
A SUBGRID VISCOSITY METHOD FOR SOLVING NON-COERCIVEPDE'S IN ENVIRONMENTAL SCIENCEJ.-L. GUERMOND1Abstra
t. The goal of this 
ourse is to present a stabilized Galerkin te
hnique for approximat-ing non-
oer
ive PDE's. This te
hnique is based on a two-level hierar
hi
al de
omposition of theapproximation spa
e. This spa
e is broken up into resolved s
ales and subgrid s
ales. We showthat in general the Galerkin formulation provides an a priori 
ontrol on the resolved s
ales of theapproximate solution, whereas it 
annot 
ontrol the subgrid s
ales. The missing stability is obtainedby slightly modifying the Galerkin formulation by introdu
ing an arti�
ial di�usion on the subgrids
ales. Numeri
al tests show that the method applies also to nonlinear problems.1. Model problemsIn this se
tion we re
all an abstra
t existen
e result and we show that the Galerkin formulation isnot optimal for approximating PDE's dominated by �rst order di�erential operators.1.1. An abstra
t existen
e and stability result. Let V � L be two real Hilbert spa
es withdense and 
ontinuous embedding. For any Hilbert spa
e H we denote by (�:; �)H and k � kH the s
alarprodu
t and the norm in H respe
tively. For any Bana
h spa
e, we denote by B0 = L(B;R) the dualof B. Hereafter we make the usual identi�
ations V � L � L0 � V 0. Let a 2 L(V �L;R) and 
onsiderthe following problem. (For all f 2 L, �nd u 2 V s.t.a(u; v) = (f; v)L; 8v 2 L:(1.1)SuÆ
ient and ne
essary 
onditions for this problem to be well-posed are stated in the following theoremdue to Ne�
as [Ne�
62℄:Theorem 1.1 (Ne�
as). Problem 1.1 is well-posed if and only if9� > 0; infu2V supv2L a(u; v)kukV kvkL � �;(1.2) 8v 2 L; (v 6= 0)) (supu2V a(u; v)kukV 6= 0):(1.3)To interpret this theorem, let us de�ne the operator A : D(A) = V � L �! L su
h that (Au; v)L =a(u; v) for all (u; v) 2 V �L. Condition (1.2) is equivalent to assuming that A is inje
tive and its rangeis 
losed, whereas (1.3) states that At is inje
tive. As a result, these two 
onditions are equivalent toassuming that A is bije
tive [Bre91℄.Now let us look at the approximation of (1.1). Let Vh � V and Lh � L be two �nite-dimensionalve
tors spa
es and 
onsider the following dis
rete problem.(Find uh 2 Vh s.t.a(uh; vh) = (f; vh)L; 8vh 2 Lh:(1.4)Proposition 1.1. Assume that dim Vh = dim Lh and9�h > 0; 8wh 2 Vh supvh2Lh a(wh; vh)kvhkL � �hkwhkV :(1.5)Then, problem (1.4) has a unique solution and kuhkV � 1�h kfkL.1LIMSI (CNRS-UPR 3152), BP 133, 91403, Orsay, Fran
e (guermond�limsi.fr).1



2 J.-L. GUERMONDLemma 1.1 (C�ea). Under the hypotheses of theorem 1.1 and proposition 1.1 we havejju� uhjjV � (1 + kak�h ) infwh2Wh jju� whjjV :(1.6)1.2. Example 1 : adve
tion/rea
tion. Let us 
onsider an adve
tion/rea
tion problem. Let � bea smooth ve
tor �eld in Rd , say � 2 L1(
)d and r�� 2 L1(
), and set�� = fx 2 � j �(x) � n(x) < 0g; �+ = fx 2 � j �(x) � n(x) > 0g:�� is the in
ow boundary and �+ is the out
ow boundary. It may happen that these two subsets of� are empty if � is su
h that � � n(x) = 0 for all x 2 �. Let � be a fun
tion in L1(
). We introdu
ethe following di�erential operator A(u) = �u+ � � ru:To give a pre
ise meaning to A, we introdu
e its domainV = D(A) = fw 2 L2(
); � � rw 2 L2(
)g � L2(
):When equipped with the norm kwkV = (kwk20;
+k� �rwk20;
)1=2, it is 
lear that V is a Hilbert spa
eand A 2 L(V ;L). In general A is not an isomorphism if we do not assume any other hypotheses on� and �. Hereafter we assume that there is �0 > 0 so that�(x) � 12r��(x) � �0 > 0 a.e. x in 
:(1.7)We de�ne V0 = fw 2 V ; wj�� = 0g. We introdu
e the bilinear form a 2 L(V0 � L2(
);R) asso
iatedwith the restri
tion of A to V0 :a(u; v) = (�u+ � � ru; v)0;
; 8u 2 V0; 8v 2 L2(
):(1.8)Lemma 1.2. The bilinear form de�ned in (1.8) satis�es the two 
onditions of the Ne�
as theorem.The 
onsequen
e of this lemma is that for all f 2 L2(
), the following problem(Find u in V0 s.t.a(u; v) = (f; v)0;
; 8v 2 L2(
);(1.9)has a unique solution. Equivalently, it means that A : V0 �! L2(
) is an isomorphism.Remark 1.1. If � = 0 and r�� = 0, the hypothesis (1.7) is not satis�ed. Nevertheless, the 
on
lusionsof lemma 1.2 still hold if � is a �lling �eld: i.e., if for almost every x in 
, there is a 
hara
teristi
sof � that starts from x and rea
hes �� in �nite time. The reader is referred to Azerad and Pousin[Aze95℄ for other details on this problem.1.3. Example 2 : The Dar
y equation. let 
 be a porous medium 
hara
terized by the perme-ability tensor K(x). This tensor is assumed to be symmetri
 positive de�nite and its smallest andlargest eigen values are assumed to be bounded from below and from above uniformly in 
. Let� = �1 [ �2 be a partition of �. We 
onsider the following problem:8>><>>:K�1 � u+rp = fr�u = gu � nj�1 = 0; pj�2 = 0:(1.10)This problem is known as the Dar
y problem. In nonlinear form, it plays an important role inunderground storage problems, hydro-geology, and in the petroleum industry. It is very often 
oupledto a transport equation for the 
on
entration of a 
hemi
al spe
ie or a phase fra
tion.To formulate (1.10) in weak form, we introdu
e some de�nitions.X = fv 2 L2(
)d; r�v 2 L2(
); v � nj�1 = 0g; kvkX = (kvk20;
 + kr�vk20;
)1=2;Y = fq 2 L2(
); rq 2 L2(
); qj�2 = 0g; kqkY = kqk1;
:X and Y are Hilbert spa
es. We set V = X � Y and L = L2(
)d � L2(
) that we equip with thenorms k(v; q)kV = (kvk2X +kqk2Y )1=2 and k(v; q)kL = (kvk20;
+kqk20;
)1=2 respe
tively. We now de�ne



