Part 11, Chapter 7

Simplicial finite elements

This chapter deals with finite elements (K, P, X) where K is a triangle in
R?, a tetrahedron in R3, and more generally a simplex in R%, d > 2. The
degrees of freedom (dofs) X are either nodal values in K or integrals over
the faces or the edges of K, and P is the space Py, 4 composed of multivari-
ate polynomials of total degree at most & > 0. We focus our attention on
scalar-valued finite elements. The results extend to the vector-valued case by
reasoning componentwise.

7.1 Simplices

Definition 7.1 (Simplex, vertices, normal). Let d > 1. Let {z;}icq0.a)
be a set of points in R? such that the vectors {z1 — zq,...,2q — 20} are
linearly independent. The convex hull of these points is called simplex in R?,
say K = conv({zi}icio.ay). By definition, K is a closed set. The points
{Zi}ie{o:d} are called vertices of K. The outward unit normal vector on 0K
1s denoted by n.

Example 7.2 (d € {1,2,3}). A simplex is a compact interval if d = 1, a
triangle if d = 2, and a tetrahedron if d = 3 (see Figure 5.2). O

Example 7.3 (Unit simplex). The unit simplex in R? is the set {x €
R0 < a; <1,Vi € {1:d}, Zie{o:d} x; < 1}. This corresponds to setting
2o := 0 and z; — zo := e; for all i € {1:d}, where {€;};c(1.4; is the canonical
Cartesian basis of R%. The unit simplex has volume %. O

Definition 7.4 (Faces, edges). The convex hull of the set {zo, ..., zq}\{z:}
is denoted by F; for all i € {0:d} and is called the face of K opposite to the
vertex z;. For all 1 € {0:d—1}, an l-face of K is the convex hull of a subset
of {zi}icgo:ay of cardinality (I + 1) (i.e., usual faces are (d — 1)-faces). By
definition, l-faces are closed sets and are subsets of an affine subspace of R¢
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of codimension (d—1). The 0-faces of K are the vertices of K. The 1-faces of
K are called edges. In dimension d = 2, the notions of edge and face coincide.
In dimension d = 1, the notions of vertex, edge, and face coincide.

Example 7.5 (Number of faces and edges). The number of [-faces in a
simplex in R? is equal to (d+1), e.g., there are (d + 1) faces and vertices, and

I4+1
for d > 2, there are @ edges. O

Remark 7.6 (Geometric identities). Let ng|p, be the value of nx on
F; for all i € {0:d}. Then {ng|r,}tic(1:q} is a basis of R Let cp, be the
barycenter of Fj, cx that of K, and I; the identity matrix in R?*?. We have

> |Filnkr =0, > |Filnkr ® (er —cx) = Ko (7.1)
1€{0:d} 1€{0:d}
See Exercise 7.2. These identities hold true for any polyhedron in R?. a

7.2 Barycentric coordinates, geometric mappings

Let K be a simplex in R? with vertices {zi}icfo:qy- For all x € R? and all
i € {1:d}, we denote by A;(x) the components of the vector  — zo in the
basis (z1 — 20,..., 24 — 20), 1.€.,

T—zo= Y N®@)(z— 20). (7.2)

ie{l:d}

Differentiating (7.2) twice, we infer that 3=, (. sy D*Xi(2)(h1, h2)(2i —20) =
0 for all by, hy € R%. The vectors {z; — 20}ie{1:a} being linearly independent,
this implies that D?\;(x)(h1,h2) = ... = D*\4(z)(h1, ha) = 0. Hence, \;
is an affine function of @, i.e., there exist v; € R and g; € R? such that
\i(x) = v; + gi-x for all x € R?, where a-b denotes the inner product in R,
Note that DJ; is independent of @ and DA;(h) = g;-h for all h € R4 In
other words, we have V)\; = g;.

