Part 111, Chapter 15

H (curl) finite elements

The goal of this chapter is to construct R%-valued finite elements (K, P, Y)
with d € {2,3} such that (i) Pyq C P for some & > 0 and (ii) the de-
grees of freedom (dofs) in X fully determine the tangential components of
the polynomials in P on all the faces of K. The first requirement is key for
proving convergence rates on the interpolation error. The second one is key
for constructing H (curl)-conforming finite element spaces (see Chapter 19).
The finite elements introduced in this chapter are used, e.g., in Chapter 43
to approximate (simplified forms of) Maxwell’s equations which constitute
a fundamental model in electromagnetism. The focus here is on defining a
reference element and generating finite elements on the mesh cells. The in-
terpolation error analysis is done in Chapters 16 and 17. We detail the con-
struction for the simplicial Nédélec finite elements of the first kind. Some
alternative elements are outlined at the end of the chapter.

15.1 The lowest-order case

Let us consider the lowest-order Nédélec finite element. Let d € {2,3} be the
space dimension, and define the polynomial space

No.a :=Poa ®S1,4, (15.1)

where 8y 4 := {q € P, | q(z)-x = 0}, i,

0 T3 —x
S1,2 := span { ( 2 )}, S1,3 := span { ( —x3 ), ( 0 ), ( 10? ) } . (15.2)
) —I1
The sum in (15.1) is indeed direct, so that dim(Ny4) = @ = d (ie.,
d=3ifd=2and d =6 if d = 3). Note that d’ is the number of edges of
a simplex in R?. The space Ny 4 has several interesting properties. (a) One
has Py 4 C Ng g4 in agreement with the first requirement stated above. (b)
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The gradient of v € Ny 4 is skew-symmetric. Indeed, only the component
q € S 4 contributes to the gradient, and the identity 0,.,(q(x)-x) = 0,
i # g, yields 0,q; + 0j¢; = 0. (c¢) If v € Ny 4 is curl-free, then v is constant.
Indeed, v being curl-free means that Vv is symmetric, which implies Vo = 0
owing to (b). (d) The tangential component of v € Ny 4 along an affine line
in R? is constant along that line. Let indeed @,y be two distinct points
on the line, say L, with tangent vector t;. Then there is A € R such that
tr, = Mx —y) and since v = r + g with r € Py 4 and q € S; 4, we infer that
v(x)ty —v(y)tr = (q(x) — q(y))tr = A\q(x —y)-(x —y) = 0.

Let K be a simplex in R? and let Ex collect the edges of K. Any edge E €
Ex is oriented by fixing an edge vector tg s.t. |tg|[;2 = |E|. Conventionally,
we set tg 1= z4 — zp, Where 2, 2, are the two endpoints of F with p < q.
We denote by X' the collection of the following linear forms acting on N 4:

1
op(v) = 3 /E(v~tE) dl, VE € Ek. (15.3)

Note that the unit of 0%, (v) is a length times the dimension of v. A graphic
representation of the dofs is shown in Figure 15.1. Each arrow indicates the
orientation of the corresponding edge.

4
3
1 3
Fig. 15.1 Degrees of freedom of the Ny 4 )
finite element in dimensions two (left) and
dimension three (right). 2

Proposition 15.1 (Face (edge) unisolvence, d = 2). Let v € Ny 5. Let
E € &k be an edge of K. Then oy (v) = 0 implies that v|g-tp = 0.

Proof. Since we have established above that v|p-tg is constant, the assertion
follows readily. O

Proposition 15.2 (Finite element, 2D). (K,Ny 3, X) is a finite element.

Proof. Since dim(Np2) = card(X) = 3, we just need to verify that the only
function v € Ny o that annihilates the three dofs in X' is zero. This follows
from Proposition 15.1 since span{tg}pee, = R O

The above results hold also true if d = 3, but the proofs are more intricate
since the tangential component on an affine hyperplane of a function in Ny 3 is
not necessarily constant. Let F' € Fx be a face of K and let us fix a unit vector
np normal to F. There are two ways to define the tangential component
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of a function v on F: one can define it either as vxnp or as IIp(v) =
v — (v-np)np. We will use both definitions. The first one is convenient when
working with the V x operator. The second one is more geometric. The two
definitions produce ¢?-orthogonal vectors since (vxnp)-IIr(v) = 0 as shown
in Figure 15.2.

Fig. 15.2 Two possible definitions of the
tangential component of a vector.

Proposition 15.3 (Face unisolvence, 3D). Let v € Ny 3. Let F € Fi be
a face of K and let E be the collection of the three edges of K forming the
boundary of F. Then o (v) = 0 for all E € E implies that vipxng = 0.