A SUBGRID VISCOSITY METHOD FOR ENVIRONMENTAL SCIENCE 3the operator A : V �! L(v; q) 7�! (K�1v +rq;r�v):A is 
learly 
ontinuous. Finally, we introdu
e the bilinear form a 2 L(V �L;R) su
h that a((u; p); (v; q)) =(A(u; p); (v; q))L.Lemma 1.3. The bilinear form a satis�es the two 
onditions of the Ne�
as theorem.The dire
t 
onsequen
e of this lemma is that for all f 2 L2(
)d and q 2 L2(
), the followingproblem (Find (u; p) 2 V s.t.a((u; p); (v; q)) = ((f; g); (v; q))L; 8(v; q) 2 L;(1.11)has a unique solution.1.4. A 1D model problem. Let us simplify the adve
tion problem (1.9). Let 
 =℄0; 1[ and set� = 1, � = 0. We de�ne the Hilbert spa
e X = fv 2 H1(
); v(0) = 0g, and we seta(u; v) = Z 10 u0(x)v(x):It is 
lear that a 2 L(X � L2(
);R) and a satis�es the hypotheses of theorem 1.1. In this se
tion weshall 
onsider the following problem. For f 2 L2(
)8<:Find u in X s.t.a(u; v) = Z 10 fv; 8v 2 L2(
):(1.12)This problem has a unique solution in X . We shall now build a Galerkin approximation of u by meansof P1 �nite elements, and we shall see that this approa
h is not optimal.Let us de�ne a mesh on 
 = [0; 1℄. For N 2 N? set h = 1=N and xi = ih for i 2 f0; 1; : : : ; Ng. Wede�ne Xh = fvh 2 C0(
); vhj[xi;xi+1℄ 2 P1; 0 � i � N � 1; vh(0) = 0g:(1.13)It is 
lear that Xh � X . The dis
rete Galerkin formulation of (1.12) is8><>:Find uh in Xh s.t.a(uh; vh) = Z 10 fvh; 8vh 2 Xh:(1.14)We 
an apply proposition 1.1 with Vh = Lh = Xh The dis
rete problem is well posed i� there is �h > 0su
h that (1.5) holds. Furthermore, the error estimate is optimal only if �h is uniformly boundedfrom below as h! 0. Unfortunately we 
an prove the following negative theorem.Theorem 1.2. There are two 
onstants 
1 > 0 and 
2 > 0, independent of h, s.t.
1h � infuh2Xh supvh2Xh a(uh; vh)kuhk1;
kvhk0;
 � 
2h:Proof. let us assume that N is even; the other 
ase 
an be treated similarly. Let (�i)1�i�N be the baseof Xh su
h that �i(xj) = Æij . To prove the bound from above let us 
onsider the following os
illatingfun
tion uh: uh = NX1 Ui�i with (U2i = 2ih; if 1 � i � N2 ,U2i+1 = 1; if 0 � i � N2 � 1.Let fh be the L2 proje
tion of u0h onto Xh. After some 
al
ulus we 
an showsupvh2Xh a(uh; vh)kuhk1;
kvhk0;
 � 1juhj1;
 supvh2Xh R 10 fhvhkvhk0;
 = kfhk0;
juhj1;
 � 4p3h:In other words, the quantity juhj1;
 diverges when h! 0 whereas the L2 proje
tion of u0h onto Xh isbounded. The bound from below is evident.



4 J.-L. GUERMONDRemark 1.2. The 
onsequen
e of this negative theorem is that the Galerkin te
hnique is not optimalfor approximating �rst order PDE's.2. Stabilization by means of a subgrid vis
osity methodIn this se
tion, we propose a new te
hnique that is optimal for approximating �rst order PDE's. Thiste
hnique is based on a hierar
hi
al two-level de
omposition of the approximation spa
e. Hereafterwe assume that a is positive; i.e. 8v 2 V; a(v; v) � 0:2.1. Introdu
tion. To build an approximate solution to problem (1.1), we introdu
e a sequen
e of�nite dimensional spa
es (XH)(H>0) � V , and we assume that there is a dense subspa
e W � Vtogether with a linear interpolation operator IH 2 L(W ;XH) and two 
onstants k > 0, 
 > 0 su
hthat 8H; 8v 2 W; kv � IHvkL +Hkv � IHvkV � 
Hk+1kvkW :(2.1)Theorem 1.2 
learly states that (1.1) 
annot be approximated by means of the Galerkin te
hniquewhen A is a �rst order di�erential operator. A simple 
ure to this problem 
onsists of enlarging thespa
e of the test fun
tions. Indeed, it is 
lear that infuH2XH supv2L a(uH ; v)=kuHkV kvkL � �. Hen
e,it is likely that, still approximating u in XH , there exists a dis
rete spa
e wedged between XH and Lsu
h that the inf-sup inequality (1.5) is satis�ed uniformly. For the time being, let us denote by Xhthis spa
e, and let us assume that there is a �nite-dimensional spa
e XHh � V � L with XHh \XH = ;,su
h that Xh = XH �XHh and the bilinear form a satis�es uniformly the dis
rete inf-sup inequality9
a > 0; 8(H;h); infvH2XH sup�h2Xh a(vH ; �h)kvHkV k�hkL � 
a:(2.2)We are now in measure of building a Petrov{Galerkin approximation:�Find uH 2 XH , s.t.a(uH ; vh) = (f; vh)L; vh 2 Xh:Clearly, if this problem has a solution, (2.2) states that this solution is stable uniformly with respe
tto H and h. Unfortunately, the dimension of Xh is larger than that of XH ; as a result, proposition1.1 does not hold. To avoid this dimension problem, we 
ould try to approximate u in Xh and testthe equation with Xh. By doing so we would be led ba
k to the Galerkin formulation, whi
h we knowis not optimal in general. Let us summarize:1. The hypothesis (2.2) allows for a 
ontrol on uH .2. To have as many unknown as equations, we want to work with one dis
rete spa
e only, but theGalerkin formulation 
annot 
ontrol 
orre
tly uh. That is to say, we have no a priori 
ontrol onthe quantity uh � uH .3. One simple way to 
ontrol uh�uH is to add to our problem a 
oer
ive bilinear form a
ting onlyon uh � uH and small enough su
h that it does not spoil the 
onsisten
y.Let us now state pre
isely the hypotheses that we need to 
arry out our program.1. We assume the de
omposition Xh = XH � XHh to be dire
t. We de�ne PH : Xh �! XH asbeing the proje
tion of Xh onto XH that is parallel to XHh . We assume that PH is stable in thenorm of L uniformly with respe
t to H and h. For all vh in Xh we denotevH = PHvh and vHh = (1� PH )vh:(2.3)2. Xh being �nite dimensional, we assume that there is 
i > 0, independent of h and H , s.t.8vh 2 Xh; kvhkV � 
iH�1kvhkL:(2.4)3. We introdu
e a norm k � kb s.t.9
e1 > 0; 9
e2 > 0; 8vHh 2 XHh ; 
e1kvHh kV � kvHh kb � 
e2H�1kvHh kL:(2.5)4. We de�ne a bilinear form bh 2 L(XHh �XHh ;R) su
h that for all (vHh ; wHh ) in XHh �XHh
bHkvHh k2b � bh(vHh ; vHh ) and bh(vHh ; wHh ) � 
b2HkvHh kbkwHh kb:(2.6)



