
A

Banach and Hilbert Spaces

The goal of this appendix is to restate some fundamental results on Banach
and Hilbert spaces. The emphasis is set on the characterization of bijective
Banach operators. The results collected herein provide a theoretical framework
for the mathematical analysis of the finite element method. Most of classical
results are stated without proof; see [Aub00, Bre91, OdD96, Rud66, Sho96,
Yos80, Zei95] for further insight.

A.1 Basic Definitions and Results

For the sake of simplicity, we consider real vector spaces. All the material
presented herein can be easily extended to complex vector spaces.

A.1.1 Norm and scalar product

Let V be a real vector space.

Definition A.1 (Norm). A norm on V is a mapping

‖ · ‖V : V ∋ v 7−→ ‖v‖V ∈ R+,

satisfying the three following properties:

(i) ‖v‖V = 0 ⇐⇒ v = 0.
(ii) ∀c ∈ R, ∀v ∈ V , ‖cv‖V = |c| ‖v‖V .
(iii) Triangle inequality: ∀v, w ∈ V , ‖v + w‖V ≤ ‖v‖V + ‖w‖V .

Moreover, a seminorm on V is a mapping from V to R+ which satisfies only
properties (ii) and (iii).

Definition A.2 (Equivalent norms). Two norms ‖ · ‖V,1 and ‖ · ‖V,2 are
said to be equivalent if there exist two positive constants c1 and c2 such that

∀v ∈ V, c1‖v‖V,2 ≤ ‖v‖V,1 ≤ c2‖v‖V,2.
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Remark A.3. If the normed space V is finite-dimensional, all the norms in V
are equivalent. This result is false in infinite-dimensional normed spaces. ⊓⊔

Definition A.4 (Inner product). An inner product or scalar product on
V is a bilinear mapping

(·, ·)V : V × V ∋ (v, w) 7−→ (v, w)V ∈ R,

satisfying the three following properties:

(i) Symmetry: ∀v, w ∈ V , (v, w)V = (w, v)V .
(ii) Positivity: ∀v ∈ V , (v, v)V ≥ 0.
(iii) (v, v)V = 0 ⇐⇒ v = 0.

Proposition A.5. Let (·, ·)V be a scalar product on V . By setting

∀v ∈ V, ‖v‖V = (v, v)
1
2

V ,

one defines a norm on V . Moreover, the Cauchy–Schwarz inequality holds:

∀v, w ∈ V, (v, w)V ≤ ‖v‖V ‖w‖V . (A.1)

Remark A.6. The Cauchy–Schwarz1 inequality can be seen as a consequence
of the identity

‖v‖V ‖w‖V − (v, w)V = ‖v‖V ‖w‖V

2

∥

∥

∥

v
‖v‖V

− w
‖w‖V

∥

∥

∥

2

V
,

valid for all non-zero v and w in V . This identity clearly shows that equality
holds in (A.1) if and only if v and w are collinear. ⊓⊔

Proposition A.7 (Arithmetic–geometric inequality). Let x1, . . . , xn be
non-negative numbers. Then,

(x1x2 . . . xn)
1
n ≤ 1

n
(x1 + . . . + xn). (A.2)

This inequality is frequently used in conjunction with the Cauchy–Schwarz
inequality. In particular, it implies

∀γ > 0, ∀v, w ∈ V, (v, w)V ≤ γ
2 ‖v‖

2
V + 1

2γ
‖w‖2

V . (A.3)

A.1.2 Operators in Banach spaces

Definition A.8 (Banach spaces). Banach spaces are complete normed vec-
tor spaces. This means that a Banach space is a vector space V equipped with
a norm ‖ · ‖V such that every Cauchy sequence (with respect to the metric
d(x, y) = ‖x − y‖V ) in V has a limit in V .

1 Augustin-Louis Cauchy (1789–1857) and Herman Schwarz (1843–1921)



A.1. Basic Definitions and Results 11

Definition A.9. Let V and W be two normed vector spaces. L(V ;W ) is the
vector space of continuous linear mappings from V to W . The mapping A is
also called an operator.

Proposition A.10. Let V be a normed vector space and let W be a Banach
space. Equip L(V ;W ) with the norm

∀A ∈ L(V ;W ), ‖A‖L(V ;W ) = sup
v∈V

‖Av‖W

‖v‖V

.

Then, L(V ;W ) is a Banach space.

Proof. See [Rud66, p. 87] or [Yos80, p. 111]. ⊓⊔

Remark A.11. In this book, we shall systematically abuse the notation by

writing supv∈V
‖Av‖W

‖v‖V
instead of sup v∈V

v 6=0

‖Av‖W

‖v‖V
. ⊓⊔

Definition A.12 (Compact operator). Let V and W be two Banach
spaces. A ∈ L(V ;W ) is called a compact operator if from every bounded
sequence {vn}n≥0 in V , one can extract a subsequence {vnk

} such that the
sequence {Avnk

} converges in W .

Remark A.13. If V ⊂ W and the injection of V into W is compact, then
from every bounded sequence {vn} in V , one can extract a subsequence that
converges in W . ⊓⊔

A.1.3 Duality

Definition A.14 (Dual space, Continuous linear forms). Let V be a
normed vector space. The dual space of V is defined to be L(V ; R) and is
denoted by V ′. An element A ∈ V ′ is called a continuous linear form. Its
action on an element v ∈ V is often denoted by means of duality brackets
〈· , ·〉V ′,V so that 〈A, v〉V ′,V = Av.

Remark A.15. Owing to Proposition A.10, V ′ is a Banach space when
equipped with the norm

∀A ∈ V ′, ‖A‖V ′ = sup
v∈V

〈A, v〉V ′,V

‖v‖V

. ⊓⊔

Theorem A.16 (Hahn–Banach). Let V be a normed vector space and let
G be a subspace of V equipped with the same norm. Let B ∈ G′ = L(G; R) be
a linear continuous mapping with norm

‖B‖G′ = sup
g∈G

〈B, g〉G′,G

‖g‖V

.

Then, there exists A ∈ V ′ with the following properties:
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(i) A is an extension of B, i.e., Ag = Bg for all g ∈ G.
(ii) ‖A‖V ′ = ‖B‖G′ .

Proof. See [Rud66, p. 56], [Yos80, p. 102], or [Bre91, p. 4]. The statement is
actually a simplified version of the Hahn–Banach Theorem. ⊓⊔

Corollary A.17. Let V be a normed vector space. For all v ∈ V ,

‖v‖V = sup
A∈V ′,‖A‖V ′=1

|〈A, v〉V ′,V | = max
A∈V ′,‖A‖V ′=1

|〈A, v〉V ′,V |.

Proof. Assume v 6= 0. Clearly, supA∈V ′,‖A‖V ′=1 |〈A, v〉V ′,V | ≤ ‖v‖V . Let G =

span(v) and B ∈ G′ defined as 〈B, tv〉G′,G = t‖v‖2
V for t ∈ R. Owing to the

Hahn–Banach Theorem, there exists Z ∈ V ′ such that ‖Z‖V ′ = ‖B‖G′ =
‖v‖V and 〈Z, v〉V ′,V = ‖v‖2

V . Conclude by taking A = ‖v‖−1
V Z. ⊓⊔

Corollary A.18. Let V be a normed space and let F ⊂ V be subspace. As-
sume (∀f ∈ V ′, f(F ) = 0) ⇒ (f = 0). Then, F = V .

Proof. See [Rud66, Theorem 5.19] or [Bre91, p. 7]. ⊓⊔

Definition A.19 (Dual operator). Let V and W be two normed vector
spaces and let A ∈ L(V ;W ). The dual operator AT : W ′ → V ′ is defined by

∀v ∈ V, ∀w′ ∈ W ′, 〈AT w′, v〉V ′,V = 〈w′, Av〉W ′,W .

Definition A.20 (Continuous bilinear forms). Let Z1 and Z2 be two
normed vector spaces. L(Z1 × Z2; R) denotes the vector space of continuous
bilinear forms on Z1 ×Z2. It is a Banach space when equipped with the norm

‖a‖Z1,Z2
= sup

z1∈Z1,z2∈Z2

a(z1, z2)

‖z1‖Z1
‖z2‖Z2

.

Proposition A.21. Let Z1 and Z2 be two Banach spaces and let a ∈ L(Z1 ×
Z2; R). Then, the mapping A : Z1 → Z ′

2 defined by

∀z1 ∈ Z1, ∀z2 ∈ Z2, 〈Az1, z2〉Z′
2
,Z2

= a(z1, z2),

is in L(Z1;Z
′
2) and ‖A‖L(Z1;Z′

2
) = ‖a‖Z1,Z2

.

Definition A.22 (Double dual). The double dual of a Banach space V is
the dual of V ′ and is denoted by V ′′.

Remark A.23. Owing to Proposition A.10, V ′′ is a Banach space. ⊓⊔

Proposition A.24. Let V be a Banach space and let JV : V → V ′′ be the
linear mapping defined by

∀u ∈ V, ∀v′ ∈ V ′, 〈JV u, v′〉V ′′,V ′ = 〈v′, u〉V ′,V .

Then, JV is an isometry.
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Proof. JV is an isometry since

‖JV u‖V ′′ = sup
v′∈V ′

‖v′‖
V ′=1

〈JV u, v′〉V ′′,V ′ = sup
v′∈V ′

‖v′‖
V ′=1

〈v′, u〉V ′,V = ‖u‖V ,

where the last equality results from Corollary A.17. ⊓⊔

Remark A.25.
(i) Since the mapping JV is an isometry, it is injective. As a result, V can

be identified with the subspace JV (V ) ⊂ V ′′.
(ii) It may happen that the mapping JV is not surjective. In this case,

the space V is strictly included in V ′′. For instance, L∞(Ω) = L1(Ω)′ but
L1(Ω) ( L∞(Ω)′ with strict inclusion; see §B.1.2 or [Bre91, pp. 63–66] for the
definition of these spaces. ⊓⊔

Definition A.26 (Reflexive Banach spaces). Let V be a Banach space.
V is said to be reflexive if JV is an isomorphism.

A.1.4 Hilbert spaces

Definition A.27 (Hilbert spaces). A Hilbert space is an inner product
space that is complete with respect to the norm defined by the inner product
(and is hence a Banach space). A Hilbert space is said to be separable if it
admits a countable and dense subset.

