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Abstract

It is shown in this paper that Faedo—Galerkin weak solutions to the Navier—Stokes equations in the three-dimensional torus
are suitable provided they are constructed using finite-dimensional spaces having a discrete commutator property and satisfying a
proper inf—sup condition. Low order mixed finite element spaces appear to be acceptable for this purpose. This question was open
since the notion of suitable solution was introduced.
© 2005 Elsevier SAS. All rights reserved.

Résumé

Dans cet article il est montré que les solutions faibles de Faedo—Galerkin des équations de Navier—Stokes, en dimension trois
dans le tore, sont acceptables si elles sont construites a partir d’espaces de dimension finie possédant une propriété de commutateur
discret et satisfaisant une certaine condition de compatibilité. Les espaces d’éléments finis de bas degré satisfont ces hypotheses.

Cette question était ouverte depuis 1’introduction de la notion de solution faible acceptable.
© 2005 Elsevier SAS. All rights reserved.
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1. Introduction
1.1. Position of the problem

This paper is concerned with the regularity of weak solutions of the Navier—Stokes equation in the three-
dimensional torus £2:

qu+u-Vu+Vp—vViu=f inQr,
Vou=0 in Or, (1.1)
uli=0 = uo, u is periodic,
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where Q1 = £2 x (0, T'). Henceforth we assume f € L20,T;[H Y (2)P) andug e H = {ve L2(2)3;, V. v=0;
v - n is periodic}.

To the present time, the best partial regularity result is the so-called Caffarelli-Kohn—Nirenberg theorem [4,9]
proving that the one-dimensional Hausdorff measure of the set of singularities of a suitable weak solution is zero. One
intriguing hypothesis on which this result is based is that the weak solution must be suitable. The notion of suitable
weak solution has been introduced by Scheffer [12] and boils down to the following:

Definition 1.1 (Scheffer). A weak solution to the Navier—Stokes equation (u, p) is suitable if u € L%, T; [H' ()P)N
L0, T; [L*($2)1), p € L3*(Q7) and the local energy balance,

8t<%u2> +V- ((%uz —i—p)u) — vV2<%u2> + v(Vu)2 —f-u<o, (1.2)

is satisfied in the distributional sense.

Although it has been proved recently by He Cheng [8] that the result of the CKN theorem also holds for weak
solutions it is not known whether indeed weak solutions are suitable.

Two important questions arise a this points: (1) Are suitable weak solutions unique? (2) Are the solution constructed
by the Faedo—Galerkin method suitable? (see, e.g., [1], [2, p. 77], [9, p. 245]). The purpose of the present work is to
give a partial answer to the second question which seems to have been open since Scheffer introduced the notion of
suitable solution. The main result of this paper is that, yes indeed, in the three-dimensional torus the Faedo—Galerkin
weak solutions to the Navier—Stokes equations are suitable provided the finite-dimensional spaces involved in the
construction have a discrete commutator property and satisfy a proper inf—sup condition. It is shown that, contrary to
high order Fourier-based spectral methods, low order mixed finite element spaces are acceptable for this purpose.

The paper is organized as follows. In Section 2 we introduce the discrete setting and we define the Galerkin approx-
imation to (1.1). In Section 3 we derive a priori estimates. A key estimate is derived for the pressure in Lemma 3.2.
This estimate is intimately linked to the fact that we are working in the three-dimensional torus. Generalizing this
estimate or a similar one with Dirichlet boundary conditions and using finite elements still seems to be challenging
at the present time. The main result of this paper is reported in Section 4 where we show that the Galerkin solu-
tion converges (up to sequences) to a suitable weak solution to (1.1), see Theorem 4.1. The key to this result is that,
contrary to approximation spaces based on trigonometric polynomials, finite element spaces have a discrete commu-
tator property, see Definition 4.1.

1.2. Notations and conventions

Henceforth £2 denote the three-dimensional torus. As usual, we denote by W* 7 (§2) the Sobolev spaces of functions
in L?(£2) with partial derivatives of order up to s in L? (§£2) when s is integer and W*-?(£2) is defined by interpolation
otherwise. We do not make notational distinctions between vector- and scalar-valued functions. For s > 1, W;’p (£2)
denotes the functions in W* 7 (£2) that are periodic.