A SUBGRID VISCOSITY METHOD FOR ENVIRONMENTAL SCIENCE 5Remark 2.1. We shall hereafter refer to XH and XHh as the resolved s
ales spa
e and the subgrids
ales spa
e respe
tively. The operator PH 
an be thought of as a �lter whi
h when a
ting on afun
tion of Xh gets rid of its 
u
tuating subgrid s
ales.Remark 2.2. The property (2.4) is an inverse inequality. Note that for �nite elements, if A is a �rstorder di�erential operator and h, H denote the mesh size on whi
h Xh and XH are built respe
tively,then (2.4) holds true if H and h are of the same order; i.e., 
1h � H � 
2h. In pra
ti
e we shallalways use H = 2h.Remark 2.3. Let us give some examples. Assume that (�; �)V is the s
alar produ
t of V . The simplest
hoi
e for bh 
onsists in bh(vHh ; wHh ) = H(vHh ; wHh )V . For the adve
tion problem of se
tion 1.2, one
an 
hoose bh(vHh ; wHh ) = H(�vHh + � � rvHh ; �wHh + � � rwHh )0;
:Within this framework we have k � kb = k � kV . There is a se
ond possibility if one 
an exhibit asubspa
e X � V with dense and 
ontinuous embedding su
h that the following inverse inequalityholds: kvhkX � 
e2H�1kvhkL for all vHh in XHh . In pra
ti
e, this hypothesis means that V and X aredomains of di�erential operators of the same order. Assume that Xh � X , and denote by (�; �)X thes
alar produ
t in X . One 
an set bh(vHh ; wHh ) = H(vHh ; wHh )X . For the adve
tion problem of se
tion1.2, we have X = H10 (
) � V , and assuming XHh � H10 (
) we 
an setbh(vHh ; wHh ) = H(vHh ; wHh )0;
 +H(rvHh ;rwHh )0;
:In this 
ase we have k � kb = k � k1;
. In pra
ti
e, this bilinear form is simple to program and problemindependent.Remark 2.4. To some extent, the idea of s
ale separation and subgrid vis
osity is rooted in the spe
tralvis
osity theory developed by Tadmor [Tad89℄ for approximating nonlinear 
onservation laws by meansof spe
tral methods.2.2. The dis
rete problem. The dis
rete problem we 
onsider now reads:(Find uh 2 Xh s.t.a(uh; vh) + bh(uHh ; vHh ) = (f; vh)L; 8vh 2 Xh:(2.7)Remark 2.5. Note that the only di�eren
e between the Galerkin formulation and (2.7) 
onsists of thepresen
e of the bilinear form bh; i.e., for the Galerkin formulation bh = 0.Let us de�ne as(u; v) = 12 (a(u; v) + a(v; u)). It is 
lear that as 2 L(V � V ;R) and as is symmetri
positive. The major result of this se
tion is the following.Theorem 2.1. Under the hypotheses (2.1) to (2.6), problem (2.7) has a unique solution uh, and if,u, the solution to (1.1) is in W we have the following error estimates.( as(u� uh; u� uh)1=2 � 
Hk+1=2kukW ;ku� uhkV + kuHh kb � 
HkkukW :(2.8)Proof. See Guermond [Gue99b℄ and [Gue99a℄.Remark 2.6. The estimate (2.8) is optimal in V . If as is L-
oer
ive, (2.8) is not optimal in L; a fa
torH1=2 is missing. Optimality 
an re
overed for �nite elements if the mesh satis�es spe
ial geometri
properties (see [Zho97℄ for details).Remark 2.7. The estimate (2.8) is identi
al to that obtained with the Galerkin Least Square method[JNP84℄.2.3. Re�nement of the hypotheses. It happens frequently that the operator A 
an be de
omposedinto A = A0+A1 where A0 is a zeroth order operator and A1 is a �rst order di�erential operator. Forinstan
e, for the adve
tion operator 
onsidered in se
tion 1.2, we have A0u = �u and A1u = � � ru.Let us 
onsider the de
omposition a = a0+a1 where a0(u; v) = (A0u; v)L and a1(u; v) = (A1u; v)L.We now make the following hypotheses:



6 J.-L. GUERMOND1. There is a semi-norm in V , whi
h we denote by j � jV , su
h that the de
omposition a = a0 + a1satis�es: 8(u; v) 2 V � L; 8>><>>: kukV � 
(as(u; u)1=2 + jujV );a0(u; v) � 
0as(u; u)1=2kvkL;a1(u; v) � 
1jujV kvkL:(2.9)2. We weaken hypothesis (2.2) by repla
ing it by: there are two 
onstants 
a1 > 0, 
Æ � 0,independent of (H;h), s.t.8uh 2 Xh; supvh2Xh a1(uH ; vh)kvhkL � 
a1juH jV � 
Æas(uh; uh)1=2:(2.10)3. We weaken the de�nition of bh. We assume that there is a semi-norm j � jb su
h that bh satis�esthe following properties:8(vHh ; wHh ) 2 XHh �XHh ; 8>><>>: 
e1jvHh jV � jvHh jb � 
e2H�1kvHh kL;bh(vHh ; vHh ) � 
b1H jvHh j2b ;bh(vHh ; wHh ) � 
b2H jvHh jbjwHh jb:(2.11)Remark 2.8. The reason for weakening (2.2) is that (2.10) is usually simpler to prove.Remark 2.9. For the adve
tion equation �u+ � �ru = f , assuming �� 12r�� � �0 > 0, the bilinearform a is L2(
)-
oer
ive. Hen
e, one 
an use the following de�nition8(vHh ; wHh ) 2 XHh �XHh ; bh(vHh ; wHh ) = H(rvHh ;rwHh )0;
:(2.12)Proposition 2.1. Under the hypotheses (2.9), (2.1), (2.3), (2.4), (2.10) and (2.11), if the solutionto (1.1) is in W , the solution to (2.7) satis�es the estimates (2.8).Remark 2.10. The theory developed above generalizes easily to non-uniform regular meshes providedthe de�nition of the bilinear form bh is lo
alized, see [Gue99a℄ and [Gue01b℄.2.4. A singular perturbation problem. The te
hnique developed above is tailored for problemswhere A is a �rst order di�erential operator. In pra
ti
e we frequently have to deal with operators ofthe form B = A+ �D, where A is a positive �rst order di�erential operator and D is se
ond order and
oer
ive. Given the positiveness of A, the operator B is 
oer
ive with � as the 
oer
ivity 
onstant.If � is of order 1, the problem Bu = f is ellipti
 and 
an easily be approximated by means of theGalerkin te
hnique. On the other hand, if � is small the 
oer
ivity is not strong enough to guaranteethe Galerkin te
hnique to work properly, for in �rst approximation B � A. We shall show in thefollowing that the subgrid vis
osity te
hnique developed above generalizes to this situation and yieldoptimal 
onvergen
e estimates.Let us retain the same hypotheses on a, V , and L as before. Moreover, we introdu
e a newHilbert spa
e X , and we assume that X � V with dense and 
ontinuous embedding. We de�ned 2 L(X�X ;R) and we assume that the bilinear form a+d is X-
oer
ive, i.e., kvk2X � a(v; v)+d(v; v).For 0 � � � 1, we 
onsider the following problem. For f 2 L,(Find u 2 X s.t.a(u; v) + �d(u; v) = (f; v); 8v 2 X:(2.13)Remark 2.11. For an adve
tion/di�usion/rea
tion problem we have a(u; v) = (�u+ � � ru; v)0;
 andd(u; v) = (ru;rv)
 with X = H10 (
), V = fv 2 L2(
); � � rv 2 L2(
); wj�� = 0g, and L = L2(
).Let us now approximate the solution to problem (2.13). Let Xh � XH � X satisfying hypotheses(2.1), (2.3), (2.4), (2.9), (2.10), and (2.11). Assume furthermore that there is 
 > 0 independent of(H;h) su
h that 8vh 2 Xh; kvhkX � 
H�1kvhkL:(2.14)This hypothesis means that X and V are domains of di�erential operators of the same order. Thedis
rete problem with 
onsider now reads:(Find uh 2 Xh s.t.a(uh; vh) + �d(uh; vh) + bh(uHh ; vHh ) = (f; vh); 8vh 2 Xh:(2.15)