Theorem A.28 (Riesz–Fréchet). Let V be a Hilbert space. For each v′ ∈
V ′, there exists a unique u ∈ V such that

∀w ∈ V, 〈v′, w〉V ′,V = (u,w)V .

Moreover, the mapping v′ ∈ V ′ 7→ u ∈ V is an isometric isomorphism.

Proof. See [Yos80, p. 90] or [Bre91, p. 81]. ⊓⊔

An important consequence of the Riesz–Fréchet Theorem is the following:

Proposition A.29. Hilbert spaces are reflexive.

Proof. Let V be a Hilbert space. The Riesz–Fréchet Theorem implies that V
can be identified with V ′; similarly, V ′ can be identified with V ′′. ⊓⊔

Definition A.30 (Orthogonal projection). Let H be a Hilbert space with
scalar product (·, ·)H and associated norm ‖ · ‖H . Let S be a closed subspace
of H. The orthogonal projection from H to S is defined to be the operator
PH,S ∈ L(H;S) such that

∀w ∈ S, (PH,S(v), w)H = (v, w)H . (A.4)

Proposition A.31. PH,S is characterized by the property

∀v ∈ H, ‖v − PH,S(v)‖H = min
w∈S

‖v − w‖H . (A.5)

Proof. See Exercise ??. ⊓⊔
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A.2 Bijective Banach Operators

This section presents classical results to characterize bijective linear Banach
operators [Aub00, Bre91, Yos80]. Some of the material presented herein is
adapted from [Aze95, GuQ97]. Henceforth, V and W are real Banach spaces,
and operators in L(V ;W ) are called Banach operators.

A.2.1 Fundamental results

For A ∈ L(V ;W ), we denote by Ker(A) its kernel and by Im(A) its range. The
operator A being continuous, Ker(A) is closed in V . Hence, the quotient of V
by Ker(A), V/Ker(A), can be defined. This space is composed of equivalence
classes v such that v and w are in the same class v if and only if v−w ∈ Ker(A).

Theorem A.32. Equipped with the norm ‖v‖ = infv∈v ‖v‖V , V/Ker(A) is a
Banach space. Moreover, defining A : V/Ker(A) → Im(A) by Av = Av for all
v in v, A is an isomorphism.

Proof. See [Yos80, p. 60]. ⊓⊔

For M ⊂ V , N ⊂ V ′, we introduce the so-called annihilator of M and N ,

M⊥ = {v′ ∈ V ′; ∀m ∈ M, 〈v′,m〉V ′,V = 0},

N⊥ = {v ∈ V ; ∀n′ ∈ N, 〈n′, v〉V ′,V = 0}.

A characterization of Ker(A) and Im(A) is given by the following:

Lemma A.33. For A in L(V ;W ), the following properties hold:

(i) Ker(A) = (Im(AT ))⊥.
(ii) Ker(AT ) = (Im(A))⊥.
(iii) Im(A) = (Ker(AT ))⊥.

(iv) Im(AT ) ⊂ (Ker(A))⊥.

Proof. See [Yos80, pp. 202–209] or [Bre91, p. 28]. ⊓⊔

Lemma A.33(i) shows that the characterization of operators with closed
range is important to characterize surjective operators. This is the purpose of
the following fundamental theorem:

Theorem A.34 (Banach or Closed Range). Let A ∈ L(V ;W ). The fol-
lowing statements are equivalent:

(i) Im(A) is closed.
(ii) Im(AT ) is closed.
(iii) Im(A) = (Ker(AT ))⊥.
(iv) Im(AT ) = (Ker(A))⊥.



A.2. Bijective Banach Operators 15

Proof. See [Yos80, p. 205] or [Bre91, p. 29]. ⊓⊔

We now put in place the second keystone of the edifice:

Theorem A.35 (Open Mapping). If A ∈ L(V ;W ) is surjective and U is
an open set in V , then A(U) is open in W .

Proof. See [Rud66, pp. 47–48], [Yos80, p. 75], or [Bre91, p. 18]. ⊓⊔

Theorem A.35, also due to Banach, has far-reaching consequences. In par-
ticular, we deduce the following:

Lemma A.36. Let A∈L(V ;W ). The following statements are equivalent:

(i) Im(A) is closed.
(ii) There exists α > 0 such that

∀w ∈ Im(A), ∃vw ∈ V, Avw = w and α‖vw‖V ≤ ‖w‖W . (A.6)

Proof. The implication (i) ⇒ (ii). Since Im(A) is closed in W , Im(A) is a
Banach space. Applying the Open Mapping Theorem to A : V → Im(A) and
U = BV (0, 1) (the unit ball in V ) yields that A(BV (0, 1)) is open in Im(A).
Since 0 ∈ A(BV (0, 1)), there is γ > 0 such that BW (0, γ) ⊂ A(BV (0, 1)). Let
w ∈ Im(A). Since γ

2
w

‖w‖W
∈ BW (0, α), there is z ∈ BV (0, 1) such that Az =

γ
2

w
‖w‖W

. In other words, setting v = 2‖w‖W

γ
z, Av = w and γ

2 ‖v‖V ≤ ‖w‖W .

The implication (ii) ⇒ (i). Let {wn} be a sequence in Im(A) that converges
to some w ∈ W . Using (A.6), we infer that there exists a sequence {vn} in V
such that Avn = wn and α‖vn‖V ≤ ‖wn‖W . Since {vn} is a Cauchy sequence
in V and V is a Banach space, vn converges to a certain v ∈ V . Owing to
the continuity of A, Avn converges to Av. Hence, w = Av ∈ Im(A), proving
statement (i). ⊓⊔

Remark A.37. A first consequence of Lemma A.36 is that if A ∈ L(V ;W ) is
bijective, then its inverse is necessarily continuous. Indeed, the fact that A is
bijective implies that A is injective and Im(A) is closed. Lemma A.36 implies
that there is α > 0 such that ‖A−1w‖V ≤ 1

α
‖w‖W , i.e., A−1 is continuous. ⊓⊔

Let us finally give a sufficient condition for the image of an injective op-
erator to be closed.

Lemma A.38 (Petree–Tartar). Let X, Y , Z be three Banach spaces. Let
A ∈ L(X;Y ) be an injective operator and let T ∈ L(X;Z) be a compact
operator. If there is c > 0 such that c‖x‖X ≤ ‖Ax‖Y + ‖Tx‖Z , then Im(A) is
closed; equivalently, there is α > 0 such that

∀x ∈ X, α‖x‖X ≤ ‖Ax‖Y .
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Proof. By contradiction. Assume that there is a sequence {xn} of X such that
‖xn‖X = 1 and ‖Axn‖Y converges to zero when n goes to infinity. Since T
is compact and the sequence {xn} is bounded, there is a subsequence {xnk

}
such that {Txnk

} is a Cauchy sequence in Z. Owing to the inequality

α‖xnk
− xmk

‖X ≤ ‖Axnk
− Axmk

‖Y + ‖Txnk
− Txmk

‖Z ,

{xnk
} is a Cauchy sequence in X. Let x be the limit of the subsequence {xnk

}
in X. The continuity of A implies Axnk

→ Ax and Ax = 0 since Axnk
→ 0.

Since A is injective x = 0, which contradicts the hypothesis ‖xnk
‖X = 1. ⊓⊔

A.2.2 Characterization of surjective operators

As a consequence of the Closed Range Theorem together with Lemma A.36,
which is a rephrasing of the Open Mapping Theorem, we deduce two lemmas
characterizing surjective operators. The proofs are left as an exercise.

Lemma A.39. Let A∈L(V ;W ). The following statements are equivalent:

(i) AT : W ′ → V ′ is surjective.
(ii) A : V → W is injective and Im(A) is closed in W .
(iii) There exists α > 0 such that

∀v ∈ V, ‖Av‖W ≥ α‖v‖V . (A.7)

(iv) There exists α > 0 such that

inf
v∈V

sup
w′∈W ′

〈w′, Av〉W ′,W

‖w′‖W ′‖v‖V

≥ α. (A.8)

Lemma A.40. Let A∈L(V ;W ). The following statements are equivalent:

(i) A : V → W is surjective.
(ii) AT : W ′ → V ′ is injective et Im(AT ) is closed in V ′.
(iii) There exists α > 0 such that

∀w′ ∈ W ′, ‖AT w′‖V ′ ≥ α‖w′‖W ′ . (A.9)

(iv) There exists α > 0 such that

inf
w′∈W ′

sup
v∈V

〈AT w′, v〉V ′,V

‖w′‖W ′‖v‖V

≥ α. (A.10)

Remark A.41. The statement (i) ⇔ (iv) in Lemma A.40 is sometimes re-
ferred to as Lions’ Theorem; see, e.g., [Sho96, LiM68]. Establishing the a priori
estimate (A.10) is a necessary and sufficient condition to prove that the prob-
lem Au = f has at least one solution u in V for all f in W . ⊓⊔
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One easily verifies (see Lemma A.42) that (A.6) implies the inf-sup condi-
tion (A.10). In practice, however, it is often easier to check condition (A.10)
than to prove that for all w ∈ Im(A), there exists an inverse image vw sat-
isfying (A.6). At this point, the natural question that arises is to determine
whether the constant α in (A.10) is the same as that in (A.6). The answer
to this question is the purpose of the next lemma which is due to Azerad
[Aze95, Aze99]. This lemma will be used in the study of saddle-point prob-
lems; see Theorem ??.

Lemma A.42. Let V and W be two Banach spaces and let A ∈ L(V ;W ) be
a surjective operator. Let α > 0. The property

∀w ∈ Im(A), ∃vw ∈ V, Avw = w and α‖vw‖V ≤ ‖w‖W ,

implies

inf
w′∈W ′

sup
v∈V

〈AT w′, v〉V ′,V

‖w′‖W ′‖v‖V

≥ α.

The converse is true if V is reflexive.

Proof. (1) The implication. By definition of the norm in W ′,

∀w′ ∈ W ′, ‖w′‖W ′ = sup
w∈W

‖w‖W ≤1

〈w′, w〉W ′,W .

For all w in W , there is vw ∈ V such that Avw = w and α‖vw‖V ≤ ‖w‖W .
Let w′ in W ′. Therefore,

〈w′, w〉W ′,W = 〈w′, Avw〉W ′,W = 〈AT w′, vw〉V ′,V ≤ 1
α
‖AT w′‖V ′‖w‖W .

Hence,
‖w′‖W ′ = sup

w∈W

‖w‖W ≤1

〈w′, w〉W ′,W ≤ 1
α
‖AT w′‖V ′ .

