Part IV, Chapter 18

From broken to conforming spaces

In Parts II and III, we have introduced many examples of finite elements
and devised techniques to generate finite elements in each cell of a mesh.
In Part IV, composed of Chapters 18 to 23, we show how these methods
can be used to build finite-dimensional spaces composed of piecewise smooth
functions whose gradient, curl, or divergence is integrable. We also devise
quasi-interpolation operators enjoying fundamental stability, approximation,
and commutation properties. These spaces and operators will be used repeat-
edly in Volumes II and III to approximate various PDEs and estimate the
approximation error. In the present chapter, we introduce broken Sobolev
spaces and broken finite element spaces based on a mesh from a family of
meshes (T, )nen covering exactly a domain D C RY. Then we identify jump
conditions across the mesh interfaces that are necessary and sufficient for
every function in some broken Sobolev space to have an integrable gradi-
ent, curl, or divergence. These conditions lead to the notion of conforming
finite element spaces. Finally, we show how to construct L!-stable (local) in-
terpolation operators in the broken finite element space with optimal local
approximation properties.

18.1 Broken spaces and jumps

In this section, we are only concerned with broken Sobolev spaces and with
broken finite element spaces. Membership to broken spaces is defined by
requiring that some property be satisfied in each mesh cell without requiring
any continuity across the mesh interfaces.

18.1.1 Broken Sobolev spaces and jumps

The notions introduced hereafter will be used repeatedly in this book. We
consider RY%-valued functions for some integer ¢ > 1.
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Definition 18.1 (Broken Sobolev space). Let p € [1,00] and s > 0 be a
positive real number. The space defined by

WP (T RY) = {v € LP(D;RY) | vx € W*P(K;RY), VK € Tp}, (18.1)

1s called broken Sobolev space. This space is equipped with the norm

H’U”g[/sm(Th’;]Rq) = Z Hv”g[/s,P(K;Rq)v (182)
KeTh

if p € [1,00) and [[v[|ws.c (7, ;re) = maxkeT, [[v]|weo(xre) if p = 00. We
write WP(Tp,) := WP(Tp,; R) when g = 1.

An important notion in broken Sobolev spaces is the jump of functions
across mesh interfaces (see Figure 18.1). Recall from the Definition 8.10 that
the collection of the mesh interfaces is denoted by F, and that for all F' € F},
there are two distinct mesh cells K;, K, € Tj, such that F = 0K; N0K,.. The

interface F' is oriented by means of the unit normal vector np pointing from
K; to K,.

Definition 18.2 (Jump). Let F := 0K; N 0K, € F} be a mesh interface.
Let v e W*P(Ty; R?) with s > % if pe€ (1,00) ors>1ifp=1 (notice that
(vik,)jr € L*(F) and (v, )|p € L'(F)). The jump of v across F is defined
as follows a.e. in F':

[v]F == vk, — vk, (18.3)

The subscript F is dropped when the context is unambiguous.

Fig. 18.1 Jump of a piecewise smooth
function across the interface F' := dK; N
OK;.

Remark 18.3 (Alternative definition). Another definition of the jump
where K, K, play symmetric roles consists of setting [v]% := vk, ® ng, | +
Uk, @ Nk, |p, Where ng, g, i € {l,7}, is the unit normal to F' pointing
away from K, ie., [v]r ® np = [v]}. The advantage of (18.3) over this
definition is that the jump [v]F is Ri-valued instead of being R?*?-valued.
Both definitions are commonly used in the literature. a
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Remark 18.4 (Zero-jumps in W*?). Let p € (1,00) and s > %, orp=1
and s > %. Owing to Theorem 2.21, smooth functions are dense in W*?(D).
Let v € W#P(D) and let (v, )nen be a sequence in C*°(D)NW*P(D) converg-
ing to v in W*P(D). Let F € F} be a mesh interface. Then 0 = [v,]r — [v]r
as n — oo since the trace map is bounded on W*?(D). Hence, 0 = [v]r for
all F' € F;. This shows that functions in W*?(D) have a single-valued trace
in LY(F) for all F € F}. 0

18.1.2 Broken finite element spaces

Let (K,P,Y) be the reference finite element of degree k > 0, where P is
composed of RY-valued functions for some integer ¢ > 1. We assume that
P C L>®(K;R%) (this is a mild assumption since in general P is com-
posed of polynomial functions). Consider a Tj-based family of finite elements
{(K, Pk, EK)}KETh constructed as in Proposition 9.2 by using the geometric
mappings Tk : K — K and the transformations ¢x : V(K) — V(K K) for
all K € Tj,. We assume henceforth that i € L£(L>(K;RY), L(K;RY)).
Recall that we denote by {0k ;}ien the local shape functions in K and by
{0k, }ien the local degrees of freedom (dofs).

