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DISCONTINUOUS GALERKIN METHODS FOR FRIEDRICHS’
SYSTEMS. PART III. MULTIFIELD THEORIES WITH
PARTIAL COERCIVITY*
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Abstract. This paper is the third and last part of a work attempting to give a unified analysis of
discontinuous Galerkin methods. The purpose of this paper is to extend the framework that has been
developed in Part II for two-field Friedrichs’ systems associated with second-order PDEs. We now
consider two-field Friedrichs’ systems with partial L2-coercivity and three-field Friedrichs’ systems
with an even weaker L2-coercivity hypothesis. In particular, this work generalizes the discontinuous
Galerkin methods of Part II to compressible and incompressible linear continuum mechanics. We
also show how the stabilizing parameters of the method must be set when the two-field Friedrichs’
system is composed of terms that may be of different magnitude, thus accounting, for instance, for
advection—diffusion equations at high Péclet numbers.
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1. Introduction. The framework of Friedrichs’ systems [21] is well adapted to
the analysis of first-order PDEs for it accommodates many types of PDEs in a unified
setting and systematically handles various types of boundary conditions. Friedrichs’
systems were initially developed to deal with change of type in transonic flows, but
the theory developed by Friedrichs turned out to give a “unified treatment” of PDEs
that goes beyond the elliptic/hyperbolic/parabolic divide. The key ingredient of the
theory is that the sum of the operator associated with the PDE and its formal adjoint
is L2-coercive (implying that the coefficients of the PDE satisfy symmetry properties).

As shown in Part I of this work [15], approximating Friedrichs’ systems using dis-
continuous Galerkin (DG) methods is somewhat natural, and the setting of Friedrichs’
systems lends itself nicely to analysis. Actually this observation is not new, and
the analysis of DG approximations of Friedrichs’ systems had been initiated in the
1970s by Lesaint and Raviart [25, 26] and further pursued by Johnson, Névert, and
Pitkdranta [24], but for some reason research remained focused for many years on
hyperbolic equations. Meanwhile the development of DG methods for solving ellip-
tic equations followed a different route and has been essentially based on the early
work of Nitsche on boundary-penalty methods [27] and the use of interior penalties
(IP) to weakly enforce continuity conditions imposed on the solution or its derivatives
across the interfaces between adjoining elements; see Douglas and Dupont [12], Baker
[4], Wheeler [29], Arnold [1], Bassi and Rebay [5], and Cockburn and Shu [11]. All
these approaches have been recast into a single framework amenable to a unified error
analysis in Arnold et al. [2] for the Poisson problem.
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MULTIFIELD THEORY FOR DG METHODS 77

In Part I [15] we reunited the two above diverging viewpoints by showing that the
theory of Friedrichs’ systems is a proper setting to analyze DG methods irrespective
of the type of the PDE: The DG analysis of a transport equation and that of the
Laplace equation are identical when all the components of the unknown are given equal
attention. Sometimes, however, the unknown, say z, possesses a two-field structure,
z = (27,2%), and the o-component can be eliminated to yield a system of second-order
PDE:s for the u-component. (We have in mind here the Maxwell equations, the mixed
form of the Laplace equation, or the mixed form of the linear elasticity equations.)
This situation, which gives more weight to one component of the unknown, say the
u-component, has been analyzed in Part IT [16]. Therein we developed a theory of
two-field Friedrichs’ systems and analyzed two-field DG methods for which 2 can be
locally eliminated on each mesh cell.

The goal of the third and last part of this work is to extend the analysis of
Part II in three directions by weakening the assumption of L2?-coercivity on which
the theory of the two-field Friedrichs’ systems is based. First, the L?-coercivity is
assumed to hold only on the o-component of the field z = (27, z*). Examples include
advection—diffusion equations and compressible linear continuum mechanics problems.
Second, further weakening of the partial coercivity framework is done by introducing a
three-field theory of Friedrichs’ systems. This framework encompasses incompressible
linear continuum mechanics, e.g., Stokes and Oseen flows. Third, the two-field DG
method is revisited by performing a singular perturbation analysis. The goal of this
third extension is to determine how the stabilizing parameters of the method must
be set when the elliptic-like PDE associated with the two-field Friedrichs’ system
under scrutiny is composed of a second-order term and a first-order term that may
be of different magnitude. The situation covered by this theory is that of advection—
diffusion equations at high Péclet numbers. The recurrent theme of the present paper
is to construct robust multifield DG methods that can efficiently handle type changes
(elliptic/hyperbolic, compressible/incompressible, etc.) and are such that one subfield
of the unknown, say 27, can be eliminated on each mesh element.

This paper is organized as follows. Section 2 sets the notation and briefly reviews
the main results obtained in Parts I and II. This section can be skipped by readers
who are familiar with the material. Section 3 treats two-field Friedrichs’ systems for
which L2-coercivity holds only on the o-component. The key difference with Part IT
is that a Poincaré-like inequality must be invoked to transfer the L?-stability from 2z
to z%. Section 4 deals with three-field Friedrichs’ systems where the partial coercivity
framework is further weakened. In both cases, the well-posedness of the Friedrichs’
systems is established and the convergence of their DG approximation is analyzed
under general design conditions. Finally, section 5 presents a singular perturbation
analysis relevant to second-order PDEs where first- and second-order terms are not of
the same magnitude. Sections 3, 4, and 5 are independent and can be read separately.
The theme of section 4 is robustness with respect to the compressible/incompressible-
type change and that of section 5 is robustness with respect to the elliptic/hyperbolic-
type change.

2. DG approximation of Friedrichs’ systems. The objective of this section
is to set the notation and briefly restate the main results of Parts I and II. The reader
familiar with this material can jump to section 3.

2.1. One-field Friedrichs’ systems. Let 2 be a bounded, open, and connected
Lipschitz domain in R?. Let m be a positive integer and set L = [L?(Q2)]™ with inner
product (-,-)r. The two ingredients to build a Friedrichs’ system are an operator
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778 ALEXANDRE ERN AND JEAN-LUC GUERMOND

K € L(L; L) and a family {A¥};<j<q of d functions on  with values in R™™ such
that

(A1) Vke{l,...,d}, A" € [L®(Q)]™™ and S{_, OpAF € [L®(Q)]™™,
(A2) Ve {l,...,d}, AF = (AF)" ae. in Q,
(A3) Jpo >0, VzeL, (K+K*—V-Az2)L > 2ulzl3,

where K* is the adjoint of K in £(L;L) and V-A € L(L;L) is defined such that
V-A(z) = (ZZ=1 OpA¥)z for all z € L.

Let ©(Q) denote the space of €>° functions that are compactly supported in
Q. A function z in L is said to have an A-weak derivative in L if the linear form
PO 3 ¢ — — [, Zizl 2'0,(A*¢) € R is bounded on L. In this case, the
function in L that can be associated with the above linear form by means of the
Riesz representation theorem is denoted by Az. The so-called graph space W =
{z € L; Az € L} is endowed with a Hilbert structure when equipped with the scalar
product (z,)z, + (Az, Ay)r. Define the operators A € L(W; L) and A € L(W; L) by

d d
(2.1) Az = Z.Akakz, Az=— Z O (AF2),

k=1 k=1

and set T = K+ A, T = K*+ A. A and T are the formal adjoints of A and T,
respectively. Assumption (A3), which implies that T + T is L-coercive on L, is the
full L2-coercivity property alluded to in section 1.

Let f € L and consider the PDE system Tz = f. An important question we
are facing now is to equip this problem with proper boundary conditions. The key
idea underlying the theory of Friedrichs’ systems is that boundary conditions can be
enforced by making use of a boundary operator M € L(W; W') such that

(M1) Vze W, (Mz,z)ww >0,

(M2) W =Ker(D — M) 4+ Ker(D + M),

where D € L(W; W) is defined by

(2.2) V(ey) €W x W, (Dzyhww = (Ae,y)r — (= Ag)r.

Observe that (2.2) is just an integration-by-parts formula and that D is self-adjoint
by construction. It is shown in [17] that by setting V = Ker(D — M) and V* =
Ker(D 4+ M*), where M* is the adjoint operator of M, the following problems are
well-posed:

(2.3) Seek z € V such that Tz = f. Seek z* € V* such that Tz* = f.

The key idea sustaining the entire DG theory developed in Parts I, II, and here-
after is that it is possible to enforce boundary conditions weakly by introducing the
following bilinear forms on W x W,

(2.4) a(z,y) = (Tz,y)r + 3((M — D)z, y)w'w,
(2.5) a*(z,y) = (Tz,y)L + 2(M* + D)z, y)ww,
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MULTIFIELD THEORY FOR DG METHODS 779

and by reformulating (2.3) as follows:

(2.6) Seek z € W such that a(z,y) = (f,y)r. Vy e W.
(2.7) Seek z* € W such that a*(2*,y) = (f,y). Vy e W.

The key well-posedness result established in Part I is the following.

THEOREM 2.1. Assume (A1)—(A3) and (M1)—~(M2). Then there are unique solu-
tions to (2.6) and (2.7) and these solutions solve (2.3).

