOUT NAVIER-STOKES EQUATIONS THE NAVIER-STOKES EQUATIONS
EXISTENCE/UNIQUENESS
SUITABLE WEAK SOLUTION
CONSTRUCTION OF SUITABLE SOLUTIONS
MOLLIFICATION/NONLINEAR GALERKIN

SUITABLE WEAK SOLUTION

Theorem (Caffarelli-Kohn-Nirenberg (1982))
If (u, p) is a suitable weak solutions, then P1(S) =0
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SUITABLE WEAK SOLUTION

Theorem (Caffarelli-Kohn-Nirenberg (1982))
If (u, p) is a suitable weak solutions, then P1(S) =0

= Singularities (if any) of suitable weak solutions are pointwise in
space/time.
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SUITABLE WEAK SOLUTION

Theorem (Caffarelli-Kohn-Nirenberg (1982))
If (u, p) is a suitable weak solutions, then P1(S) =0

= Singularities (if any) of suitable weak solutions are pointwise in
space/time.

‘ Best partial regularity theorem to date. ‘
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CONSTRUCTION BY MOLLIFICATION

@ Leray's mollification

Orue + (Vexu)-Vue + Vpe — vWu. = f
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CONSTRUCTION BY MOLLIFICATION

@ Leray's mollification

Orue + (Vexu)-Vue + Vpe — vWu. = f

@ CKN'’s retarded mollification (same idea as Leray's)
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CONSTRUCTION BY MOLLIFICATION

@ Leray's mollification

Orue + (Vexu)-Vue + Vpe — vWu. = f

@ CKN'’s retarded mollification (same idea as Leray's)

Theorem (Leray (1934), Duchon-Robert (2000))

Unique weak solution for all t > 0, u, U (up to subsequences)
€E—>
and u is suitable.
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| Assume hereafter Q is the 3D torus |
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MOLLIFICATION/NONLINEAR GALERKIN

| Assume hereafter Q is the 3D torus |

@ ¢ be a positive number (large eddy scales)
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MOLLIFICATION/NONLINEAR GALERKIN

| Assume hereafter Q is the 3D torus |

@ ¢ be a positive number (large eddy scales)
® Set N, =1

£
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MOLLIFICATION/NONLINEAR GALERKIN

| Assume hereafter Q is the 3D torus |

@ ¢ be a positive number (large eddy scales)
® Set N, =1

&€
o Set X. = Py, (velocity space), and
M. = Pp_ (pressure space).
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MOLLIFICATION/NONLINEAR GALERKIN

| Assume hereafter Q is the 3D torus |

@ ¢ be a positive number (large eddy scales)
® Set N. =1

&€
o Set X. = Py, (velocity space), and
M. = Pp_ (pressure space).

o Let P. : L?(Q) — X. be L2-projection.

L2(Q) = X. & (X.)*
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THE ALGORITHM

@ Solve for ue, pe s.t.

0:(P.u) + Pouc-Vue +Vp. —vV2u. =f in Q
Vue=0 inQ,

ue is periodic,  uc|t—o = up,
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THE ALGORITHM

@ Solve for ue, pe s.t.

0:(P.u) + Pouc-Vue +Vp. —vV2u. =f in Q
Vue=0 inQ,

ue is periodic,  uc|t—o = up,

For all € > 0, problem is well-posed (existence + uniqueness).
ue — u, p. — p as € — 0 (in appropriate spaces, up to
subsequences), u and p are suitable weak solution to N.S.
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CONSTRUCTION BY HYPERVISCOSITY

@ Add a vanishing hyperviscosity (Lions (1959). Q is the
d-torus, d is the space dimension.

Orte + ue-Vue + Vp, — vV2u 4 £29(—V?)u, = f,
Vue=0
U is periodic,

Ue|t=0 = Uo.
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CONSTRUCTION BY HYPERVISCOSITY

@ Add a vanishing hyperviscosity (Lions (1959). Q is the
d-torus, d is the space dimension.

Orte + ue-Vue + Vp, — vV2u 4 £29(—V?)u, = f,
Vue=0
U is periodic,

Ue|t=0 = Uo.

Theorem (Lions (1959), Beirdo da Veiga (1985))

4

Unique weak solution for all t > 0 if & > 912 and u, — u (up to
€E—>
subsequences) and u is suitable. @
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QUESTIONS

Regularize the NL term
@ | = Two ideas:

Add extra viscosity
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QUESTIONS

Regularize the NL term
@ | = Two ideas:

Add extra viscosity

@ What does Galerkin do as h — 07
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QUESTIONS

Hyperviscosity

Leray regularization

. Hopf/Galerkin
Weak solutians
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QUESTIONS

Hyperviscosity

Leray regularization

. Hopf/Galerkin
Weak solutians

Q1: Set of suitable solutions proper subset of weak solutions?
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QUESTIONS

Hyperviscosity

Leray regularization

. Hopf/Galerkin
Weak solutians

Q1: Set of suitable solutions proper subset of weak solutions?