Definition 18.5 (Broken finite element space). The broken finite ele-
ment space is defined as follows:

PP(Th;RY) = {v, € L¥(D;RY) | ¢ (o) € P, VK € o} (18.4)
We simply write PP (Ty) whenever ¢ = 1.

Recalling that Pr := 7,/1;(1(?) (see (9.4a)), we have v, € PP(Tp;RY) iff
vpk € Px for all K € T,. The above assumptions on P and 1Y imply that
Pg C L*®(K;R%), which in turn means that PP(7,;R?) is indeed a sub-
space of L>(D;R?). Moreover, since functions in PP(7,;R?) can be defined
independently in each mesh cell, we have

dim(P"(T;,; R?)) = card(N) x card(T;,) =: ngn x Ne, (18.5)

where ngy, is the number of dofs in % (i.e., the cardinality of the set \V), and
N is the number of mesh cells in 7;,. Then the set {0k i}k, i)e7, xA7» Where
9~K7i is the zero-extension of §x ; to D, is a basis of P,E(’E; R?). The functions
Ok ; are called global shape functions in PP(Th; RY).

Example 18.6 (P1ecew1se polynomials). On affine meshes the choice
P = Py.a (vesp., P = Qy,a) together with i (v) :=voTk and ¢ :=1 (i.e.,
scalar-valued functions) leads to PP(7;) = {vy € L®(D) | vk € Pra, VK €
Tn} (resp., {vn € L®(D) | vpx € Qra, VK € Tp}) since vy g € P g iff
vpo Tk € Pk,d (resp., Qk,d)- O
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Remark 18.7 (Connectivity array). In practice, the global shape func-
tions are enumerated, say from 1 to I. For the broken finite element space,
we have P]E’('Y}I;Rq) = span{e1,...,pr} with I = ng,N.. The connection
between the local and the global shape functions is materialized by a connec-
tivity array j_dof : {1:Nc}xN — {1:1} defined such that ©;_got(m,n)|x,.
Ok, i for all m € {1:N.} and all n € N. The most common approach to
define j_dof consists of enumerating first the dofs in the first cell, then in the
second cell, and so on, leading to j_dof(m,n) := (m — 1)ng, + n. O

18.2 Conforming finite element subspaces

Given a piecewise smooth function on the mesh 7y, either scalar- or vector-
valued, depending on the context, we want to find necessary and sufficient
conditions for this function to be in H'(D), H/(curl; D), or H(div; D). It
turns out that the answer to this question hinges on the continuity properties
of the function, its normal component, or its tangential component across the
mesh interfaces.

18.2.1 Membership in H*

The global integrability of the gradient of a piecewise smooth function is
characterized by the following result.

Theorem 18.8 (Integrability of V). Let v € W1P(T;,; RY) with p € [1, 00].
Then Vv € LP(D) iff [v]r =0 a.e. on all F € F}.

Proof. We prove the assertion for ¢ = 1. The general case is treated by
working componentwise. Let v € WP(T;,) and let C§°(D) be the set of the
smooth functions compactly supported in D. For all & € C5°(D), we have

vV-@dx = /’U V-&dz
/, YRY

KeT

= _ Z ~/I<V(U‘K).¢dx+ Z AKU‘KnK-@dS

KeTy, KeTh

- _ Z /KV(U‘K)-sﬁdzzH— Z /F[[v]]FnF@dS,

KT, FeFy?

where n g is the outward unit normal to K and np is the unit vector defining
the orientation of F.