Proof. Let 52 be the unit simplex in R2. Let Ty : 52 — F be defined by
Tr(0,0) := zp, Tr(1,0) := 24, Tp(0,1) := z,, where z,, 24, z, are the three
vertices of F' enumerated by increasing vertex-index. Let Jr be the 3x2
Jacobian matrix of Tr. Note that for all § € R? the vector Jry is parallel
to F and Tr(y) — 2z, = Jry. Let v = r + q with » € Py 3 and g € Sy 3. Let
us set ¥ := JLIIr(v o Tr) and let us show that ¥ € Ny o. For all § € R?, we
have

y ) =7 (JpHp(r+q(Tr(y))))
=y (JpIp(r + q(2zp) + a(Jry)))
Y

Setting € := JLITr(r + q(z,)) € R? and using that q € S; 3, we infer that
y-v(y) = y-c. Since v € Py 5, we have ¥ = 7+ q where 7 € Py 2 and q € ]P‘Ifg.
Then y-7+79-q(y) = y-¢ for all g € R2. This implies that the quadratic form
y-q(y) is zero. Hence, ¥ € Ny 5. Let now E be any of the three edges of 52,

~

Then F := Tr(FE) is one of the three edges of F. We obtain that
/A(a-tﬁ) dl = /A(J}HF('U o Tp))tzdl
E E

- |E ~
= / (voTp)trgdl = u/ vitpdl = |E|og(v) = 0.
E |E| /g

Since v € Ny 5 annihilates the three edge dofs in §2, Proposition 15.2 implies
that © = 0. After observing that im(/1r) is orthogonal to ker(JL.), we con-
clude that the tangential component of v on F is zero. a
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Proposition 15.4 (Finite element, 3D). (K,Ny 3, Y) is a finite element.

Proof. Since dim(Np 3) = card(X) = 6, we just need to verify that the only
function v € Ny 3 that annihilates the six dofs in X' is zero. Face unisolvence
implies that vz xnp = 0 for all F' € Fg. Let (e1, €2, e3) be the canonical ba-
sis of R?. Using (4.11), we infer that [, (Vxv)-e;dz = — [, (vxng)-e;ds =
0, where n is the outward unit normal to K. Since V xv is actually constant
on K, we have Vxv = 0, and we have seen that this implies that v € Py 3,
ie., v = Vp for some p € [P, 3. Integrating Vp along the edges of K, we infer
that p takes the same value at all the vertices of K. Hence, p is constant,
which in turn implies that v is zero. a

One can verify that the shape functions are such that
0% (x) = Mp(x) VA — Ag(2)VA,, VE € &k, (15.4)

for all z € K, with tg := z, — z,. For every E' € i, we have 0%t = dpp:.
We refer the reader to Exercise 15.3 for additional properties of the N 3 shape
functions.

15.2 The polynomial space N;, 4

Let £ € N and let d € {2,3} (the material of this section extends to any
dimension d > 2). Let Pllid be the space of the homogeneous polynomials of

degree k (see Definition 14.2). Set Pﬁd = [Pllid]d and Py, 4 := [Px4)%.

Definition 15.5 (N 4). We define the following real vector space of Re-
valued polynomials:

Nipag :=Prq®Spi1,a, with Spi1.q:={q¢€ Pg-i—l,d | g(x)-x =0}. (15.5)
Note that the above sum is direct since Py g NSgy1.4 CPraN Pllc{-',-l,d = {0}.

Example 15.6 (Space Si4). The set {(—22,2122)7, (v122,—22)T} is a
basis of Sa 2, and the set {(—23,2172,0)T, (—=23,0,2123)7, (z122, —2%,0)7,
(0, =3, wox3) T, (w123,0,—27)T, (0, w013, —a3)7, (w223, —w123,0)7, (0, 2123,

—2122)"} is a basis of Sy 3. Note that dim(Sg ) = 2 and dim(S23) =8. O
Lemma 15.7 (Dimension of Nj, 4). Let k € N and d > 2. We have

(k+d+1)!

dim(Ny q) = ENd— 1)k +2)

(15.6)

Hence, dim(Ny2) = (k + 1)(k + 3) and dim(Ny3) = 2(k + 1)(k + 3)(k + 4).
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Proof. (1) Let us first prove that the map ¢ : ]Pl,id Sp— axp€E ]IDI,;IJrLd is
surjective. By linearity, it suffices to prove that for each monomial ¢ € IP’E 1.
s.t. g(x) := x® with |a| :== k + 1, there is r € ]I’I]id such that g(x) = x-r(x).
Let {€;};e(1:4) be the canonical Cartesian basis of R%. Since | = k+1 > 1,
there exists i € {1:d} s.t. a; > 1. Setting r(x) := 2" ... 2% .. 25%;, we
have r € ]P’Ik{)d and ¢(x) = z-r(x).