The desired inequality follows from the definition of the norm in V ′.
(2) Let us prove the converse statement by assuming that V is reflexive. The
inf-sup inequality being equivalent to ‖AT w′‖V ′ ≥ α‖w′‖W ′ for all w′ ∈ W ′,
AT is injective. Let v′ ∈ Im(AT ) and define z′(v′) ∈ W ′ such that AT (z′(v′)) =
v′. Note that z′(v′) is unique since AT is injective. Hence, z′(·) : Im(AT ) ⊂
V ′ → W ′ is a mapping. Let w ∈ W and let us construct an inverse image for
w, say vw, satisfying (A.6). We first define the linear form w̃ : Im(AT ) → R

by
∀v′ ∈ Im(AT ), w̃(v′) = 〈z′(v′), w〉W ′,W ,

that is, w̃(AT z′) = 〈z′, w〉W ′,W for all z′ ∈ W ′. Hence,

|w̃(v′)| ≤ ‖z′(v′)‖W ′‖w‖W ≤ 1
α
‖AT z′(v′)‖V ′‖w‖W

≤ 1
α
‖v′‖V ′‖w‖W .
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This means that w̃ is continuous on Im(AT ) equipped with the norm of V ′.
Owing to the Hahn–Banach Theorem, w̃ can be extended to V ′ with the same
norm. Let ˜̃w ∈ V ′′ be the extension in question with ‖ ˜̃w‖V ′′ ≤ 1

α
‖w‖W . Since

V is assumed to be reflexive, there is vw ∈ V such that JV (vw) = ˜̃w. As a
result,

∀z′ ∈ W ′, 〈z′, Avw〉W ′,W = 〈AT z′, vw〉V ′,V = 〈JV (vw), AT z′〉V ′′,V ′

= 〈 ˜̃w,AT z′〉V ′′,V ′ = 〈z′, w〉W ′,W ,

showing that Avw = w. Hence, vw is an inverse image of w and

‖vw‖V = ‖JV (vw)‖V ′′ = ‖ ˜̃w‖V ′′ ≤ 1
α
‖w‖W . ⊓⊔

A.2.3 Characterization of bijective Banach operators

Theorem A.43. Let A ∈ L(V ;W ). A is bijective if and only if AT : W ′ → V ′

is injective and there exists α > 0 such that

∀v ∈ V, ‖Av‖W ≥ α‖v‖V . (A.11)

Proof. (1) The implication. Since A is surjective, Ker(AT ) = Im(A)⊥ = {0},
i.e., AT is injective. Since Im(A) = W is closed and A is injective, we deduce
from Lemma A.39 that there exists α > 0 such that ‖Av‖W ≥ α‖v‖V .
(2) The converse. The injectivity of AT implies Im(A) = (Ker(AT ))⊥ = W ,
i.e., Im(A) is dense in W . Let us prove that Im(A) is closed. Let {vn} be a
sequence in V such that {Avn} is a Cauchy sequence in W . The inequality
‖Avn‖W ≥ α‖vn‖V implies that {vn} is a Cauchy sequence in V . Let v be
its limit. The continuity of A implies Avn → Av; hence, Im(A) is closed.
Therefore, Im(A) = W , i.e., A is surjective. Finally, the injectivity of A is a
direct consequence of inequality (A.11). ⊓⊔

Remark A.44. The interpretation of Theorem A.43 is that a Banach oper-
ator is bijective if and only if it is injective, its range is closed, and its dual
operator is injective. ⊓⊔

Corollary A.45. Let A ∈ L(V ;W ). The following statements are equivalent:

(i) A is bijective.
(ii) There exists a constant α > 0 such that

∀v ∈ V, ‖Av‖W ≥ α‖v‖V , (A.12)

∀w′ ∈ W ′, (AT w′ = 0) =⇒ (w′ = 0). (A.13)

(iii) There exists a constant α > 0 such that

inf
v∈V

sup
w′∈W ′

〈w′, Av〉W ′,W

‖w′‖W ′‖v‖V

≥ α, (A.14)

∀w′ ∈ W ′, (〈w′, Av〉W ′,W = 0, ∀v ∈ V ) =⇒ (w′ = 0). (A.15)
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Proof. Condition (A.13) is equivalent to stating that AT is injective. There-
fore, Theorem A.43 shows that the bijectivity of A is equivalent to the condi-
tions of statement (ii). Furthermore, statements (ii) and (iii) are clearly equiv-
alent since the inf-sup condition (A.14) is a simple reformulation of (A.12) and
since (A.13) and (A.15) are clearly equivalent. ⊓⊔

Now, let us assume that A ∈ L(V ;W ) is associated with a bilinear form
a ∈ L(Z1 × Z2; R) such that 〈Az1, z2〉Z′

2
,Z2

= a(z1, z2), i.e., V = Z1 and
W = Z ′

2.

Corollary A.46. If Z2 is reflexive, the following statements are equivalent:

(i) For all f ∈ Z ′
2, there is a unique u ∈ Z1 such that a(u, z2) = 〈f, z2〉Z′

2
,Z2

for all z2 ∈ Z2.
(ii) There is α > 0 such that

inf
z1∈Z1

sup
z2∈Z2

a(z1, z2)

‖z1‖Z1
‖z2‖Z2

≥ α, (A.16)

∀z2 ∈ Z2, (∀z1 ∈ Z1, a(z1, z2) = 0) =⇒ (z2 = 0). (A.17)

Proof. Item (i) amounts to stating that A is bijective. Owing to Corol-
lary A.45, the bijectivity of A is equivalent to conditions (A.12) and (A.13).

Clearly, (A.12) is equivalent to supz2∈Z2

a(z1,z2)
‖z2‖Z2

≥ α‖z1‖Z1
, which is (A.16).

Furthermore, (A.15) is clearly equivalent to (A.17) since Z2 is reflexive. ⊓⊔

Remark A.47. Corollary A.46 is the BNB Theorem; see §??. ⊓⊔

A.2.4 Coercive operators

In this section, we focus on a smaller class of operators, that of coercive
operators.

Definition A.48 (Coercive operator). A ∈ L(V ;V ′) is said to be a coer-
cive operator if there is a constant α > 0 such that

∀v ∈ V, 〈Av, v〉V ′,V ≥ α‖v‖2
V .

The following proposition shows that the notion of coercivity is relevant
only in Hilbert spaces:

Proposition A.49. Let V be a Banach space. V can be equipped with a
Hilbert structure with the same topology if and only if there is a coercive op-
erator in L(V ;V ′).

Proof. See Exercise ??. ⊓⊔

Corollary A.50. Coercivity is a sufficient condition for an operator A ∈
L(V ;V ′) to be bijective.
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Proof. See Lemma ??. ⊓⊔

Remark A.51. Corollary A.50 is the Lax–Milgram Lemma; see §??. ⊓⊔

We now introduce the class of self-adjoint operators.

Definition A.52 (Self-adjoint operator). Let V be a reflexive Banach
space, so that V and V ′′ are identified. A ∈ L(V ;V ′) is said to be a self-
adjoint operator if AT = A.

Self-adjoint bijective operators are characterized as follows:

Corollary A.53. Let V be a reflexive Banach space and let A ∈ L(V ;V ′) be
a self-adjoint operator. Then, A is bijective if and only if there is α > 0 such
that

∀v ∈ V, ‖Av‖V ′ ≥ α‖v‖V . (A.18)

Proof. Owing to Theorem A.43, the bijectivity of A implies that A satisfies
inequality (A.18). Conversely, inequality (A.18) means that A is injective. It
follows that AT is injective since AT = A by hypothesis. The conclusion is
then a consequence of Theorem A.43. ⊓⊔

We finally introduce the concept of monotonicity.

Definition A.54 (Monotone operator). A ∈ L(V ;V ′) is said to be mono-
tone operator if

∀v ∈ V, 〈Av, v〉V ′,V ≥ 0.

Corollary A.55. Let V be a reflexive Banach space and let A ∈ L(V ;V ′)
be a monotone self-adjoint operator. Then, A is bijective if and only if A is
coercive.

Proof. See Exercise ??. ⊓⊔

A.2.5 Application to saddle-point problems

Let X and M be two real Banach spaces. Consider two continuous linear
operators A : X → X ′ and B : X → M , and let BT : M ′ → X ′. The goal of
this section is to study the following problem: Given f ∈ X ′ and g ∈ M ,











Seek u ∈ X and p ∈ M ′ such that

Au + BT p = f,

Bu = g.

(A.19)

Denote by Ker(B) the kernel of the operator B and define the operator πA :
Ker(B) → Ker(B)′ such that 〈πAu, v〉 = 〈Au, v〉 for all u, v ∈ Ker(B).

Theorem A.56. Problem (A.19) is well-posed if and only if:
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(i) πA : Ker(B) → Ker(B)′ is an isomorphism.
(ii) B : X → M is surjective.

Proof. (1) Let us first show that if problem (A.19) is well-posed, then state-
ments (i) and (ii) are satisfied.

1.a Let h be in M , denote by (u, p) the solution to problem (A.19) with f = 0
and g = h. It is clear that u satisfies Bu = h. Hence, B is surjective.

1.b Let us show that πA is surjective. Let h ∈ Ker(B)′. Owing to the Hahn–
Banach Theorem, there is an extension h̃ ∈ X ′ such that 〈h̃, v〉 = 〈h, v〉
for all v in Ker(B) and ‖h̃‖X′ = ‖h‖Ker(B)′ . Let (u, p) be the solution

to (A.19) with f = h̃ and g = 0. It is clear that u is in Ker(B). Since
〈BT p, v〉 = 〈p,Bv〉 = 0 for all v in Ker(B), we infer 〈πAu, v〉 = 〈Au, v〉 =
〈h̃, v〉 = 〈h, v〉 for all v in Ker(B). As a result, πAu = h.

1.c Let us show that πA is injective. Let u in Ker(B) be such that πAu = 0.
Then, 〈Au, v〉 = 0 for all v in Ker(B); as a result, Au is in Ker(B)⊥.
B being surjective, Im(B) is closed and owing to Banach’s Theorem,
Im(BT ) = Ker(B)⊥. As a result, Au ∈ Im(BT ), i.e., there is p ∈ M ′

such that Au = −BT p. Hence, Au + BT p = 0 and Bu = 0, which shows
that (u, p) is the solution to problem (A.19) with f = 0 and g = 0. The
solution to (A.19) being unique, we infer u = 0.