A SUBGRID VISCOSITY METHOD FOR ENVIRONMENTAL SCIENCE 7Theorem 2.2. Under the hypotheses (2.1), (2.3), (2.4), (2.9), (2.10), (2.11) and (2.14), and providedthat u 2W , the solution to (2.15) satis�es( as(u� uh; u� uh)1=2 + �1=2ku� uhkX � 
(Hk+1=2 +Hk�1=2)kukW ;ku� uhkV � 
HkkukW :(2.16)Proof. Voir [Gue01b℄.Remark 2.12. Note that the error estimate in the V -norm is uniform with respe
t to �. The uniformityis an improvement with respe
t to the Galerkin Least Square method.2.5. Two-level P1 and P2 interpolation. In this se
tion we des
ribe two �nite element settings thatsatisfy the hypotheses of the subgrid vis
osity te
hnique presented above. For the sake of simpli
itywe assume that 
 is a polyhedron in Rd and TH is a regular triangulation of 
 
omposed of aÆnesimpli
es (KH). The referen
e simplex is denoted by K̂ and TKH : K̂ �! KH is the aÆne mappingthat maps K̂ onto KH .2.5.1. De�nitions and preliminaries. To 
onsider at on
e every linear �rst order di�erential operator,we introdu
e a family of d fun
tions (Ak)k=1;d with values in the spa
e of real matri
es of order m�mwhere m > 0.; i.e., Ak : 
 �!Mm(R). We de�ne the matrix �eld � = (A1; : : : ; Ad), and for a smoothfun
tion u : 
 �! Rm we denote by � �ru the fun
tion � �ru : 
 �! Rm s.t.1 � i � m; (� �ru)i = dXk=1 mXj=1Akij �uj�xk :(2.17)For a smooth fun
tion v : 
 �! Rm , we set kvk0;
 = (Pmi=1 kvik20;
)1=2, and we de�ne v � (� �ru) =Pmi=1 vi(� �ru)i. We introdu
e also the semi-norm juj1;�;
 = �R
(� �ru) � (� �ru)�1=2.2.5.2. Two-level P1 interpolation. We restri
t ourselves to 2D, but all that is said 
an be generalizedto 3D. Let us de�ne �rst XH byXH = fvH 2 H1(
)m; vHjKH 2 P1(KH)m; 8KH 2 THg:(2.18)From ea
h triangle KH 2 TH , we 
reate 4 new triangles by 
onne
ting the middles of the 3 edges ofKH . Let us set h = H=2 and denote by Th the resulting new triangulation. For ea
h ma
ro-triangleKH , we de�ne P as being the spa
e of the fun
tions that are 
ontinuous on KH , vanish at the threeverti
es of KH , and are pie
ewise P1 on ea
h sub-triangle of KH . We de�neXHh = fvHh 2 H1(
)m j vHhjKH 2 Pm; 8KH 2 THg:(2.19)By setting Xh = XH �XHh , it is 
lear that we 
an 
hara
terize Xh byXh = fvh 2 H1(
)m j vhjKh 2 P1(Kh)m; 8Kh 2 Thg:(2.20)The 
ouple (XH ; Xh) is referred to as the two-level P1 setting.
φ1

φ3

φ2

φ5 φ4

φ6
φ1

φ3

φ2

φ1+φ3
     2

PH

φ1+φ2
     2

φ2+φ3
     2

Figure 1. De�nition of PH for the two-level P1 setting.On �gure 1 we show a s
hemati
 representation of the a
tion of the �lter PH : Xh �! XH on ama
ro-element KH of TH .



8 J.-L. GUERMOND2.5.3. Two-level P2 interpolation. Let us build now a two-level P2 setting. On
e more, we set h = H=2and we denote by Th the triangulation obtained by dividing ea
h ma
ro-triangle of TH into 4 sub-triangles. For ea
h triangle Kh, we denote by  1,  2,  3 the three nodal P2 fun
tions asso
iated withthe middle of the three edges of Kh. We setXH = fvH 2 H1(
)m; vHjKH 2 P2(KH)m; 8KH 2 THg:(2.21)and we de�ne the spa
e of the subgrid s
ales as followsXHh = fvHh 2 H1(
)m; vHhjKh 2 ve
t( 1;  2;  3)m; 8Kh 2 Thg:(2.22)The spa
e Xh = XH �XHh is 
hara
terized byXh = fvh 2 H1(
)m; vhjKh 2 P2(Kh)m; 8Kh 2 Thg:(2.23)The 
ouple (XH ; Xh) is 
alled the two-level P2 setting.The two interpolation settings des
ribed above are shown in �gure 2.