(2) Observing that ker(¢) = Sk,q, the rank nullity theorem implies that
dim(Sg,¢)+dim(im(¢)) = dimP} ;, i.e., dim(Sg ¢) = ddimP}} j—dim P}l | ;, =
ktd—1Y _ (k+dy _ (k+d—1 ktdy _ 7. (k+d—1)! . .
d("t ) - (k+1) = (" )(d—k—L) = k(kgrl)!(dJQ)!. The sum in (15.5) being

direct, we conclude that

dlm(de) = ddim(Pkyd) + dim(SkH_,d)
(k +d)! (k + d)! (k+d+1)!

T IR sy T By R e T T

Lemma 15.8 (Trace space). Let H be an affine hyperplane in R%, let ny
be a unit normal vector to H, and let Ty : R*™' — H be an affine bijec-
tive mapping with Jacobian matriz Jg. Let Iy (v) := v — (vng)ng be the
(2-orthogonal projection of v onto the tangent space to H (i.e., the linear
hyperplane in R parallel to H). Then J}}HH(U‘H) € Npg_10 Tgl for all
v E Nk,d-

Proof. Identical to the proof of Proposition 15.3. g

Lemma 15.9 (d = 2). Ny 2 = Rz (RT}2), where Rz is the rotation of angle

T inR? ie, Rzx = (—xo,21)" for all x = (z1,22)" € R?.

Proof. See Exercise 15.4. ad

Lemma 15.10 (Curl). Assume d € {2,3}. Then Vxv € Py 4 for all v €
Ny 4, and if Vxv = 0, there is p € Ppi1,q4 such that v = Vp (that is,
v E ]Pk,d)-

Proof. That Vxwv € Py, 4 results from Ny, 4 C Py 4. The condition Vxv =0
together with v € Ny g C Py 4 implies that there is p € Py42 4 such that
v = Vp. The definition of Ny 4 implies that v = Vp; 4+ Vps with p; € Pri1,4
and Vpy € Si11,4. We infer that pa(z) — p2(0) = fol Vpa(tz)-(tz)t= dt = 0,
which means that ps is constant. Hence, v = Vp; with p1 € Pr11,4- O

15.3 Simplicial Nédélec elements

Let k € N and let d € {2,3}. Let K be a simplex in R?. In this section, we
define the dofs in order to make the triple (K,Ny, 4, X) a finite element. The
construction can be generalized to any dimension.
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15.3.1 Two-dimensional case

Let us orient the three edges F € £k of K with the edge vectors tg. Let us
orient K with the two vectors {tx ;} c{1,2) which are the edge vectors for the
two edges of K sharing the vertex with the lowest enumeration index. Note
that {tx j}jcq1,2y is a basis of R?. Let Tr be an affine bijective mapping
from the unit simplex S := [0,1] in R onto E. We define the dofs of the
two-dimensional Nédélec element (K,Ny, 2, Y) as follows:

0pm(v) = ﬁ /(v-tE)(um oTy")dl, VE €&, (15.7a)
E
c 1 .
05 m(v) = & /K('v-tK)j)wm dz, Vi e {1:2}, (15.7b)

where {fmtme(1:ne,} is a basis of Py 1 with ng = dim(Py1) = k + 1, and
{thm}mefiine,y is a basis of Px_1 o with ng, := dim(Py_12) = $k(k + 1) if
k> 1.SinceNg» = Rz (RT}, 2) owing to Lemma 15.9 and since the above dofs
are those of the RT}, o finite element once the edges (faces) are oriented by the
vectors vg := Rz (tp) and K is oriented by the vectors vk j := Rz (tk ;), it
follows from Proposition 14.15 that the triple (K,Nj 2, X)) is a finite element
for all £ > 0. The unit of all the above dofs is a length times the dimension
of .