(2) Conversely, assume that statements (i) and (ii) are satisfied.

2.a For f ∈ X ′ and g ∈ M , let us show that there is at least one solution to
problem (A.19). B being surjective, there is ug in X such that Bug = g.
The linear form f − Aug is continuous on X and Ker(B). Denote by hf,g

the linear form on Ker(B) such that 〈hf,g, v〉 = 〈f, v〉 − 〈Aug, v〉 for all v
in Ker(B). Let φ ∈ Ker(B) be the solution to the problem πAφ = hf,g

and set u = φ + ug. The linear form f − Au is clearly in Ker(B)⊥. Since
B is surjective, Ker(B)⊥ = Im(BT ); that is, there is p ∈ M ′ such that
BT p = f − Au. Moreover, Bu = B(φ + ug) = Bug = g. Hence, we have
constructed a solution to problem (A.19).

2.b Let us show that the solution is unique. Let (u, p) be such that Bu = 0 and
Au + BT p = 0. Clearly, u ∈ Ker(B) and πAu = 0. Since πA is injective,
u = 0. As a result BT p = 0. Since B is surjective, BT is necessarily
injective, which implies p = 0.

⊓⊔

Remark A.57. Problem (A.19) is studied in detail in §?? and §??. This
problem can be interpreted as a saddle-point problem when the operator A is
self-adjoint and monotone; see §??. ⊓⊔
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Functional Analysis

This appendix collects the functional analysis concepts used in this book.
We first restate fundamental results on Lebesgue integration together with
the main properties of the Lp(Ω) spaces. Then, we introduce the concept of
distributions and distributional derivatives. We review the main properties of
the Sobolev spaces W s,p(Ω). Most of the results are stated without proof, the
reader being referred to specialized textbooks for complements [Ada75, Bar01,
Bre91, MaZ97, Rud87, Sob63, Yos80].

Henceforth, Ω is a (measurable) open set of Rd with boundary ∂Ω. When-
ever it is well-defined, its outward normal is denoted by n.

B.1 Lebesgue and Lipschitz Spaces

B.1.1 Measurable functions and the Lebesgue integral

Let M(Ω) be the space of scalar-valued functions on Ω that are Lebesgue-
measurable. In particular, M(Ω) contains functions that are piecewise contin-
uous and, more generally, all the functions that are integrable in the Riemann
sense. All the functions used in this book are measurable.

Measurable functions are defined up to sets of zero measure. In other
words, M(Ω) is a space of equivalence classes of functions, that is, two func-
tions belong to the same equivalence class if they coincide almost everywhere
(henceforth, a.e.), i.e., everywhere but on a set of zero Lebesgue measure.

Example B.1. The function φ : ]0, 1[ → {0, 1} which takes the value 1 on
rational numbers and which is zero otherwise belongs to the same equivalence
class as the zero function. Hence, φ = 0 a.e. on ]0, 1[. ⊓⊔

B.1.2 Lebesgue spaces

Definition B.2. L1(Ω) is the space of the scalar-valued functions that are
Lebesgue-integrable. The space of locally integrable functions is denoted by
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L1
loc(Ω) and is defined as

L1
loc(Ω) = {f ∈ M(Ω); ∀compact K ⊂ Ω, f ∈ L1(K)}. (B.1)

Throughout this book, integrals are always understood in the Lebesgue
sense. Whenever no confusion may arise and to alleviate the notation, we omit
the Lebesgue measure under the integral sign; hence, we write

∫

Ω
f instead

of
∫

Ω
f(x) dx.

Theorem B.3 (Lebesgue’s Dominated Convergence). Let {fn}n≥0 be a
sequence of functions in L1(Ω) such that:

(i) fn(x) → f(x) a.e. in Ω.
(ii) There is g ∈ L1(Ω) such that, for all n, |fn(x)| ≤ g(x) a.e. in Ω.

Then, f ∈ L1(Ω) and fn → f in L1(Ω).

Proof. See [Bar01, p. 123], [Bre91, p. 54], or [Rud66]. ⊓⊔

Definition B.4. For 1 ≤ p ≤ +∞, let

Lp(Ω) = {f ∈ M(Ω); ‖f‖0,p,Ω < +∞}, (B.2)

where

‖f‖0,p,Ω =

(
∫

Ω

|f |p
)

1
p

, for 1 ≤ p < +∞, (B.3)

‖f‖0,∞,Ω = ess sup
x∈Ω

|f(x)| = inf{M ≥ 0; |f(x)| ≤ M a.e. on Ω}. (B.4)

Theorem B.5 (Fischer–Riesz). Let 1 ≤ p ≤ +∞. Equipped with the ‖ ·
‖0,p,Ω norm, the vector space Lp(Ω) is a Banach space.

Proof. See [Bar01, p. 142], [Sob63, §I.2.2], [Bre91, p. 57], or [Rud66]. ⊓⊔

In this book, we also employ the notation ‖f‖Lp(Ω) = ‖f‖0,p,Ω . For 1 ≤

p ≤ +∞, we denote by p′ its conjugate, i.e., 1
p

+ 1
p′ = 1 with the convention

that p′ = 1 if p = +∞ and p′ = +∞ if p = 1.

Theorem B.6 (Hölder). Let f ∈ Lp(Ω) and g ∈ Lp′

(Ω) with 1 ≤ p ≤ +∞
and 1

p
+ 1

p′ = 1. Then, fg ∈ L1(Ω) and

∫

Ω

|fg| ≤ ‖f‖Lp(Ω)‖g‖Lp′ (Ω). (B.5)

Proof. See [Bar01, p. 404], [Bre91, p. 56], or [Rud66]. ⊓⊔

The following corollary is an easy consequence of Hölder’s inequality:

Corollary B.7 (Interpolation inequality). Let 1 ≤ p ≤ q ≤ +∞ and
0 ≤ α ≤ 1. Let r be such that 1

r
= α

p
+ 1−α

q
. Then,

∀f ∈ Lp(Ω) ∩ Lq(Ω), ‖f‖Lr(Ω) ≤ ‖f‖α
Lp(Ω)‖f‖

1−α
Lq(Ω). (B.6)
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Theorem B.8 (Riesz’ Representation Theorem). Let 1 ≤ p < +∞. The
dual space of Lp(Ω) can be identified with Lp′

(Ω).

Proof. See [Sob63, §I.3.3], [Bre91, p. 61], or [Rud66]. ⊓⊔

One important consequence of Theorem B.8 is that Lp(Ω) is reflexive if
1 < p < +∞. However, L1(Ω) and L∞(Ω) are not reflexive. The dual of
L1(Ω) is L∞(Ω), but the dual of L∞(Ω) strictly contains L1(Ω); see [Rud66]
or [Bre91, p. 65]. Among all the Lebesgue spaces, L2(Ω) plays a particular role
owing to the following important consequence of the Fischer–Riesz Theorem:

Theorem B.9. L2(Ω) is a Hilbert space when equipped with the scalar product

(f, g)L2(Ω) =

∫

Ω

fg.

Henceforth, we denote by (· , ·)0,Ω the scalar product in L2(Ω), and when
no confusion is possible, we denote the corresponding norm by

‖f‖0,Ω =

(
∫

Ω

f2

)
1
2

.

In L2(Ω), the Hölder inequality becomes the Cauchy–Schwarz inequality:

∀f, g ∈ L2(Ω), (f, g)0,Ω ≤ ‖f‖0,Ω‖g‖0,Ω .

B.1.3 Spaces of continuous functions

Definition B.10 (Hölder spaces).

(i) Let E be a subset of Ω. C0(E) denotes the space of functions that are
continuous on E, and for every integer k ≥ 1, Ck(E) is the space of
functions that are k-times continuously Fréchet-differentiable on E.

(ii) For 0 < α ≤ 1, C0,α(E) is the space of functions that are Hölder of
exponent α on E, i.e., f ∈ C0,α(E) if f is continuous on E and

sup
x,y∈E

|f(x) − f(y)|

|x − y|α
< +∞.

For every integer k ≥ 1, Ck,α(E) is the space of the functions f in Ck(E)
such that ∂γf ∈ C0,α(E) for all multi-index γ of length |γ| = k.

(iii) For E = Ω (resp., E = Ω), C0,1(E) is called the space of globally (resp.,
locally) Lipschitz functions.

Proposition B.11. Let k ≥ 0 be an integer and 0 < α ≤ 1. If Ω is bounded,
Ck,α(Ω) is a Banach space when equipped with the norm

‖f‖Ck,α(Ω) = max
|γ|≤k

sup
x∈Ω

|∂γf(x)| + max
|γ|=k

sup
x,y∈Ω

|∂γf(x) − ∂γf(y)|

|x − y|α
.

Remark B.12. The above definitions extend to functions that are defined
only at the boundary ∂Ω. In particular, we denote by C0,1(∂Ω) the space of
Lipschitzian functions on ∂Ω. ⊓⊔
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B.2 Distributions

B.2.1 Preliminary definitions

Definition B.13. D(Ω) is the vector space of C∞ functions whose support in
Ω is compact.

Theorem B.14. Let 1 ≤ p < +∞. Then, D(Ω) is dense in Lp(Ω).

Proof. See [MaZ97, p. 5], [Bre91, p. 61], or [Rud66]. ⊓⊔

Lemma B.15. Let f ∈ L1
loc(Ω) be such that

∫

Ω
fϕ = 0, ∀ϕ ∈ D(Ω). Then,

f = 0 a.e. in Ω.

Proof. See [MaZ97, p. 6], [Bre91, p. 61], or [Rud66]. ⊓⊔

Definition B.16 (Distributions). A linear mapping

u : D(Ω) ∋ ϕ 7−→ 〈u, ϕ〉D′,D ∈ R or C,

is said to be a distribution on Ω if and only if the following property holds:
For all compact K in Ω, there is an integer p and a constant c such that

∀ϕ ∈ D(Ω), supp(ϕ) ⊂ K, |〈u, ϕ〉D′,D| ≤ c sup
x∈K, |α|≤p

|∂αϕ(x)|.

Remark B.17. D(Ω) is not a normed vector space. As a result, D′(Ω) is not
the dual of D(Ω) in the sense of Definition A.14. We shall nevertheless use
the notation D′(Ω). ⊓⊔

Example B.18.
(i) Every function f in L1

loc(Ω) can be identified with the distribution

f̃ : D(Ω) ∋ ϕ 7−→ 〈f̃ , ϕ〉D′,D =

∫

Ω

fϕ.