Q2: Do the Galerkin solutions end up to be suitable after all?
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Jean Baptiste Joseph Fourier
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THE GALERKIN/FOURIER/NLGM SETTING

® Set h= 4 (finest scale representable) and define
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THE GALERKIN/FOURIER/NLGM SETTING

® Set h= 4 (finest scale representable) and define
4 Xh = PN, and Mh = PN,
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THE GALERKIN/FOURIER/NLGM SETTING

® Set h= 4 (finest scale representable) and define
o Xh = PN, and Mh == PN,
o Let 0 < 0 < 1and set e = h’ (large eddy scale)
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THE GALERKIN/FOURIER/NLGM SETTING

® Set h= 4 (finest scale representable) and define

o X, = PN, and M, = PN,

o Let 0 < 6 < 1 and set e = h? (large eddy scale)

@ Seek uy, € CO([0, T]; X;), and p € L2(0, T; Mj) s.t.

vVt € (0, T], Yv € X, and Vg € M,

(0t Pup,v) + v(Vup, Vv) + (Pup-Vup,v) — (pr, V-v) = (f,v),
(V-up, q) =0,
Uple=0 = F.uo.

Jean-Luc Guermond SUITABLE SOLUTIONS TO NSEs



GALERKIN/FOURIER/NLGM THE DISCRETE SETTING
THE ALGORITHM
CONVERGENCE

THE GALERKIN/FOURIER/NLGM SETTING

@ Define Vi, = {vy € Xp; V-(vp) =0}
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THE GALERKIN/FOURIER/NLGM SETTING

o Define Vj = {vj, € Xp; V:(vy) =0}
@ Set Z. = P.(Vy) (large scale space)
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THE GALERKIN/FOURIER/NLGM SETTING

o Define Vj = {vj, € Xp; V:(vy) =0}
@ Set Z. = P.(Vy) (large scale space)
o Set Yy, = Q-(Vy) (small scale space)
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THE GALERKIN/FOURIER/NLGM SETTING

o Define Vj = {vj, € Xp; V:(vy) =0}
@ Set Z. = P.(Vy) (large scale space)
o Set Yy, = Q-(Vy) (small scale space)

o V, =2Z. @Yy, orthogonal decomposition w.r.t. L?- and
H-scalar product.
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THE GALERKIN/FOURIER/NLGM SETTING

o Define Vj = {vj, € Xp; V:(vy) =0}
@ Set Z. = P.(Vy) (large scale space)
o Set Yy, = Q-(Vy) (small scale space)

o V, =2Z. @Yy, orthogonal decomposition w.r.t. L?- and
H-scalar product.

@ Assume Q.f =0 (for h small enough).
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THE GALERKIN/FOURIER/NLGM SETTING

o Define Vj = {vj, € Xp; V:(vy) =0}
@ Set Z. = P.(Vy) (large scale space)
o Set Yy, = Q-(Vy) (small scale space)

o V, =2Z. @Yy, orthogonal decomposition w.r.t. L?- and
H-scalar product.

@ Assume Q.f =0 (for h small enough).

@ Set up=2z.+y,€Z.®Yy
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THE ALGORITHM

Solve for up = z. + yp s.t.
z.|t—0 = Pug
Oeze — VV?2e + Po(z--V(z- + yn)) = PF
- Vv2y,a + Qa(za‘v(za + yh)) =0.
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THE ALGORITHM

Solve for up = z. + yp s.t.

z.|t—0 = Pug
Orze — V%2, + P.(z--V(z: +yn)) = P-f
- Vv2y,a + Qa(za‘v(za + yh)) =0.

= _Vv2ya + Qa(za'VYh) = _Qa(za‘vza)
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THE ALGORITHM
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THE ALGORITHM

Solve for up = z. + yp s.t.

z.|t—0 = Pug
Orze — V%2, + P.(z--V(z: +yn)) = P-f
- Vv2y,a + Qa(za‘v(za + yh)) =0.

= _Vv2ya + Qa(za'VYh) = _Qa(za‘vza)

= Ye = Y5(Za)
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THE ALGORITHM

Solve for up = z. + yp s.t.

z.|t—0 = Pug
Orze — V%2, + P.(z--V(z: +yn)) = P-f
- Vv2y,a + Qa(za‘v(za + yh)) =0.