Remark 15.11 (2D Piola transformations). Owing to the identity AT =
det(A)R;'A™ Rz for all A € R?*? the two-dimensional contravariant and
2

covariant Piola transformations satisfy Rz (1% (v)) = ¥% (Rz (v)). O

15.3.2 Three-dimensional case

Let K be a simplex (tetrahedron) in R3. Let £k be the collection of the six
edges of K and let Fx be the collection of the four faces of K. Each edge
E € &k is oriented by the edge vector tg := z4 — 2zp, where z,, 2z, are the
two vertices of F with p < ¢ (note that |[tg]|,2 = |E]). Each face F € Fg is
oriented by the two edge vectors {tr;}jcq1,2) With tr1 = 2, — 2p, tp2 1=
z, — zp, where z,, 24, 2, are the three vertices of F' with p < ¢ < r. Note
that the unit normal vector np is then defined as tp1Xtp2/|tr1Xtr 2| e;
see for instance (10.9). Note also that {tr ;},cf1,2) is a basis of the tangent
space of the affine hyperplane supporting F'. Finally, the cell K is oriented
by the three edge vectors {tx ;}jcq1:3y With tx1 = 24 — 2p, tx 2 1= 2, — 2,
ti,3 = zs — zp, where z,, 24, 2,, 2, are the four vertices of K with p < ¢ <
r < s. Note that {tx ;};eq1.3y is a basis of R%. In order to define dofs using
moments on the edges and moments on the faces of K, we introduce affine
bijective mappings Tr : S — F and Ty : S' — E, where S? is the unit
simplex in R?* and S is the unit simplex in R; see Figure 15.3. For instance,
after enumerating the vertices of S*, S2, these mappings can be constructed
by using the increasing vertex-index enumeration technique of §10.2.
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T -/ Tr
SN

Fig. 15.3 Reference edge 51 and reference face S2 with the corresponding mappings.

Definition 15.12 (dofs). The set X is defined to be the collection of the
following linear forms acting on Ny 3:

1
0% m(V) 1= 3l /E(v-tE)(um oTy')dl, VE €&k (15.8a)
1
Ol jm (V) = mL(v-tF,j)(gmoTFl)ds, VF € F,Vj € {1,2}, (15.8b)
1
aj_’m('v) = W /}{(v~tK7j)1/)m dz, vy e {1,2,3}, (15.8¢)
where {fm }me{1:ne,} 05 a basis of P with ng, ==k + 1, {Cntme(iint, }y
a basis of Pr_1,2 with nly == L(k+ 1)k if k > 1, and {¥mtme(iine,} s a

basis of Pr_23 with n, = ¢(k+ 1)k(k —1) if k > 2. We regroup the dofs as
follows:

E%’ = {UCE,m}me{lzn:h}a VE € 5Ka (159&)
Zp = {0k im Game 2y x(tint, ) VE € Fr, (15.9b)
Y= {Ugc‘,m}(j,m)e{l;3}x{1:ngh}- (15.9¢)

Remark 15.13 (dofs). The unit of all the dofs is a length times the di-

mension of v. For the cell dofs, we could also have written of,, (v) =

07 [ (v-e;)¢, da, where {x is a length scale associated with K and
{ej}jeq1.ay is the canonical Cartesian basis of R%. We will see that the defi-
nition (15.8¢) is more natural when using the covariant Piola transformation
to generate Nédélec finite elements. The dofs are defined here on Ny, 4. Their
extension to some larger space V (K) is addressed in Chapters 16 and 17. O

Lemma 15.14 (Invariance). Assume that every affine bijective mapping
S8 — gt (resp., S : 52 §2) leaves the basis {Mm}me{lzngh} (resp.,
{Cm}me{l:ngh}) globally invariant. Then for all E € Ex and all F' € Fi, the
set X% and X%, are independent of the affine bijective mapping T and Tr,
respectively.

Proof. Similar to that of Lemma 14.12; see also Example 14.13 for the in-
variance w.r.t. vertex permutation. |

The following result is important in view of H (curl)-conformity.
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Lemma 15.15 (Face unisolvence). Let v € Ny, 5 and let F' € Fx be a face
of K. Let Er be the collection of the (three) edges forming the boundary of
F, let Xy = UEesF X%, and let np be a unit normal to F'. We have the
following equivalence:

[o(v) =0, VoeXLUX%] < [vpxnp=0]. (15.10)
Moreover, both assertions in (15.10) imply that (Vxv)|p-np = 0.

Proof. We only need to prove the implication in (15.10) since the converse is
evident. The proof is an extension of that of Proposition 15.3 accounting for
the richer structure of the dofs. We introduce v := JLITr(v o Tp). It can be

shown that © € Ny o; see Exercise 15.6. The unit simplex S? is oriented by
the two edge vectors {t;},cq1,2) s.t. Jpt; = tp; o Tr for all j € {1,2}. For
the face dofs, we have
1
152] J32

‘ .

(58;)Gm A5 = (UT(v = (vnp)np) o Tr) ;)G ds

w)

2

?|

(v = (vnp)np)tr;) o Tr)(n ds

‘ .