Figure 2. Two examples of hierar
hi
al �nite elements. Resolved s
ales spa
es areon the left and subgrid s
ales spa
es on the right. From top to bottom: two-level P1;two-level P2.2.5.4. The inf-sup 
ondition. It is quite easy to show that for the interpolation settings 
onsideredabove, the de
omposition Xh = XH �XHh is L2-stable. Furthermore, for we have the following result.Lemma 2.1. If � is pie
ewise 
onstant on ea
h simplex KH of TH , there is a 
onstant 
� > 0,independent of (H;h), s.t.8uH 2 XH ; supvh2Xh R
 vh � (� �ruH)kvhk0;
 � 
� juH j1;�;
:(2.24)Corollary 2.1. If � is in C1(
;Mm(R)d), there are two 
onstants 
� > 0 and 
Æ � 0, both indepen-dent of (H;h), s.t.8uH 2 XH ; supvh2Xh R
(� �ruH)vhkvhk0;
 � 
�juH j1;�;
 � 
ÆkuHk0;
:(2.25)Proof. The reader is referred to �a [Gue99a℄ and [Gue99b℄ for the te
hni
al details.Remark 2.13. The stabilizing properties of bubble fun
tions for adve
tion/di�usion problems havebeen put in eviden
e in [BBF+92℄. Theoreti
al justi�
ations 
an be found in [BBF93℄ and [BFHR97℄.The importan
e of the inf-sup inequality (2.2) for problems like (1.1) does not seem to be well knownby numeri
ists.2.6. Some examples. We show now that for the two problems 
onsidered in se
tions 1.2 and 1.3,the hypotheses (2.9), (2.10), and (2.11) are satis�ed.
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tion/rea
tion problem. The adve
tion/rea
tion problem of se
tion 1.2 
an be refor-mulated within our abstra
t framework by setting m = 1 andAk11 = �k:Let us de�ne a0(u; v) = (�u; v)0;
, a1(u; v) = (� �ru; v)0;
 and jujV = juj1;�;
. The hypothesis (2.9) isa simple 
onsequen
e of the relation as(u; u) � �0kuk20;
 together with the de�nition of the semi-normj � jV . The hypothesis (2.10) is a 
onsequen
e of 
orollary 2.1 together with the L2(
)-
oer
ivity ofas. By setting b(vHh ; wHh ) = 
bH(rvHh ;rwHh )0;
 and jvHh jb = jvHh j1;
;the hypothesis (2.11) is obviously satis�ed.2.6.2. Le Dar
y problem. Let us reformulate the Dar
y problem 
onsidered in se
tion 1.3 within ourabstra
t framework. Let us set m = d+ 1 andAkij = 0; if 1 � i � m� 1; 1 � j � m� 1;Akij = Æi;k; if 1 � i � m� 1; j = m;Akij = Æj;k; if i = m; 1 � j � m� 1;Akij = 0; if i = m; j = m;where Æi;k is the Krone
ker symbol. De�ne a0((u; p); (v; q)) = (K�1 � u; v)0;
 and a1((u; p); (v; q)) =(� � r(u; p); (v; q))0;
. It is 
lear that given de�nition (2.17), we have a1((u; p); (v; q)) = (q;r�u)0;
 +(rp; v)0;
. Let us de�ne j(u; p)jV = j(u; p)j1;�;
. A simple 
al
ulation shows that j(u; p)jV = (kr�uk20;
 + krpk20;
)1=2. The hypothesis (2.9) is a simple 
onsequen
e of the relation as((u; p); (u; p)) =a0((u; p); (u; p)) � �0kuk20;
 together with the de�nition of the semi-norm j � jV and the Poin
ar�einequality. Sin
e the matrix �eld � is 
onstant on 
, the hypothesis (2.10) is a 
onsequen
e of lemma2.1. By setting b((vHh ; qHh ); (wHh ; rHh )) = 
bH((rvHh ;rwHh )0;
 + (rqHh ;rrHh )0;
)and j(vHh ; qHh )jb = (jvHh j21;
 + jqHh j21;
)1=2, the hypothesis (2.11) is obviously satis�ed.2.7. Numeri
al illustrations.2.7.1. Example 1: an adve
tion problem. Let us 
onsider the following problem.( �yu = 12� (1� (tanh(y�0:5� ))2) in 
 =℄0; 1[2;ujy=0 = 0;(2.26)where u = 12 (tanh(y�0:5� ) + 1) is the exa
t solution. We make numeri
al tests with � = 0:04. Weuse two-level P1 and P2 �nite elements on a mesh Th 
omposed of 952 triangles and 517 verti
es; i.e.h � 1=20. The bilinear form bh is de�ned bybh(vHh ; wHh ) = 
b XKh2Thmes(Kh)1=2 ZKh rvHh � rwHh :(2.27)We use 
b = 1. The results are shown in �gure 3. The proje
tions in the plane x = 0 of the graphs ofthe P1 and P2 interpolates of the exa
t solution are shown on the left of the �gure. The two-level P1and P2 solutions are in the 
enter; the Galerkin P1 and P2 solutions are on the right. The stabilizinge�e
ts of the subgrid vis
osity method are 
learly illustrated by this example.2.7.2. Example 2 : boundary layer problem. We illustrate now the method on an adve
tion/di�usionproblem. ( �yu� �r2u = 0 in 
 =℄0; 1[2;ujy=0 = ujy=1 = 0; �xujx=0 = �xujx=1 = 0;(2.28)where u = (exp(y=�) � 1)=(exp(1=�) � 1) is the exa
t solution. We take � = 0:002 in the numeri
altests. We use the same mesh as in the previous example and we approximate the solution by meansof two-level P1 �nite elements. The bilinear form bh is the same as in (2.27). In �gure 4 we show: themesh (top left); the graph of the P1 Galerkin solution (top 
enter); the proje
tion in plane x = 0 ofthe Galerkin solution (top right), note the spurious os
illations spreading throughout the 
omputationdomain; the proje
tion of the graph of the P1 interpolate of the solution (bottom right).
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0 1

0

1

0 1

0

1

0 1

−0.07919

0

1

0 1Figure 3. Problem (2.26). Proje
tion in plane x = 0 of solution. Top; P1 solution.Bottom; P2 solution. From left to right; Lagrange interpolate of exa
t solution,stabilized solution, Galerkin solution.
0 1

0

1

0

1

−1

0

1

0

1

Y−Axis
0

1
−1

0

1

0 1

0

1

0 1

0

0.9995

0 1

0

1

0 1Figure 4. Problem (2.28). Top left, mesh Th; top 
enter, graph of P1 Galerkinsolution; top right, proje
tion in plane x = 0 of graph of Galerkin solution; bottomleft, stabilized solution; bottom 
enter, stabilized solution with sho
k 
apturing term;bottom right, P1 interpolate of exa
t solution.The stabilized solution is shown at the bottom left of �gure 4. Note that all the spurious os
illationshave disappeared ex
ept in the vi
inity of the boundary layer where the slope of the solution is large.These residual os
illations are due to the Gibbs phenomenon. This phenomenon is well-known by thenumeri
ists who work on nonlinear 
onservation laws developing dis
ontinuities. It is the manifestationof a far-rea
hing theorem in analysis that states that trun
ated Fourier series of a given fun
tion doesnot 
onverge uniformly to the fun
tion in question unless the fun
tion is very smooth (
ontinuity is