In the following c is a generic constant which may depend on the data f, ug, v, 2, T. The value of ¢ may vary at
each occurrence.

2. The Galerkin approximation
2.1. The discrete setting

For the time being we do not particularize the setting to the torus. Let X be a closed subspace of [H'(£2)]?
(think of [Hé (.Q)]3 if homogeneous Dirichlet boundary conditions are enforced or think of [H# (.{2)]3 if periodicity
is enforced). Let M = L}ZO(.Q), where L}ZO(Q) is composed of those functions in L2($2) that are of zero mean.

To construct a Galerkin approximation of the Navier—Stokes equations, we assume that we have at hand two fami-
lies of finite-dimensional spaces, {Xp}x~0, {Mn}n=0 such that X;, C X and M;, C M. The velocity is approximated in
X, and the pressure in M. To avoid irrelevant technicalities we assume My, C H 1 2)NMm.
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Let 7, : [L*(£2)]? — X, be the L?-projection onto Xj,. We assume that X;, and M, are compatible in the sense
that there is ¢ > 0 independent of 4 such that

Yan € My, NmaVanlrz = cllVanllp. 2.1

A first consequence of this hypothesis is that X, and M}, satisfy the so-called LBB condition, see, e.g., [7]. That is to
say:

Lemma 2.1. Assume that (2.1) holds, Xj, and My, are such that (qn, V - vy) = —(Vqp, vp) for all g, € My, and all
vn € X, and there exists Cp, : [H' (2)]> — X}, an H'-stable interpolation operator such that ||Cpv — v |72 < chllv] g
forall v e [H'(£2)]?, then there is a constant ¢ independent of h such that

(gn, V -vp)

—_— > (2.2)
0#£aneMn o0v,ex, lgnllp2llvnll g

Proof. See Appendix A.1. The operator Cj, can be, e.g., the Clément interpolation operator [6] or the Scott—Zhang
operator [13]. O

Lemma 2.2. Hypothesis (2.1) holds in either one of the following situations:

() Xj, is composed of Pi-Bubble H'-conforming finite elements and My, is composed of P1 H'-conforming finite
elements (i.e., the so-called MINI element).

(i) Xj is composed of P, H'-conforming finite elements and My, is composed of P1 H'-conforming finite elements
(i.e., the so-called Hood-Taylor element), and no tetrahedron has more than 3 edges on 052.

Proof. See Appendix A.2. O

We now particularize the functional setting to the torus. We assume that X = [H# (.{2)]3, ie., X; C [H# ([2)]3, and

to minimize technicalities we assume M), C H,} )N L}ZO(Q). Moreover, we assume that there is an interpolation

operator Jp, : Hé(.Q) — M, such that for all g € H#(.Q),
IV = Thg) | 2 < chligll 2. (2.3)
We also make the following key hypotheses: There is ¢ independent of / such that for all v € [H# ()7,
o=l = inf o —wil2 < chlvl g, 2.4)

lznvll g < cllvlligr (2.5)
In addition to the above interpolation properties, we assume that the following inverse inequality holds in Xp:
There is ¢ > 0 independent of 4 such that

ol gt <ch™Mvnll2,  Von € X 2.6)

Remark 2.1. (i) The above interpolation and stability results (2.4), (2.5) hold only with periodic boundary conditions.
In the case of Dirichlet boundary conditions, i.e., X, C [HOl (.(2)]3, the above results are not true; in this case we only
have [lv — vl 2 < ch'?|vl| g1 and ||mpvll g1 < ch ™2 |jv]| 1 for all v € [H'($2)]3. This limitation is the main
obstacle to the extension of the results stated in the remainder of the paper to more general boundary conditions.

(ii) The inequality (2.6) holds whenever the family of spaces {X}};~0 is composed of finite element spaces based
on mesh families that are quasi-uniform, see, e.g., [5].

