
Appendix A

Banach and Hilbert spaces

The goal of this appendix is to recall basic results on Banach and Hilbert
spaces. To stay general, we consider complex vector spaces, i.e., vector spaces
over the field C of complex numbers. The case of real vector spaces is recov-
ered by replacing the field C by R, by removing the real part symbol ℜ(·)
and the complex conjugate symbol ·, and by interpreting the symbol |·| as
the absolute value instead of the modulus.

A.1 Banach spaces

Let V be a complex vector space.

Definition A.1 (Norm). A norm on V is a map ‖·‖V : V → R+ := [0,∞)
satisfying the following three properties:

(i) Definiteness: [ ‖v‖V = 0 ] ⇐⇒ [ v = 0 ].
(ii) 1-homogeneity: ‖λv‖V = |λ| ‖v‖V for all λ ∈ C and all v ∈ V.
(iii) Triangle inequality: ‖v + w‖V ≤ ‖v‖V + ‖w‖V for all v, w ∈ V.

For every norm ‖·‖V : V → R+ := [0,∞), the function d(x, y) := ‖x− y‖V ,
for all x, y ∈ V, is a metric (or distance).

Remark A.2 (Definiteness). Item (i) can be slightly relaxed by requiring
only that [ ‖v‖V = 0 ] =⇒ [ v = 0 ], since the 1-homogeneity implies that
[ v = 0 ] =⇒ [ ‖v‖V = 0 ]. ⊓⊔

Definition A.3 (Seminorm). A seminorm on V is a map |·|V : V → R+

satisfying only the statements (ii) and (iii) above, i.e., 1-homogeneity and the
triangle inequality.

Definition A.4 (Banach space). A vector space V equipped with a norm
‖·‖V is called Banach space if every Cauchy sequence in V has a limit in V.
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Definition A.5 (Equivalent norms). Two norms ‖·‖V,1 and ‖·‖V,2 are
said to be equivalent on V if there exists a positive real number c such that

c ‖v‖V,2 ≤ ‖v‖V,1 ≤ c−1 ‖v‖V,2, ∀v ∈ V. (A.1)

Whenever (A.1) holds true, V is a Banach space for the norm ‖·‖V,1 if and
only if it is a Banach space for the norm ‖·‖V,2.
Remark A.6 (Finite dimension). If V is finite-dimensional, all the norms
in V are equivalent. This result is false in infinite-dimensional vector spaces.
Actually, the unit ball in V is a compact set (for the norm topology) if and
only if V is finite-dimensional; see Brezis [48, Thm. 6.5], Lax [131, §5.2]. ⊓⊔

A.2 Bounded linear maps and duality

Definition A.7 (Linear, antilinear map). Let V, W be complex vector
spaces. A map A : V →W is said to be linear if A(v1 + v2) = A(v1) +A(v2)
for all v1, v2 ∈ V and A(λv) = λA(v) for all λ ∈ C and all v ∈ V, and it
is said to be antilinear if A(v1 + v2) = A(v1) + A(v2) for all v1, v2 ∈ V and
A(λv) = λA(v) for all λ ∈ C and all v ∈ V.

Definition A.8 (Bounded (anti)linear map). Assume that V and W are
equipped with norms ‖·‖V and ‖·‖W , respectively. The (anti)linear map A :
V →W is said to be bounded or continuous if

‖A‖L(V ;W ) := sup
v∈V

‖A(v)‖W
‖v‖V

<∞. (A.2)

In this book, we systematicaly abuse the notation by implicitly assuming that
the argument in this type of supremum is nonzero. Bounded (anti)linear maps
in Banach spaces are called operators.

The complex vector space composed of the bounded linear maps from V toW
is denoted by L(V ;W ). One readily verifies that the map ‖·‖L(V ;W ) defined
in (A.2) is indeed a norm on L(V ;W ).

Proposition A.9 (Banach space). Assume that W is a Banach space.
Then L(V ;W ) equipped with the norm (A.2) is also a Banach space. The
same statement holds true for the complex vector space composed of all the
bounded antilinear maps from V to W.

Proof. See Rudin [170, p. 87], Yosida [202, p. 111]. ⊓⊔
Example A.10 (Continuous embedding). Assume that V ⊂ W and
that there is a real number c such that ‖v‖W ≤ c‖v‖V for all v ∈ V. This
means that the embedding of V into W is continuous. We say that V is
continuously embedded into W, and we write V →֒W. ⊓⊔



Appendices 295

The dual of a real Banach space V is composed of the bounded linear maps
from V to R. The same definition can be adopted if V is a complex space,
but to stay consistent with the formalism considered in the weak formulation
of complex-valued PDEs, we define the dual space as being composed of
bounded antilinear maps from V to C.