To allow all the vertices of K to play a symmetric role, we introduce the
additional function Ao(@) :=1—= 3,1, 55 Ai(2). Then we have

Z Ai(x) =1 and T = Z Ai(x)zi, (7.3)

1€{0:d} i€{0:d}

for all z € R%. A consequence of the above definitions is that \;(z;) = &;;
for all 4,5 € {0:d}. This implies that the functions {A;};cq0.q} are linearly
independent: if the linear combination {0:d} BiXi(x) vanishes identically,
evaluating it at the vertex z; yields §; = 0 for all j € {0:d}. Moreover, since
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K is the convex hull of {2;};c0.4}, we infer that 0 < \j(z) < 1forallz € K
and all ¢ € {0:d}.

Definition 7.7 (Barycentric coordinates). The functions {\i}ic(o.qy are
called barycentric coordinates in K.

It is shown below that the barycentric coordinates are also the shape functions
of the Py ¢ Lagrange finite element.

Example 7.8 (Unit simplex). Since & = > (.4 i€, (7.2) shows
that the barycentric coordinates in the unit simplex of R? are \g(x) :=
1=> ieq.aqy @i and Ai(x) := z; for all i € {1:d}. O

The following construction plays an important role in the rest of the book.
Let 5 := conv({z,}Je{o 1) be the unit simplex in R’ with barycentric coor-

dinates {/\]}Je{():l} (see Example 7.8).

Proposition 7.9 (Geometric mapping). Let K be a simplex in R?, let
I € {1:d}, and let o : {0:1} — {0:d} be an injective map, i.e., o chooses
(I + 1) distinct integers in {0:d}. Let S := conv({2,(j) }jefo:13) be an I-face
of K or K itself if | = d. Let Ty : St RY be the geometric mapping s.1.
Ts(z) = 276{0 l})‘ (Z)z4(;) for all T € Sl Then S = Ts(SY), and the
mapping Ts is a smooth dzﬁeomorphzsm

Proof. We first notice that Ts(2;) = z,(; for all j € {0:1} and that Ts is an
affine mapping since Ts(Z) = z;, + Zje{l:l} T(20(j) — Zip)- Let {05} jeq0:1
be any nonnegative numbers s.t. Zje{o:l} 0; = 1. We have

S Oizegy = Y. 0,Ts(2) = (ZM)

je{0:1} je{0:1} je{0:1}

Since S = conv({z,(j)}je{0:1}) and Sl = conv({Z;};eco0.13), this proves that
S = T5(§l) Moreover, the mapping Ts is of class C'° since it is linear.

We now show that the linear mapping DT : R! — Rl is invertible by ver-
ifying the 1nJect1V1ty Let h € R! be such that DTS(h) = 0. Writing h =

2]6{1 I} hi i(Zj—Zo) and since DTs(Z;—2y) = Ts(2;)—Ts(Z0) = Zo(j) 2o (0)
we infer that 0 = Zje{l:l} hj( #(j) — Zo(0)); implying that h = 0. O

Fig. 7.1 Geometric mapping Ts (d = 3, 2

I = 2). The face S of K is highlighted in \_T%

gray, and the vertices of both 52 and S
are indicated by bullets.
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7.3 The polynomial space P} 4

The real vector space Py 4 is composed of d-variate polynomial functions
p: RY = R of total degree at most k. Thus, we have

Pia:=span{zi" ...25%, 0<aq,...,aq <k, a1 +...+aqg <k}. (7.4)

The importance of the polynomial space Py 4 is rooted in the fact that the
Taylor expansion of order k of any d-variate function belongs to P;, 4. Another
important fact is that for every smooth function v : R — R,

[vEPLy] = [D"'o(x) =0, Vo € R?]. (7.5)
The vector space Py, g has dimension (see Exercise 7.4)

k+1 ifd=1,
k+d
dim]Pk,dz( ; ): 2(k+1)(k+2) if d =2, (7.6)
Lk+1)(k+2)(k+3) ifd=3.

We omit the subscript d and write P, when the context is unambiguous.