We finish this section by giving local representations of the operators D and
M. Let n = (n1,...,nq)" be the unit outward normal to 9. Whenever the fields
{AF}1 <.<q are sufficiently smooth for the field D = 22:1 neA* 1 90 — R™™ to be
meaningful at the boundary, the following representation of D holds:

(28) <D2,y>w',w = ytDZ
o0

for every smooth function z and y. Likewise, we henceforth assume that there is a field
M : 00 — R™™ such that following representation of M holds for every smooth
function z and y:

(2.9) (Mz,y)wrw = | y'Mz.
o0

2.2. Two-field Friedrichs’ systems. We now briefly recall the two-field theory
developed in Part II. Elliptic-like PDESs in mixed form lead to Friedrichs’ systems with
the following 2x2 structure: There are two positive integers m, and m, such that
m = m,+m, and L = L, x L,,, where L, = [L?*(Q)]™ and L, = [L?*(Q)]™, yielding
the decomposition v = (v7,v") for all v € L. With obvious notation this leads to the
following block decompositions

_ [ Koo Ko w_ | AR BE
(2.10) K= [Kua‘Kuu} ) AY = (BE) ok |
where for all k € {1,...,d}, B* is an m, xm, matrix field and C* an m, xm, matrix

field. Assume now that the block K°“ has a local representation, i.e., there is K77 €
[L>°(Q)]™ ™= such that K77y = K77y? for all y” € L, (this localization hypothesis
is needed to locally eliminate the o-component in the two-field DG method described
below). The two key hypotheses on which the two-field theory is based are

(A4) Vke{l,...,d}, A7F =0,
(A5) Elko > 0) Koo Z kOImgv

where Z,,, is the identity matrix in R™<™<. Assumptions (A4)-(A5) allow us to
eliminate the o-component of z in the PDE system Tz = f leading to an elliptic-like
PDE for the u-component. Furthermore, assumption (A4) yields

(2.11) D [O.D“"} 7

with D7 = Y ngBF, DU = (D7)t and D" = 30 _ n,CF.
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780 ALEXANDRE ERN AND JEAN-LUC GUERMOND
Henceforth, boundary conditions are enforced by taking
(2.12) M = [ 777777777777

where M"* € R™«™« is positive and o € {—1,+1}. The choice @ = +1 leads to
the Dirichlet boundary condition z* € Ker(D7") N Ker(M** — D**). The choice
a = —1 yields the Robin-type boundary condition 2D%? 27 + (D** — M¥¥)z* = (;
the boundary condition is of Neumann-type if M%* = D"* provided D“* is positive.
In practice (see the examples in sections 3.3 and 3.4), Ker(D?*) = {0}, so that the
Dirichlet boundary condition amounts to z* = 0, while the Robin-type boundary
condition is enforced by taking M"* = |D“¥|.

It will prove convenient in what follows to define the operators B = ZZ=1 B* 0y,

Bt =0 _ [B*]!8), and C = 3¢, CFo.

2.3. The discrete setting. Let {7}, },~¢ be a family of meshes of Q. To simplify,
we assume that the meshes are affine and that  is a polyhedron. For all K € 7p,
ng = (NK1,- .- nK,q)" denotes the unit outward normal to K and h is the diameter
of K. We set h = maxge7, hx and we denote by h the piecewise constant function
such that for all K € 7y, bh|x = hi. Henceforth, the notation £ < ¢ means that there
is a positive ¢, independent of h, such that & < ¢(.

We denote by F} the set of mesh interfaces, i.e., F' € F} if F is a (d—1)-manifold
and there are K;(F) and Ky(F) € 7j, such that F = K (F) N Ky(F). For F € F},
we set 7(F) = K;(F) U K2(F). We denote by F? the set of the faces that separate
the mesh from the exterior of Q, i.e., F € F? if F is a (d—1)-manifold and there is
K(F) € Ty, such that F = K(F) N 9. For F € F?, we set T(F) = K(F). For all
F € Fl, np is the unit normal vector on F pointing from K;(F) to K2(F), and for
all F e .7-",? , N is the unit normal vector on F' pointing outside 2. Finally, we set
Fp = F}L UF,‘? and for all F' € F},, hr denotes the diameter of F'. The sole assumption
we make on the matching of element faces is that for all F' € F,, maxger(p) hx S hr.
This assumption implies, in particular, that the mesh family {7}~ is shape-regular.

For any measurable subset E of Q, (-,-)r g denotes the usual scalar product
in [L2(E)]™. For ease of notation, we define the operators By, B,J[L, and C} as the
elementwise versions of B, Bf, and C, respectively; for instance, for v smooth enough,
(Bro) e = S0, B¥8;,(v]x) for all K € Ty,

Let p be a nonnegative integer and consider the DG finite element space

(2.13) Wy, = [Ph’p]m, Ph’p = {’Uh S LZ(Q); VK € Ty, ’Uh|K S Pp},

P, denoting the vector space of polynomials with real coefficients and with total
degree less than or equal to p. Observe that the usual inverse and trace inverse
inequalities hold in W},. For a function v that admits a possibly two-valued trace on
mesh interfaces, we define the jump and mean-value of v on F € F} as

(2.14) [v] = v! — o2, {v} = L(v' +2?),

where v7(z) = lim, ., v(y)|x, (r), ¥ € {1,2}. The field D is extended to Fj by

setting for all K € 7;,, D = 22:1 nk i A* a.e. on OK. Observe that D is two-valued
on F} with {D} = 0 on F} and that |D| is well-defined and single-valued since D is
symmetric. We also define Dp = ZZ=1 anAk.

To write a DG method starting from (2.6), we introduce three families of bound-
ary and interface operators: {Mr}zo, {Sr}zi, and {Rp}z,. Forall I € F2, the role
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MULTIFIELD THEORY FOR DG METHODS 781

of the operator Mg € L([L?*(F)]™; [L*(F)]™) is to weakly enforce the boundary con-
ditions on F. For all F € F}, the role of the operator Sp € L([L*(F)|™; [L?(F)]™) is
to penalize the jump of the discrete unknowns across F. For all F' € Fj,, the operator
Rp € L([L*(Fp)|™; [L*(F)]™) is user-defined so as to facilitate the implementation
of the method. The default option is to take Rr = 0 in general for the one-field
approach, but a nonzero choice must be made if, when using the multifield approach,
one insists on obtaining an IP-like method; cf. Part II. The reader can take Rp = 0 in
a first reading. The design of the above operators depends on whether the one-field,
two-field, or three-field approach is used.
Let W(h) = W), + [H*(Q)]™ and define on W (h) x W (h) the DG bilinear form

(2.15)
anlzy) = S Tapix+ S AMe(z) = Day)r— 3 20Dz}, {yher
KeTy, Fer? FeF}
+ Y (Sl Wher + D Re(l2]), [vD)e.r-
FeF} FeFn

The first and second terms on the right-hand side are the discrete counterparts of (2.4).
The third term is a consistency term; it is zero whenever z is smooth and it is meant to
guarantee the L-coercivity of aj, (recall that (A3) and (M1) imply that a is L-coercive).
The discrete counterpart of (2.6) is formulated as follows:

(2.16) Seek zj, € Wy, such that ay(zn,yn) = (fyn)r  Vyn € Wh.

Problem (2.16) can be equivalently reformulated in local form by introducing the
notion of flux: Seek z;, € W), such that for all K € 7, and for all y € [P,(K)]™,

(2.17) (K2h,Y) 1,1 + (20, AY) 1 i + (Do (20),¥) L0 = (fr¥) L.k

where the element fluxes are defined on a face F' C K by

(2.18) Por (2)|r = {nF.nK(DF {z} + Sr([e]) + Re([2])) if F € 7.

2.4. One-field DG approximation. For the one-field DG method, the oper-
ators {RRp}r, are generally set to zero and the operators {Mp}zp and {Sp}s are
designed as follows: For all v,w € [L?(F)]™,

(DG1A) Ker(M — D) C Ker(Mp — D),

(DG1B) (Mp(v),v)r,r >0,

(pclo) |(Mp(v) = Dv,w)r,rp| S |vlarpllwl,r,
(DG1p) |(Mp(v) +Dv,w)r,p| S [vlle,Flwlar,
(DG1E) Sp = (Sp)" and |D| < Sp < T,

where [v[3; p = (Mp(v),0)L.F, I is the identity matrix in R™"™, and (Sp)* is the
adjoint operator of Sp. Assumption (DG1A) is a consistency assumption meaning
that for all I € F? and for all v € [L?(F)]™, Mv = Dv implies M (v) = Dv. Design
conditions for {Sr}z slightly more general than (DG1E) are stated in Part I.
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782 ALEXANDRE ERN AND JEAN-LUC GUERMOND

To formulate the convergence result, we equip W (h) with the following norms:

(2.19) Iylln 4 = W7 + 15 + w3+ D hxllAylE
KeTy,
(2.20) Iyll5, s = llyllha+ > MYl e+ 19117 ox),
KeT,

with [y7 = Y per W5 WI5r = (Se(lD), WD) L.r. and [yl3, = X pers [Ylirp-
The main convergence result derived in Part I is the following.
THEOREM 2.2. Assume (DG1A)~(DGIE) and A* € [€%z2 (K)]™™ for all K € T,
and all 1 <k <d. Let z € [HY(Q)]™ NV solve (2.6) and let 2, solve (2.16). Then

(2.21) Iz = znllna S 1z = ynllp,1-

inf
yn €W

Theorem 2.2 yields (p + %)—order convergence in the L-norm and p-order conver-
gence in the broken graph norm if the mesh family is quasi-uniform and the exact
solution is in the broken Sobolev space [HPT1(7},)]™.

2.5. Two-field DG approximation. Let p, > 0 be a positive integer and take
po € N such that p, — 1 < p,. Define the finite element spaces

(222) Yp = [tha}mﬂ U, = [Ph’pu]m“, Wi, = 3pxUy,.

The bilinear form ay, is still defined by (2.15) and the discrete problem is still (2.16).
The design of the operators {Mp}pcro, {Sr}pecr;, and {Rp}pcrp for the two-

field DG approximation hinges on the requirement that we be able to locally eliminate

the discrete component zj. To this purpose, these operators are designed such that

0 i=zaD7" _(0: 0 _19: 0 .
(DG2A) Mp= |:a'DuU' M%u :|7 QE{—1,+1}, SF_|:057FL’U:|7 RF—|:0R%u:| )

M = (ME* and  Ker(D7") C Ker(ME — D),
(pG2B) if a =41, X
h;l(Dua’DU“)E + hF"Duu| g M%u S h;lz-mu;
(pG2c) if a = -1, Mp*(v) = M"*v and |D*| S M™™ ST,
(DG2D) S¥* = (SE4)* and h3' (D" D)2 + hp|D"| < S < hp'T,,,.