Il
$>‘H

((’l)'tFJ) 9 TF)<m d/S\

2

- % /F (0t75) (G 0 T ) ds = 0 ;1 (v) = 0.

oy

?|

One proves similarly that the edge dofs vanish. This proves that ¥ = 0 be-
cause ¥ € Ny . Since JL. has full rank, we infer that II'p(vp) = 0, which
implies that v|pxnp = IIp(v)p)xnr = 0. Finally, (Vxv)p-np = 0 imme-
diately follows from v|pxnpr = 0. O

Proposition 15.16 (Finite element). (K,Ny, 3, X) is a finite element.

Proof. Observe first that the cardinality of X' can be evaluated as follows:

k+1 k+1
card(E):3n§h+2x4n£h+6nsh:3( ;— )—I—S( ;— >+6(k+1)

= S+ )k 4 3)(k + 4) = dim(Ni ).

Hence, the assertion will be proved once it is established that zero is the only
function in Ny 3 that annihilates all the dofs in Y. Let v € Nj 3 be such
that o(v) = 0 for all o in X. We are going to show that v = 0. Owing to
Lemma 15.15, vjpxnp = 0 and (Vxv)p-np = 0 for every face F' € F.

(1) Let us prove that w := Vxv = 0. Since w € Py 3 C RTy, 3, it suffices to
prove that w annihilates all the dofs of the RT3 element. Since w)p-nr = 0,
w annihilates all the dofs associated with the faces of K. In addition, if £ > 1,
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we observe that [, w-qdz = [, Vxv-qdz = [, v-Vxqdzforallq € Py_y 3,
since vxng = 0 on JK, where ng is the outward unit normal to K. This
in turn implies that [, w-gdz = 0 since Vxq € Py_s3 and o(v) = 0 for
all 0 € X if &k > 2. The statement is obvious if & = 1. In conclusion,
Vxv=w=0.

(2) Using Lemma 15.10, we infer that there is p € Py 3 such that v =
Vp. The condition vxng = 0 on JK implies that p is constant on JK.
Without loss of generality, we take this constant equal to zero. This in turn
implies that p = 0 if & < 2 (see Exercise 7.5(iii)), so that it remains to
consider the case k > 3. In this case, we infer that p = A\g... 37 where \;,
i € {0:3}, are the barycentric coordinates in K and r € Pj_3 3. Writing
this polynomial in the form r(x) = >, <;_3 @a®®, we consider the field
q(x) = Z|a\gk—3 ﬁaaxlwael, where e; is the first vector of the canonical
Cartesian basis of R3. Since q € P_5 3, the fact that o(v) = 0 for all 0 € X°
implies that fK v-qdx = 0. Integration by parts and the fact that pjsx = 0
vield 0 = [ v-gqdz = — [, pV-gdz = — [} Xo... Asr? dz. In conclusion,
r =0, so that v =Vp = 0. O

The shape functions {6;};ca associated with the dofs {o;};cn defined
in (15.8) can be constructed by choosing a basis {¢;}icnr of the polyno-
mial space Nj, 3 and by inverting the corresponding generalized Vandermonde
matrix as explained in Proposition 5.5. Recall that this matrix has entries
Vi; = 0j(¢;) and that the i-th line of V! gives the components of the shape
function 6; in the basis {¢; };car. The basis {¢;};cnr chosen in Bonazzoli and
Rapetti [31] (built by dividing the simplex into smaller sub-simplices follow-
ing the ideas in Rapetti and Bossavit [163], Christiansen and Rapetti [70]) is
particularly interesting since the entries of V! are integers. One could also
choose {¢;}ien to be the hierarchical basis of Ny 4 constructed in Fuentes
et al. [103, §7.2]. This basis can be organized into functions attached to the
the edges of K, the faces of K, and to K itself, in such a way that the gen-
eralized Vandermonde matrix V is block-triangular (notice though that this
matrix is not block-diagonal). For earlier work on shape functions and basis
functions for the Ny 5 element, see Webb [197], Gopalakrishnan et al. [109)].