(i) If [v]r = 0 ae. on all F € Fy, we infer from the above identity that
JpoV-@de = =3 r [ B-V(vk)dz, which shows that v has a weak
gradient in LP(D) s.t. (Vv)|x = V(v|k) for all K € T,. Hence, v € WHP(D).
(ii) Conversely let v € W1P(D). We can conclude by invoking Remark 18.4.
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Let us give a more direct proof. Owing to Lemma 18.9 below, we infer that
(Vu)|xk = V(vk) for all K € T;,. Hence, the above identity implies that
Yrer Jplvlpnp-®ds =0 for all & € C5°(D). Let F € Fy be an arbitrary
interface. After localizing the support of @ in such a way that it intersects F
and no other interface in F}, it follows from the vanishing integral theorem
(Theorem 1.32) that [v]r = 0, since @|p-np can be arbitrarily chosen, and
[v]F € L*(F) because the trace map is bounded on W1?(D). O

Lemma 18.9 (Local weak derivative). Let p € [1,00] and let v €
WP(D). Then V(vk) = (Vo) a.e. in K for all K € Ty,.

Proof. Let K € Ty, and let ¢ € Cg°(K). Let ¢ € C°(D) be the zero-
extension of ¢ to D. For all v € W1P(D), we infer that

/V(U‘K)-(bd:c:—/ v g V-¢pdr
K K

:_/va-adx:/Dw-Jsdx:/K(vv)|K-¢dx.

The assertion follows from Theorem 1.32 since ¢ is arbitrary in C§°(K). O

Figure 18.2 illustrates Theorem 18.8 in dimension one.

N

Fig. 18.2 One-dimensional example with two piecewise quadratic functions. The one on
the left is not in H!, the one on the right is.

18.2.2 Membership in H(curl) and H(div)

Let us now consider the integrability of the curl or the divergence of vector-
valued piecewise smooth functions. Let v € W1P(T;,) :== WHP(T,:RY), p €
[1,00). We also use the notation W*P(Tp,) = W*P(T;;R%), s > 0. The
jump of the tangential component of v (if d = 3) and the jump of its normal
component across a mesh interface /' € Fy, with ' := 0K;N0K,, are defined
as follows a.e. in F:

[vxn]r = (vjg, xnFr) — (V|g, xnF) = [V]Fxnp, (18.6a)

[vn]p = ('U|KZ'TI,F) — ('U|KT-TLF) = [v]rnp, (18.6Db)

where [v]F is the componentwise jump of v across F' from Definition 18.2.
The subscript F' is dropped when the context is unambiguous.
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Theorem 18.10 (Integrability of Vx and V.). Let v € W1P(Ty,) with
p € [l,00]. (i) If d =3, Vxwv € LP(D) if and only if [vxn]r =0 a.e. on all
F e Fp. (ii) V-v € LP(D) if and only if [vn]r =0 a.e. on all F € F}.

Proof. Proceed as in the proof of Theorem 18.8. See Exercise 18.1. a

Remark 18.11 (Extension). The statement of Theorem 18.10 can be ex-
tended to functions v € W*P(T,) with s > % ifpe(l,o0)ors>1ifp=1.
The following holds true: (i) If d = 3 and Vx(v|x) € LP(K) for all K € Ty,
then Vxv € LP(D) iff [vxn]r = 0 for all F € Fp. (i) If V-(v|x) € LP(K)
for all K € T, then V-v € LP(D) iff [v-n]r =0 for all F € Fj. O

18.2.3 Unified notation for conforming subspaces

To allow for a unified treatment of H'-, H(curl)-, and H (div)-conformity,
we use the superscript x € {g, ¢, d} (referring to the gradient, curl, and diver-
gence operators), and we consider R%-valued functions with ¢ := 1 if x = g,
g=d=3ifx=c,andg=difx=d. Let p € [1,00) and let s > & if p > 1
ors>1ifp=1. Let K € T, be a mesh cell and let F' € Fix be a face of K.
We define the local trace operators vy p : W*P(K;R?) — L'(F;R") s.t.

Vi r(V) =P (@=t=1), (18.7a)
Vi r(v) i=vpxnp (¢=t=d=3), (18.7b)
7?(,}?(”) =vpnr (¢=d, t=1) (18.7¢)

This leads to the following notion of y-jump: For all v € WP (T;,; R?),
[o]%(®) := vk, F (v ) (®) = V5, p(vik,)(®)  ae on F. (18.8)

Let (IA(, ﬁg, 278) be one of the Lagrange elements or the canonical hybrid
element introduced in Chapters 6 and 7. Let k£ > 1 be the degree of the finite
element. The corresponding broken finite element space is

PEV(Ta) = {on € (D) | W (on) € PE YK €T}, (189)

where 9% (v) := v o Tk is the pullback by the geometric mapping Tk. The
H'-conforming finite element subspace is defined as follows:

PE(Ts) == PE°(T:) N HY(D). (18.10)

Similarly, let (IA( , 13C, 27°) be one of the Nédélec elements introduced in Chap-
ter 15, and let (IA( ,13d7 Ed) be one of the Raviart-Thomas elements intro-
duced in Chapter 14. Let k& > 0 be the degree of the finite element. The
corresponding broken finite element spaces are
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PPP(Ts) o= {op € L2(D) | ¢ (vn i) € P°, VK € Th}, (18.11a)
PP (T) = {vn, € L®(D) | 4 (v i) € P4, VK € Tr}, (18.11h)
where % (v) = Jk(v o Tk) is the covariant Piola transformation and

Pk (v) = det(Jx)J ' (voTk) is the contravariant Piola transformation. The
corresponding H (curl)- and H (div)-conforming finite element subspaces are
defined as follows:

PE(Ty) := PO (Th) N H (curl; D), (18.12a)
P(T;) == P (Th) N H (div; D). (18.12b)

The zero-jump conditions from Theorem 18.8 and Theorem 18.10 imply that

PE(Th) = {on € PE*(Ta) | [onl% = 0, VF € Fp}, (18.13a)
PS(Th) = {vn € PO(Th) | [wn]% = 0, YF € F2, (18.13b)
PA(T) = {vn € PX(Th) | [oa]$ =0, VF € F2}. (18.13¢)

In the next chapters, we study the construction and the interpolation prop-
erties of the above conforming finite element subspaces. To stay general, we
employ the following unified notation with x € {g, ¢, d}:

Py (T RY) = {v, € Py (Tw; RY) | [vn]s = 0, VF € Fy}, (18.14)
where P} ®(75,:RY) is one of the broken finite element spaces defined above.

Remark 18.12 (2D discrete Sobolev inequality). We have P;(7T;,) C
L*>(D)NH (D) by construction, but as shown in Example 2.33, if d > 2, there
exist functions in H'(D) that are unbounded. It turns out that in dimension
two, it is possible to derive a bound on the ||-|| Leo-norm of functions in P¢(7,)
that blows up very mildly w.r.t. the meshsize. This bound involves a global
length scale associated with D, say dp. More precisely, since D is Lipschitz,
one can show that there exist a length scale dp > 0 and an angle w € (0, 27)
such that any point & € D is the vertex of a cone €(x) C D, where €(x) is the
image by a translation and rotation of the cone € := {(r,0) | r € (0,0p), 0 €
(0,w)} defined in polar coordinates; see Lemma 3.4. Then assuming d := 2,
one can show (see Exercise 18.2 and Bramble et al. [42]) the following inverse
inequality, called discrete Sobolev inequality: There is ¢ > 0 s.t.

op

1
1 B 2
c0p2 vl (ry < 65 vnllz2(py + In (E) [VorllL2(py, (18.15)

for all vy, € PE(Th), all K € Ty, such that hx < $6p, and all h € H. O
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18.3 L!-stable local interpolation

In this section, we devise a local interpolation operator that is L'-stable and
maps L' (D) onto the broken finite element space PP (7y; R?) defined in (18.4).
The construction is local in each mesh cell. The key idea is to extend the dofs
of the reference finite element so as to be able to interpolate boundedly all
the functions that are in L!(D).

We assume that the geometric mappings Tk are affine for all K € Ty,
and that all the transformations ¢ i are of the form ¥ (v) := Ag (v o Tk)
(see (11.1)) where Ag € R7*7 satisfies (see (11.12))

Ak lellAK e < e Txlle 1T ez (18.16)

with ¢ uniform w.r.t. K € T, and h € H, where Jg is the Jacobian matrix of
Tk . Let us define the adjoint transformation ¢x (w) := By (w o Tk) where
Bx := |det(Jx)|Ax" . The terminology is motivated by the following identity:

(w,v) L2 (s k) = (DK (W), VK (V) 2R oy (18.17)

for all v € LP(K;RY), all w € LP (K;R9), and all p € [1, 00] with St =1
Indeed, we have

(6 (1), (0)) L2 e :/;( et ) (AT (w o Tk ), Ax (v 0 Tit) )z (o) A7
:/ (woTk,voTk)pme dr = (W, v) L2 (k;Ra)-
K