= _Vv2ya + Qa(za'VYh) = _Qa(za‘vza)
= Ye = Y5(Za)

= up = z. + y:(2z-) (nonlinear dynamics restricted to large eddy
scales > ¢).
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CONVERGENCE

(i) up, — u weak L?(0, T;HY), p, — p weak L%(O, T; L?).
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GALERKIN/FOURIER/NLGM THE DISCRETE SETTING

THE ALGORITHM
CONVERGENCE

CONVERGENCE

(i) up, — u weak L?(0, T;HY), p, — p weak L%(O, T; L?).
(i) If 0 < 0 < 3, the pair (u, p) is a weak suitable solution of N.S.
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GALERKIN/FOURIER/NLGM THE DISCRETE SETTING
THE ALGORITHM
CONVERGENCE

CONVERGENCE

(i) up, — u weak L?(0, T;HY), p, — p weak L%(O, T; L?).
(i) If 0 < 0 < 3, the pair (u, p) is a weak suitable solution of N.S.

1 > Large eddies > ¢ = h?/3
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OUTLINE

© GALERKIN APPROX IN TORUS

Boris Grigorievich Galerkin
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THE HYPOTHESES
FE/WAVELETS GALERKIN APPROX IN TORUS THE GALERKIN FORMULATION
THE MAIN RESULT

HYPOTHESES /DEFINITIONS

o  is the three-dimensional torus.
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THE HYPOTHESES
FE/WAVELETS GALERKIN APPROX IN TORUS THE GALERKIN FORMULATION
THE MAIN RESULT

HYPOTHESES /DEFINITIONS

@ Q) is the three-dimensional torus.
o Finite element spaces, Xj C H%(R) for velocity and
My C H;E(Q) for pressure.
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THE HYPOTHESES
THE GALERKIN FORMULATION
THE MAIN RESULT

FE/WAVELETS GALERKIN APPROX IN TORUS

HYPOTHESES /DEFINITIONS

o  is the three-dimensional torus.

o Finite element spaces, Xj C H%(R) for velocity and
My C H;E(Q) for pressure.
@ Assume there is ¢ > 0 independent of h such that

Van, va
Yqn € M, sup (Van, vh) > c|IVanl|2-
0#£vpEX) ||VhH|.2

Jean-Luc Guermond SUITABLE SOLUTIONS TO NSEs



THE HYPOTHESES
FE/WAVELETS GALERKIN APPROX IN TORUS THE GALERKIN FORMULATION
THE MAIN RESULT

HYPOTHESES /DEFINITIONS

o () is the three-dimensional torus.

o Finite element spaces, Xj C H%(R) for velocity and
My C H;E(Q) for pressure.

@ Assume there is ¢ > 0 independent of h such that

> c||Vanl|L2-
0vpex, |IVallL2

@ Modify the nonlinear term as follows:

(uVu+ 2uV-u,v)  (Temam, 1968)

bt v, v) = {((Vx u)xu+ 3V(Kn(u?)), v)

where KCp, : L2(Q) — M}, linear L2-stable approximation
operator.
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THE MAIN RESULT

HYPOTHESES/DEFINITIONS (ctd.)

Definition (

There is an operator Py € E(H#(Q); Xp) (resp.
Qn € L(L?(2); Mp)) such that for all ¢ in W;’OO(Q) (resp. all ¢ in
W#OO(Q)) and all v, € X}, (resp. all g, € My)

v — Pr(dve)ll g < ¢ AT vl pm @l wmsro, 0 <1< m< 1
l6qn — Qn(dan)ll 2 < c hllgnll 2] Bl wa.oe-
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HYPOTHESES/DEFINITIONS (ctd.)

@ For instance we want:
[ovh = Pa(dva)lli2 < c hlvall 2l @l wroe,
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HYPOTHESES/DEFINITIONS (ctd.)

@ For instance we want:
[ovh = Pa(dva)lli2 < c hlvall 2l @l wroe,

@ FE and wavelet-based approximation spaces have the discrete
commutator property (local interpolation properties).
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THE HYPOTHESES
FE/WAVELETS GALERKIN APPROX IN TORUS THE GALERKIN FORMULATION
THE MAIN RESULT

HYPOTHESES/DEFINITIONS (ctd.)

@ For instance we want:
[ovh = Pa(dva)lli2 < c hlvall 2l @l wroe,

@ FE and wavelet-based approximation spaces have the discrete
commutator property (local interpolation properties).