Furthermore, letting [y"[3 = > e i

y* |5 p and |y"]3, = > Fer? ly*[3s. > where

(2.23) " 5r = SE ("D W'D 1 e = ME" "), y")L,.r

the user-dependent operator R%" must be designed such that for all z;' € Uj, and all
(2%, yp) € U(h)xU,,

(DG2E) > ®RE([ED D e > *i(l?ﬁfl% + 125 130);
FeF,

(DG2F) > REED kD par S (2410 + 124 (g5l + vk w)-
FeFy
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MULTIFIELD THEORY FOR DG METHODS 783

Owing to (DG2A), the o-component of the element fluxes defined by (2.18) does
not depend on zj, thus allowing for the local elimination of z7. Design conditions
slightly more general than (DG2A)—(DG2D) are stated in Part II. Furthermore, assump-
tions (DG2A)—(DG2¢) imply the consistency condition Ker(M — D) C Ker(Mp — D)
and the adjoint-consistency condition Ker(M* 4+ D) C Ker(M} + D). Indeed, both
conditions are evident if & = —1 since (DG2A) and (DG2¢) imply Mp = M. If
a = +1, the consistency condition directly results from (DG2B), while the adjoint-
consistency condition results from the fact that if z € Ker(M?! + D), D7%2% = 0 and
using (DG2B) yields (MU¥¥)iz% = —Duz¥ = —ME4(2%) = —(ME)*(2%). Finally, we
observe that the second part of assumption (DG2C) imposes a condition on the way
the Robin—-Neumann boundary condition is enforced rather than on the DG setting;
in practice, M%* = |D%¥| (see section 3.3.2) so that (DG2C) holds.
Equip W (h) with the following norms:

(224) |yl s =Wz + 1515 + v + 11 Bry*ll1,

(225) gl = lyli s+ DRI 12, + b 12417, o + hiclZ° I3, ok,
KeTy,

(226) [yl 1 = llwllis + Y Wy I oypme + RrcllylIZ, ox)-
KeTy,

The main convergence result proved in Part II is the following.
THEOREM 2.3. Assume (DG2A)—(DG2F) and B* € [€%1(K)|™e ™ for all K € T),
and 1 <k <d. Let z € [H(Q)]™ NV solve (2.6) and let z, solve (2.16). Then

2.27 z— 2z < inf ||z — .
(2.27) [ hHh,BNyhewhH Ynllna

Moreover, if for every y* € L, the solution ¥ € V* to the dual problem T’l/) = (0,y%)
is such that ||V*| (g2 ()yme + 107 @)me S Y" L., then

2.28 Yz < h inf — .
(228) = =2l Shinf 2= ynlnas

If the exact solution is in [HP«(T})]™e x [HP=+1(7;,)]™«, Theorem 2.3 yields p,-
order convergence in the L,-norm for the o-component, (p, + 1)-order convergence
in the L,-norm for the u-component, and p,-order convergence in the broken graph
norm for the u-component.

3. Two-field theory with L,-coercivity only. The goal of this section is to
weaken assumption (A3), so as to be able to account for two-field Friedrichs’ sys-
tems with no L,-coercivity on the u-component. The model problems we have in
mind are advection—diffusion equations with no zero-order term, i.e., no reaction (see
section 3.3), and compressible linear continuum mechanics (see section 3.4).

3.1. Two-field Friedrichs’ systems with L,-coercivity only. We assume

(A3A) VzeL, (K+K*—=V-A)z2) 2|3,
(A3B') K% = (K"7)* = 0 and the fields B* are constant over 2,
(A38") V2e VUV, |29z, Salz2)% + || BzY|L,.
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784 ALEXANDRE ERN AND JEAN-LUC GUERMOND

Observe that (A3B") is meaningful since a is L,-coercive on W. Indeed, the definition
of D and assumptions (M1) and (A3A) yield, for all z € W,

(3.1) a(z,2) = 3[(Tz 2)r + (2, T2)L) + 5 (M2, 2w 2 127112, -

Moreover, T (resp., T*) is L,-coercive on V (resp., V*).

THEOREM 3.1. The conclusions of Theorem 2.1 still hold if assumption (A3) is
replaced by assumptions (A3A)—(A3B’)—(A3B").

Proof. (1) Let us first prove that T : V' — L is an isomorphism by using the
so-called Banach—Necas-Babuska (BNB) theorem, which states that the bijectivity of
T € L(V; L) is equivalent to the following conditions [14, p. 85]:

T
(3.2) VzeV, sup Ty _ T2 2 llzllw,
yeL\{0} lylle
(3.3) Vye L, ((Tzy)r=0YzeV) = (y=0).

Recall that the graph norm is ||z||w = ||2]|z + ||Az||z with ||z|lL = |27z, + 12" L.
and [ Az], = | B2"|r, + | Bl27 +C2¥]lp,.

(1a) Proof of (3.2). Let z € V. Owing to (A3B'), Bz* = (T2)? — K?72°. Hence,
1Bz“||lL. <1129 L, + | T2||L. Then, since a(z,2) = (T'z,2)r, (A3B") implies

1
12, S (T2, 2)f +clllz7 N, + 1 T2l2) S A2 e, + (12712, + 1T2]2),

where v > 0 can be chosen as small as needed. Hence, ||z%||1, < 129z, + |72z
Combining this result with the L,-coercivity of T on V yields

(TZ, Z)L

1271Z, S =
=l

W27lze + 12%l.) STz (27 lz, + 1T2]2),

whence ||27]|, < ||T2||L. Collecting the above bounds leads to ||z||r < ||T2||L, and
hence [[2[lw = [lz]lz + |42] S llzllc + [Tzl S T2 L.

(Ib) Proof of (3.3). Assume that y € L is such that (Tz,y)r, = 0 for all z €
V. Following the same arguments as in the proof of [15, Theorem 2.5] in Part I or
Corollary 5.8 in [14], we infer that y € V* and Ty = 0. The L,-coercivity of T on V*
yields 4 = 0. Proceeding as above using (A38') leads to ||2%||r, < 1270, + [|T2||z
for all z € V*. Applying this estimate to y yields y* = 0. Hence, y = 0.

(2) Since T': V — L is an isomorphism and V = Ker(D — M), a solution to (2.6)
is readily constructed by setting z = T—!'f. To prove uniqueness, let us prove that
the only solution to (2.6) with f = 0 is z = 0. Since a is L,-coercive on W, 27 = 0.
In addition, taking y € [D(2)]™ in (2.6) yields Tz = 0 in L and z € V. Hence, the
bound ||Bz%||r, < 12910, + [|T2]|r implies Bz* = 0 and owing to (A3B”), z* = 0.

(3) Proceed similarly to prove that problem (2.7) is well-posed. 0

3.2. Two-field DG approximation with L,-coercivity only. Consider the
two-field DG method introduced in section 2.5 and assume that conditions (DG2A)-
(DG2F) are fulfilled. The objective of this section is to analyze the convergence of
the two-field DG approximation in the framework of the partial coercivity assump-
tions (A3A), (A3B’), and (A3B”). The discrete counterpart of assumption (A3B”)
is

1
(3.4) Vo € Wa,  zillz, S anlzn, 20)? + | Brzi L, -
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Recall that the norm |[| - ||, 5 is defined by (2.24).
LEMMA 3.2. Assume (A3A)—(A3B'), (3.4), and (DG2A)—(DG2F). Then

(3.5) Ve € Why  lznlles < sup an(zh, yn)
wnewi\{0} Ynlln,B

Proof. Let zp, € W),. Owing to the definition of ap, (DG2A), (DG2E), and (A3A),
(3.6) 27117, + 2515 + 2413 S an(zn, 2n)-

Set wp, = (Bpzj',0) and observe that w;, € W}, since the fields B% are constant over
Q and p, — 1 < p,. Moreover,

I1Brzt13, = an(zn,n) — (K772, Bazi)e, — . “FL (D72, Buzi)L, .r
FeFp

+ Y 2({D7" 2!} {Buzh}) L, .k = an(zn, @n) + R+ Ry + Rs.
FeF}

Clearly, |Ri| S 1lz 17, + 7 Brzill7, » where v > 0 can be chosen as small as needed.
If a = +1, use (DG2B) and a trace inverse inequality to infer

1 1
Ro| S D hilzhlanrhp® 1Brzhle, 7o) S |2k + 7 Bazillz,
FeFrp

while if @« = =1, Ry = 0. Finally, using {D?“} = 0 and (DG2D) leads to |Rs| <
|25 + 7| Brzi|3,, - Collecting the above bounds yields

IBhziillZ, < an(zn, @n) + an(zn, 1),

and owing to (3.4) and (3.6), it is inferred that ||z 5 < an(zn, @n) + an(zn, 2n).
Conclude using the fact that ||wp||n,8 = |Brzillc, S ||znlln,B- |

It is now straightforward to verify the following convergence result.

THEOREM 3.3. The statement of Theorem 2.3 remains valid under the assump-
tions of Lemma 3.2.

3.3. Example 1: Advection—diffusion. Let f € L*(Q) and let 8 € [L>°(Q)]¢
with V-8 € L*>(Q). Let p € L*(Q2) and let k = (kg1)1<k,1<a be a symmetric positive
definite tensor-valued field defined on €2 whose lowest eigenvalue is uniformly bounded
away from zero. Consider the PDE —V-(kVu) 4+ 8-Vu + pu = f in mixed form

{H‘la—i—Vu: 0,

(3.7)
pu+V-o+ 8-Vu=f.

Letting m = d+1, m, = d, and m,, = 1, the mixed formulation (3.7) fits the two-field
framework by setting, for all z € L and for all k € {1,...,d},

(38) K(Z) = [K_1,0‘| z, AF =

where eF is the kth vector in the canonical basis of R?, and ¥ is the kth component
of 3. Clearly, hypotheses (A1), (A2), (A4), and (A5) hold. We further assume that

(3.9) infﬂess(,u - 3V8) =0
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so that (A3) does not hold, but (A3A) holds instead with ug equal to the reciprocal of
the largest eigenvalue of . This situation covers, in particular, the Laplace/Poisson
equation where ;=0 and 5 = 0.