A SUBGRID VISCOSITY METHOD FOR ENVIRONMENTAL SCIENCE 11not enough), see Rudin [Rud87, p. 97{98℄ for more details. A simple tri
k to eliminate this unwel
omeos
illations 
onsists of adding strong dissipation in the region of spa
e where the solution is rough. Of
ourse, one does not know a priori where the solution is rough, but one may expe
t that in this regionthe quantity ruHh = r(uh � PHuh) is of the same order as ruh. Indeed, it is easy to show that, if uis a smooth fun
tion, denoting by Ihu the Lagrange interpolate of u, the quantity kIhu� PHIhuk0;
is of order hk+1 and jIhu � PHIhuj1;
 is of order hk. Hen
e, we are led to introdu
e the followingnonlinear form:
h(uHh ; vh; wh) = 
s
 XKH2TH meas(KH)1=2 kruHh k0;KHkruhk0;KH ZKH (rvh �rwh):(2.29)This form is 
alled the sho
k 
apturing form. The modi�ed problem we 
onsider is the following.�Find uh 2 Xh s.t.a(uh; vh) + bh(uHh ; vHh ) + 
h(uHh ; uh; vh) = (f; vh); 8vh 2 Xh:Sin
e the nonlinearity is small, this problem 
an be solved by means of a very 
rude �xed pointalgorithm. The solution is shown in �gure 4 at the bottom 
enter lo
ation. The eÆ
ien
y of the sho
k
apturing form is evident. The boundary layer is 
aptured within one element with 
s
 = 0:1.3. Evolution problem with non 
oer
ivityIn this se
tion we show how the subgrid vis
osity te
hnique 
an be extended to treat time-dependentproblems with no 
oer
ivity.3.1. The model problem. The goal of this se
tion is to introdu
e a general framework for non-
oer
ive time-dependent problems. Let L be a separable Hilbert spa
e and A : D(A) � L �! L be alinear operator.D�e�nition 3.1. We say that A is monotone i�8v 2 D(A); (Av; v)L � 0;(3.1)and A is maximal i� 8f 2 L; 9v 2 D(A); v +Av = f:(3.2)Lemma 3.1. If A : D(A) � L �! L is maximal and monotone, then(i) D(A) is dense in L.(ii) The graph of A is 
losed.(iii) For all � > 0, I + �A : D(A) � L �! L is bije
tive and (I + �A)�1kL(L;L) � 1.Proof. See Brezis [Bre91, p. 101℄, Showalter [Sho96, p. 22℄ or Yosida [Yos80, p. 246℄.The major result of this se
tion is the following.Theorem 3.1 (Hille{Yosida). For all f 2 C1([0;+1[;L) and all u0 2 D(A), the problem8><>:Find u 2 C1([0;+1[;L) \ C0([0;+1[;D(A)) s.t.ujt=0 = u0;dtu+Au = f;(3.3)has a unique solution and( kukC0([0;T ℄;L) � 
 (ku0kL + TkfkC0([0;T ℄;L));kukC1([0;T ℄;L) + kukC0([0;T ℄;V ) � 
 (ku0kV + TkfkC1([0;T ℄;L)):(3.4)Proof. See [Bre91, p. 110℄ or Yosida [Yos80, p. 248℄.To reformulate problem (3.3), we introdu
e the bilinear form a su
h that a(u; v) = (Au; v)L forall u 2 D(A) and v 2 L. We set V = D(A) and we equip V with the graph norm: kvkV =(kvk2L + kAvk2L)1=2. Sin
e the graph of A is 
losed, lemma 3.1 implies that V is a Bana
h spa
e.Hen
e, the bilinear form a : V � L �! R is 
ontinuous. Furthermore, when equipped with the s
alarprodu
t (u; v)L+ (Au;Av)L, V is a Hilbert spa
e. Sin
e D(A) = V is dense in L (lemma 3.1), we arein the 
lassi
al situation V � L � L0 � V 0.



12 J.-L. GUERMONDWe reformulate problem (3.3) as follows. For f 2 C1([0;+1[;L) and u0 2 V ,8>><>>:Find u in C1([0;+1[;L) \ C0([0;+1[;V ) s.t.(u(0); v) = (u0; v); 8v 2 L;(dtu; v)L + a(u; v) = (f; v)L; 8v 2 L; 8t � 0:(3.5)Remark 3.1. This problem is stri
tly equivalent to the original problem (3.3). The Hille-Yosida the-orem guarantees that it is well-posed.Remark 3.2. The reader 
an very that the adve
tion/rea
tion operator and the Dar
y operator intro-du
ed in se
tions 1.2 and 1.3 are maximal and monotone.Let us introdu
e the semi-norm jvjV = kAvkL.Proposition 3.1. Let A 2 L(V ;L) be a monotone operator. The following two properties are equiv-alent.(i) A is maximal.(ii) There are two 
onstants 
1 > 0, 
2 � 0 su
h that8u 2 V; supv2L a(u; v)kvkL � 
1jujV � 
2kukL:(3.6)Remark 3.3. In general, if the bilinear form a is not 
oer
ive, when using the Galerkin te
hnique tobuild an approximate solution to problem (3.5), the inequality (3.6) is not satis�ed uniformly withrespe
t to the mesh size.To build an optimal approximate solution to problem (3.5), one possible approa
h 
onsists ingeneralizing the Galerkin Least Square te
hnique. This 
hoi
e implies that no di�eren
e is madebetween spa
e and time, the 
onsequen
e being that a dis
ontinuous Galerkin approximation of timemust be done. The reader interested in this approa
h is referred to [BCS00℄, [LR74℄, [Joh87℄ or[JNP84℄.The other approa
h that we shall develop herein 
onsists in using the subgrid vis
osity te
hnique.3.2. The subgrid vis
osity te
hnique. Let us re
all the dis
rete setting introdu
ed in se
tion 2.1.Let XH � Xh � V be two sequen
es of �nite dimensional spa
es satisfying (2.1).We assume that a dis
rete version of (3.6) is satis�ed. More pre
isely, there are 
a > 0 and 
Æ � 0,independent of (H;h) su
h that8vh 2 Xh; sup�h2Xh a(vH ; �h)k�hkL � 
ajvH jV � 
ÆkvhkL:(3.7)Furthermore, we assume that the hypotheses (2.3), (2.4), and (2.11) hold true. We refer to se
tions2.1 and 2.5 for a dis
ussion on these hypotheses and examples of admissible �nite element 
ouples(Xh; XH).Let us assume that u0 2 W su
h that u0 
an be approximated by IHu0. The dis
rete problem we
onsider reads: 8>><>>:Find uh 2 C1([0;+1[;Xh) s.t.(dtuh; vh)L + a(uh; vh) + bh(uHh ; vHh ) = (f; vh); 8vh 2 Xh;uhjt=0 = IHu0:(3.8)This problem has a unique solution, for it is a system of linear ordinary di�erential equations.The major 
onvergen
e result of this se
tion is the following.Theorem 3.2. Under hypotheses (2.1), (3.7), (2.3), (2.4), and (2.11), if u is in C2([0; T ℄;W ), thenuh satis�es the following error estimates.ku� uhkC0([0;T ℄;L) + "Z T0 a(u� uh; u� uh)#1=2 � 
1Hk+1=2;(3.9) " 1T Z T0 ku� uhk2V #1=2 � 
2Hk;(3.10)
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onstants 
1 and 
2 are bound from above as follows.
1 � 
 [H + T (1 + T )℄1=2 kukC2([0;T ℄;W ); 
2 � 
 [1 + T ℄ kukC2([0;T ℄;W ):Remark 3.4. Note that the norm used in the error estimates are the same as those of the stabilityestimates (3.4). The estimate (3.10) is optimal in the graph norm. The estimate (3.9) is the same asthat obtained by the Dis
ontinuous Galerkin te
hnique (see for instan
e Johnson{Pitk�aranta [JNP84℄).Remark 3.5. Note when T is large 
1 = O(T ) and 
2 = O(T ); that is, in the most unfavorable 
asethe error in
rease linearly with T .3.3. A singular perturbation problem. The te
hnique developed above is tailored for �rst orderdi�erential operators. In pra
ti
e, we have to deal with situations where B = A+�D, A is a �rst orderdi�erential operator and D is a 
oer
ive se
ond order di�erential operator. From the mathemati
alpoint of view, the 
oer
ivity of D implies that the evolution equation is paraboli
. If � is O(1),the problem falls within the framework of paraboli
 equations whose approximation by the Galerkinte
hnique is optimal. On the other hand, if � is small, the 
oer
ivity is not strong enough to guaranteethat the Galerkin approximation is satisfa
tory, for in �rst approximation B � A. We show now thatthe subgrid vis
osity te
hnique 
an easily be extended to treat this situation.Let us retain the notation introdu
ed above. In addition to the two Hilbert spa
es already intro-du
ed, L and D(A) = V , we introdu
e a new Hilbert spa
e X with dense and 
ontinuous embeddingin V . We introdu
e also a bilinear form d 2 L(X �X ;R), and we assume that there is a semi-normj � jX in X so that d(u; v) � 
djujX jvjX for all u, v in X . In pra
ti
e D 
an be a degenerate ellipti
operator. We assume that a+ d is 
oer
ive with respe
t to the semi-norm j � jX , i.e.8v 2 X; jvj2X � a(v; v) + d(v; v):(3.11)We 
onsider now the following problem: for f 2 C1([0;+1[;L) and u0 2 X ,8>><>>:Find u in W (X) = fv 2 L2(0;+1;X); dtv 2 L2(0;+1;X 0)g s.t.(u(0); v) = (u0; v); 8v 2 L;(dtu; v)L + a(u; v) + �d(u; v) = (f; v)L; 8v 2 X; 8t � 0;(3.12)where � is a positive real number whi
h may possibly be zero. We assume that the problem isnormalized so that � � 1. Furthermore, we assume that there is 
 > 0 so that kvkX � 
(kvkL+ jvjX).The 
onsequen
e of this hypothesis is that problem (3.12) is paraboli
 in Lions' sense [LM68, p. 253℄and has a unique solution.Now we use the dis
rete setting of x3.2 to build an approximate solution to problem (3.12). Letus introdu
e two sequen
es of �nite dimensional spa
es XH � Xh � X satisfying hypotheses (2.1),(3.7), (2.3), (2.4), and (2.11). Furthermore, we assume that the following inverse inequality holdsjvhjX � 
H�1kvhkL:(3.13)We assume that u0 2 W so that IHu0 is a good approximation to u0. The dis
rete problem thatwe 
onsider reads8>><>>:Find uh in C1([0;+1[;Xh) so thatuhjt=0 = IHu0;(dtuh; vh)L + a(uh; vh) + �d(uh; vh) + bh(uHh ; vHh ) = (f; vh); 8vh 2 Xh:(3.14)Problem (3.14) is well-posed sin
e it is a linear system of ordinary di�erential equations.Theorem 3.3. If u is in C2([0; T ℄;W ), then uh, solution to (3.14), satis�esku� uhkC0([0;T ℄;L) + "Z T0 as(u� uh; u� uh)#1=2 + �1=2ku� uhkL2([0;T ℄;X)� 
1(T; u) hHk+1=2 + �1=2Hki ;(3.15) " 1T Z T0 ku� uhk2V #1=2 � 
2(T; u)Hk;(3.16)