@ Fourier-based approximation spaces do not have the discrete
commutator property (No local interpolation properties).
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GALERKIN FORMULATION

@ Seek up € CY([0, T]; Xs) and pp, € C([0, T]; M}) such that for
all vy € Xp, all g» € My, and all t € [0, T]

(Orup, v) + bp(up, up, v) — (pn, V-v) + v(Vup, Vv) = (f, v),
(V'Uh, q) = 05
Up|t=0 = Zpuo,

where 7, : L?(Q) — V,, L?-stable interpolation operator.
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THE MAIN RESULT

Theorem (Guermond (2006))

Under the above hypotheses, if X, and M), have the discrete
commutator property, the couple (up, pn) convergences to a
suitable solution to NS.

Jean-Luc Guermond SUITABLE SOLUTIONS TO NSEs



THE HYPOTHESES
FE/WAVELETS GALERKIN APPROX IN TORUS THE GALERKIN FORMULATION
THE MAIN RESULT

THE MAIN RESULT

Theorem (Guermond (2006))

Under the above hypotheses, if X, and M), have the discrete
commutator property, the couple (up, pn) convergences to a
suitable solution to NS.

@ Question was open since Scheffer (1977).
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THE MAIN RESULT (ctd.)

@ The main trick: no boundary condition = easy estimate on
the pressure

1Pnll o3 (0, 1) 12(02)) = €
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THE MAIN RESULT (ctd.)

@ The main trick: no boundary condition = easy estimate on
the pressure

1Pnll o3 (0, 1) 12(02)) = €

@ Use the discrete commutator property to pass to the limit on

nonlinear terms: uppp and uhu,21.
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THE MAIN RESULT (ctd.)

@ The main trick: no boundary condition = easy estimate on
the pressure

1Pnll o3 (0, 1) 12(02)) = €

@ Use the discrete commutator property to pass to the limit on

nonlinear terms: uppp and uhu,21.

QUESTION: Does the result hold for | Dirichlet BCs [?

Jean-Luc Guermond SUITABLE SOLUTIONS TO NSEs



THE HYPOTHESES
THE GALERKIN FORMULATION
THE MAIN RESULT
SKETCH OF PROOF

GALERKIN APPROX WITH DIRICHLET BCs

OUTLINE

Johann Peter Gustav Lejeune Dirichlet
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GALERKIN APPROX WITH DIRICHLET BCs SKETCH OF PROOF

HYPOTHESES /DEFINITIONS

o Finite element spaces, X, C H%(R) for velocity and
My C H}#(Q) for pressure.
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HYPOTHESES /DEFINITIONS

o Finite element spaces, X, C H%(R) for velocity and
My C H}#(Q) for pressure.
@ Assume there is ¢ > 0 independent of h such that

tihvh
Vane My sup SIS 190,
0#£vpEX) ||VhHL2
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HYPOTHESES /DEFINITIONS

o Finite element spaces, X, C H%(R) for velocity and
My C H}#(Q) for pressure.
@ Assume there is ¢ > 0 independent of h such that

> c||Vanl|L2-
0#£vpEX) ||VhHL2

@ Modify the nonlinear term as follows:

(uVu+ 3uV-u,v) (Temam, 1968)

Pakes v v) = {((Vx u)xu+ 3V(Kp(u?)), v)

where K : L2(Q) — My, linear L2-stable approximation
operator.
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GALERKIN APPROX WITH DIRICHLET BCs ST (6 RO

GALERKIN FORMULATION

@ Seek up € CY([0, T]; Xs) and pp, € C([0, T]; M}) such that for
all vy € Xp, all g» € My, and all t € [0, T]

(Orup, v) + bp(up, up, v) — (pn, V-v) + v(Vup, Vv) = (f, v),
(V'Uh, q) = 05
Up|t=0 = Zpuo,

where 7, : L?(Q) — V,, L?-stable interpolation operator.
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GALERKIN APPROX WITH DIRICHLET BCs

THE MAIN RESULT

Theorem (Guermond (2007))

Under the above hypotheses, if X, and My, have the discrete
commutator property, the couple (up, py) convergences to a
suitable solution to NS.
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GALERKIN APPROX WITH DIRICHLET BCs

THE MAIN RESULT

Theorem (Guermond (2007))

Under the above hypotheses, if X, and My, have the discrete
commutator property, the couple (up, py) convergences to a
suitable solution to NS.