The graph space is W = H(div; Q) x H'(Q2) and the boundary operator D is such
that for all z,y € W,

(3.10) (Dz,y)wrw = (7, y") g 0+ Y7, 2") g1+ /ag(ﬁ Y

where (,)_1 1 denotes the duality pairing between H ~2(8Q) and Hz(09). Dirichlet
boundary conditions can be enforced by setting

(311) <Mz7y>W',W = <Za'n7yu>

—(W7n, 2" 51,

N

11 _1
272 2

yielding V' = H(div; Q)x H}(2). Furthermore, mixed Robin-Neumann boundary
conditions can be enforced by setting
(312) <Mzay>W’,W = _<Zg'n7yu>

+ (y7-n, 2" —|—/ (20 + B-n)2"y",
aQ

N[

11 _1
272 27

where ¢ € L>®(99) is such that 29 + 8-n > 0 a.e. on 9Q. Then V ={z € W; z7-n —
02"oq = 0} and V* = {z € W; 27-n + (0 + B-n)z"|oq = 0}. In terms of boundary
fields, (3.10), (3.11), (3.12), respectively, yield

(313) D= [0”] M= {0.—71]’ Mo lo. ,,,,,, "

n'iBn

Observe that Ker(D?%) = {0}. Furthermore, a possible choice for the mixed Robin—
Neumann boundary condition is ¢ = —min(8-n,0) (or, equivalently, M"* = |3-n| =
|D¥*|), yielding the usual Robin (inflow) condition (27 4+ 8z%)n =0 on 0~ = {x €
0Q; B(z)-n(z) < 0} and the usual Neumann (outflow) condition z7-n = 0 on 9N\~ .

3.3.1. Well-posedness. Let us verify that the advection—diffusion equation
equipped with the above boundary conditions fits the theoretical framework analyzed
in section 3.1.

PROPOSITION 3.4. Assumptions (A3A), (A3B'), and (A3B") hold for Dirichlet
boundary conditions and for mized Robin—Neumann boundary conditions, provided
either pu — %V-ﬂ #0oro+ %ﬂn # 0 (this means that either p — %V-ﬂ or o+ %ﬁ-n 18
uniformly bounded away from zero on a measurable subset of Q0 or of 92, respectively,
of nonzero measure).

Proof. Assumptions (A3A) and (A3B’) are evident. Observe also that Bz* = Vz*.

(1) For Dirichlet boundary conditions, (A3B") directly results from the Poincaré
inequality since z € V = V* implies 2% € H}(Q2) so that ||2%|1, < [[V2"|L,-

(2) For mixed Robin—Neumann boundary conditions, observe that for all z € W,

(3.14) 029> [(=AVHER+ [ o+ dan)E2

We apply Lemma 3.5 below; it is a simple variant of the Petree-Tartar lemma (the
proof is omitted for brevity). Take X = H(Q), Y = [L2(Q)]¢, Z = L*(Q), Fx = Vu,

1 1 . .
Gz =z, and ®(z) = ||(n — $V-B)22|12(q) + |[(0 + 36n) 22| 12(90). Properties (i)
and (iii) are evident. Property (ii) results from the fact that if |Fz|y + ®(z) = 0,
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then z is constant (since ) is connected) and ®(z) = 0 implies that © = 0 since
nw— %V-ﬂ #0or o+ %ﬂ-n # 0. Moreover, ® is continuous since for all z,y € X,
|®(x) — @(y)| < @(xr —y) S |lz —yllx. Hence, Lemma 3.5 yields |[z*[z, < ®(2*) +
IVz"||L., whence (A3B") follows owing to (3.14). 0

LEMMA 3.5. Let X, Y, Z be Banach spaces, let F € L(X;Y), and let G €
L(X;Z). Let ® : X — Ry be a continuous functional. Assume that

(i) G is compact;

(ii) forallz € X, (|Fx|y + ®(z) =0) = (x =0);

(iii) there is v1 > 0 such that for all x € X, v ||z||x < [|[Fx|y + |Gz z.
Then there is v2 > 0 such that for all x € X, | z||x < | Fzx|y + ®(x).

Remark 3.1. When mixed Robin—-Neumann boundary conditions are enforced and
"w— %Vﬂ =0 and 2¢ + B-n = 0, (A3B”) no longer holds and the analysis proceeds
as follows. If p # 0 or o # 0, it is easily verified that T is injective on V and that
T is injective on V*. The injectivity of T on V combined with Lemma 3.5 easily
yields (3.2), while the injectivity of T on V* yields (3.3); thus well-posedness holds.
If u=V-g=0and o= B-n =0, then T is no longer injective on V', the compatibility
condition (f)q = 0 must be imposed on the data, and the solution w is subjected to
the constraint (u)q = 0 (here, for a function ¢ € L?(Q), {¢)q := I%N Jo @, where |Q]
denotes the measure of ). Hence, we modify (3.7) as follows:

Kk lo4+Vu=0,
(3.15)

V-o+ 8-Vu+ (u)g = f,

equipped with the boundary condition o-n|sq = 0. Since (V-0 + 5-Vu)g = (f)q =0,
the second PDE implies (u)q = 0, i.e., (3.15) is equivalent to (3.7) together with
(u)o = 0. Moreover, for all z € W, a(z,2) > |Q](z*)3, so that (A3B") results from
the fact that for all ¢ € HY(Q), ||¢]lL, < (0o + |VOllL,-

3.3.2. Two-field DG approximation. When Dirichlet boundary conditions
are enforced, let 1, > 0, 72 > 0 (these parameters can vary from face to face), and set

(3.16) Mp*(v) = mh}lv, St (v) = nghglv, RY =0.

Since DD = 1 and D** = f-n, properties (DG2A)—(DG2F) hold. Many other
choices can be considered for Mp*, S, and R¥"; see Part II [16] for details.
PROPOSITION 3.6. Property (3.4) holds.
Proof. The proof is a direct consequence of the fact that for all v, € Uy,

lonllZ, € D2 IVonllE, k+ Do hpIlonllz, p+ D he'loallZ, e
KeTn FeF}, FeFp

See [1, 6] or [14, p. 134] for the proof. O

When mixed Robin-Neumann boundary conditions are enforced, (DG2C) holds
for Mp“(v) = MY v = (20 + B-n)v, provided ¢ > —min(5n,0), while S%* can be
chosen as in (3.16).

PrOPOSITION 3.7. Assume that either pu — %Vﬂ #0 or o+ %ﬁ-n # 0 and that

Q is such that H%“—elliptic regqularity holds, e > 0. Then property (3.4) holds.
Proof. Let vy, be an arbitrary function in Uj,. Let v € H'(Q) solve

(1 —3V-B)Y — Ay = v, ntlon = —(p+ 38n).
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This problem is well-posed (proceed as in the proof of Proposition 3.4), and the
H 3% <elliptic regularity hypothesis means that |\1/J||H2+6 < lonlln, - Testing with vy,
yields

lonll?, = (1= 3V-B), o), + > (V&,Vou)r, i

KeT,
- /m oy + 3 [ (e 35
FeF) Ferp

1
1 2
§||¢||H3+e<ll(u—§v )2vnl|L., +( > IVunliz, K> + lvnls

KeT,
1
+ [[(e + 38n) 2Uh||Lu,8Q> .

The conclusion follows readily. |

3.4. Example 2: Compressible linear continuum mechanics. Let § €
[L>=(Q)]4 with V-8 € L®(Q), let A, § € L>=(), and let f € [L?(Q)]?. Consider the
set of PDEs

{ o— tr( Za — 2(Vu+ (Vu)') =
(3.17)
3V

-J+J)+5-Vu+)\u:f,

where ¢ is R*?-valued and u is R%-valued. Assuming § # 0, the first equation in (3.17)
implies o = 2 (Vu+ (Vu)') +6~1(V-u)Zy. Equations (3.17) are a linearized version of
the compressible Navier—Stokes equations and model also linear continuum mechanics
(when A = 0 and = 0). In the context of linear continuum mechanics these equations
are usually referred to as the displacement-stress formulation. The tensor field o with
values in R%? can be identified with the vector field & with values in RY by setting
Gpij) = 045 with 1 <i,j < d and [ij] := d(j — 1) + 4. To alleviate the notation, we
henceforth use the same symbol for both fields.

Set m = d*® + d, m, = d?, and m, = d. The mixed formulation (3.17) fits in
the framework of two-field Friedrichs’ systems by setting, for all z € L and for all

ke{l,...,d},
Tpp—-2Z 1 0 A 0 &k
(3.18) K(z)= |24 " dt87 i - . 2, e i e ,
0 pVs (Er) ik
where Z € R4 4 is such that Zijiky = 61]6;61 with 1 <14 j,k‘ [ < d, and for all k €
{1,...,d}, C* = B*¥T; € R%4 and &F € R%: is such that 5 %(5%5]'1 + 6i6jk)

Wlth 1 < 1i,j,l < d; here, the §’s are Kronecker symbols. Clearly, hypotheses (A1),
(A2), and (A4) hold. We further assume that

(3.19) Ao = ianess( - 3V:8) >0, 8o == ianessé > 0.
Then observing that
K00 = (0 — gstr(0)La) 1 o dis lol* + 75 llo — gtr(o)Zall?

(3.20) 1 )
= @i [tr(0)|? + [lo — Fstr(o)Zall?,
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where || -] is the Frobenius norm, we deduce that (A5) also holds. The incompressible
limit 6y = 0 is treated in sections 3.5 and 4.3. Note that (A3) does not hold ((A3)
would hold if Ay > 0. The case A\g > 0 covers the usual compressible solid mechanics
problems for which A =0 and 8 = 0.