An element « := (g, ..., aq) of N? is called multi-index, and its length is
defined as |a| := a1 + ... + aq. We define the multi-index set Ay 4 1= {o €
N¢ | |a| < k}. Note that card(Ay,q) = dim(Pyq) = (*}?). Any polynomial
function p € Py 4 can be written in the form

p(x) = Z agz®, with % :=a7" ... 25" and aq € R. (7.7)
OCE.A;C’d

Let H be an affine subspace in R? of dimension I € {1:d—1}. Given a
polynomial p € Py, 4, the following result gives a characterization of the trace
of p on H which will be used repeatedly in the book.

Lemma 7.10 (Trace space). Let H be an affine subspace in R of dimen-
sion | € {1:d—1}. Then pjg o Ty € Py for all p € Py q and every affine
bijective mapping Ty : RY — H. Moreover, qo Ty € Py q for all ¢ € Py, and
every affine mapping Ty : R — RE.

Proof. We observe that Dk+1(p‘H oTy)(y) = 0 for all y € R! by using the
chain rule and the fact that Ty is affine. Then we apply (7.5). The second
statement is proved similarly. O

7.4 Lagrange (nodal) finite elements

We begin with a simple example where we set k := 1; see Table 7.1.
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Proposition 7.11 (Simplicial Lagrange, k := 1). Let K be a simplex in
R? with vertices {zi}icqo:ay. Let P =Py q. Let ¥ := {0i}icq0.ay be the linear
forms on P such that o;(p) := p(z;) for all i € {0:d}. Then (K,P,X) is a
Lagrange finite element and the shape functions are 0; :== ;.

Proof. Let p € P. We use (7.2), ie., * — 20 = D ,cqq1.4y Mi(®)(2i — 20), that
p is affine, the linearity of Dp, and the first identity in (7.3) to infer that

p(x) = p(z0) + Dp(x — 20) = p(z0) + Z Xi(z)Dp(z; — z0)
ie{l:d}

= > (M@)(p(20) + Dp(zi — 20))) = > Xi@)p(zi),

i€{0:d} i€{0:d}

for all & € R?. Now we use Remark 5.3. We have dim P = d + 1 = card %,
and the above identity shows that any polynomial in P vanishing at the
(d+1) vertices of K vanishes identically. Hence, (K, P, X) is a finite element.
Finally, owing to the above identity applied with p := 6;, we have 0;(x) =
Yic(o:ay 2i(@)0;(2i) = e (0. Ni(@)di; = Aj() for all @ € K. This proves
that 6; = \A; for all j € {0:d}. 0

We now extend the above construction to any polynomial order k£ > 1
using equidistributed nodes in the simplex K. Other choices are discussed in
Remark 7.14.

Proposition 7.12 (Simplicial Lagrange). Let K be a simplex in R?. Let
k>1, P:=Pra4 and Apq := {a € N? | |a| < k}. Set ng, == (kgd) and
consider the set of nodes {@ataca, 5. @a — 20 = D ;c1.0y T (2 — 20).
Let X := {0a}aca,., be the linear forms on P s.t. 04(p) := p(ay) for all
o € Apg. Then (K, P, X)) is a Lagrange finite element.