14 J.-L. GUERMONDwhere 
onstants 
1 and 
2 are bounded from above as follows
1 � 
 [H + T (1 + T )℄1=2 kukC2([0;T ℄;W ); 
2 � 
 [1 + T ℄ kukC2([0;T ℄;W ):Proof. See [Gue01a℄.3.4. Some numeri
al examples. We evaluate the performan
e of the method by testing it onproblems of in
reasing diÆ
ulties.3.4.1. Example 1 : Adve
tion in 1D. Let us �rst make 
onvergen
e tests in spa
e on the following 1Dlinear adve
tion problem. 8><>:ujt=0 = sin(2�x�);�tu+ �xu = 0; in 
 =℄0; 1[;Periodi
 boundary 
ondition.(3.17)The exa
t solution is u = sin(2�(x � t)�). The problem falls within the framework developed abovewhen setting L = L2(
);V = fv 2 L2(
) j �xv 2 L2(
); vjx=0 = vjx=1g;A = �x:
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Figure 5. Convergen
e tests; L2 and H1 norms with respe
t to h. Solid line : sta-bilized P1 solution; dis
ontinuous line: Galerkin P1 solution. Left: u0 = sin(2�x0:6);right: u0 = sin(2�x0:8)).We approximate the solution by means of the two-level P1 �nite elements de�ned in x2.5. Bysetting � = (1; 0), lemma 2.1 guarantees that the dis
rete inf-sup 
ondition (3.7) is satis�ed. Wede�ne bh as in (2.27). In our tests 
b = 0:1. The family of meshes 
onsidered is regular, but to avoidsuper-
onvergen
e phenomena ea
h mesh is obtained by a random mapping of the uniform grid withthe same number of nodes.To approximate the time derivative, we use the se
ond order BDF2 s
heme. The time step Ætis 
hosen small enough to guarantee that the time error is mu
h smaller than the spa
e error, i.e.,Æt = 10�3. The total integration time is T = 1; i.e., the solution has 
rossed the domain on
e.Convergen
e tests with � = 0:6 and � = 0:8 are reported in �gure 5. In both 
ases the solution isin C0([0;+1[;H1(
)). We plot the L2 and H1 norms of the error as a fun
tion of h for the stabilizedsolution and the Galerkin solution. It is 
lear that the 
onvergen
e properties of the stabilized solutionare superior to that of the Galerkin solution.To illustrate the 
onvergen
e problems of the Galerkin approximation, we show in �gure 6 thestabilized solution and the Galerkin solution on three di�erent meshes: h = 1=60, h = 100 andh = 1=200. Note that for the three meshes 
onsidered, the Galerkin solution is polluted by spuriousnumeri
al os
illations spreading all over the domain, whereas the stabilized solution exhibits somevery lo
alized os
illations 
lose to point where the �rst derivative is singular.
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Figure 6. Convergen
e tests with u0 = sin(2�x0:6); top: stabilized P1 solution;bottom: Galerkin P1 solution; from left to right: h = 1=60, h = 1=100, h = 1=200.3.4.2. Example 2 : Adve
tion in 2D. To illustrate further the performan
e of the subgrid stabilizationte
hnique, we solve problem (3.17) in 2D, 
 =℄0; 1[2, with periodi
 boundary 
onditions and � = 0:6.We use the P1 approximation on a mesh 
omposed of 3728 triangles and 1945 nodes, i.e., h � 1=40.The solution at T = 1 is shown in �gure 7. As in 1 dimension, the Galerkin solution os
illatesthroughout the domain, whereas the stabilized solution is smooth almost everywhere, ex
ept in thevi
inity of the line where �xu is singular.
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1Figure 7. Adve
tion problem (3.17) with � = 0:6 in 
 =℄0; 1[2. left: P1 interpolateof the exa
t solution; 
enter: stabilized solution; right: Galerkin solution.3.4.3. Example 3 : Adve
tion with rough data. We now make a test with rough initial data on the 1Dadve
tion equation ut + ux = 0; in 
 =℄� 1;+1[;with periodi
 boundary 
onditions. The initial data proposed in [SO89℄ isu0(x) =8>>><>>>: e�300(x+0:7)2 if jx+ 0:7j � 0:25;1 if jx+ 0:1j � 0:2;�1� �x�0:60:2 �2�1=2 if jx� 0:6j � 0:2;0 else:(3.18)Like for time independent �rst order PDE's, the fa
t that the data u0 is not in D(A) triggers theGibbs phenomenon. See example 2 of se
tion 2.7 for details on this problem. To limit this phenomenon
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e the nonlinear form (2.29). The approximate problem reads:8>><>>: Find uh in C1([0;+1[;Xh) s.t.uhjt=0 = IHu0;(dtuh; vh)L + a(uh; vh) + �d(uh; vh) + bh(uHh ; vHh )+
h(uHh ; uh; vh) = (f; vh); 8vh 2 Xh:(3.19)We make tests with two-level P1 �nite elements on three di�erent grids 
omposed of 50, 100, and200 nodes respe
tively. We set 
b = 0:05 and 
s
 = 0:05. We use BDF2 with Æt = 10�3 to mar
h intime.The two-level solution at T = 4 on the three 
onsidered meshes is plotted at the top of �gure 8.The Galerkin solution is shown at the bottom of the �gure. The Galerkin solution is of no use to
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Figure 8. 1D adve
tion problem with rough initial data. Top: stabilized P1 solution;bottom: Galerkin P1 solution; From left to right: 50 nodes, 100 nodes, 200 nodes.engineers. It is 
lear that the stabilization is eÆ
ient and that the stabilized P1 solution 
onverges tothe exa
t solution satisfa
torily.3.4.4. Example 4 : A nonlinear degenerate paraboli
 problem. To test the 
apability of the proposedmethod to deal with degenerate paraboli
 problems, we 
onsider a new 
lass of 
onve
tion-di�usionequations proposed in a series of papers by Kurganov and Rosenau (see [JGR99℄ and the literature
ited). \The novel feature of these equations is that large amplitude solutions develop spontaneousdis
ontinuities, while small solutions remain smooth at all times."Let us 
onsider the following problem in 
 =℄� 3; 3[8>>>>><>>>>>: ujt=0 = � 1:2 if � 3 � x < 0;�1:2 if 0 < x � 3;u(�3; t) = �1:2 for 0 � t;�tu+ �xu2 � �x �xup1 + (�xu)2! = 0:(3.20)This equation is a prototype for some types of 
ows in porous media.The problem is solved, up to time T = 1:5, by using formulation (3.19) with P1 �nite elements onthree grids: h = 6=100, h = 6=200, and h = 6=400. The results are shown in �gure 9. Quite surpris-ingly, the Galerkin solution is not plagued by spurious os
illations but 
onverges to a non-entropi
solution. To illustrate the insensitivity of the method to variations on the stabilizing parameters, wemake two sets of 
omputations. In the �rst set we use 
b = 0:2, 
s
 = 0:2 and in the other set we use
b = 0:5, 
s
 = 0:1. The results shown in �gure 9 demonstrate that the stabilized solution 
onvergesand does not depend too mu
h on the 
hoi
e of the stabilizing parameters.
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Figure 9. Degenerate paraboli
 problem on three grids: h = 6=100, h = 6=200,and h = 6=400; left: P1 Galerkin solution; 
enter: two-level P1 approximation with
b = 
s
 = 0:2, right: two-level P1 approximation with 
b = 0:5, 
s
 = 0:1.3.4.5. Example 5 : The 
ompressible Navier{Stokes equations. To further illustrate the 
apability ofthe method we solve a 
ompressible Navier{Stokes problem by Tenaud{Daru [VD00℄. We 
onsider abox 
 =℄0; 1[2 �lled with a vis
ous ideal gas. A diaphragm situated at x = 1=2 separates the box intotwo parts. The 
uid is initially at rest and in two di�erent thermodynami
 states on ea
h sides of thediaphragm. On the left we have �l = 120 and pl = �l=
, whereas on the right we have �r = 1:2 andpr = �r=
. The 
onstant 
 is set to 1:4. At t = 0 the diaphragm is removed. The sho
k moves tothe right of the box, then re
e
ts on the right side. When 
oming ba
k to the left, the sho
k stronglyintera
ts with the boundary layer that it 
reated at the bottom of the box. The intera
tion produ
esa � sho
k and a massive separation of the boundary layer.
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Figure 10. Sho
k box problem; P1 approximation; density 
ontour lines; Reynolds200 (top); Reynolds 1000 (bottom); t = 0:6 (left); t = 1 (right).The solution is assumed to be symmetri
 with respe
t to the axis y = 1=2; as a result, the 
ompu-tational domain is restri
ted to 
 =℄0; 1[�℄0; 1=2[. We use two-level P1 �nite elements. Two Reynoldsnumbers are 
onsidered: Re = 200 and Re = 1000. The Prandtl number is set to 0:73. In �gure 10we show density 
ontours for these two Reynolds numbers at times T = 0:6 and T = 1. The 
ontourstep is �� = 5, and the 
ontour lines are shown from � = 10 to � = 120. The solution shown here
ompares quite well with that reported in [VD00℄.