This identification is possible owing to Lemma B.15 since, for f, g ∈ L1
loc(Ω),

(f = g a.e. in Ω) ⇐⇒

(

∀ϕ ∈ D(Ω),

∫

Ω

fϕ =

∫

Ω

gϕ

)

.

We will constantly abuse the notation by identifying f ∈ L1
loc(Ω) with the

associated distribution f̃ ∈ D′(Ω).
(ii) Every function of Ck,α(Ω), k ≥ 0, can be identified with a distribution.
(iii) Let a be a point in Ω. The Dirac measure at a is the distribution

δx=a : D(Ω) ∋ ϕ 7−→ 〈δx=a, ϕ〉D′,D = ϕ(a).

Note that δx=a 6∈ L1(Ω), i.e., there is no function f ∈ L1(Ω) such that
ϕ(a) =

∫

Ω
fϕ, ∀ϕ ∈ D(Ω). Otherwise, one would have 0 =

∫

Ω
fϕ for all

functions ϕ ∈ D(Ω\{a}), which, owing to Lemma B.15, would imply f = 0
a.e. in Ω\{a}, i.e., f = 0 a.e. in Ω. ⊓⊔
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B.2.2 The distributional derivative

The key to the distribution theory is that every distribution is differentiable
in the following sense:

Definition B.19. Let u ∈ D′(Ω) be a distribution and let 1 ≤ i ≤ d. The
distributional derivative ∂iu ∈ D′(Ω) is defined as follows:

∂iu : D(Ω) ∋ ϕ 7−→ 〈∂iu, ϕ〉D′,D = −〈u, ∂iϕ〉D′,D.

More generally, for a multi-index α, the distribution ∂αu is defined such that

∂αu : D(Ω) ∋ ϕ 7−→ 〈∂αu, ϕ〉D′,D = (−1)|α|〈u, ∂αϕ〉D′,D.

Hereafter, we set conventionally ∂0u = u and ∇u = (∂1u, . . . , ∂du).

Remark B.20. The notion of distributional derivative is the extension of that
of pointwise (or classical) derivative. This notion allows for the differentiation
of functions that are not derivable in the classical sense. When u ∈ L1

loc(Ω),
distributional derivatives of u are sometimes called weak derivatives. ⊓⊔

Proposition B.21. Let α be a multi-index and let u ∈ C|α|(Ω). Then, up to
the order |α|, the weak derivatives and the classical derivatives of u coincide.

Proof. Let (∂αu)cl denote the pointwise derivative; then,

∀ϕ ∈ D(Ω), 〈(∂αu)cl, ϕ〉D′,D =

∫

Ω

(∂αu)cl ϕ (since (∂αu)cl ∈ L1
loc(Ω))

= (−1)|α|

∫

Ω

u ∂αϕ (integration by parts)

= (−1)|α|〈u, ∂αϕ〉D′,D (since u ∈ L1
loc(Ω)).

Note that in the integration by parts there are no boundary terms since
∂βϕ|∂Ω = 0 for all multi-index β. ⊓⊔

Theorem B.22 (Rademacher). Let u ∈ C0,1(Ω) be a locally Lipschitz func-
tion on Ω. Then, u is differentiable a.e. in Ω and the pointwise derivative
coincides a.e. with the weak derivative.

Proof. See [MaZ97, p. 44]. ⊓⊔

Example B.23.
(i) Take Ω = ]−1, 1[ and u = 1 − |x|. The weak derivative of u is

∂xu =

{

1 if x < 0,

−1 if x > 0.

This example is fundamental. Its generalization to higher space dimension is
used repeatedly in the book.

(ii) The Heavyside function (or step function) on Ω = ]−1, 1[ is defined by
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H(x) =

{

0 if x < 0,

1 if x ≥ 0.

It is clear that H is not derivable in the classical sense. However, a simple
computation shows that ∂xH = δx=0. ⊓⊔

Lemma B.24. Let Ω = ]0, 1[. For all f in L1(Ω),

∂x

(
∫ x

0

f

)

= f in D′(Ω). (B.7)

Proof. We use a density argument. Since D(Ω) is dense in L1(Ω), there is
a sequence {fn}n≥0 in D(Ω) that converges to f in L1(Ω) and such that

‖fn‖1,Ω ≤ 2‖f‖1,Ω . For all φ in D(Ω), it is clear that |
∫ 1

0
fnφ −

∫ 1

0
fφ| ≤

(supx∈Ω |φ(x)|)
∫ 1

0
|fn − f | → 0. Likewise, (

∫ x

0
fn)φ′(x) → (

∫ x

0
f)φ′(x) a.e. in

Ω, and |(
∫ x

0
fn)φ′(x)| ≤ 2|φ′(x)|

∫ 1

0
|f |. Lebesgue’s Dominated Convergence

Theorem implies that
∫ 1

0
(
∫ x

0
fn)φ′(x) dx →

∫ 1

0
(
∫ x

0
f)φ′(x) dx. Passing to the

limit in the relation

∫ 1

0

(
∫ x

0

fn

)

φ′(x) dx = −

∫ 1

0

fn(x)φ(x) dx,

yields

∀φ ∈ D(Ω),

∫ 1

0

(
∫ x

0

f

)

φ′(x) dx = −

∫ 1

0

f(x)φ(x) dx.

This shows that (B.7) holds in the distribution sense. ⊓⊔

B.3 Sobolev Spaces

B.3.1 The W s,p(Ω) spaces

Definition B.25 (Sobolev spaces). Let s and p be two integers with s ≥ 0
and 1 ≤ p ≤ +∞. The so-called Sobolev space W s,p(Ω) is defined as

W s,p(Ω) = {u ∈ D′(Ω); ∂αu ∈ Lp(Ω), |α| ≤ s}, (B.8)

where the derivatives are understood in the distribution sense.

Proposition B.26. W s,p(Ω) is a Banach space when equipped with the norm

‖u‖W s,p(Ω) =
∑

|α|≤s

‖∂αu‖Lp(Ω). (B.9)
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The case p = 2 is particularly interesting since the spaces W s,2(Ω) have a
Hilbert structure, and we henceforth denote them by Hs(Ω).

Theorem B.27 (Hilbert Sobolev spaces). Let s ≥ 0. The space Hs(Ω) =
W s,2(Ω) is a Hilbert space when equipped with the scalar product

(u, v)s,Ω =
∑

|α|≤s

∫

Ω

∂αu ∂αv.

The associated norm is denoted by ‖ · ‖s,Ω.

Sometimes we shall also make use of the following notation:

‖v‖s,p,Ω = ‖v‖W s,p(Ω), |v|2s,p,Ω =
∑

|α|=s

‖Dαv‖2
Lp(Ω), (B.10)

‖v‖s,Ω = ‖v‖Hs(Ω), |v|2s,Ω =
∑

|α|=s

‖Dαv‖2
L2(Ω). (B.11)

Example B.28.
(i) H1(Ω) = {u ∈ L2(Ω); ∂iu ∈ L2(Ω), 1 ≤ i ≤ d} is a Hilbert space for

the scalar product

(u, v)1,Ω =

∫

Ω

uv +

∫

Ω

∇u · ∇v =

∫

Ω

uv +

d
∑

i=1

∫

Ω

∂iu ∂iv.

The associated norm is

‖u‖2
1,Ω =

∫

Ω

u2 +

∫

Ω

(∇u)2 = ‖u‖2
0,Ω + |u|21,Ω .

(ii) Let Ω = ]0, 1[ and consider the function u(x) = xα where α ∈ R. One
easily verifies that u ∈ L2(Ω) if α > − 1

2 , u ∈ H1(Ω) if α > 1
2 , and, more

generally u ∈ Hs(Ω) if α > s − 1
2 .

(iii) The function shown in the left panel of Figure B.1 belongs to L2(Ω)
but not to C0(Ω). This function does not belong to H1(Ω) either, since its
distributional first derivative is the sum of two Dirac measures supported
at the two discontinuity points. The function shown in the right panel of
Figure B.1 belongs to H1(Ω). However, it is neither in C1(Ω) nor in H2(Ω)
since its first derivative is discontinuous.

(iv) Let Ω = B(0, 1
2 ) ⊂ R2 be the ball centered at 0 and of radius 1

2 . A
simple computation shows that the function

u(x1, x2) = log
(

−log(x2
1 + x2

2)
)

is in H1(Ω). This example shows that in two dimensions, functions in H1(Ω)
are neither necessarily continuous nor bounded. ⊓⊔
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0 1 0 1

Fig. B.1. The function on the left is not H1(]0, 1[), that on the right is.

The following lemma characterizes the nullspace of ∇; see [MaZ97, p. 24].

Lemma B.29. Assume that Ω is an open connected set. Let 1 ≤ p ≤ +∞.
Let u in W 1,p(Ω) such that ∇u = 0 a.e. on Ω; then, u is constant.

Definition B.30 (Fractional Sobolev spaces). For 0 < s < 1 and 1 ≤
p < +∞, the so-called Sobolev space with fractional exponent is defined as

W s,p(Ω) =

{

u ∈ Lp(Ω);
u(x) − u(y)

‖x − y‖s+ d
p

∈ Lp(Ω × Ω)

}

. (B.12)

Furthermore, when s > 1 is not integer, letting σ = s − [s] where [s] is the
integer part of s, W s,p(Ω) is defined as

W s,p(Ω) = {u ∈ W [s],p(Ω); ∂αu ∈ W σ,p(Ω), ∀α, |α| = [s]}. (B.13)

When p = 2, we denote Hs(Ω) = W s,2(Ω).

Remark B.31.
(i) The Sobolev spaces with fractional exponent can also be introduced by

interpolation between Lp(Ω) and W 1,p(Ω) or by Fourier transform if p = 2
and Ω is either Rd or the d-torus; see [Ada75, LiM68].