Proof. We use Remark 5.3. Since card X' = card Ay ¢ = (k;d) = dim Py, 4, we
need to prove the following property which we call [Py 4]: Any polynomial
p € Py q vanishing at all the Lagrange nodes {aq}aca4, , of any simplex in
R? vanishes identically. Property [Py 1] holds true for all k& > 1 owing to
Proposition 6.8. Assume now that d > 2 and that [Py 4—1] holds true for
all & > 1 and let us prove that [Py 4] holds true for all & > 1. Assume
that p € Py q vanishes at all the Lagrange nodes of a simplex K. Let Fp
be the face of K opposite to the vertex zy and consider an affine bijective
mapping Ty, : RY™! — Hy, where Hy is the affine hyperplane supporting Fp.
Then pg := po Ty, is in Py 4—1 owing to Lemma 7.10, and by assumption,
pO(TF}O1 (an)) = play) = 0 for all a, € Fy. Moreover, a, € Fy iff |a| = k. Let
us set 8 = (k— |8l B1,--.,Ba=1) for all B € Ay 4-1, so that B e Ap.q and
|B| = k. Setting by := Tgol (ag) for all B € Ay 41, we obtain all the Lagrange
nodes of the simplex Tf}ol(F) in R4~1. Since po(bg) = plag) = 0 for all
B € Ay, q—1, we infer owing to [Py q—1] that po = 0. Since T}y, is bijective, we
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obtain p| g, = 0. Denoting by A¢ € 1 4 the barycentric coordinate associated
with zg, this implies that thereis ¢ € Pi_1.45.t. p = Aoq (see Exercise 7.4(iv)).
Let us prove by induction on k that ¢ = 0. For k = 1, we have already proved
[P1.4] in Proposition 7.11. Let us now assume that [Pr_1 4] holds true for
k > 2. Since k > 2, ¢ vanishes at all the Lagrange nodes a,, s.t. |a| < k (since
Xo(aq) # 0 at these nodes), i.e., |a] < k — 1. Hence, ¢ vanishes at all the
Lagrange nodes aq, o € Aji_1 4. Since these nodes belong again to a simplex,
[Pr—1,4] implies ¢ = 0. |

We have established the following result in the proof of Proposition 7.12.

Lemma 7.13 (Face unisolvence). Let F be one of the (d+ 1) faces of the
simplex K C R%. Let N be the collection of the indices of the Lagrange nodes
on F. The following holds true for allp € Py 4:

[0j(p) =0, Vj € Nr] < [pr=0]. (7.8)
Py Po P3
i Xi(2); — 1) NGB - DB —2)
AN, BN -2
27X\ Ag

Table 7.1 Two- and three-dimensional P1, Po, and P3 Lagrange elements. Visible degrees
of freedom are shown in black, hidden degrees of freedom are in white, and hidden edges are
represented with dashed lines. The shape functions are expressed in terms of the barycentric
coordinates. The first, second, and third lines list shape functions associated with the
vertices (i € {0:d}), the edges (¢, € {0:d}, ¢ < j), and the faces (¢, 4,k € {0:d}, i < j < k).

Table 7.1 presents examples of node locations and shape functions for
k € {1,2,3} in dimension d € {2,3}. The bullets conventionally indicate the
location of the nodes; see Exercise 7.5 for some properties of these nodes.
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Possible choices for the domain of the interpolation operator are V(K) :=
CYUK) or V(K) := WP(K) with p € [1,00] and sp > d (or s > d if p = 1);
see §5.4.1.

Remark 7.14 (High-order). Other sets of Lagrange nodes can be used.
For instance, the Fekete points from §6.3.5 can be extended to simplices,
although finding Fekete points on simplices for high polynomial degrees is a
difficult problem. We refer the reader to Chen and Babuska [66] and Taylor
et al. [190] for results on triangles with degrees up to k = 13 and k = 19,
respectively; see also Canuto et al. [58, p. 112]. A comparison of various nodal
sets on triangles and tetrahedra can be found in Blyth et al. [26]. O

Remark 7.15 (Modal and hybrid simplicial elements). A hierarchi-
cal basis of Py 4 can be built by combining a hierarchical univariate basis
of Py,1 with the barycentric coordinates; see Ainsworth and Coyle [6] and
Exercise 7.6. One can also introduce a nonlinear transformation mapping the
simplex to a cuboid and use tensor products of one-dimensional basis func-
tions in the cuboid; see Proriol [162], Dubiner [91], Owens [154], Karniadakis
and Sherwin [123, §3.2]. Another possibility is to use Bernstein polynomi-
als, i.e., the basis {(z)tm(l — )P ™} eqo:py if d = 1; see Ainsworth et al.
[7], Kirby [125] for scalar-valued polynomials and Kirby [126] for the exten-
sion to the de Rham complex (see also §16.3). O

PRl ]P]Rz ]P)]RS

s e et

Table 7.2 Nodes for prismatic Lagrange finite elements of degree 1, 2, and 3. The bullets
indicate the location of the nodes. Only visible nodes are shown.