Moreover, we have |Bx|p|Bg'llee = |Axle|Ag' e since [|Ak|e =
lAxle. -
We first extend the dofs of the reference finite element. Let p; € P for all
i € N be such that
1 . . o~
—(Pi: D) p2(Rpay = 0i(D),  VPEDP. (18.18)

K|
The function p; is well defined owing to the Riesz—Fréchet theorem (see either
Exercise 5.9 or Theorem A.16 applied here in the finite-dimensional space P

equipped with the L2-inner product weighted by |K|~1). This leads us to
define the extended dofs as follows:

A 1, ~ =

51 (0) = RGO LY(K;RY). (18.19)

We then define the interpolation operator s.t. for all Z € K ,
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L (0)(@) = > _6l(0)0:(@), Vo€ L'(K;RY), (18.20)
ieN
We can take V(I?) = Ll(IA(;Rq) for the domain of Ig?. One can show that

Iﬁ? is actually the L?-orthogonal projection onto ﬁ; see Exercise 18.3.

Lemma 18.13 (Invariance and stability). Let Iﬁ? be defined in (18.20).
(i) P is pointwise invariant under Ig?. (ii) Ig? is LP-stable for all p € [1, 0],
i.e., there is ¢ s.t.

IZE @) ooy < CIPl Lo (eigay, VO € LP(KGRY). (18.21)
Proof. (i) Since 5% (p) = 4(p) for all f € P and all i € N, we obtain T% (p) =
S ien Gi(0)8; = b. (i) Since P ¢ L®(K;R7), we have p; € L®(K;R9).
Holder’s inequality implies that

PR PN =Si—1 0~ ~
65O < RT3 1l e e 9 o 2

for all 7 € LP(K;R7). We conclude that (18.21) holds true with ¢ :=
~ 1 L
EieN|K p”pi”Loo(f(;Rq)||9i||Lp(f<;Rq)- O

Consider now a mesh cell K € T, from a shape-regular mesh sequence
(Th)hen and let (K, Pk, XYk ) be the finite element generated in K using the
transformation ¢ (see Proposition 9.2). The assumption g (v) = Ag (v o
Ty ) implies that 1y (L*(K;R%)) = L'(K;R?). We extend the dofs in Y
to L' (K;RY) by setting o ;(v) := & (K (v)), i.e., owing to (18.17),

1 1 1
U%@(”) = @(PhU)K(U))p(f(;Rq) = @M’KI (pi)vv)Lz(K;Rq)v (18.22)

and we define the local interpolation operator in K s.t. for all x € K,

T () (@) = > of ,()0ki(x), Yo eV(K):=L'(K;RY), (18.23)
1EN

recalling that the local shape functions are given by 0k ; := 1/1;(1 (é\z) for all
i € N. The linearity of ¢k implies that

v (Thtv)) = v (Z e s(0)VR (@-)) = > G k() = Tk (e (v)).
ieN ieN
In other words, the following key relation holds true:

Tje = i o Th o Y. (18.24)
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One can show that I§< is the oblique projection onto Pk = 1/);{1 (]3) parallel

to Q with Qg = 45;(1(?). Note that Ig( is L%-orthogonal whenever the
matrix Ag is unitary; see Exercise 18.3.

Theorem 18.14 (Local approximation). Let I§< be defined by (18.23).
Let k be the degree of the finite element, i.e., [Pr.q]? C P C WrHLP(K;RY).
(i) Pk is pointwise invariant under Ig(. (ii) Assuming that the mesh sequence
is shape-regular, there is ¢ s.t. for allr € [0,k + 1], all p € [1,00) if r € N or
allp € [1,00] if r € N, every integer m € {0:[r]|}, all v € W"P(K;R?), all
K eTh, and all h € H,

|’U — Ig((v)h/{/m,p(K;Rq) S Ch%7m|U|WT,p(K;Rq). (1825)

Proof. The property (i) follows from (18.24). The property (ii) for r € N
follows from Theorem 11.13 with [ := 0 since Iﬁ? is stable in LP owing to