The graph space is W = H, x[H'(Q)]? with H, = {0 € [L}(Q)]%¢; V-(o + o) €
[L%(2)]?} and the boundary operator D is such that for all z,y € W with z = (o, u)
and y = (,v),

(3.21) (Dz,y)wrw = —(%(T+Tt)~n,u>_%7% - <%(0+Ut)~n,v>_%,% + /Bg(ﬁ'”)uvv

where (,)_1 1 denotes the duality pairing between [H~2(09)]% and [Hz(0Q)]%. An
homogeneous Dirichlet boundary condition on the u-component is obtained by setting

(3.22) (M, gy = (A7) ) _y s — (2(o+0")nm o)y 1,

yielding V = V* = H,x[H}(Q)]¢. Similarly, a mixed Robin-Neumann boundary
condition is obtained by setting

(3.23) (Mz,y)wrw=—(5(7+7")n,u)_1 1 +(3(0+0")n,v) 1 1+ / (20+B-n)uv,
o

where p € L*™(09) is such that 29 + 8-n > 0 a.e. on 9. Then V = {(o,u) €
W; (o +0')n—oulsg = 0} and V* = {(o,u) € W; L(c+0')-n+(o+ B-n)ulsq = 0}.
A standard choice is ¢ = — min(5-n, 0). ,

In terms of boundary fields, letting A" = 2221 niEF € R4 (3.21), (3.22), and
(3.23), respectively, yields

,,,,,,,,,,,,,,,,,,,,,

(324) D=

Observe that Ker(D") = {0} and that M** = |D"*| in the Robin—Neumann case,
provided ¢ = — min(3-n,0).

3.4.1. Well-posedness. For the sake of brevity, we restrict ourselves to homo-
geneous Dirichlet boundary conditions. The case of mixed Robin—-Neumann boundary
conditions can be treated by proceeding as in section 3.3.1.

ProrosITION 3.8. Assume N\g = 0 and 8y > 0 and that Dirichlet boundary
conditions are enforced. Then assumptions (A3A), (A3B"), and (A3B") hold.

Proof. Assumptions (A3A)—(A3B’) are evident. Moreover, since Dirichlet bound-
ary conditions are enforced on the u-component, z € V = V* implies 2% € [H}(Q)]%;
hence, (A3B”) results from Korn’s first inequality. 0

3.4.2. Two-field DG approximation. We assume again for simplicity that
homogeneous Dirichlet boundary conditions are enforced. Let n; > 0, 1 > 0 (these
parameters can vary from face to face), and

(3.25) M (v) = mhpto, Sut(v) = nahyto, R¥ =0.
Since DD = (I, + n®n) and D™ = (3-n)Iy, properties (DG2A)~(DG2D) hold.

Many other choices can be considered for Mg*, SE*, and RE".
PROPOSITION 3.9. Property (3.4) holds.
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Proof. The proof is a direct consequence of the fact that for all vy, € Uy,

lalZ, S D0 IVon+ (Von)' 17, & + Y bt lloslll,r+ D hptllvalli, e
KeTy FeF} FeF?

See [7, 13] for a proof. d

3.5. Remarks on the incompressible limit. The above analysis is not uni-
form with respect to the compressibility factor ¢, i.e., the analysis fails as 6 — 0; this
is the well-known locking phenomenon. The origin of the problem is that the operator
K?9 is not invertible at the limit 6 = 0; indeed, since K0 = o — d%_étr(a)ld, it
is clear that K?°c = 0 when 6 = 0 and o is proportional to the identity. In other
words, it is our insisting on eliminating o that is responsible for locking (i.e., the
primal formulation locks).

Actually the above two-field DG approximation is robust with respect to ¢ if one
abandons the idea of eliminating o; in other words, the mixed formulation is robust.
This fact has already been recognized in Franca and Stenberg [20] using the GaLS tech-
nique, and this is also true for conforming mixed approximations; see Brezzi and Fortin
[8] and Schwab and Suri [28]. (A DG method (IP) where o is eliminated and which
does not lock for small § is analyzed in Hansbo and Larson [23]. This method, though,
yields a linear system with a condition number that grows unboundedly as § — 0.)

Let us now substantiate the above claim. Since it is not more difficult to analyze
the general case, let us forget problem (3.17) and let us deal with the general DG ap-
proximation (2.16). We now weaken the L,-coercivity requirement used in section 3.1
as follows. We replace (A3A) by the following: Assume that there exists an operator
m € L(Ly, L,) such that

(A34") Vz € L, (K+K*—=V-A)z,2)L 2 HICUUZUH%U + ||7rz"||2L0.

We also modify (DG2A) as follows:

0 ‘—aD" 70
(DG2A")  Mp= {QDW’M}W} ae{-1,41}, Sp= o TgE | Rr =0,
where S%7 is defined by
(DG2A") (SE7(27),y" )L, 7 = nhp (27 — 2%, y" —7y°) L, F,

with user-dependent parameter > 0. Note that owing to the presence of S77, zj can

no longer be locally eliminated. We introduce the notation |27 |%, := ZFef,‘L 2% p,
2712, - = (S2°([2°]), [2°1) L. r, and we redefine the || - ||,z discrete norm as

JF F s .
(3.26) Iyll7.5 = lyllZ + 1y 15 + ly7 5 + 1y"[3s + 1By |I7, -

To ascertain control over 2z — 727 we make the two following assumptions:

B ( a u) 2

Zp, U

(327) ¥z €5n, |of —mof |17, SImeflE, + 12705 + | sup o)
0#£v €U H( ,Uh)”h,B

(3.28) Vz;, € Un, |ICrzpllL, S IBrzilc, + 1200,
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where By, (27, vp) = an((27,0), (0, v})), i.e.,
(3.29) Bp(z],v}) := (B} 2,0, —2 (D27}, {vi})
h\ZnsYn h*h>Vh) Ly hJ > AYhS) Ly, F

Fe}—}il a—1 PDUT LT U
+ P} ( Zh’vh)LmF'
FeFp

THEOREM 3.10. The statement of Theorem 2.3 remains true under the as-
sumptions (A3A")—(A3B’), (DGa2A’)<(DG2A"), (DG2B)—(DG2F), and (3.4), (3.27), and
(3.28).

Proof. We just sketch the proof since most of the arguments will be repeated with
more details in section 4.2. Let us prove the inf-sup inequality

hE 5 sup ah(Zh, yh)

(3.30) Ven € Wa,  |lza] .
yn €Wp\{0} Hyh”h,B

Let 25, € W, and define S := sup,, cy,\ (0} W Owing to the definition of ay,
(DG2A")—(DG2A"), and (A3A"),

175 NL, + 2|17, + |2il5 + 25715 + 1213 < an(zn, 20) S Sllznlln,s-

Set @y, = (Byz!,0) and observe that @), € W), since the fields B¥ are constant over
Q (see (A3B")) and p, — 1 < p,. Then

IBuziill7, = an(zn,@n) — (K727, Buzt)n, — Y “4H(D7"zp, Buzil)L,.r
FeFp
+ > 2{D7"2} ABri DL, — (5% (27), Buzp) L, .F-
FeF)

Proceeding as in the proof of Lemma 3.2 and observing that ||y ||n, 58 < [|Brzi| L, +
|Brzitlsr S |2k l|ln,B, we infer

IBrzitl12, < an(zns @n) + an(zn, zn) < Sllznlln,5-

Using (3.4) then yields ||2}||7 < S|lznlln,5. Finally, to control ||z —727]|L, , observe
that By (27, vj') = an(zn, (0,v5)) — an(0, z1), (0,v})) and using (3.27)—(3.28) proceed
as in the proof of Lemma 4.2, step (4c). This yields |27 — 72§ |7 < S|lznn,5. The
rest of the proof is standard. 0

Coming back to our compressible linear elasticity problem (3.17), observe that the
above analysis applies by setting 7o = o— étr(a)Id. Inequality (A3A") holds uniformly
with respect to ¢, as can be seen by taking the mean of the two equations in (3.20).
Assumption (3.28) results from Korn’s second inequality. A proof for (3.27) is given
in the proof of Proposition 4.5. In conclusion, the present two-field DG formulation
is robust with respect to §. However, owing to the presence of the stabilization
operator S7° which penalizes the jumps of tr(oy), o), cannot be eliminated locally.
This motivates the introduction of a new scalar variable (the pressure) whose jumps
will be penalized instead of those of tr(oy,).

4. Three-field theory. The goal of this section is to weaken even further the set
of hypotheses (A34), (A3B’), and (A3B”). We have in mind the linear elasticity equa-
tions, and we want to come up with a method which is robust in the incompressible
limit and for which the o-component can be eliminated locally. To this purpose, we
introduce a three-field theory of Friedrichs’ systems and adapt the DG approximation
to this setting. Thus, we assume that z can be decomposed into three fields, z7, 2P,
and z*, and we have in mind to locally eliminate 2.
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4.1. Three-field Friedrichs’ systems. We now assume that L = L, XL, X Ly,
where L, = [L?(Q)]™e, L, = [L*()]™*, and L,, = [L?()]™«, with m = m, +m,, +
my. We also assume that the operator K and the matrices Ak, 1 <k <d, admit the
following 3x3 structure:

Ko7 K1 0 0 _i0:B*
(4.1) K=|Kr Kwi 0 and  A*=1| 0 0.0
0 0 (Kw [B¥]ti0:Ck

We assume that the block K7 has a local representation, i.e., there is K77 €
[L>°(Q)]™ ™= such that K77 (y?) = K77y for all y° € L, (this local representa-
tion is needed in the three-field DG method described below to locally eliminate the
discrete o-component). We denote by K7 (resp., KP) the canonical projection of K
onto L, (resp., L,). Finally, we assume that there exists 7 € £(L,; L,) such that

A3c)  VzeL, (K+K*'—V-A)zz)2|r|2, + K721, + K21,
A3D
A3E)  VzeW, |C2"|L, S I2"lc. + I1B2"|L,,

) Vze VUV, |2° =72, S|mzf|o, + 1B 27|z,

Ve L, |IPlL, S (K + K" =V-A)z2)p + | K™2"|7,

) VzeVUVY, 2, Salz2)? +[|B2YL,.
A3F
)

A3G

~

(
(
(
(
(
(

A3H) Vk e {1,...,k}, B"is constant over Q,

and that (A3¢) and (A3G) also hold when K7, K?, and KPP are substituted by the
corresponding terms in K*, say K*?, K*P and K*PP.