(ii) Using mappings, it is possible to define W s,p(∂Ω) whenever ∂Ω is a
smooth manifold. ⊓⊔

Example B.32.
(i) It can be easily verified that the function shown in the left panel of

Figure B.1 is in W s,p(]0, 1[) for all 0 < s and 1 ≤ p < +∞ such that sp < 1.
(ii) One can also verify that if Ω is bounded and 1 ≤ p < +∞, C0,α(Ω) ⊂

W s,p(Ω) provided 0 ≤ s < α ≤ 1. ⊓⊔

B.3.2 Density

As an alternative to Definition B.25, one can also define Sobolev spaces as
follows: Let Xs,p(Ω) be the closure of Cs(Ω) ∩ W s,p(Ω) with respect to
the Sobolev norm ‖ · ‖W s,p(Ω). Observe that Xs,∞(Ω) 6= W s,∞(Ω) since
Xs,∞(Ω) = Cs

b (Ω), where Cs
b (Ω) is the Banach space composed of the func-

tions whose derivatives up to order s are continuous and bounded on Ω.
However, for 1 ≤ p < +∞, Xs,p(Ω) = W s,p(Ω). More precisely, the following
result is proved in [MeS64]:
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Theorem B.33 (Meyers–Serrin). Let Ω be any open set. Then C∞(Ω) ∩
W s,p(Ω) is dense in W s,p(Ω) for p < +∞.

Theorem B.34 (Friedrichs). Let Ω be any open set and let u ∈ W 1,p(Ω)
with 1 ≤ p < +∞. Then, there exists a sequence {un}n≥0 in D(Rd) such that

(i) un → u in Lp(Ω).
(ii) ∇un|ω → ∇u|ω in [Lp(ω)]d for all ω such that ω ⊂ Ω and ω compact.

Proof. See [Bre91, p. 151]. ⊓⊔

Remark B.35. In general, C∞(Ω) is not dense in W s,p(Ω). For this stronger
density result to hold, some additional regularity hypotheses on Ω must be
assumed. In particular, this result cannot hold whenever Ω lies on both sides of
parts of its boundary. For instance, think of the function u(x1, x2) = r cos( 1

2θ)
in Ω = {0 ≤ r < 1, 0 < θ < 2π}, where (r, θ) are the cylindrical coordinates.
Let B be the closed ball of radius 1 centered at 0. Note that B = Ω. It is clear
that u is in W 1,p(Ω), but u is not in W 1,p(B). Indeed, ∂θu = − 1

2r sin(1
2θ) +

2rδθ=0 where δθ=0 is the Dirac measure supported by the segment {0 < x1 <
1, x2 = 0}, and δθ=0 cannot be identified with any function in Lp(Ω); see
Example B.18(iii). Since C1(Ω) ⊂ W 1,p(B) and W 1,p(B) is complete, the
closure of C1(Ω) in W 1,p(B) is a subspace of W 1,p(B). Since u 6∈ W 1,p(B), u
cannot be a limit of functions in C1(Ω). ⊓⊔

To extend the previous density results, we introduce the following:

Definition B.36 ((s, p)-extension property). Let 1 ≤ p ≤ +∞ and let s ≥
0. Ω is said to have the (s, p)-extension property if there is a bounded linear
operator L : W s,p(Ω) → W s,p(Rd) such that Lu|Ω = u for all u ∈ W s,p(Ω).
For u ∈ W s,p(Ω), Lu is called (s, p)-extension of u.

A fundamental result of Calderón–Stein [Cal61, Ste70] is the following:

Theorem B.37. Every open set with a Lipschitz boundary has the (1, p)-
extension property.

Corollary B.38. Let Ω be a bounded open set having the (1, p)-extension
property. The restriction to Ω of functions in D(Rd) span a dense subspace of
W 1,p(Ω).

Proof. Apply Theorem B.34 to a (1, p)-extension of u ∈ W 1,p(Ω) . ⊓⊔

B.3.3 Embedding and compacity

Proposition B.39. Let Ω be an open bounded set. Then, for 1 ≤ p < q ≤
+∞, the embedding Lq(Ω) ⊂ Lp(Ω) is continuous.

Proof. Easy consequence of Hölder’s inequality. ⊓⊔
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One of the key arguments in the embedding theory is the following:

Theorem B.40 (Sobolev). Let 1 ≤ p < d and denote by p∗ the number such
that 1

p∗ = 1
p
− 1

d
. Then,

∃c =
p∗

1∗
, ∀u ∈ W 1,p(Rd), ‖u‖Lp∗ (Rd) ≤ c ‖∇u‖Lp(Rd). (B.14)

Proof. See [MaZ97, p. 32], [Sob63, §I.7.4], or [Bre91, p. 162]. ⊓⊔

Corollary B.41. Let 1 ≤ p, q ≤ +∞. The following embeddings are continu-
ous:

W 1,p(Rd) ⊂ Lq(Rd) if

{

either 1 ≤ p < d and p ≤ q ≤ p∗,

or p = d and p ≤ q < +∞.
(B.15)

Proof. See [MaZ97, p. 34], [Sob63, §I.8.2], or [Bre91, p. 165]. ⊓⊔

Theorem B.42 (Morrey). Let d < p ≤ +∞ and α = 1 − d
p
. The following

embedding is continuous:

W 1,p(Rd) ⊂ L∞(Rd) ∩ C0,α(Rd). (B.16)

Proof. See [MaZ97, p. 37] or [Bre91, p. 166]. ⊓⊔

Corollary B.43. Let 1 ≤ p, q ≤ +∞. Let s ≥ 1 be an integer. Let Ω be a
bounded open set having the (1, p)-extension property. The following embed-
dings are continuous:

W s,p(Ω) ⊂















Lq(Ω) if 1 ≤ p < d
s

and p ≤ q ≤ p∗,

Lq(Ω) if p = d
s

and p ≤ q < +∞,

L∞(Ω) ∩ C0,α(Ω) if p > d
s

and α = 1 − d
sp

.

(B.17)

Remark B.44. This theorem implies that in one dimension, the functions of
H1(Ω) are continuous, whereas in dimension 2 or 3, this may not be the case;
see Example B.28(iv). If d = 2 or 3, functions in H2(Ω) are continuous. ⊓⊔

Example B.45. Let 1 < α, 1 ≤ p < 2, and Ω = {(x1, x2) ∈ R2; 0 < x1 <

1, 0 < x2 < xα
1 }. Let u(x1, x2) = xβ

1 with 1− 1+α
p

< β < 0. Then, u ∈ W 1,p(Ω)

and u ∈ Lq(Ω) for all q such that 1 ≤ q < pα where 1
pα

= 1
p
− 1

1+α
. Set

1
p∗ = 1

p
− 1

2 and ǫ = β−1
1+α

+ 1
p

> 0; one can choose β so that ǫ is arbitrarily

small. Set 1
pβ

= 1
pα

− ǫ. If ǫ is small enough, pα < pβ < p∗. Then u 6∈ Lq(Ω)

for pβ ≤ q ≤ p∗, which would contradict Corollary B.43 if the (1, p)-extension
hypothesis had been omitted. The hypothesis 1 < α means that Ω has a cusp
at the origin; hence, Ω is not Lipschitz. This counterexample shows that some
regularity on Ω is needed for Corollary B.43 to hold. ⊓⊔
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We conclude this section by stating a very useful compacity result.

Theorem B.46 (Rellich–Kondrachov). Let 1 ≤ p ≤ +∞ and let s ≥ 0.
Let Ω be a bounded open set having the (s, p)-extension property. The following
injections are compact:

(i) If sp ≤ d, W s,p(Ω) ⊂ Lq(Ω) for all 1 ≤ q < p∗ where 1
p∗ = 1

p
− s

d
.

(ii) If sp > d, W s,p(Ω) ⊂ C0(Ω).

Proof. See [MaZ97], [BrS94, Chap. 1], or [Bre91, Chap. 8]. ⊓⊔

B.3.4 W s,p
0 (Ω) and its dual

Definition B.47. For 1 ≤ p < +∞ and s ≥ 0, set

W s,p
0 (Ω) = D(Ω)

W s,p(Ω)
, (B.18)

and let W−s,p′

(Ω) =
(

W s,p
0 (Ω)

)′
be the dual of W s,p

0 (Ω) with the norm

∀f ∈ W−s,p′

(Ω), ‖f‖W−s,p′ (Ω) = sup
u∈W

s,p
0

(Ω)

〈f, u〉W−s,p′
,W

s,p
0

‖u‖W s,p(Ω)
.

For p = 2, set Hs
0(Ω) = W s,2

0 (Ω) and H−s(Ω) = (W s,2
0 (Ω))′.

Proposition B.48. Let 1 ≤ p < +∞ and let Ω be an open set. If u is in
W 1,p

0 (Ω), the zero-extension of u is in W 1,p(Rd).

Corollary B.49. The conclusions of Corollary B.43 and Theorem B.46 hold
in W 1,p

0 (Ω) without the (1, p)-extension hypothesis on Ω.

The distributions in W−1,p′

(Ω) are characterized by the following:

Proposition B.50. Let 1 ≤ p < +∞, let Ω be an open set, and let F ∈
W−1,p′

(Ω). Then, there are f0, f1, . . . , fd ∈ Lp′

(Ω) such that

∀v ∈ W 1,p
0 (Ω), 〈F, v〉W−1,p′

,W 1,p =

∫

Ω

f0v +

d
∑

k=1

∫

Ω

fk∂xk
v,

and ‖F‖W−1,p′ (Ω) = max0≤k≤d ‖fk‖Lp′ (Ω). One can set f0 = 0 if Ω is bounded.

Proof. See [Rud66] or [Bre91, p. 175]. ⊓⊔

Remark B.51.
(i) The notation for the dual of W s,p(Ω) has been chosen so that when

s = 0, it is coherent with the Riesz Theorem.
(ii) It is remarkable that some of the objects contained in W−s,p′

(Ω) are
not functions but distributions. For instance, if sp > d, the Dirac measure
at x ∈ Ω is in W−s,p′

(Ω). For a function u in Lp(Ω), all the first-order
distributional derivatives of u are in W−1,p′

(Ω). ⊓⊔
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B.3.5 The trace theory

In general, it is meaningless to speak of the value at ∂Ω of a function in

Lp(Ω). For instance, take Ω = ]0, 1[
2

and u(x1, x2) = x
−α

p

1 with 0 < α < 1.
It is clear that u ∈ Lp(Ω), but u|x1=0 = +∞. Let γ0 : C0(Ω) → C0(∂Ω) map

functions in C0(Ω) to their trace on ∂Ω. If Ω is a Lipschitz bounded open set,
γ0 can be continuously extended to W 1,p(Ω); see, e.g., [Ada75]. Let us abuse
the notation by still denoting the extension in question by γ0.