Definition A.11 (Dual space). Let V be a complex vector space. The dual
space of V is denoted by V ′ and is composed of the bounded antilinear maps
from V to C. An element A ∈ V ′ is called bounded antilinear form, and its
action on an element v ∈ V is denoted either by A(v) or 〈A, v〉V ′,V .

Owing to Proposition A.9, V ′ is a Banach space with the norm

‖A‖V ′ = sup
v∈V

|A(v)|
‖v‖V

= sup
v∈V

|〈A, v〉V ′,V |
‖v‖V

, ∀A ∈ V ′. (A.3)

Remark A.12 (Linear vs. antilinear form). IfA : V → C is an antilinear
form, then A (defined by A(v) := A(v) ∈ C for all v ∈ V ) is a linear form. ⊓⊔

A.3 Hilbert spaces

Let V be a complex vector space.

Definition A.13 (Inner product). An inner product on V is a map
(·, ·)V : V × V → C satisfying the following three properties: (i) Sesquilin-
earity (the prefix sesqui means one and a half): (·, w)V is a linear map for
all fixed w ∈ V, whereas (v, ·)V is an antilinear map for all fixed v ∈ V. If
V is a real vector space, the inner product is a bilinear map (i.e., it is lin-
ear in both of its arguments). (ii) Hermitian symmetry: (v, w)V = (w, v)V
for all v, w ∈ V. (iii) Positive definiteness: (v, v)V ≥ 0 for all v ∈ V and
[ (v, v)V = 0 ] ⇐⇒ [ v = 0 ]. (Notice that (v, v)V is always real owing to the
Hermitian symmetry and that (0, ·)V = (·, 0)V = 0 owing to sesquilinearity.)

Proposition A.14 (Cauchy–Schwarz). Let (·, ·)V be an inner product on
V. By setting

‖v‖V := (v, v)
1
2

V , ∀v ∈ V, (A.4)

one defines a norm on V. This norm is said to be induced by the inner product.
Moreover, we have the Cauchy–Schwarz inequality

|(v, w)V | ≤ ‖v‖V ‖w‖V , ∀v, w ∈ V. (A.5)

Definition A.15 (Hilbert space). A Hilbert space V is an inner product
space that is complete with respect to the induced norm (and is therefore a
Banach space).
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Theorem A.16 (Riesz–Fréchet). Let V be a complex Hilbert space. For
all A ∈ V ′, there exists a unique v ∈ V s.t. (v, w)V = 〈A,w〉V ′,V for all
w ∈ V, and we have ‖v‖V = ‖A‖V ′ .

Proof. See Brezis [48, Thm. 5.5], Lax [131, p. 56], Yosida [202, p. 90]. ⊓⊔

A.4 Compact operators

Definition A.17 (Compact operator). Let V,W be two complex Banach
spaces. The operator T ∈ L(V ;W ) is said to be compact if from every bounded
sequence (vn)n∈N in V, one can extract a subsequence (vnk

)k∈N such that the
sequence (T (vnk

))k∈N converges in W. Equivalently T is said to be compact
if T maps the unit ball in V into a relatively compact set in W (that is, a set
whose closure in W is compact).

Example A.18 (Compact embedding). Assume that V ⊂ W and that
the embedding of V into W is compact. Then from every bounded sequence
(vn)n∈N in V, one can extract a subsequence that converges in W. ⊓⊔

Proposition A.19 (Composition). Let W, X, Y, Z be four Banach spaces
and let A ∈ L(Z;Y ), K ∈ L(Y ;X), B ∈ L(X ;W ) be three operators. Assume
that K is compact. Then the operator B ◦K ◦A is compact.

The following compactness result is used at several instances in this book.
The reader is referred to Tartar [189, Lem. 11.1] and Girault and Raviart
[107, Thm. 2.1, p. 18] for a slightly more general statement and references.