= Galerkin solutions are suitable (provided discrete commutator property)‘
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GALERKIN APPROX WITH DIRICHLET BCs

THE MAIN RESULT

Theorem (Guermond (2007))

Under the above hypotheses, if X, and My, have the discrete
commutator property, the couple (up, py) convergences to a
suitable solution to NS.

= Galerkin solutions are suitable (provided discrete commutator property)‘

:>’ Hopf and Leray solutions are suitable‘
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GALERKIN APPROX WITH DIRICHLET BCs SETEN O PROGE

SKETCH OF PROOF

o Vpp = {vy € Xp; (V-vi, qn) =0, Vap € Mp}
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GALERKIN APPROX WITH DIRICHLET BCs SETEN O PROGE

SKETCH OF PROOF

o Vpp = {vy € Xp; (V-vi, qn) =0, Vap € Mp}

@ Discrete Stokes operator A, : V), — Vy,

(Ahuh, Vh) = (Vuh, Vvh), Yvp € Vp.
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GALERKIN APPROX WITH DIRICHLET BCs SETEN O PROGE

SKETCH OF PROOF

o Vpp = {vy € Xp; (V-vi, qn) =0, Vap € Mp}

@ Discrete Stokes operator A, : V), — Vy,

(Ahuh, Vh) = (Vuh, Vvh), Yvp € Vp.

o Discrete norm |[|vp|lvs := (A} vh, vh)%7 Vs € R.
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GALERKIN APPROX WITH DIRICHLET BCs

SKETCH OF PROOF (ctd.)

Lemma

dcy > 0 (non-increasing function) 3¢, > 0 (non-decreasing
function), independent of h:

ci([sDlIvallgs < llvallvy < cullsDlvallgs. {_3
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GALERKIN APPROX WITH DIRICHLET BCs

SKETCH OF PROOF (ctd.)

Lemma

dcy > 0 (non-increasing function) 3¢, > 0 (non-decreasing
function), independent of h:

ci([sDlIvallgs < llvallvy < cullsDlvallgs. {_3

and for all s € (—3,0]

C/(|5!)||V%Vh|!ﬁ3 < [|Anvallvs < Cu(|5|)||V%Vh||n3, Vvp € V.
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GALERKIN APPROX WITH DIRICHLET BCs

SKETCH OF PROOF (ctd.)

There is ¢ independent of h so that,
10¢unll 10, 7)) + lunllHr (0, TyH— (@) < ¢
for all o € [, 3) and for all 7 < 7 := (1 + a).
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GALERKIN APPROX WITH DIRICHLET BCs

SKETCH OF PROOF (ctd.)

There is ¢ independent of h so that,
10¢unll 10, 7)) + lunllHr (0, TyH— (@) < ¢
for all o € [, 3) and for all 7 < 7 := (1 + a).

@ Slight improvement over Sohr and von Wahl (1986)
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GALERKIN APPROX WITH DIRICHLET BCs SETEN O PROGE

SKETCH OF PROOF (ctd.)

There is ¢ independent of h so that,

10eunll =10, Tyi-(@)) + lunll (0, Tym-o(e)) < €
for all w € [§,3) and for all 7 < 7 := (1 + a).

@ Slight improvement over Sohr and von Wahl (1986)

There is ¢ independent of h such that for s € [10, 5

[Pl (0, T):Hs(2)) < €
forall r >r7r= 7+ 2. @
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CONCLUSIONS/OPEN QUESTIONS

Hyperviscosity
Leray regularization

Hopf/Galerkin with Fourier

Semi-group theory

}—" N
77 Weak solutions

Hopf/Galerkin with
FE, FD, Wavelets
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CONCLUSIONS/OPEN QUESTIONS

QUESTION: ’What happens for spectral expansions ‘?
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CONCLUSIONS/OPEN QUESTIONS

QUESTION: ’What happens for spectral expansions ‘?

Theorem (A. Biryuk, W. Craig, S. Ibrahim (2006))

Let Q=torus, (un, pn) be the Fourier/Galerkin approximation. If

uy — u in L2((0, T); H;L#(Q)) (i.e. strong convergence), then
(u, p) is suitable.
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CONCLUSIONS/OPEN QUESTIONS

CONCLUSIONS/OPEN QUESTIONS

QUESTION: ’What happens for spectral expansions ‘?

Theorem (A. Biryuk, W. Craig, S. Ibrahim (2006))

Let Q=torus, (un, pn) be the Fourier/Galerkin approximation. If
uy — u in L2((0, T); H;L#(Q)) (i.e. strong convergence), then
(u, p) is suitable.

QUESTION: | Does Weak=Suitable[? (We are getting closer)
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