Remark 7.16 (Prismatic Lagrange elements). Let d > 3 and set a’ :=
(z1,...,24-1) for all z € R% Let K’ be a simplex in R~ and [z, 2] be
an interval with 2z, < zJ. Theset K :=={z € R? |2’ € K', zq € [2;,2;]} is
called prism in R%. Let k > 1 and let PRy, := span{p(z) = p1(2') p2(zq) | p1 €
Pk.a—1, p2 € Py 1}. Examples of prismatic Lagrange elements based on K and
PR;, with equidistributed nodes are shown in Table 7.2 for k € {1,2,3}. O
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7.5 Crouzeix—Raviart finite element

The Crouzeix-Raviart finite element is based on the polynomial space Py 4.
It has been introduced in [86] to approximate the Stokes equations. Let K be
a simplex in R? with vertices {zi}ic{o:a}- Recall that the face of K opposite
to z; is denoted by F;.

Proposition 7.17 (Finite element). Let K be a simplex in RY, set P :=
P1.4, and define the following dofs on P:

1
o) =

= pds, Vi € {0:d}. (7.9)
\F3| Jr,

Set X :={0{"}ic(o:ay- Then (K, P, X) is a finite element.

Proof. Since card ¥ = dim P = d + 1, it suffices to verify that any polyno-
mial p in P satisfying o7%(p) = ﬁ Jp, pds = 0 for all i € {0:d} vanishes
identically. Since p € P; 4, we have p = E‘je{o:d} p(z5)Aj, where {\;}ieq0:a)
are the barycentric coordinates in K. Owing to Exercise 7.3(iii), we infer
that 0£(p) = Xyc 0.0y D)7 0) = 1 3, p(25) since o€ () = 0 and
o™(\j) = 1| F;| for all j # i. Hence, >z P(%;) = 0 for all i € {0:d}. This
implies that 0 = > ., p(2;) — >_;. P(2;) = p(zi) — p(zi) for every pair
(i,i") such that ¢ # ¢’. Hence, p takes a constant value at all the vertices of
K, and this value must be zero since, say, >, p(z;) = 0. O

Using the barycentric coordinates {\;};cf0:qy in K, one can verify that
the shape functions are 05" (x) := 1 — d\;(x) for all i € {0:d} and all x € K.
Note that 7. =1 and 09" (z;) = 1 — d. The Crouzeix—Raviart interpolation
operator acts as follows:

0@ = ¥ ote = ¥ (g [ eds)er@, @0

i€{0:d} i€{0:d}

for all z € K. A possible choice for the domain of Z¢* is V(K) := WH1(K)
since the trace theorem (Theorem 3.10) applied with p := 1 implies that any
function in W11 (K) has a trace in L'(9K). The two- and three-dimensional
Crouzeix—Raviart elements are shown in Table 7.3.

Remark 7.18 (Definition as a Lagrange element). The mean-value
over a face of a polynomial in P; 4 is equal to the value this polynomial
takes at the barycenter of the face. Another possible choice for the dofs is
therefore to take the values at the barycenter of all the faces. The resulting
finite element is a Lagrange finite element (see Definition 5.11), and W (K)
is no longer a legitimate domain for the interpolation operator. One possible
choice is the smaller space V(K) := C°(K). O
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Table 7.3 Py Crouzeix—Raviart elements in di-
mensions two and three. Visible degrees of free-
dom are shown in black, hidden degrees of free-
dom are in white, and hidden edges are repre-
sented with dashed lines. The shape functions are
expressed in terms of the barycentric coordinates.