Lemma A.20 (Peetre–Tartar). Let X, Y, Z be three Banach spaces. Let
A ∈ L(X ;Y ) be an injective operator and let T ∈ L(X ;Z) be a compact
operator. Assume that there is c > 0 such that c‖x‖X ≤ ‖A(x)‖Y + ‖T (x)‖Z
for all x ∈ X. Then there is α > 0 such that

α‖x‖X ≤ ‖A(x)‖Y , ∀x ∈ X. (A.6)

Proof. We prove (A.6) by contradiction. Assume that there is a sequence
(xn)n∈N ofX s.t. ‖xn‖X = 1 and ‖A(xn)‖Y converges to zero as n→ ∞. Since
T is compact and the sequence (xn)n∈N is bounded, there is a subsequence
(xnk

)k∈N s.t. (T (xnk
))k∈N is a Cauchy sequence in Z. Owing to the inequality

α‖xnk
− xmk

‖X ≤ ‖A(xnk
)−A(xmk

)‖Y + ‖T (xnk
)− T (xmk

)‖Z ,

(xnk
)k∈N is a Cauchy sequence in X. Let x be its limit, so that ‖x‖X = 1. The

boundedness of A implies A(xnk
) → A(x), and A(x) = 0 since A(xnk

) → 0.
Since A is injective, x = 0, which contradicts ‖x‖X = 1. ⊓⊔

We finish this section with a striking property of compact operators.
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Theorem A.21 (Approximability and compactness). Let V,W be Ba-
nach spaces. If there exists a sequence (Tn)n∈N of operators in L(V ;W ) of
finite rank (i.e., dim(im(Tn)) < ∞ for all n ∈ N) such that limn→∞ ‖T −
Tn‖L(V ;W ) = 0, then T is compact. Conversely, if W is a Hilbert space and
T ∈ L(V ;W ) is a compact operator, then there exists a sequence of operators
in L(V ;W ) of finite rank, (Tn)n∈N, such that limn→∞ ‖T − Tn‖L(V ;W ) = 0.

Proof. See Brezis [48, pp. 157-158]. ⊓⊔

A.5 Interpolation between Banach spaces

Interpolation between Banach spaces is often used to combine known results
to derive new results that could be difficult to obtain directly. An impor-
tant application is the derivation of functional inequalities in fractional-order
Sobolev spaces (see §2.2.2). There are many interpolation methods; see, e.g.,
Bergh and Löfström [18], Tartar [189], and the references therein. For sim-
plicity we focus on the real interpolation K-method; see [18, §3.1] and [189,
Chap. 22].

Let V0 and V1 be two normed vector spaces that are continuously embed-
ded into a common topological vector space V . Then V0+V1 is a normed vec-
tor space with the (canonical) norm ‖v‖V0+V1

:= infv=v0+v1(‖v0‖V0+‖v1‖V1).
Moreover, if V0 and V1 are Banach spaces, then V0+V1 is also a Banach space;
see [18, Lem. 2.3.1]. For all v ∈ V0 + V1 and all t > 0, we define

K(t, v) := inf
v=v0+v1

(‖v0‖V0 + t‖v1‖V1). (A.7)

For all t > 0, v 7→ K(t, v) defines a norm on V0 +V1 that is equivalent to the
canonical norm. One can verify that the function t 7→ K(t, v) is nondecreasing
and concave (and therefore continuous) and that the function t 7→ 1

tK(t, v)
is increasing.

Definition A.22 (Interpolated space). Let θ ∈ (0, 1) and let p ∈ [1,∞].
The interpolated space [V0, V1]θ,p is defined to be the vector space

[V0, V1]θ,p := {v ∈ V0 + V1 | ‖t−θK(t, v)‖Lp(R+;dt
t
) <∞}, (A.8)

where ‖ϕ‖Lp(R+; dt
t
) :=

(∫∞
0 |ϕ(t)|p dt

t

) 1
p for all p ∈ [1,∞) and ‖ϕ‖L∞(R+; dt

t
) :=

sup0<t<∞ |ϕ(t)|. This space is equipped with the norm

‖v‖[V0,V1]θ,p := ‖t−θK(t, v)‖Lp(R+; dt
t
). (A.9)

If V0 and V1 are Banach spaces, so is [V0, V1]θ,p.
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Remark A.23 (Value for θ). Since K(t, v) ≥ min(1, t)‖v‖V0+V1 , the
space [V0, V1]θ,p reduces to {0} if t−θ min(1, t) 6∈ Lp(R+;

dt
t ). In particular,

[V0, V1]θ,p is trivial if θ ∈ {0, 1} and p <∞. ⊓⊔

Remark A.24 (Gagliardo set). The function t 7→ K(t, v) has a simple
geometric interpretation. Introducing the Gagliardo set G(v) := {(x0, x1) ∈
R2 | v = v0 + v1 with ‖v0‖V0 ≤ x0, ‖v1‖V1 ≤ x1}, one can verify that G(v) is
convex and that K(t, v) = infv∈∂G(v)(x0 + tx1), so that the map t 7→ K(t, v)
is one way to explore the boundary of G(v); see [18, p. 39]. ⊓⊔