Remark 15.17 (Dof independence). As in Remark 14.16, the results from
Exercise 5.2 imply that the interpolation operator 7§, associated with the
Ni,s element is independent of the bases {tim fme(1:ne, 1> {Cmtmeqiin, y, and
{¥m}tme(1:ne,} that are used to define the dofs in (15.8). The interpolation
operator is also independent of the mappings T, Tr and of the orientation

vectors {te}peey, {trj}rerr je1,2), and {tx j}jc(1,2,3)- O

Remark 15.18 (Literature). The Ny, 4 finite element has been introduced
by Nédélec [151]; see also Weil [198], Whitney [199] for & = 0. It is an accepted
practice in the literature to call this element edge element or Nédélec element.
See also Bossavit [36, Chap. 3], Hiptmair [117], Monk [145, Chap. 5]. O
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15.4 Generation of Nédélec elements

Let K be the reference simplex in R3. Let Tr be an affine simplicial mesh. Let
K = Tk (K) be a mesh cell where T : K — K is the geometric mapping,
and let J i be the Jacobian matrix of Tk.Let F € Fi bea face of K. We have
F = Tk (F) where F' € Fp is a face of K. Similarly, let £/ € £ be an edge of

K. We have F = TK(E) where E € & is an edge of K. Using the increasing
vertex-index enumeration, Theorem 10.8 shows that it is possible to orient
the edges E and F in a way that is compatible with the geometric mapping
Ty . This means that the unit tangent vectors 7 and 75 satisfy (10.6a), i.e.,
T = P%(T5) with &% defined in (9.14b). In other words, we have

1

T == — Ts. 15.11

78 T1E = g < TF (1511)

Since tp = |Eltp, T = |E|tA and since |E| = ||JK1A'EHg2|E| owing to
Lemma 9.12, we infer that

tpo Ty s =JIxts. (15.12)

We also orient the faces of K by using the two edge vectors originating from
the vertex with the lowest index in each face. We finally orient K by using
the three edge vectors originating from the vertex with the lowest index in
K. Reasoning as above, we infer that

trjoTy s = Ixtp Vi € {1,2} ti;0Ti =ty ;, Vi€ {1:3}. (15.13)
Recall the covariant Piola transformation introduced in (9.9b) such that
P (v) =T (v o Tk), (15.14)
and the pullback by the geometric mapping such that % (¢) := ¢ o Tk.

Lemma 15.19 (Transformation of dofs). Let v € C%(K) and let q €
C°(K). The following holds true:

1 ~
E[Ew-tqul |/ (5 (w)Ep) 0k (o) dl,  VE € g,
1 . .
i1 L otrsads - & [(¢%<v>~tﬁ,j>wi<q> 05, VF e Fx, je {12},
|K|/ (vtg j)gde = |/ (Y% (v z/JK( )dz, Vj e {1:3}.

Proof. The first identity is nothing but (10.7b) from Lemma 10.4, which itself
is a reformulation of (9.15b) from Lemma 9.13 (the fact that Tk is affine is
not used here). The proof of the other two identities is similar to (9.15b)
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using (15.13) and the fact that ds = £ d3, do = £

=1 d7 since Tk is affine.
|F| |K]|

For instance, we have
F

1 / 1 |F| .
—_ ('U'tpy')qu: —/('U'tF")OT A((]OT A)T ds
|F| » J |F| 7 J K|F K|F |F|

- % J @0 @) o Ty et 65
- % /ﬁw;ﬁ((v)-fﬁj)ﬁ(q) 5. 0

Proposition 15.20 (Generation). Let (K, P, X) be a simplicial Nédélec
element with edge, face, and cell dofs defined by using the polynomial bases
{,um}me{lzn:h}a {Cm}me{l:nih} (if k > 1), and {wm}me{l:ngh} (if k > 2) of
Pi.1, Pi1,2, and Py_a 3, respectively, as in (15.8). Assume that the geometric
mapping Tk is affine and that (15.12)-(15.13) hold true. Then the finite
element (K, Pr, X' k) generated using Proposition 9.2 with the covariant Piola
transformation (15.14) is a simplicial Nédélec element with dofs

1
0hm(v) = 18| /E(v-tE)(umOTgﬁlE)dl, VE € &k, (15.15a)
1 N .
05 m (V) = m/F(v-tF,j)(gmoTK;)ds, VF € Fi, Vj e {1,2}, (15.15b)
1 _ .
05 m(v) = —|K|/K('v-t1<7j)(meTKl)dx, Vj e {1,2,3}, (15.15¢)

where Tk g := TK\EOTE .S 5 F and Tk r:= TK|ﬁOTﬁ 52 5 F are the

affine bijective mappings that map vertices with increasing indices.