1—-2)\ 1—3X\;

7.6 Canonical hybrid finite element

We now present a finite element based on the polynomial space Py 4 whose
dofs combine values at the vertices of the simplex K with integrals over the
I-faces of K for | > 1 (hence the name hybrid). It is a useful alternative to
Lagrange elements that has interesting commuting properties, which will be
invoked in §16.3 in the context of the discrete de Rham complex (hence the
name canonical).

Let K be a tetrahedron in R3. Let Vi, Ex, and Fx be thAe collections of
the vertices, edges, and faces of K, respectively. Let T : S ! - FE for all
E € &k, and Tp : S? — F for all F' € Fk, be affine bijective mappings
(see Proposition 7.9), where S' and S? are the unit simplices in R and R?.
Let £ > 1 be the polynomial degree. The canonical hybrid finite element
involves vertex dofs, edge dofs if k& > 2, surface (or face) dofs if k¥ > 3, and
volume (or cell) dofs if k& > 4. We consider the following dofs:

o.(p) == p(2), z € Vg, (7.11a)

1 - e
0pm(D) = 3] /E(,umoTEl)pdl, Ecék, me{ling}, (7.11b)

1 X
O'i—"m(p) = m /F(Cmngl)pds, FeFg, me {lznih}, (7.11c¢)

1
Om(p) = —/ VYmpdz, m € {1:ng,}, (7.11d)
K| Jx
where {Hm}me{l:ngh} is a basis of Pr_o1 with ng, = (kil) if & > 2,
{Gnlmeqiint y is a basis of Pr_go with nt, = (*;") if k > 3, and

{d’m}me{lcngh} is a basis of Py_4,3 with ng, = (kgl) if K > 4. The above con-
struction is possible in any dimension. If d = 2 for instance, the vertex dofs
are defined in (7.11a), the edge (face) ones in (7.11b) if k¥ > 2, and the cell
ones in (7.11d), where {tm }inef1:ne ) i a basis of Px_3,» with ng, = (kgl)
if k> 3.
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Proposition 7.19 (Canonical hybrid finite element). Let k > 1. Let
K be a simpler in R?, let P := Py 4, and let X := {o;}icn be the collection
of all the dofs defined in (7.11). Then (K, P, X)) is a finite element.

Proof. We use Remark 5.3. Since we use polynomials in Py_;—1; to define

the dofs of the I[-faces, and the number of [-faces is (ﬁrll) = (Cflﬂ) (see Ex-

ample 7.5), the total number of dofs for all the I-faces is (kjl) (‘;ﬂ) Vander-
monde’s convolution identity implies that

e 2 ()4 (1) o

j€{0:d}

It remains to prove that if p € Py 4 is such that o;(p) = 0 for all i € NV, then
p vanishes identically. First, p vanishes at all the vertices of K. If k = 1, this
concludes the proof. If k£ > 2, fix an edge E of K. Since p o Ty vanishes at
the two endpoints of E, p o Tp = AgA1gq, where Ao, A1 € [P1; are the local
barycentric coordinates over ST and q € Pr_21. Since the dofs of p attached
to E vanish, we infer that f§1 AoA1g? dl = 0, which implies that ¢ = 0. Hence,
p is identically zero on all edges of K. If k£ = 2, this completes the proof since
all the Lagrange nodes for k = 2 are located at the edges of K. If & > 3, we
proceed similarly by fixing a face F' of K and showing that p is identically zero
on all faces of K. If k = 3, this completes the proof since all the Lagrange
nodes for k = 3 are located at the faces of K. For k > 4, we finally infer
that p = Ao ... Aagx where {\;}icto:4y are the barycentric coordinates of K
and gx € Pr_4 4. Since the dofs of p attached to K vanish, we infer that
Jx Ao -+ Aagi dz = 0, which implies that ¢x = 0, i.e., p = 0. 0