Lemma 18.13. Taking m := r in (18.25) implies the W™ P-stability of I§< for
every integer m € {0:k + 1}, i.e.,

|I§<(’U))|WM,;D(K;]RQ) S C |’LU|Wm,p(K;]Rq), Vw (S Wm’p(K,Rq) (1826)
Since I% (9) = g for all g € Pk, (18.26) and the triangle inequality yield

v — I&((”NWWP(K;RQ) = inf jv—g— I&q(” = 9)|lwmp(x;Ra)
qE€ Pk

<c¢ inf |v-— giwm.p(K:Ra)-
T g€Pk | | (KR

Invoking the bound (12.18) on inf,cp, [v — glwm.»(k;ra), We infer that the
property (ii) holds true for all » ¢ N as well. O
Corollary 18.15 (Approximation on faces). (i) Let p € [1,00) and r €
(%,k—i—l] ifp>1orre[l,k+1]ifp=1. There is ¢ s.t.
"
lv = Zh (0)l| 2o (pizey < chi ? [vlwre(xima), (18.27)

for allv e WrHP(K;R?), all K € Ty, all F € Fk, and all h € H, where the
constant ¢ grows unboundedly as rp | 1 if p > 1. (ii) Assume k > 1. Let
p € [l,00) and r € (%,k] ifp>1orrell,k] if p=1. There is c s.t.

Y
IV (v = Zh ()| o (rie) < chie ¥ [vlwrersxiza, (18.28)

for all v € WIHTP(K;RY), all K € Ty, and all h € H, where the constant ¢
grows unboundedly as rp | 1 if p > 1.

Proof. For simplicity, we assume that ¢ = 1. The general case is treated
by reasoning componentwise. Let us prove (18.27). Assume first that r €
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[1, k + 1]. Owing to the multiplicative trace inequality (12.16), we infer that,
with n:=v — Ig((v),

_1 1—1 1
Ilescey < e (i Wl + Il 190 )

Invoking (18.25) with m € {0,1} (note that m < |r]) shows that (18.27)
holds true in this case. Let us now assume that r € (%, 1) with p > 1. Let

qo € 1/1;(1 (Po,q) = Po,q be arbitrary. We have

1 1 1
hilnllzrry < hgllv = qollzr(ry + i | Th (v) — qoll e (r)
< c(lv = qollLr () + Wi [vlwro )y + [ Z5 (v) = g0l Lo (xc)
< c(lv = qollzr(rey + Piclvlwrn (i) + I1v = Zhe (0)l| Lo ()

where we used the triangle inequality in the first line, the fractional trace
inequality (12.17), the discrete trace inequality (12.10) and gy € Pgq4 in
the second line, and the triangle inequality in the third line. Invoking the
best-approximation estimate (12.15) from Corollary 12.13 (observe that qq is
arbitrary in Py 4) and (18.25) with m = 0 leads again to (18.27). Finally, the
proof of (18.28) is similar and is left as an exercise. O

We define T} : L'(D;R9) — PP(T5; RY) s.t. for all v € L' (D;RY),
)k =Ti(vk), VK €T (18.29)

The approximation properties of IfL readily follow from Theorem 18.14.

18.4 Broken L?-orthogonal projection

Let K € Tp, be a mesh cell. The L?-orthogonal projection Z% : L*(K;RY) —
Py is defined s.t. for all v € L'(K;RY),

(I (v) —v,q)r2(re) =0, Vg € Pk, (18.30)
where Py = 5" (P) and v (v) := Ag (v o Tk). Since (18.30) implies that
[lv— qH%Q(K;Rq) = [lv— I})((U)”%F(K;Rq) + HI%(U) - qH%Q(K;]Rq)v (18.31)
we have the optimality property

7% (v) = arg min |lv — qllz2 (xR (18.32)

q€Pr
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The stability and approximation properties of I}} can be analyzed by using
the L'-stable interpolation operator I§< introduced in the previous section.

Theorem 18.16 (Stability and local approximation). Let I}Q be defined
by (18.30). Let k be the degree of the finite element, i.e., [Pk q]? C P C
WHHLP(K:RY). Assume that the mesh sequence is shape-regular. (i) P is
pointwise invariant under I . (ii) Z% is LP-stable for all p € [1, 0], i.e., there
is ¢ s.t. || T (0)|| Lo (rirey < cllvllLeciiray for all v € LP(K;RY), all K € Ty,
and all h € H. (iil) There is ¢ s.t.

v = TR (0) lwm s (srey < Bl ™ olwrs (ke (18.33)

forallr €[0,k+1], allp € [1,00) if r € N or all p € [1,00] if r € N, every
integer m € {0:|r]}, allv € W"P(K;RY), all K € Ty, and all h € H.