Remark A.25 (Intersection). The vector space V0 ∩ V1 can be equipped
with the (canonical) norm ‖v‖V0∩V1

:= max(‖v‖V0 , ‖v‖V1). One can verify
that K(t, v) ≤ min(1, t)‖v‖V0∩V1 for all v ∈ V0∩V1, which implies the bound-
edness of the embedding V0 ∩ V1 →֒ [V0, V1]θ,p for all θ ∈ (0, 1) and all
p ∈ [1,∞]. Hence, if V0 ⊂ V1, then V0 →֒ [V0, V1]θ,p. ⊓⊔

Lemma A.26 (Continuous embedding). Let θ ∈ (0, 1) and p, q ∈ [1,∞]
with p ≤ q. Then we have [V0, V1]θ,p →֒ [V0, V1]θ,q.

Theorem A.27 (Riesz–Thorin, interpolation of operators). Let A :
V0 + V1 → W0 +W1 be a linear operator that maps V0 and V1 boundedly to
W0 and W1, respectively. Then for all θ ∈ (0, 1) and all p ∈ [1,∞], A maps
[V0, V1]θ,p boundedly to [W0,W1]θ,p. Moreover, we have

‖A‖L([V0,V1]θ,p;[W0,W1]θ,p) ≤ ‖A‖1−θ
L(V0;W0)

‖A‖θL(V1;W1)
. (A.10)

Proof. See [189, Lem. 22.3]. ⊓⊔

Theorem A.28 (Lions–Peetre, reiteration). Let θ0, θ1 ∈ (0, 1) with
θ0 6= θ1. Assume that [V0, V1]θ0,1 →֒ W0 →֒ [V0, V1]θ0,∞ and [V0, V1]θ1,1 →֒
W1 →֒ [V0, V1]θ1,∞. Then for all θ ∈ (0, 1) and all p ∈ [1,∞], [W0,W1]θ,p =
[V0, V1]η,p with equivalent norms, where η := (1− θ)θ0 + θθ1.

Proof. See Tartar [189, Thm. 26.2]. ⊓⊔

Theorem A.29 (Lions–Peetre, extension). Let V0, V1, F be three Ba-
nach spaces. Let A ∈ L(V0 ∩V1;F ). Then A extends into a linear continuous
map from [V0, V1]θ,1;J to F iff

∃c <∞, ‖A(v)‖F ≤ c‖v‖1−θ
V0

‖v‖θV1
, ∀v ∈ V0 ∩ V1. (A.11)

Proof. See [189, Lem. 25.3]. ⊓⊔

Theorem A.30 (Interpolation of dual spaces). Let θ ∈ (0, 1) and p ∈
[1,∞). Then [V0, V1]

′
θ,p = [V ′

1 , V
′
0 ]1−θ,p′ where p′ := p

p−1 (with the convention

that p′ := ∞ if p = 1).

Proof. See [189, Lem. 41.3] or Bergh and Löfström [18, Thm. 3.7.1]. ⊓⊔
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Differential calculus

This appendix briefly overviews some basic facts of differential calculus con-
cerning Fréchet derivatives and their link to the notions of gradient, Jacobian
matrix, and Hessian matrix.

B.1 Fréchet derivative

Let V,W be Banach spaces and let U be an open set in V. The space C0(U ;W )
consists of those functions f : U →W that are continuous in U.

Definition B.1 (Fréchet derivative). Let f ∈ C0(U ;W ). We say that f is
Fréchet differentiable (or differentiable) at x ∈ U if there is a bounded linear
operator Df(x) ∈ L(V ;W ) such that

lim
h→0

‖f(x+ h)− f(x)−Df(x)(h)‖W
‖h‖V

= 0. (B.1)

The operator Df(x) is called Fréchet derivative of f at x. If the map Df :
U → L(V ;W ) is continuous, we say that f is of class C1 in U , and we write
f ∈ C1(U ;W ).