Proof. Let us first prove that Px = Ny, 5. We can write Tx (Z) := JxZ + br
with J € R3*3 and bx € R3. Let v be a member of Px. Then ¥%-(v) = p+q
with p € Py 3 and g € Sy113, yielding v = J ' po T' + I go Tx'. Since
each component of g is in P}l 5, we infer that g o T (x) = U e —
J'br) = @' ®) + r(x), where r € Py 3; see Exercise 14.4. As a result,
v=(p+7r)+q, wherep =J poT' €Py3and q=J goJ". Note
that p+r € Py 3 and go Ji}l is a member of ]P’I,f+1)3, which implies that g
is also in ]I”I,;IJFLB. Moreover, z-(J ' g ') = (J'z)- @Iz x) = 0 which in
turn implies that g € Sgy; 3. In conclusion, v € Ny, 5, meaning that Px C
N, 3. The converse statement follows from a dimension argument. Finally,
the definition of the dofs results from Lemma 15.19, and the properties of
the mappings Tk g and Tk r from those of Tk, Tj, and T%. O

Remark 15.21 (Unit). The shape functions scale like the reciprocal of a
length unit. ad
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Remark 15.22 (Nonaffine meshes). Proposition 9.2 together with the
map (15.14) can still be used to generate a finite element (K, P, X ) if the
geometric mapping T is nonaffine. The function space Px and the dofs in
Yk then differ from those of the Ny, 3 element. O

15.5 Other H (curl) finite elements

15.5.1 Nédélec elements of the second kind

Nédélec elements of the second kind [152] offer an interesting alternative to
those investigated in §15.3 (and often called Nédélec elements of the first
kind) since in this case the polynomial space is P := P4 C Ny 4, & > 1.
This space is optimal from the approximation viewpoint. The price to pay
for this simplification is that the curl operator maps onto Py_1 4. This is not
a limitation if the functions to be interpolated are curl-free.

Let K be a simplex in R3. The dofs are attached to the edges of K, its
faces (for k > 2), and to K itself (for k > 3). The edge dofs are defined
in (15.8a) as for the elements of the first kind, whereas the face dofs are
moments on each face of K of the tangential component against a set of basis
functions of RT;_22 up to a contravariant Piola transformation (instead of
basis functions of Py_1 2 for the elements of the first kind), and the cell dofs
are moments against a set of basis functions of RT;_5 3 (instead of basis
functions of Py_o 3 for the elements of the first kind). It is shown in [152]
that the triple (K, P, X)) is a finite element. Hierarchical basis functions for
the Nédélec element of the second kind are constructed in Ainsworth and
Coyle [6], Schoberl and Zaglmayr [176].

15.5.2 Cartesian Nédélec elements

The Cartesian version of Nédélec elements have been introduced in Nédélec
[151, pp. 330-333]. Let us briefly review these elements (see Exercise 15.8 for
the proofs). We focus on the case d = 3, since two-dimensional Cartesian
Nédélec elements can be built by a rotation of the two-dimensional Cartesian
Raviart—-Thomas elements from §14.5.2. Let £ € N and define

N;ag = Qr i+ 1,5+1 X Qrr 1 1 k1 X Qg1 41,5 (15.16)

where the anisotropic polynomial spaces Qq,,a,,0, are defined in §14.5.2.
Since the three anisotropic spaces in (15.16) have dimension (k + 1)(k + 2)?,
we have dim(N 5) = 3(k + 1)(k + 2)*.

Let K := (0,1)3 be the unit cube in R3. Let Fg collect the six faces of K,
and let Ex collect the twelve edges of K. Let T, F € Fg (vesp., Ti, E € k)
be an affine geometric mapping from [0, 1]? onto F (resp., [0, 1] onto E). Let
t* := 1 be the canonical basis of R. We orient F € Ex using tg = JEtAC,
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where J g is the Jacobian matrix of T. Let {t; }jeq1,2) be the canonical basis
of R%. We orient F' € Fk by using tp; = JF% for all j € {1,2}, where
Jr is the Jacobian matrix of Tr. We orient K by using the canonical basis
{tx,; = ej}jeq1:3) of R Let X be the set composed of the following linear
forms:

1
0 m(v) 1= 3] /E(v-tE)(um oTy')dl, VE €&k, (15.17a)

1 _ .
7rson(0) = 1y /F(’U'tF.,j)(Cj.,m o Tyl ds, VF € Fi, j € {12},
(15.17b)

g

1 .
;_’m('v) = m /K(”'tK,j)z/’j,m dz, Vi e{1,2,3}, (15.17¢)

where {m }me{1:ne,} is a basis of Py with ng, ==k + 1, {Gm}bme(i:nf, y i
a basis of the space Qp ;—1 if j = 1 and Qg_1 1 if j = 2, with ngh =(k+ 1)k
(if k > 1), and {wj,m}me{lcngh} is a basis of the space Qp k—1,,-1 if j = 1,
Qkfl,k,kfl lfj =2, and Qkflﬁkflyk lfj = 3, with ngh = (k—l— 1)k2 (lf k> 1)

Proposition 15.23 (Finite element). (K,N; 5, X) is a finite element.