THEOREM 4.1. The conclusions of Theorem 2.1 still hold if assumption (A3) is
replaced by assumptions (A3C)—(A3H).

Proof. The proof, which is similar to that of Theorem 3.1, is only sketched. We
only prove that T : V' — L is an isomorphism, since the rest of the proof is unchanged
or goes along the same lines.

(1) Proof of (3.2). Let z € V. Recall that (Tz,2)r, = a(z,2) > (K + K* —
V-A)z, z)r,. Hence, property (A3C) implies

1
K72z, + K72, + 72|z, < (T2 2)1

Since Bz" + K%z = (T2)?, we infer |Bz"||r, S [|T#]|L + (Tz,z)%. Then, owing
to (A3D)—(A3E),

1
12Nz, +11C2" |, S Tzl + (T2 2)f -

Now we use (A3F), the above bounds, and the fact that Bf27 = (T2)% — Cz% — K%uz%
to deduce

1 1
|2 = n27llz, SIBlle, + (T2,2)} S | T2l + (T2, 2)2,

and the same bound holds for ||z7]|1, by the triangle inequality. To derive a bound
on |[zP||L, we use the fact that KPz = (T'2)? to infer

[KPP2 L, < K2, + K727, S 1Tl + 11271z, -
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1
Hence, (A3G) and the above bounds yield [[27||L, < [|T2|[z + (T'2,2)7. Combining

the previous estimates yields ||z||p < ||Tz]. + (T'z, z)% and we conclude as usual.

(2) Proof of (3.3). Assume that y € L is such that (Tz,y)r = 0 for all z € V.
Then y € V* and Ty = 0. Hence (A3c) implies 7y° = 0 and K*y = 0. Then,
observing that 0 = (Ty)? = K*?y — By" since the fields B* are constant, we infer
By* = 0. Then (a3D) and (A3E) yield y* = 0 and Cy* = 0. Using 0 = (T'y)* and
the fact that the fields B¥ are constant, we then infer Bfy” = 0 so that (A3F) implies
y? — my? = 0, and hence y° = 0. Finally, since 0 = (Ty)p = K*PPyP using (A3G) we
infer y? = 0, thus completing the proof. 0

4.2. Three-field DG approximation. We analyze in this section a DG method
to approximate the three-field Friedrichs’ systems introduced in section 4.1. We as-
sume that hypotheses (A3C)—(A3H) hold so that the continuous problem is well-posed.

Let p, > 0 be a positive integer and let p, and p, be such that

(4.2) Pu—1<ps <pu+1,  ps <pp
Consider the finite elements spaces
(4.3)  Zp=[Pup, )™, Pn=[Pup,]", Un=[Prp]™, Wh=2XpxPyxU,.

Consider the discrete problem (2.16) with the bilinear form still defined by (2.15).
The key property of the three-field DG approximation developed hereafter is that
the operators Mp and Sp are designed in such a way that the discrete o-component
can be locally eliminated. We consider either Dirichlet boundary conditions or mixed
Robin—Neumann boundary conditions enforced by setting M"* = |D"¥|; see sec-
tions 3.3 and 3.4. The design conditions of the three-field DG method are the following;:

0_i0i—aD™ 01010
(DG3A) Mp= . Sp= OSﬁpO ., Rp= ;
0i 0 |5y

(be3B) ifa = +1 {M%u = (M)" and - Ker(D7) € Ker(Mj = D™),
DGoB i a= ,

hp! (DYDY 4 b D™ S M" S hg'T,;
DG3C) if o= -1, M (v) = M ;
( ’ F )
(DG3D) S = (SE)*, and hp! (D D7%)2 + hp' | D] < SE < hp' Ty, ;
(Da3E) SY = (SY)*, and hpZn, <SP < hpln,,

where o € {—1, 41} in the definition of Mp in (DG3A).
Our aim is to control the approximation error in the norm || - ||, 5 defined by

(4.4) lyll7 5 = WlIE + "3 + 1915 + 1975 + | Bry“llL,

with |35 = Y pem

yp|%P,Fv |yu|?\4 = Zpefg ‘yu‘%\/l,F7

(4.5) "5 = SEWD: W'D rwr, 19715 r = ST D, W*]) L, P,
(4.6) "3 = (ME "),y )L F-

yu|3’“,F’ yP |5, = ZFef;L
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The user-dependent operator R%" must be designed so that for all z;' € Uy and
all (z%,y}) € U(h)xUy,

(a3r) S (R D =~ (a8 + 4R,
FeFy,

(0636) 3 (REED D rr S (2] + 12 lar) (L + Il ar).
FeFy

The discrete counterpart of assumption (A3D) is still (3.4), while the discrete
counterpart of assumption (A3F) is the following: For all zf € 3,

(4.7) = = 7=f 113, S w2z, + D hrelle — m=f1I3,
FeF}

By (27, v
i sy B )
O;ﬁv}:GUh”(O7Oavh>||h,B

where By, (25, v})) is defined by (3.29). Finally, the discrete counterpart of assump-
tion (A3E) is
(4.8) Ve € Un, 1Cnzill, S 1Brzillc, + 20l L.

Since the jumps of the o-component are not controlled in the three-field DG
method (so as to eliminate this component locally), stability must come from the
control on the jumps of the p-component. The link between the jumps of the o- and
p-components is provided by the equation for the p-component. This motivates the
following additional assumptions:

(4.9) Vzp € Wy, KPPz, € Py,
(4.10) Vzp € Wi, VF e Fy, el = m2flllz..r S IIK znllz,.F + 11211z, 7
LEMMA 4.2. Assume that (A3C)—(A3H) and the discrete assumptions (DG3A)-

(pa3a), (3.4), (4.2), (4.7), (4.8), (4.9), and (4.10) hold. Then the following holds:

(4.11) Ven € Wi onllan S sup  elEmaUn)
yn €EWR\{0} Hyh”h,B

Proof. Let z;, € Wy, and set S = sup,, ey, \ {0} %
(1) Owing to the definition of a;, (DG3A), (DG3F), and (A3C),
(412) K znllZ, + 1KP2nll7, + 727 12, + |2h]3
+1znl5e + 12150 < anlzn, zn) < Sllznlln,s.

(2) Control on zj', Crzp, and Bpzy. Set y, = (Bpz},0,0) and observe that
yn € W}, owing to (A3H) and the fact that p, —1 < p,. Moreover, |lypllnz S ||21llh,B-
Furthermore,

IBhziill, = an(zn,yn) — (K2, Brzj )L, — %5+ (D72, Bhzpy) L, F

FeF?

+ > 20D} ABret D, =T+ Ta + Ts + T,
FeF}
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Clearly, |T1| < S||zn||n, B and owing to (4.12),
T2 SIK 2L, | Buzillc, < Sllznllns +vIBuzill, ,

where v > 0 can be chosen as small as needed. Similarly, using (DG3B), {D7"} = 0,
(DG3D), and a trace inverse inequality leads to

Ts| + Tl S (25 |as + 25|51 Brzillz, S S llzal

h,B +’Y\|thﬁ||%a-

Collecting the above bounds and choosing the +’s small enough, it is inferred that
|BrztllZ, < Sllznlln,z. Then, owing to (3.4), (4.8), and (4.12), this in turn implies

(4.13) l2ill7, + IChzillZ, + I1BuzilZ, <Sllznlins

(3) Control on z7. It remains to control z§ — mwz;. The idea is to use (4.7) by
estimating the three terms on the right-hand side, say R;—Rs.

(3a) Clearly, R1 S S|znlln.5-

(3b) To control Ry, use (4.10) and the fact that |[[KPzp]|z,.r S h;l/Q

| KP2n| 1, 7(F) owing to a trace inverse inequality (which can be used by (4.9)) to
infer

Iz = 7270 S hz_rlHKthH%p,T(F) +hi' 12550 e

Hence, owing to the estimates for |[KPz||z, and |z}|» p resulting from step (1),
Ry SS|znlln,B-

(3c) For Rjg, observe that By (27, v)') = an(zn, (0,0,v})) — axn((0,0, 2;), (0,0, v}))
and that for all v} € U}, the following holds:

(4'14) ah((ov 0, Zﬁ)v (07 0, UZ)) 5 Ap = (S ”Zh”h»B)% ||(0, 0, U;i)'

h,B-
Indeed,
an((0,0,25),(0,0,vy)) = (K2}, vy) L, + (Chziy, vi) L.,

+ Y s (ME () =D o), e — Y 20D ) vk De.r

Fer? FeF}
+ 0 (58 + REY([D) i) pur =T+ To + Ts + Ty + T

Using (4.13) yields |T1| 4 |T2| S Ap, while (4.12) together with (DG3G) readily yields
|T5| < Ap. Since {D**} = 0, using (DG3D) and a trace inverse inequality leads to

1 _1
Tul < > hilatlse rhp? 0f . 1) S A
FeFj

Finally, to control T5, we proceed similarly using (DG3B) if a = +1 to infer |T3| <
|z ar (il ar + o3l 2,) S An, while if o = —1, we use (DG3C) and the assumption
MU = |D¥| to infer |T5] S |z m|vi|m S Ap. Collecting the bounds for 7775

yields (4.14), whence the bound R3 < S? 4+ S||21||n, 5 is readily inferred.
(3d) Collecting the bounds for R;—R3 yields

(415) ||ZZ—7TZ;;||%U < R;+ Ry + R3 §S2+S||Zh||h’3.
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The same bound is inferred for |27 |7 by the triangle inequality.
(4) Control on z}. Using (A3G), the fact that K*Pz} = KPz, — K727, and the
derived bounds on |[K?z]|z, and ||2]| L, leads to

(4.16) 128112, < an(zn, z) + [1EP20]l7, + 1EP7 27117, < S* +Slznln5-

(5) Conclusion. Collecting the above bounds yields ||z4]|2 5 < S? + S||2nlln.5,
whence (4.11) readily follows. o 7

Remark 4.1. Assumption (DG3D) (resp., (DG3B)) requires a stronger control on
|D**| with respect to (DG2D) (resp., (DG2B)). This stronger control is needed to
prove (4.14) in step (3c) of the above proof. This is not really a restriction, since in
practice |D¥4| < (D“D7%)z so that h}l(D“UD"“)% < Sy already yields hjp! D™ | <
Sit (see the examples in sections 3.3 and 3.4).