The shape functions associated with the vertices, the edges, the faces, and
K are denoted by {§Z}ZGVK7 {ﬂEym}EESK,mE{lzn:h}a {CF-,m}Fe]:K,me{l:nih}a
and {J’m}me{l:ngh}a respectively. All these functions are in Py 4 and form
a basis thereof. Recalling Proposition 5.5 the shape functions are computed
by inverting the generalized Vandermonde matrix ) after choosing a basis of
Py, 4. A basis of P, ¢ with a structure close to that of the above shape functions
can be found in Fuentes et al. [103, §7.1]. The proposed basis can be organized
into functions attached to the vertices of K, the edges of K, the faces of K,
and to K itself, and the associated generalized Vandermonde matrix V is
block-triangular. The interpolation operator has domain V(K) := CY(K) (or
V(K) :== W*P(K) with sp > d, p € [1,00] or s > d, p = 1) and it acts as
follows:

Th()(@) = Y oi(wé@) + Y. Y ohn(0)ism@)

z€VK Ee€fx me{l:n8 }

+ 3 Y e @aa@ Y 0% () ().

FeFx me{1:nf} me{l:nS }
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Remark 7.20 (Dofs). The interpolation operator Z%. is independent of the
bases {/LM}me{lzn?h}a {Cm}me{lznih}v and {UJTTL}mE{l:n;’h} (thiS follows from

Exercise 5.2). Tt is also independent of the choice of the mappings T and
Tr. Let for instance Tr and TF be two geometric mappings associated with
the face F. Then Ty' o Tr is affine and bijective from R? to R2. Hence,
Cm o (Tp' o Tr) € Pyo for all m € {1:nf,}, so that ¢y, o (T o Tr) =
Zne{lzngh} SmnCp for some real numbers S, i.€.,

CmOTF_l = Z Smn(<noTF_1)

ne{l:nf}

Since the mappings Tr and T are bijective, the matrix S € RMn XM i
invertible, and we use again Exercise 5.2 to conclude. a

Exercises

Exercise 7.1 (Lagrange interpolation). Let Zx be the P; Lagrange in-
terpolation operator on a simplex K. Prove that || Zx (v)|lcox) < |[v]lcok)
for all v € C°(K). (Hint: use the convexity of K and recall that K is closed.)
Does this property hold true for Py Lagrange elements?

Exercise 7.2 (Geometric identities). Prove the statements in Remark 7.6.
(Hint: use the divergence theorem to prove (7.1).)

Exercise 7.3 (Barycentric coordinates). Let K be a simplex in R?. (i)
Prove that A;(x) = 1—%71;(‘3-@—@) forallz € K and all i € {0:d}, and

that VA; = —ﬂnK‘Fi. (ii) For all x € K, let K;(x) be the simplex obtained

[K]
by joining @ to the d vertices z; with j # ¢. Show that \;(x) = % (iii)

Prove that [, \i dz = 22| K| for all i € {0:d}, and that fFj Aids = 1|F}| for
all j € {0:d} with j # i, and fFi Aids = 0. (Hint: consider an affine mapping
from K to the unit simplex.) (iv) Prove that if h € R? satisfies DA;(h) = 0
for all ¢ € {1:d}, then h = 0.

Exercise 7.4 (Space Py 4). (i) Give a basis for Py 4 for d € {1,2,3}. (ii)
Show that any polynomial p € Py, 4 can be written in the form p(x1,...,z4) =
r(z1,. .., xa—1) + zaq(z1, ..., xq), with unique polynomials r € Py q_1 and
q € Py_1 4. (iii) Determine the dimension of Py 4. (Hint: by induction on d.)
(iv) Let K be a simplex in R?. Let Fyy be the face of K opposite to the vertex
zo. Prove that if p € Py g satisfies pjp, = 0, then there is ¢ € P14 s.t.
p = Aog. (Hint: write the Taylor expansion of p at z; and use (7.2) with z4
playing the role of zy.) (v) Prove that {)\go . /\gd | Bo+ ...+ Pa=k}isa
basis of Py, 4.
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Exercise 7.5 (Nodes of simplicial Lagrange FE). Let K be a simplex
in RY, and consider the set of nodes {a;};cn~ With barycentric coordinates
(f,..., %), Vig,...,iq € {0:k} with ig + ... +iq = k. (i) Prove that the
number of nodes located on any one-dimensional edge of K is (k+ 1) in any
dimension d > 2. (ii) Prove that the number of nodes located on any (d — 1)-
dimensional face of K is the dimension of Py 4—;. (iii) Prove that if k£ < d,

all the nodes are located on the boundary of K.