The above process can be repeated to define D(Df)(x). For an integer
n ≥ 2, let us denote by Mn(V, . . . , V ;W ) the space spanned by the multilin-
ear maps from V× . . .×V (n times) to W. Upon identifying L(V ;L(V ;W ))
with M2(V, V ;W ) and setting D2f(x) := D(Df)(x), we have D2f(x) ∈
M2(V, V ;W ). The n-th Fréchet derivative of f at x is defined recursively as
being the Fréchet derivative of Dn−1f at x for all n ≥ 2, that is,

Dnf(x) ∈ Mn(V, . . . , V︸ ︷︷ ︸
n times

;W ).

If Dnf : U → Mn(V, . . . , V ;W ) is continuous, we write f ∈ Cn(U ;W ).
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Let us restate some elementary properties of the Fréchet derivative (for the
chain rule, the reader is referred, e.g., to Cartan [64, pp. 28-96], Ciarlet and
Raviart [78, p. 227]). For an integer n ≥ 1, Sn denotes the set of permutations
of the integer set {1:n} := {1, . . . , n}.

Lemma B.2 (Leibniz product rule). Let f ∈ Cn(U ;W1), g ∈ Cn(U ;W2),
n ≥ 1, and let b : W1 ×W2 → W3 be a bilinear map, where U is an open
set in V and V, W1, W2 are Banach spaces. The following holds true for all
x ∈ U :

Dnb(f(x), g(x)) =
∑

l∈{0:n}

(
n

l

)
b(Dn−lf(x), Dlg(x)), ∀x ∈ U. (B.2)

Theorem B.3 (Symmetry). Let V, W be Banach spaces. Let n ≥ 2 and
let Sn be the set of the permutations of {1:n}. Let f ∈ Cn(U ;W ) where U is
an open set in V. Then Dnf is symmetric, i.e.,

Dnf(x)(h1, . . . , hn) = Dnf(x)(hσ(1), . . . , hσ(n)), ∀x ∈ U, (B.3)

for all σ ∈ Sn and all h1, . . . , hn ∈ V.

Theorem B.3 with n := 2 is often called Clairaut or Schwarz theorem in the
literature.

Lemma B.4 (Chain rule). Let f ∈ Cn(U ;W1) and g ∈ Cn(W1;W2),
n ≥ 1, where V, W1, W2 are Banach spaces and let U be an open set in V.
Then we have

Dn(g◦f)(x)(h1, . . . , hn) =
∑

σ∈Sn

∑

l∈{1:n}

∑

1≤r1+...+rl=n

1

l!r1! . . . rl!
× (B.4)

Dlg(f(x))(Dr1f(x)(hσ(1), . . . , hσ(s1)), . . . , D
rlf(x)(hσ(sl−1+1), . . . , hσ(n))).

with s0 := 0, s1 := r1, s2 := r1 + r2, . . . , sl−1 := r1 + . . .+ rl−1.

The identity (B.4) is often called Faà di Bruno’s formula in the literature.

Example B.5. For n = 1, (B.4) yields

D(f◦g)(x)(h) = Dg(f(x))(Df(x)(h)),

i.e., D(f ◦ g)(x) = Dg(f(x)) ◦Df(x). ⊓⊔

B.2 Vector and matrix representation

Assume that V = Rd and let {e1, . . . , ed} be the canonical Cartesian basis
of Rd. (We use boldface notation for elements in V ). Let U be an open set
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of Rd. We say that f is differentiable in the direction ei at x ∈ U if there is
an element in W, say ∂if(x) ∈W, such that limt→0 |t|−1(f(x+ tei)− f(x)−
t∂if(x)) = 0. If f is Fréchet differentiable at x, it is differentiable along any
direction ei for i ∈ {1:d} (the converse is not necessarily true), and we have

∂if(x) = Df(x)(ei). (B.5)

More generally, let α := (α1, . . . , αd) ∈ Nd be a multi-index. The number
|α| := α1 + . . .+αd is called the length of α. For all f ∈ Cn(U ;W ) and every
multi-index α s.t. |α| = n, we write

∂αf(x) := ∂1 . . . ∂1︸ ︷︷ ︸
α1 times

. . . ∂d . . . ∂d︸ ︷︷ ︸
αd times

f(x) = Dnf(x)(e1, . . . , e1︸ ︷︷ ︸
α1 times

, . . . , ed, . . . , ed︸ ︷︷ ︸
αd times

),

(B.6)
and the order of the partial derivatives is irrelevant owing to Theorem B.3.