It is now straightforward to verify the following convergence result.

THEOREM 4.3. The statement of Theorem 2.3 remains valid under the assump-
tions of Lemma 4.2.

4.3. Example: Linear continuum mechanics. Let us consider again prob-
lem (3.17) in section 3.4 and let us introduce a third field p := —ﬁtr(a) so that (3.17)
can be recast into

o+ pIy— 5(Vu+ (Vu)') =0,
(4.17) tr(o) + (d+ 6)p =0,
— V(o +0")+BVu+Au=f;

p is often referred to as the pressure. This type of problem arises in the modeling

of non-Newtonian fluids. (4.17) is the limit of the so-called upper convected Maxwell

model for small relaxation times; see Fortin and Pierre [19], Fortin, Guénette, and

Pierre [18], and Schwab and Suri [28]. Although three-field models may not be easy

to implement or may lead to increased computational costs, they appear to be more

robust for high Weissenberg numbers; see Baaijens for a review on this question [3].
Instead of (3.19), we now assume that

(4.18) Ao >0, 8 =0.

This setting covers incompressible materials (i.e., A = 0, 8 = 0, and § = 0) and
incompressible fluid flows. For the sake of simplicity, we henceforth restrict ourselves
to homogeneous Dirichlet boundary conditions, i.e., @« = 1. Then the pressure is
defined up to a constant, and to avoid this arbitrariness, we choose the representative
of the pressure which is of zero mean, i.e., (p)g = 0. Accordingly, we modify slightly
the equations as follows:

o+ pIy— 3(Vu+ (Vu)') =0,
(4.19) tr(o) + (d + 8)p + (p)a = 0,
— V(o +0")+BVu+ Iu=f.

Note that by taking the trace of the first equation and integrating over 2, we obtain
(tr(o) + dp)g = (V-u)g = 0 for homogeneous Dirichlet boundary conditions on w.
Accounting for the second equation in (4.19) yields (tr(o))a = (p)o = 0. Hence, we
are really solving (4.17) with (p)q = 0. Note that K is self-adjoint and that KPP is
the only nonlocal block in the operator K.
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4.3.1. Well-posedness. Define 7 € £(L,; L,) such that for all o € L,,
(4.20) o =0 — L(tr(o) — (tr(0))a)Za.

PROPOSITION 4.4. Assumptions (A3C)—(A3H) hold.
Proof. Let us first prove (A3cC). A straightforward calculation yields, for all
z=(0,p,0) € W,

(Kz,2)r = |lo+pZall7, +6lplZ, + (D)3

atsllo = gtr(0)Zallg, + g5 lte(o) + (d+6)pl7, + g¥sllollz, + B

Hence, taking the mean of the two above equations and using triangle inequalities,
WKz, 2)1 = mol3, + 1K 213, + 1K7213, + ()2,

with v independent of &§;. Since K is self-adjoint, A9 > 0, and the fields B* are
constant over (2, it is inferred that for all z = (o, p,u) € W,

L(K+K*=V-A)z,2), > (K(o,p,0), (0,p,0))L.

This proves (A3C). Assumption (A3D) is a simple consequence of Korn’s first in-
equality since V = V* = H,xL*(Q)x[H}(Q)]?. Assumption (A3E) results from
Korn’s second inequality. Let us prove (A3F). Let z € V be such that o # mwo; then
tr(c —mo) # 0. Since tr(o —70) = tr(o) — (tr(o))q € L3(R), there is 0 # v € [HE(Q)]¢
such that V-v = tr(o — 7o) and ||v||{g1(q)ye S llo — 7o ||L, . Since (V-v)q = 0, we have
Bv —mBv =0 — wo. Hence,

lo— 7oL, S (Bv—mBv,0 —mo)p, (Bv,o — 7o),

< 1 1
HUH[HI(Q)] ~ HUH[HI(Q”d

Slrole, + e (Bo. )i, S Inolle, + 1B o],

whence (A3F). To prove (A3G), observe that ||2P|r, < ||[KPP2P||L, + (p)o and that
Py S (Kz, z)lL/z. Finally, assumption (A3H) is evident. o

4.3.2. Three-field DG approximation. Let 11 > 0, 72 > 0, n3 > 0 (these
parameters can vary from face to face) and

(4.21) ME“(v) = mhp'o, Sp(v) = nahp'o, S (q) = nshrq, =

Clearly, assumptions (DG3B)—(DG3G) hold. Other choices can be considered for Mp¥,
Sy, and SP; see, e.g., [10, 9] for a similar DG method to approximate the Stokes
and the Oseen equations.

PROPOSITION 4.5. The discrete assumptions (3.4), (4.7), (4.8), (4.9), and (4.10)
hold.

Proof. The discrete Poincaré inequality (3.
section 3.4. Furthermore, assumptions (4.8), (4.
to prove (4.7). Let z;, € W), be such that z7 # 7mz]. Proceeding as in the proof
of (A3E) in Proposition 4.4, there is 0 # v € [Hg (Q)]¢ such that Vv = tr(z] — mz),
vl @ye < N2 — WZZHL(,, and

4) has already been shown to hold in
9), an (4.10) are evident. It remains

2 = 7, S Imeglle, + pop=es (Bo, 251

1
et o)
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Since v € [Hg(Q)]¢, integration by parts yields

(Bv,2f72]), = —(, Bl 2f)n, +2 Y (D2}, v)L,.r.
FeF}

Let vy be the L,-orthogonal projection of v onto Up. Then

(Bo,20)1, = — (v —on, Bhzf)e, +2 Y ({D*727} {v —wn})e,.r
FeF}
— (vn, By 2§, +2 Z {D*zp} ALy, r =T+ To + T3+ Ty.
FeF}

By construction, 77 = 0 and by definition T3 + Ty = —Bj (25, vs). Moreover, adding
and subtracting 7z in T5, using trace and inverse inequalities and the facts that

1
Po < Py + 1 and H’U — Uh”Lu,BK ,S hIZ(H’UH[Hl(K)]d for all K € 771, leads to

2

T S (w212, + D hellef — 727102, p | ol e
FeF;

whence (4.7). a

5. Singular perturbation analysis. The situation we want to analyze in this
section is that of two-field Friedrichs’ systems where the off-diagonal term B* coupling
the o- and u-components and the diagonal term C* may have different magnitude.
The model situation we have in mind is that of an elliptic/hyperbolic-type change. We
show that this situation is properly accounted for by appropriately defining (tuning)
the stabilizing parameters controlling the interface jumps of z;.

To avoid irrelevant technicalities, we henceforth assume that (A1)—(A5) hold, i.e.,
full L-coercivity holds. Hypothesis (A3) can be replaced by the weaker hypotheses
introduced in section 3, but these developments are omitted for brevity. The singular
perturbation analysis for the three-field DG approximation will be reported elsewhere.

5.1. The setting. Let 1 > ¢ > 0 be a positive real number. The setting of
section 2.2 is modified by considering the following two-field structure:

oo ! ou i % k
(5.1) K= [KK} , AF = [I[O.GB
€2

where it is assumed that all the blocks of the operator K as well as the fields B* and
CF are independent of the parameter e.
Owing to (5.1), the definitions (2.11) and (2.12) are now replaced by

0 ie%D”“ 0 i—ae%D"“
e[ nm] e

The discrete problem we consider is (2.16) with the bilinear form aj, still defined
by (2.15). As in section 2.5, we assume that p,, is a positive integer and that p, —1 <
Po < Du-

Henceforth the notation £ < ¢ now means that there is a positive ¢, independent
of h and €, such that £ < ¢(.
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5.2. Design of the boundary and jump operators. To avoid unnecessary
technicalities we assume that the user-dependent operator R%" is zero. Everything
that is said hereafter extends to IP-like methods provided the assumptions (DG2E)—
(DG2F) are localized. The details are left to the reader. To account for the presence
of e, we modify the design conditions (DG2A)—(DG2D) for the operators Mp and Sg
as follows:

(DG2.A) Mp =

N e R ] , a € {—1,+1}, Sp = [O'S};U} ;

M = (ME)* and  Ker(D%) € Ker(Mp* — DY),
(DG2.B) if =41,

(D D)3 + hp|D™| S hpME* < 0pT,,;
(pG2.c) ifa=-1, Mp*(v) = M*v and |[D*| S M <, ;
(DG2D)  Sp* = (S¥")* and (D D)2 + hp|D*"| < hpSE' < OpLy,,
where we have set
(5.3) 0s = max(e, hg) VS € Fp UTh,.

If ¢ < h, (DG2.D) amounts to |D*| < S¥* < Z,,,, that is, assumption (DG1E)
for one-field Friedrichs’ systems is recovered for the (uu)-blocks. If € ~ 1, (DG2.D)
leads to assumption (DG2D) for two-field Friedrichs’ systems concerning the control
on (D“D")z and leads to a slightly stronger control on D"*, namely, [D"*| < M.
The reason for this difference is that in the present analysis, we aim at obtaining a
sharper convergence result for the u-component.