Exercise 7.6 (Hierarchical basis). Let £ > 1 and let {6p,...,0;} be a
hierarchical basis of Py 1. Let {\o,..., ¢} be a basis of Py 4 and assume
that \; : R? — R is surjective for all i € {0:d} (i.e., \; is not constant).
(i) Show that the functions (mapping R? to R) {0o()\i),...,0(\;)} are lin-
early independent for all ¢ € {0:d}. (Hint: consider a linear combination
Zle{o:k} a10;(\;) € Py q and prove that the polynomial Zle{o:k} a0 € Pr 1
vanishes at (k+ 1) distinct points.) (ii) Show that the functions (mapping R?
to R) from the set Sk 4 := {0o, (M) ... 0a,(Na) | (a1,...cq) € N |a] < k}
are linearly independent. (Hint: by induction on d.) (iii) Show that (Sk.q4)k>0
is a hierarchical polynomial basis, i.e., Sk.q C Sk41,4 and Sk, q is basis of P, 4.
(Note: the (d + 1) vertices of K do not play here the same role.)

Exercise 7.7 (Cubic Hermite triangle). Let K be a triangle with vertices
{z0, 21, 22}. Set X 1= {p(2i), 0x, 0(2i), 02, 0(2i) Yo<i<2 U {p(ak)}, where ax
is a point inside K. Show that (K,P32,X) is a finite element. (Hint: show
that any p € P3 » for which all the dofs vanish is identically zero on the three
edges of K and infer that p = cA\gA1 A2 for some ¢ € R.)

Exercise 7.8 (P; 4 canonical hybrid FE). Compute the shape functions
of the Py 4 canonical hybrid finite element for the unit simplex for d = 1 and
d = 2 (provide an expression using the Cartesian coordinates and another
one using the barycentric coordinates).

Exercise 7.9 (P42 Lagrange). Using the Lagrange nodes defined as in
Proposition 7.11, give the expression of the P4 o Lagrange shape functions
in terms of the barycentric coordinates.

Exercise 7.10 (Quadratic Crouzeix—Raviart). Let K be the unit sim-
plex. Let a € (0,1). Let g1 := (,0), g2 := (1 — ,0), g3 := (1 — o, @), g4 :=
(a,1—0), g5 :== (0,1—a), g6 := (0, ). (i) Compute \o(g;)?+A1(g;)*+A2(g;)?
for all 7 € {1:6}, where Ao, A\1, A2 are the barycentric coordinates of K.
(i) Let 0; € L(P22;R) be defined by o;(p) := p(g;) for all p € Py, and
J € {1:6}. Let X := {0,};eq1:6}- Is the triple (K, P22, Y) a finite element?
(iii) Let F;, i € {0:2}, be one of the three faces of K. Let Ty, : [-1,1] — F;
be one of the two affine mappings that realize a bijection between [—1,1]
and F;. Let {qo,q1} be a basis of Py 1. Let waoirr, € L(Pa2;R), i € {0:2},
k € {0:1}, be defined by wa; 11 (p) = ﬁ fFi(koTEil)pdS for all p € Pa .
Let X' := {w,}je{0:5}- Is the triple (K, P32, Y) a finite element? (Hint: con-
sider the points T, (&x), i € {0:2}, k € {0:1}, where &y, & are the two nodes
of the Gauss—Legendre quadrature of order 3, then use Step (ii).)