18 J.-L. GUERMOND3.4.6. Example 6 : The Ri
hards equation. We �nish this paper by using the two-level stabilizationte
hnique to approximate the solution of a Ri
hards problem.
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Figure 11. Hydrauli
 head: From top to bottom: two-level P1 approximation;Galerkin approximation. From left to right: t = 1, t = 2, and t = 3.We 
onsider 
 =℄0; 1[, and we look for fun
tions �, h and v so that8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:
h(x; 0) = �3; for 0 < x < 1h(0; t) = 1; for 0 < t�t� + �xv = 0v = �k(h)�xh�(h) = � 1�0:21+h2 + 0:2; if h < 0;1; if 0 � h;k(h) = � 11+10h3 ; if h < 0;1; if 0 � h:(3.21)

This set of equations models the 
ow in nonsaturated porous media and plays an important role inenvironmental s
ien
es. The �rst PDE is the mass 
onservation law whereas the se
ond one is theDar
y law. The quantity h is the hydrauli
 head and � is the saturation ratio. The two other s
alarrelations are empiri
al behavior laws. Note that this problem is highly nonlinear and degenerates fromparaboli
 to ellipti
 as the sign of h 
hanges.We solve this problem by means of P1 �nite elements. In �gure 11 we 
ompare the approximatehead h obtained by the two-level te
hnique and the Galerkin te
hnique at times t = 1, t = 2, andt = 3. Note that the Galerkin solution exhibits a very strong undershoot at the foot of the movingfront. Though, this problem does not 
learly �t within the fun
tional framework des
ribed in thispaper, this example shows that the sho
k 
apturing feature of the two-level subgrid vis
osity te
hniqueis robust and 
an be useful for solving PDE's whose solutions exhibits dis
ontinuity or sharp fronts,as it is frequently the 
ase in 
ow problems in porous media.
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