5.3. Convergence analysis. For all z € W(h), we introduce the following
norms:

1 1
(54) N2llne.a = ll2lZ +12"15 + 12" 13 + lle= Brz"lIZ, + 152 Cr2"|Z,,

(5:5) lallres = lzlea + D_[Oxchi (it 1212, x + 112403, o) + Rl 117, 0]
KeT,

- We denote by ’];j' the set of mesh cells K such that hx > e. We also denote by
f;f the set of faces F' such that maxgcr(p) hie > € observe that hr 2 € whenever
Fe }"ff. The same definition applies for ]—';?f

LEMMA 5.1. Assume BF € [€O1(K)]™o ™ and C*F e [€%z2(K)]™ ™ for all
KeT, and all 1 < k <d, and that

(5.6) Von € Way  IChzlin. S IIBrzille, + 122 5 -
Then
(5.7) Vzp € Wh, 2nllne,a < sup @n{2h, Yn)

yrn €EWR\{0} Hyh”he,A '

Proof. Let z;, € Wy, and set S = sup,, ey, \ {0} W
(1) Using the definition of aj, together with (DG2.A) and (A3) yields

(5.8) 2017 + 12815 + |23t 3r S an(zh, 21) < Sliznllhe,a-
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(2) Define the field 7§ such that for all K € 7, 77 |x = 22:1 €3 BE Oy 2, where
B denotes the mean-value of BF over K. Owing to the regularity of the B*’s, a
standard inverse inequality, and the fact that e <1,

1 1
(5.9) 175 Ollne,a = Imi Iz, S lle2 Buzilln, + e2llzillr. < l2nllne -

From the definition of aj and (DG2.A), it follows that

1 1 1
e Buz |2, = an(zn, (n5,0)) + (€2 Byzl, 2 Bzl — 7)1,
— (K772 + K™zt 7)), + Y “ELe2 (D72, 751, »
FeFP
+ 3 262 ({D7} A7S )L, F-

FeF;,

Then proceeding as in the proof of [16, lemma 5.5] in Part II yields
(5.10) le? Buzi|2, < S llanllnea-
(3) Let @ denote the mean-value of CF over K and define the field 7} such that

Tk = ZZ=1 hKCf(akzﬁ if hx > €, and 7| g = 0 otherwise. Owing to the regularity
of the C*’s and a standard inverse inequality,

_1 1
(5.11) hi Imilleax S hilCnzplln.,x + 23],

whence it is inferred, using inverse inequalities, the fact that hx > € in the support
of w}, and the upper bounds in (DG2.B)—(DG2D), that ||(0,7})||re,a S ||2nllne,a. Set
C= ZKeT}+ hi||Chzjil|7, k- From the definition of ay, it follows that

C = an(zn, (0,m)) = (K727 + K"z, ™)1

u

1
- Z (€2B}TLZZ,7T;:)LMK+ Z (Chzpys hikCrzy — )L, K

KeT,t KeT,"
1

- Y e (DY ), — Y S(ME(E) - D e )L, e
FeFot FeF)t

+ > 22 ({D2} Ami e+ Y 20Dz} A DL, r
FeF)t Ferjt

= > (SE D [T L = @, (0.77)) + Ry + - + R,
FeFit

Let us estimate the remainder terms R;, 1 < i < 8, on the right-hand side. Clearly,
|R:| < |lznllzll7i||z, . Furthermore, using an inverse inequality and the fact that
€< hg forKG’Z;f,

A _1
1Rol S ) e e, wlimillen e S D N2 lleg wh? 7kl L., i,
KeT;k KeT,"
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1
and ‘R3| 5 EK’ETJ h[2(||chz}1fHLu,KHZ;f||Lu,K~ If « = +1, then Ry = 0, while if
a = —1, then

1, -1 _1
|Ra| S Z e2hp? |27 |, 7y hp’ 173l Lo, 7(F)
FeFdt

_1
S A e er e [ 4 e
FeFdt

Moreover, since |[D**| < Mg+ < T, for all F € F2F in both cases for a,

_1
Bl S Y lalar(milae + Imillcee) S Y |l ehe® |73 o, 2 )-
FeFdt Feryt

Similarly,

1
|Rsl +|Rel £ Y (2 lzairemy + |2l oe)hp® [Tl L 2y,
FeF;t

and |Rs| < ZFef‘+ [2hlaplmhlor S ZFey:’+ |2k 14, FhF |mhllz,,7(F)- Collecting the
above bounds and using (5.8) and (5.11), we deduce |Ry|+- - -+ |Rs| < vC+an(zn, z1),
where 7 can be chosen as small as needed. Hence, C < S||zp||ne,a, and using (5.6)
and (5.10) leads to the same bound for ||blC’hz“||L
(4) Collecting the above bounds yields ||zh||h6 4 S S||znllhe,a and hence (5.7). O
LEMMA 5.2. The following holds:

(5.12) V(z,yn) € W(h) x Wy, an(z,yn) S| Il e, a-

Proof. Use integration by parts to infer

an(z,yn) = Y (Tyn)x + Y $(Mr(2) + Dz,yn)r.r

KeT, FeFP
+ Z ([D=], lyn]).F + Z SE "D, lyrDe.,
FeF FeF

Let Ry to R4 be the four terms on the right-hand side. Observe that
(zTyn)o.x Szl llvnllo g + 12710y, x€® | Bayi 1y 5
+ 2Ly e 1By i + 112 Lo | Chyi i
Slzlnwlynllg + 1271z, €2 1Bryilc, x
S e [ PO 74 PO e P 4 [/ 77 S

Hence, |R1| S ||2l|lhe.1lynllne,a- Furthermore, if o = +1,

Rol < 3 [l (D" 27, yi) | + LB (") + D™, g, ]
FeFy

< D%, FhEIYE e + 0Rhp 2% 2. rlyi o),
FeF?
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_1
while if @ = —1, [Ro| S ¥ pepole?l2llen,rhe® 951, 7y + 112 Lo rlyi | ar, ).
Hence, in both cases, |Rz2| < ||2]lhe,1/|ynllhe,a. Similarly,

1 1 _1
2 ([D72") liDe,.r S € 1{z"} L., rhp®1Yn L, 7(F),
1 1
e ([D* 2L [ynDeu.r S {27} Lo philylo e,
(ID* 2], lynDew.r S 12"} lu.plynlor-

|yn|lhe,a. Finally, it is clear that ZFE}'}L (SEZDs v D pw.r <
12|l ne.11|yn |l ne, 4, thereby completing the proof. |

It is now straightforward to derive the following result.

THEOREM 5.3. Keep the hypotheses of Lemma 5.1. Assume that z € [H(Q)]™.
Then

(5.13) 2 — 2znllhe,a S

Hence, |R3| < ||2]|he,1

inf — .
,of 12 — ynllnea

In particular, if z € [HP=T1(Q)]™,
1
(5.14) |z = znllne,a S O2hP || 2|l putr (@)

The convergence estimate in Theorem 5.3 is consistent with that from the two-
field DG theory when 1 ~ € > h, and it degenerates into that from the one-field theory
for the u-component when h > e. Indeed, if 1 ~ € > h,

(5.15) 12 = zi |, + 1B (2" = 2|, S PP 2l mresr y)m,

and the L,-norm error estimate can be improved if elliptic regularity holds, while if
h>e,

(5.16) 12% = 2| Lo S PP |2 v e

u ~

Lo+ [D2Ch(z" — 21)]

Remark 5.1. A similar result to that of Theorem 5.3 has been proved in Gopala-
krishnan and Kanschat [22, Thm. 5.1] for the advection—diffusion equation (5.17).

5.4. Example: Advection dominated advection—diffusion. Consider the
advection—diffusion equation introduced in section 3.3 with a diffusion coefficient € >

0. The PDE —eAu + 3-Vu + pu = f in mixed form becomes
o+ €TVu = 0,
(5.17) .
pu+€2V-o+ B-Vu = f,

so that the off-diagonal blocks of A* in (3.8) are rescaled by €2, while the operator
K is unchanged.

In the case of a Dirichlet boundary condition, the boundary and interface opera-
tors can be redesigned to fit the above analysis by modifying (3.16) as follows:

(5.18) Mg (v) = m(|Bnp| +ehpt)o,  SE(v) = m(|Bnrp| +ehp')v,

where ng is a unit normal vector to F' and 71 > 0, o > 0 (these two parameters can
vary from face to face). It is easily verified that properties (DG2.B) and (DG2.D) hold.

Assuming ¢ > — min(f5-n,0), mixed Robin—Neumann boundary conditions can be
enforced by redesigning the boundary and interface operators as follows:

(5.19) Mgt (v) = 20+ Bn)v,  Sp'(v) = na(|Bnp| + ehp' v,
Again, it is easily verified that properties (DG2.C) and (DG2.D) hold.
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6. Conclusion. We have analyzed various DG methods in Parts I, II, and III.
We have attempted to give a unified analysis for all of these methods. Following the
seminal ideas of Lesaint and Raviart [25, 26], we have shown that the framework of
symmetric positive Friedrichs’ systems is the natural setting for this theory insofar as
boundary conditions can be enforced weakly for all of these systems. The first building
block of the theory is the bilinear form (2.4) along with the weak formulation (2.6). All
the DG methods that we have analyzed can be put into the unified bilinear form (2.15)
and the unified formulation (2.16). The differences between all of these methods reside
solely in the design of the boundary and interface operators.

The method described in Part I is the most robust in the sense that it is essentially
independent of the type of the PDE (which is the main argument for our working with
Friedrichs’ systems). The price for robustness is the slightly suboptimal convergence
rate O(hP*/2) in the L?-norm. In Part II, two components of the unknown are identi-
fied, say (27, z*), and the generic DG method is set so that the z° unknown can be lo-
cally eliminated on each mesh cell. The underlying model is that of elliptic equations.
Compared to the method of Part I, the convergence rate in the L?-norm for the z*
unknown is now optimal, i.e., O(hP*1), the downside being a slight loss of robustness
with respect to type change, which is addressed in Part III, section 5. Part III revisits
the results of Part II in two aspects: (i) weakening of the L?-coercivity assumption on
which Part IT is based; (ii) questions regarding robustness with respect to type change.
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