Proof. (i) The pointwise invariance of Px under Z% follows from (18.30).
(ii) Stability. Let v € LP(K;R?). We observe that

Ib 2 < hd(%_l) Ib 2 _ hd(%_l) Ib
| K(U)”LP(K;RQ) = Chg [ K(U)||L2(K;Rq)_c K (v, T (v)) L2 () Ra)

d(2-1) b
< chg HU”LT’(K;RQ)HIK(U)HLP'(K;]R‘I)

d(Z—1+2—1)
<h” T P llee e 1ZR ()| Le (e

= ¢ vl Loacsra) |1 TR (0) | Lo (559
where we used the inverse inequality (12.3) (between LP and L?), (18.30)
with ¢ := Z% (v), Holder’s inequality (with % + i = 1), and again the inverse
inequality (12.3) (between L? and LP). This proves the LP-stability of Z%.

(ili) Local approximation. Since Ig((v) € Pk and Py is left pointwise invari-
ant by Z%, we have

v = T (0)lwmr(xmn) < [0 — T (0)lwm o (me) + 1Tk (v = T (0)) [ (xR0
<lv— I%(”ﬂwww(mn@ + chyM | TR (v — I%(”))HLP(K;RQ)
<|v— Ig((v”Wm’P(K;R‘?) + h™ v — I&((”)HLP(K;]R‘?)
< W v lwrs () Ra)
where we used the triangle inequality, the inverse inequality from Lemma 12.1,
the LP-stability of ¥, and the approximation property (18.25) of I% O

We define ZP : LY(D;R?) — PP(Th;RY) s.t. for all v € LY(D;RY),
IP(v) |k = Ii(vk) for all K € Tp. One readily verifies that Zp is the
L2-orthogonal projection onto PP(7y;R?). The stability and approximation
properties of I}; follow from Theorem 18.16.

Remark 18.17 (Approximation on faces). A result similar to Corol-
lary 18.15 holds true for Z% on the mesh faces. O
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Remark 18.18 (Pullback). One cannot investigate the approximation
properties of I}} by introducing the L2-orthogonal projection onto P (i.e., the
operator Iﬁ?) and using Theorem 11.13, since we have seen that 1/);(1 OI% oYK

is actually the oblique projection Ig( and not the L2-orthogonal projection
I}}. The two projections I§< and I})( coincide when the matrix Ay is unitary
(see Exercise 18.3). This happens when ¢ is the pullback by the geometric
mapping Tx, i.e., when Ag is the identity as is the case for scalar-valued
elements. In this situation, Theorem 18.16 has already been established in
Lemma 11.18 (at least for r» € {0:k + 1}). O

Remark 18.19 (Algebraic realization). To evaluate the L?-orthogonal
projection I}% (v) of a function v, one has to solve the linear system M X =
Y, where the local mass matrix has entries M g r, 1= fK(HKm, 0K ,n) e (ray dw
for all m,n € N, and the right-hand side vector Y has components Y;, :=
[ (v, 0k n)e2(rey dz. Then we have Zp (v) = 3. o Xnbkon; see §5.4.2. O

Exercises
Exercise 18.1 (H (div), H (curl)). Prove Theorem 18.10. (Hint: use (4.8).)

Exercise 18.2 (Discrete Sobolev inequality). (i) Assume d > 3. Prove

that |on]| (k) < chic * |[Vonll Loy for all v, € PEP(T5), all K € T, and
all h € H. (Hint: use Theorem 2.31.) (ii) Assume d = 2. Prove (18.15). (Hint:
let K € 7Tp, with hg < ‘%D, let € K and let y have polar coordinates (r, 0)
with respect to @ with r > ‘%D and 0 € (0,w), use that vp(x) = vp(y) —
s 9vn(p,0) dp, decompose the integral as [ -dp = thK ~dp + fij -dp, and
bound the two addends.)

Exercise 18.3 (Orthogonal and oblique projections). (i) Show that Ig?
is the L2-orthogonal projection onto P. (Hint: observe that (p;, aj)L?(f{;Rq) =
|K|6;; for all 4,5 € N.) (ii) Prove that Ig( is the oblique projection onto

~

Py = " (P) parallel to Q% with Qg := &' (P). (Hint: use (18.17).) (iii)
Show that Px = Qg if the matrix A is unitary, i.e., A}-{AK = AKA}-( =1,.

Exercise 18.4 (Approximation on faces). Prove (18.28).