Let us finally assume that W is also finite-dimensional, e.g., W := Rm or
W := Cm. For m = 1, we adopt the convention that the gradient of f at x,
say ∇f(x), is the column vector with components

(∇f(x))i := ∂if(x), ∀i ∈ {1:d}. (B.7)

Identifying h with a column vector in Rd, the action of Df(x) is such that
the following identities hold true for all h =

∑
i∈{1:d} hiei ∈ Rd:

Df(x)(h) =
∑

i∈{1:d}
∂if(x)hi = (∇f(x),h)ℓ2(Rd), (B.8)

where (·, ·)ℓ2(Rd) denotes the Euclidean product in Rd. Assuming that m ≥ 2,
consider a basis of Rm and define the m×d Jacobian matrix of f at x, say
Jf (x), by its entries

(Jf(x))ij := ∂jfi(x), ∀i, j ∈ {1:d}, (B.9)

where fi is the i-th component of f in the chosen basis. Then we have

Df(x)(h) = Jf(x)h, ∀h ∈ Rd. (B.10)

Note that when m = 1, Jf (x) is the transpose of the gradient of f at x,
i.e., Jf (x) = (∇f(x))T. For a scalar-valued function f , one can introduce the
(symmetric) d×d Hessian matrix at x, say Hf (x), with entries

(Hf )ij := ∂ijf(x), ∀i, j ∈ {1:d}, (B.11)

leading to the following representation:

D2f(x)(h1,h2) = h
T

1Hf (x)h2 = hT

2Hf (x)h1, ∀h1,h2 ∈ Rd. (B.12)
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[81] B. Cockburn, G. Kanschat, and D. Schötzau. A note on discontinuous Galerkin divergence-
free solutions of the Navier-Stokes equations. J. Sci. Comput., 31(1-2):61–73, 2007. pages
269

[82] M. Costabel and M. Dauge. Crack singularities for general elliptic systems. Math. Nachr.,
235:29–49, 2002. pages 27

[83] M. Costabel and A. McIntosh. On Bogovskĭı and regularized Poincaré integral operators
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[94] P. Erdős. Problems and results on the theory of interpolation. II. Acta Math. Acad. Sci.
Hungar., 12:235–244, 1961. pages 64

[95] K. Eriksson and C. Johnson. Adaptive finite element methods for parabolic problems. II.
Optimal error estimates in L∞L2 and L∞L∞. SIAM J. Numer. Anal., 32(3):706–740,
1995. pages 277

[96] A. Ern and J.-L. Guermond. Mollification in strongly Lipschitz domains with application
to continuous and discrete de Rham complexes. Comput. Methods Appl. Math., 16(1):
51–75, 2016. pages 42, 279, 280, 290



References 307

[97] A. Ern and J.-L. Guermond. Finite element quasi-interpolation and best approximation.
ESAIM Math. Model. Numer. Anal., 51(4):1367–1385, 2017. pages 32, 139, 271, 273, 274
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[114] J. S. Hesthaven. From electrostatics to almost optimal nodal sets for polynomial interpo-
lation in a simplex. SIAM J. Numer. Anal., 35(2):655–676, 1998. pages 64

[115] J. S. Hesthaven, S. Gottlieb, and D. Gottlieb. Spectral methods for time-dependent prob-
lems, volume 21 of Cambridge Monographs on Applied and Computational Mathematics.
Cambridge University Press, Cambridge, UK, 2007. pages 64

[116] N. Heuer. On the equivalence of fractional-order Sobolev semi-norms. J. Math. Anal.
Appl., 417(2):505–518, 2014. pages 32

[117] R. Hiptmair. Canonical construction of finite elements. Math. Comp., 68(228):1325–1346,
1999. pages 161, 175

[118] S. Hofmann, M. Mitrea, and M. Taylor. Geometric and transformational properties of
Lipschitz domains, Semmes-Kenig-Toro domains, and other classes of finite perimeter
domains. J. Geom. Anal., 17(4):593–647, 2007. pages 279, 280

[119] R. H. W. Hoppe and B. Wohlmuth. Element-oriented and edge-oriented local error esti-
mators for nonconforming finite element methods. RAIRO Modél. Math. Anal. Numér.,
30(2):237–263, 1996. pages 269
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ican Journal of Mathematics, 12(3):211–294, 1890. pages 33, 34

[159] H. Poincaré. Sur les équations de la physique mathématique. Rendiconti del Circolo
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