Theorem B.52 (Trace Theorem 1). Let 1 ≤ p < +∞ and Ω be a Lipschitz
bounded open set. Then,

(i) γ0 : W 1,p(Ω) → W
1

p′ ,p
(∂Ω) is surjective.

(ii) The kernel of γ0 is W 1,p
0 (Ω).

Statement (ii) in this theorem means that the functions in W 1,p
0 (Ω) are

those in W 1,p(Ω) that are zero at ∂Ω.

When p = 2, we set H
1
2 (∂Ω) = W

1
2
,2(∂Ω). Statement (i) in Theorem B.52

implies that every function in H
1
2 (∂Ω) is the trace of a function in H1(Ω).

More precisely, from the Open Mapping Theorem we deduce the following:

Corollary B.53. Let 1 ≤ p < +∞ and Ω be a Lipschitz bounded open set.

Then, there exists a constant c such that, ∀g ∈ W
1

p′ ,p
(∂Ω), there exists ug ∈

W 1,p(Ω) satisfying

γ0(ug) = g and ‖u‖W 1,p(Ω) ≤ c ‖g‖
W

1

p′ ,p
(∂Ω)

.

The function ug is said to be a lifting of g in W 1,p(Ω).

Likewise ∂nu = n·∇u is meaningful for functions in W 2,p(Ω) since, for

such functions, ∇u ∈ W
1

p′ ,p
(∂Ω). Actually, provided Ω is smooth enough, the

mapping γ1 : C1(Ω) → C0(∂Ω) such that γ1(u) = ∂nu can be continuously

extended from W 2,p(Ω) to W
1

p′ ,p
(Ω).

Theorem B.54 (Trace Theorem 2). Let 1 ≤ p < +∞ and Ω be a bounded
open set of class C2. Then:

(i) (γ0, γ1) : W 2,p(Ω)×W 2,p(Ω) → W
1+ 1

p′ ,p
(∂Ω)×W

1

p′ ,p
(∂Ω) is surjective.

(ii) The kernel of (γ0, γ1) is W 2,p
0 (Ω).

Item (ii) in this theorem says that the functions in W 2,p
0 (Ω) are those in

W 2,p(Ω) that are zero at ∂Ω and whose normal derivative on ∂Ω is zero.

Remark B.55. If Ω is a polyhedron, the outward normal vector n is dis-
continuous at the edges. As a result, the normal derivative ∂nu cannot be
smooth whatever the regularity of u. It is nevertheless possible to extend the
results of Theorem B.54 to this situation [GiR86, p. 9]. For example, when
Ω is a polygon in R2 with sides ∂Ωj and normal vectors nj , 1 ≤ j ≤ J , the
mapping u 7→ (∂n1

u, . . . , ∂nJ
u) is continuous and surjective from W 2,p(Ω) to

∏J
j=1 W

1

p′ ,p
(∂Ωj). ⊓⊔
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B.3.6 The divergence formula and its consequences

For brevity, we henceforth omit the symbols γ0 and γ1 to denote the trace of
a distribution or that of its normal derivative. In this section, p is a number
in [1,+∞[ and Ω denotes a Lipschitz bounded open set.

Lemma B.56 (Divergence formula). Let u be a smooth vector field. Then,
∫

Ω

∇·u =

∫

∂Ω

u·n. (B.19)

Corollary B.57. Let u ∈ [Lp(Ω)]d such that ∇·u ∈ Lp(Ω). Then, u·n ∈

W− 1
p

,p(∂Ω) and

∀q ∈ W 1,p′

(Ω),

∫

Ω

q∇·u = −

∫

Ω

u·∇q +

∫

∂Ω

q u·n. (B.20)

Proof. Use (B.19) for smooth functions, together with ∇·(qu) = q∇·u+u·∇q.
Conclude using a density argument. ⊓⊔

Corollary B.58. Let u ∈ [Lp(Ω)]3 such that ∇×u ∈ [Lp(Ω)]3. Then, u×n ∈

[W− 1
p

,p(∂Ω)]3 and

∀v ∈ W 1,p′

(Ω),

∫

Ω

(∇×u)·v =

∫

Ω

u·(∇×v) −

∫

∂Ω

(u × n)·v. (B.21)

Proof. Use ∇·(u×v) = (∇×u)·v−u·(∇×v) together with (B.19) and a density
argument. ⊓⊔

Corollary B.59 (Green’s formula). Let σ ∈ [L∞(Ω)]d×d and let u ∈

W 1,p(Ω) be such that ∇·(σ·∇u) ∈ Lp(Ω). Then, n·σ·∇u ∈ W− 1
p

,p(∂Ω) and

∀v ∈ W 1,p′

(Ω), −

∫

Ω

∇·(σ·∇u) v =

∫

Ω

∇v·σ·∇u −

∫

∂Ω

(n·σ·∇u)v. (B.22)

Proof. Use ∇·((σ·∇u) v) = ∇v·σ·∇u + ∇·(σ·∇u) v together with (B.19) and
a density argument. ⊓⊔

Remark B.60. To be rigorous, the boundary integrals in (B.20), (B.21), and
(B.22) should be written in the form of duality products. For instance, in
(B.20), we should write 〈u·n, q〉

W
− 1

p
,p

(∂Ω),W
1
p

,p′
(∂Ω)

. ⊓⊔

B.3.7 Poincaré-like inequalities

Lemma B.61 (Poincaré). Let 1 ≤ p < +∞ and let Ω be a bounded open
set. Then, there exists cp,Ω > 0 such that

∀v ∈ W 1,p
0 (Ω), cp,Ω‖v‖Lp(Ω) ≤ ‖∇v‖Lp(Ω). (B.23)

For p = 2, we denote cΩ = c2,Ω.
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Proof. We only give the proof for p < d. Let ṽ ∈ W 1,p(Rd) be the zero-
extension of v; see Proposition B.48. Theorem B.40 implies ‖ṽ‖Lp∗ (Rd) ≤
c ‖∇ṽ‖Lp(Rd). Since Ω is bounded and p∗ ≥ p, we infer ‖v‖Lp(Ω) = ‖ṽ‖Lp(Rd) ≤
c ‖ṽ‖Lp∗ (Rd), yielding (B.23). ⊓⊔

Remark B.62.
(i) The Poincaré inequality shows that on W 1,p

0 (Ω), the seminorm v 7→
|v|1,p,Ω is equivalent to the usual norm v 7→ ‖v‖1,p,Ω . For instance, in the
Hilbertian case (p = 2),

∀v ∈ H1
0 (Ω),

cΩ

(1 + c2
Ω)

1
2

‖v‖1,Ω ≤ |v|1,Ω ≤ ‖v‖1,Ω .

(ii) To give some further insight into (B.23), we give a proof in one dimen-
sion using Ω = ]0, 1[. For ϕ ∈ D(Ω), use ϕ(0) = 0 to write ϕ(x) =

∫ x

0
ϕ′(y) dy

for all x ∈ Ω. Hence,

‖ϕ‖p
0,p,Ω =

∫ 1

0
|ϕ(x)|p dx =

∫ 1

0

∣

∣

∫ x

0
ϕ′(y) dy

∣

∣

p
dx

≤
∫ 1

0

(∫ x

0
dy

)

p

p′
(∫ x

0
|ϕ′(y)|p dy

)

dx

≤
∫ 1

0
|ϕ′(y)|p dy = |ϕ|p1,p,Ω .

Conclude using the density of D(Ω) in W 1,p
0 (Ω).

(iii) Let BR be the ball with radius R. Using a scaling argument, one
readily infers that Rcp,BR

= cp,B1
. ⊓⊔

Lemma B.63. Let 1 ≤ p < +∞ and Ω be a bounded connected open set
having the (1, p)-extension property. Let f be a linear form on W 1,p(Ω) whose
restriction on constant functions is not zero. Then, there is cp,Ω > 0 such that

∀v ∈ W 1,p(Ω), cp,Ω‖v‖W 1,p(Ω) ≤ ‖∇v‖Lp(Ω) + |f(v)|. (B.24)

Proof. Use the Petree–Tartar Lemma. To this end, set X = W 1,p(Ω), Y =
[Lp(Ω)]d × R, Z = Lp(Ω), and A : X ∋ v 7→ (∇v, f(v)) ∈ Y . Owing to
Lemma B.29 and the hypotheses on f , A is continuous and injective. Moreover,
the injection X ⊂ Z is compact owing to Theorem B.46. ⊓⊔

Example B.64. Let E be a subset of Ω of non-zero measure and set f(v) =
meas(E)−1

∫

E
v. It is clear that f is continuous, and if c is a constant function,

f(c) is zero if and only if c is zero. A second possibility consists of setting
f(v) = meas(∂Ω1)

−1
∫

∂Ω1
v where ∂Ω1 is a subset of ∂Ω of non-zero (d− 1)-

measure. The continuity of f is a consequence of the Trace Theorem B.52. ⊓⊔

Corollary B.65. Under the hypotheses of Lemma B.63, assume f(1Ω) = 1,
where 1Ω is the constant function equal to 1 on Ω. Then,

∀v ∈ W 1,p(Ω), c ‖v − f(v)‖W 1,p(Ω) ≤ ‖∇v‖Lp(Ω). (B.25)
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As an easy consequence of Lemma B.63, we infer a useful generalization of
the Poincaré inequality.

Lemma B.66 (Poincaré–Friedrichs). Under the above hypotheses, let W =
{v ∈ W 1,p(Ω); f(v) = 0}. Then, W is a closed subspace of W 1,p(Ω) and

∀v ∈ W, c ‖v‖W 1,p(Ω) ≤ ‖∇v‖Lp(Ω). (B.26)

We conclude this section with two lemmas that play an important role in
numerical analysis. In particular, they simplify considerably the error analysis
of the finite element method. Recall that Pl is the vector space of real-valued
polynomials in the variables x1, . . . , xd and of global degree at most l.

Lemma B.67 (Deny–Lions). Let 1 ≤ p ≤ +∞ and let Ω be a connected
bounded open set having the (1, p)-extension property. Let l ≥ 0. There exists
c > 0 such that

∀v ∈ W l+1,p(Ω), inf
π∈Pl

‖v + π‖l+1,p,Ω ≤ c |v|l+1,p,Ω . (B.27)

Proof. Let Nl = dim Pl, and introduce the Nl continuous linear forms

fα : W l+1,p(Ω) ∋ v 7−→ fα(v) =

∫

Ω

∂αv ∈ R, |α| ≤ l,

where α = (α1, . . . , αd) is a multi-index. Define X = W l+1,p(Ω), Y =
[Lp(Ω)]Nl+1−Nl × RNl , and Z = W l,p(Ω). Define the operator

A : X ∋ v 7−→ ((Dαv)|α|=l+1, (fα(v))|α|≤l) ∈ Y.