Cartesian Nédélec elements can be generated for all the mesh cells of an
affine mesh composed of parallelotopes by using affine geometric mappings
and the covariant Piola transformation. Recall however that orienting such
meshes requires some care; see Theorem 10.10.

Exercises

Exercise 15.1 (S1,4). (i) Prove that for all ¢ € Sy 4, there is a unique skew-
symmetric matrix Q s.t. g(x) = Qz. (ii) Propose a basis of S; 4. (iii) Show
that g € Sy 3 if and only if there is b € R? such that g(z) = bxx.

Exercise 15.2 (Cross product). (i) Prove that (Ab)x(Ac) = A(bxc) for
every rotation matrix A € R3*3 and all b, ¢ € R3. (Hint: use Exercise 9.5.)
(ii) Show that (axb)xec = (a-¢)b — (b-c)a. (Hint: (axb), = eija;b; with
Levi-Civita tensor €;;;; see also the proof of Lemma 9.6.) (iii) Prove that
—(bxn)xn + (b-n)n = b if n is a unit vector.

Exercise 15.3 (N 3). (i) Prove (15.4). (Hint: verify that tg-V, = 1 and
tg-V, = —1.) (i) Prove that v = (v) x + 3 (Vxv)x (x —ck) for all v € Ny 3,
where (v) g is the mean value of v on K and ck is the barycenter of K. (Hint:
Vx(bxx) = 2bfor b € R3.) (iii) Let 6%, be the shape function associated with
the edge F' € £k. Let F' € Fi with unit normal ng|r pointing outward K.
Prove that (8%) pxnk|r = 0 if E is not an edge of F, and fF 0pxXng pds =
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tg.r(cg — cp) otherwise, where cg is the barycenter of E, c¢p that of F', and

tp,r = —1if ngpxtp points outward F, tp r = 1 otherwise. (Hint: use

Lemma 15.15 and Exercise 14.1(ii).) (iv) Let Fg collect the two faces sharing

E € Ek. Prove that fK 0% dx = % ZFG}-E tp,r(ep —cx)x(cg — cp). (Hint:

take the inner product with an arbitrary vector e € R?® and introduce the
1

function 9 (x) := 5ex(x —ck).)

Exercise 15.4 (Rotated RT} 5). Prove Lemma 15.9. (Hint: observe that
Rz (Py2) =Pro and Sgy12 = Rz (2)P),.)

Exercise 15.5 (Hodge decomposition). Prove that for all k € N,
Pii1,a =Npq.® VPEHW
(Hint: compute Ni g N V]P’I,fw)d, and use a dimension argument.)

Exercise 15.6 (Face element). We use the notation from the proof of
Lemma 15.15. Let F' € Fg. Let T S2 5 F be an affine bijective
mapping. Let Jr be the Jacobian matrix of Tr. Let v € Ny 3 and let
v :=JL(I3 — nr@nr)(voTr). Show that ¥ € Ny ». (Hint: compute §'9(y)
and apply the result from Exercise 14.4.)

Exercise 15.7 (Geometric mapping T4). Let A be an affine subspace of
R of dimension [ € {1:d—1},d > 2. Let a € A and let P4 (z) := a+I1a(x—
a) be the orthogonal projection onto A, where IT4 € R?*?. (i) Let n € R be
such that n-(x —y) = 0 for all ¢,y € A (we say that n is normal to A). Show
that ITan = 0. Let t € R? be such that @ +t € A (we say that ¢ is tangent
to A). Show that IT4(t) = t. (ii) Let ¢ € P; and let §(zx) := q(T 'oPa(x)).
Compute Vgq. (iii) Show that there are ty, ..., t; tangent vectors and q1, ..., q
polynomials in P such that V§(x) =3 .5y qs(T; ' (x))ts for all x € A.
(iv) Let ¢ be a tangent vector. Show that there is 1 € Py such that ¢-V§(x) =
Wy ().

Exercise 15.8 (Cartesian Nédélec element). (i) Propose a basis for Ng 5.
(ii) Prove Proposition 15.23. (Hint: accept as a fact that any field v € Ni/,
annihiliating all the edge and faces dofs defined in (15.17) satisfies v|pxnpr =
0 for all F' € F; then adapt the proof of Lemma 15.16 by using the ]R'IIE)3
finite element defined in §14.5.2.)