A is clearly continuous. Let v ∈ W l+1,p(Ω) and assume that Av = 0. Repeated
application of Lemma B.29 yields v ∈ Pl and fα(v) = 0 for all |α| ≤ l. Owing
to the definition of the linear forms fα, v = 0. That is to say, A is injective.
Owing to the Rellich–Kondrachov Theorem, the injection X = W l+1,p(Ω) ⊂
W l,p(Ω) = Z is compact. Then, the Petree–Tartar Lemma implies that there
is c > 0 such that

∀v ∈ W l+1,p(Ω), c ‖v‖l+1,p,Ω ≤ |v|l+1,p,Ω +
∑

|α|≤l

|fα(v)|. (B.28)

Let π(v) ∈ Pl be such that fα(v + π(v)) = 0 for |α| ≤ l. Then,

inf
π∈Pl

‖v + π‖l+1,p,Ω ≤ ‖v + π(v)‖l+1,p,Ω ≤ c |v + π(v)|l+1,p,Ω = c |v|l+1,p,Ω ,

and this completes the proof; see [DeL55]. ⊓⊔

Lemma B.68 (Bramble–Hilbert). Assume the hypotheses of the Deny–
Lions Lemma hold. Then, there is c > 0 such that, for all f ∈ (W k+1,p(Ω))′

vanishing on Pk,

∀v ∈ W k+1,p(Ω), |f(v)| ≤ c ‖f‖(W k+1,p(Ω))′ |v|k+1,p,Ω . (B.29)

Proof. For all π ∈ Pk, |f(v)| = |f(v + π)| ≤ ‖f‖(W k+1,p(Ω))′‖v + π‖k+1,p,Ω ,
that is, |f(v)| ≤ ‖f‖(W k+1,p(Ω))′ infπ∈Pk

‖v + π‖k+1,p,Ω . Then, conclude using
the Deny–Lions Lemma; see [BrH70]. ⊓⊔
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B.3.8 The right inverse of the divergence operator

This section investigates the surjectivity of the divergence operator. An open
bounded set Ω is said to be star-shaped with respect to a ball B if for any
x ∈ Ω and z ∈ B ⊂ Ω, the segment joining x and z is contained in Ω.

Lemma B.69 (Bogovskĭı). Assume d ≥ 2 and let Ω be a bounded open set
in Rd star-shaped with respect to a ball B. Let 1 < p < +∞ and set

Lp
R

=0
(Ω) =

{

v ∈ Lp(Ω);

∫

Ω

v = 0

}

.

Then, the operator ∇· : [W 1,p
0 (Ω)]d → Lp

R

=0
(Ω) is surjective.

Proof. See [Bog80], [Gal94, Lemma 3.1, Chap. III], or [DuM01]. ⊓⊔

Remark B.70. The hypothesis “Ω is star-shaped” can be replaced by “the
boundary of Ω is Lipschitz” when p = 2; see [GiR86, pp. 18–26]. ⊓⊔

Owing to Lemma A.42 and Theorem B.8, Lemma B.69 implies:

Corollary B.71. Under the hypotheses of Lemma B.69, there is β > 0 such
that

inf
q∈L

p′

0
(Ω)

sup
v∈[W 1,p

0
(Ω)]d

∫

Ω
q∇·v

‖v‖[W 1,p(Ω)]d‖q‖Lp′ (Ω)

≥ β. (B.30)

Remark B.72. Lemma B.69 has been extended to fractional Sobolev spaces
[W s,p(Ω)]d by Solonnikov [Sol01, Prop. 2.1]. ⊓⊔

As a consequence of Lemma B.69, we deduce a “coarse” version of de
Rham’s Theorem in Lp(Ω).

Theorem B.73 (de Rham). Under the hypotheses of Lemma B.69, the con-
tinuous linear forms on [W 1,p

0 (Ω)]d that are zero on Ker(∇·) are gradients of

functions in Lp′
R

=0
(Ω).

Proof. This a simple consequence of the Closed Range Theorem. Indeed, con-

sider the weak gradient operator ∇ : Lp′
R

=0
(Ω) → [W−1,p′

(Ω)]d. It is clear that

−∇ = (∇·)T . Since ∇· is surjective by Lemma B.69, the Closed Range Theo-
rem implies [Ker(∇·)]⊥ = Im(∇). ⊓⊔
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[BaS81] Babuška, I., Szabo, B.A., and Katz, I.N. The p-version of the finite
element method. SIAM J. Numer. Anal. 18:3 (1981) 515–545.

[BaB93] Baiocchi, C., Brezzi, F., and Franca, L. Virtual bubbles and Galerkin-
Least-Squares type methods (GaLS). Comput. Methods Appl. Mech. Engrg.
105 (1993) 125–141.

[BaS93] Bank, R., and Smith, R. A posteriori error estimates based on hierar-
chical bases. SIAM J. Numer. Anal. 30:4 (1993) 921–935.

[BaW85] Bank, R., and Weiser, A. Some a posteriori error estimators for elliptic
partial differential equations. Math. Comp. 44 (1985) 283–301.



References 41

[Bar01] Bartle, R. A Modern Theory of Integration. Graduate Studies in Math-
ematics, Vol. 32. American Mathematical Society, Providence, RI, 2001.

[Bat96] Bathe, K. Finite Element Procedures. Prentice-Hall, Englewood Cliffs,
NJ, 1996.

[BaO99] Baumann, C., and Oden, J. A discontinuous hp finite element method
for the Euler and Navier–Stokes equations. Int. J. Numer. Methods Engrg.
31 (1999) 79–95.

[BeB01] Becker, R., and Braack, M. A finite element pressure gradient stabi-
lization for the Stokes equations based on local projections. Calcolo 38:4
(2001) 173–199.

[BeR96] Becker, R., and Rannacher, R. A feed-back approach to error control
in finite element methods: Basic analysis and examples. East–West J.
Numer. Math. 4:4 (1996) 237–264.

[BeR01] Becker, R., and Rannacher, R. An optimal control approach to a
posteriori error estimation in finite element methods. Acta Numerica 10
(2001) 1–102.

[BeP79] Bercovier, M., and Pironneau, O. Error estimates for finite element
solution of the Stokes problem in the primitive variables. Numer. Math.
33 (1979) 211–224.

[Ber89] Bernardi, C. Optimal finite element interpolation on curved domains.
SIAM J. Numer. Anal. 26 (1989) 1212–1240.

[BeG98] Bernardi, C., and Girault, V. A local regularization operator for trian-
gular and quadrilateral finite elements. SIAM J. Numer. Anal. 35:5 (1998)
1893–1916.

[Ber99] Bertoluzza, S. The discrete commutator property of approximation
spaces. C. R. Acad. Sci. Paris, Sér. I 329:12 (1999) 1097–1102.

[BeO96] Bey, K.S., and Oden, J.T. hp-version discontinuous Galerkin methods
for hyperbolic conservation laws. Comput. Methods Appl. Mech. Engrg.
133:3-4 (1996) 259–286.

[Boc97] Bochev, P. Experiences with negative norm least-squares methods for the
Navier–Stokes equations. Electron. Trans. Numer. Anal. 6 (1997) 44–62.

[Boc99] Bochev, P. Negative norm least-squares methods for the velocity-vorti-
city-pressure Navier–Stokes equations. Numer. Methods Partial Differen-
tial Equations 15:2 (1999) 237–256.

[Bof01] Boffi, D. A note on the de Rahm complex and a discrete compactness
property. Appl. Math. Lett. 14 (2001) 33–38.
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[ChB95] Chen, Q., and Babuška, I. Approximate optimal points for polynomial
interpolation of real functions in an interval and in a triangle. Comput.
Methods Appl. Mech. Engrg. 128:3-4 (1995) 405–417.

[Cho68] Chorin, A.J. Numerical solution of the Navier–Stokes equations. Math.
Comp. 22 (1968) 745–762.

[Cho69] Chorin, A.J. On the convergence of discrete approximations to the Navier-
Stokes equations. Math. Comp. 23 (1969) 341–353.



44 References

[Cia78] Ciarlet, P. The Finite Element Method for Elliptic Problems. North-
Holland, Amsterdam, 1978.

[Cia91] Ciarlet, P. Basic Error Estimates for Elliptic Problems, Vol. II : Finite
Element Methods, ch. 2. Handbook of Numerical Analysis, P.G. Ciarlet
and J.-L. Lions, editors. North-Holland, Amsterdam, 1991.

[Cia97] Ciarlet, P. Mathematical Elasticity II: Theory of Plates. Studies in Math-
ematics and its Applications, Vol. 27. Elsevier, Amsterdam, 1997.

[CiR72a] Ciarlet, P., and Raviart, P.-A. The combined effect of curved bound-
aries and numerical integration in isoparametric finite element methods.
In The mathematical foundations of the finite element method with appli-
cations to partial differential equations (Proc. Sympos., Univ. Maryland,
Baltimore, MD, 1972) pp. 409–474. Academic Press, New York, 1972.

[CiR72b] Ciarlet, P., and Raviart, P.-A. Interpolation theory over curved el-
ements, with applications to finite element methods. Comput. Methods
Appl. Mech. Engrg. 1 (1972) 217–249.
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physique. Dunod, Paris, 1972.
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applications, Vol. 1. Dunod, Paris, 1968.

[Luč69] Lučka, A. The rate of convergence to zero of the residual and the error for
the Bubnov–Galerkin method and the method of least squares. In Proc.
Sem. Differential and Integral Equations, No. I, pp. 113–122 (Russian).
Akad. Nauk Ukrain. SSR Inst. Mat., Kiev, Ukraine, 1969.

[LuP98] Lucquin, B., and Pironneau, O. Introduction to Scientific Computing.
Wiley, New York, 1998.

[MaM82] Maitre, J., and Musy, F. The contraction number of a class of two
level methods; an exact evaluation for some finite element subspaces and
model problems. In Multigrid Methods: Proceedings, Cologne 1981 No. 960,
pp. 535–544. Lecture Notes in Mathematics, Springer-Verlag, Heidelberg,
1982.
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unterworfen sind. Abh. Math. Sem. Univ. Hamburg 36 (1971) 9–15.
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