We define the map ¥, : Hﬁ%(.Q) — M}, such that for all g in H#(Q), Y (q) solves:
(maVYn(q), Vi) = (Vq,Vry), Vry € M. 2.7

Observe that the above problem has a unique solution since the bilinear form (75 Vg, Vry,) is coercive owing to
hypothesis (2.1).
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Lemma 2.3. There exists ¢ > 0 independent of h such that for all q in H#(Q),

IV (¥n(@) —q)| ;2 < chligl . 2.8)
|7 V@) | g1 < cligll 2 (2.9)

Proof. See Appendix A.3. O
2.2. The discrete problem

Denote by V the closed subspace of [H# (£2)1? that is composed of the vector fields in [H# (£2)7° that are solenoidal.
Define the space:
Vi = {on € Xi; (V-vn,q1) =0, Vg € L*(2)}. (2.10)

Since Vj, is not a subspace of V, i.e., V}, is not composed of solenoidal vector-fields, we modify the nonlinear term
as follows. We introduce a bilinear operator nlj, € L(([HJ (.Q)]3)2; [H#_l(.Q)]3). We assume that nl; satisfies the
following continuity property:

|t (v, 0) | 1 < ellvllgrllvl s 2.11)

We define the trilinear form by, € L(([HO1 (£2)1?)3: R) such that by, (u, v, w) = ((nly, (u, v), w) -1 1. We assume that
by, satisfies the following property:

bu(u,v,v) =0, VYveV+V,. 2.12)

For instance, an admissible form of the nonlinear term is as follows (see, e.g., [14]),
1
nlh(u,v)=u'Vv+§vV~u. (2.13)

Let K, : L2(£2) — M}, be a linear L2-stable interpolation operator (i.e., Kz — z for all z € L?(£2)), then another
admissible form of the nonlinear term is:

nlp(u,v) =(V xu)xv—i—%V(ICh(u-v)). (2.14)

The discrete problem we henceforth consider is as follows: Seek uj € CO([O, T1; Xp) with d,uy, € L2(0, T; Xp)
and py, € L?([0, T1; My) such that for all v, € X3, all g5, € My, a.e. t € [0, T1:

Orutp, vp) + bp(up, up, vp) — (pp, V- vp) +v(Vuy, Vop) = (f, vp),
(V-up,q)=0, (2.15)
upli=0 = Zpuo,

where 7, : L2(2) — Vj, is a L2-stable interpolation operator; that is to say, Z,z — z for all z € [L2())P (actually,
weak convergence is enough). Note that for all v, in X, the approximate momentum equation holds in L2(0, T).

3. A priori estimates
3.1. Energy estimates

Owing to (2.12), we have the usual a priori energy estimates on uj,, namely

Orgntang”uh(l)”Lz‘f‘ lunllz2my <c, (3.1)
from which we deduce the following:
Lemma 3.1. Under the above assumptions on [ and uy, there is c, independent of h, such that

.3 2 3
Nenll rgorry + Nunller ey < ¢, with 7 + —=5 2<r 2<qg<bo. (3.2)
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Proof. This result is standard and is a consequence of the interpolation inequality (see, e.g., Lions and Peetre [11]),

2/ 1wl when 2 < r, and the embedding H%/7(22) c L4(82) for 1/q =1/2—2/(3r). O

T

vl g2 <cllvll
3.2. Pressure estimate

Now we want to deduce a priori estimates on the pressure p,. The main tool we are going to use is a duality
argument. We define ¢ = (—V2)_1p/1 and we test the momentum equation with 7, V(1 (q)).
Lemma 3.2. Under the above assumptions, there is c, independent of h, such that

||Ph||L4/3(0,T;L2) N (3.3

Proof. (1) Let g € HZ($2) solve:
(Vq,V$) = (ph, ), Vo € H}(£2).

Owing to standard regularity results,
lgll g2 < cllpnll2- B34

(2) Let us test the momentum equation with 73,V (¥,(g)); note that 7, V(¥ (g)) is an admissible test function

since 7, V(¥ (q)) € Xp.
(3) We first take care of the pressure term. The definition of ¢ together with that of v, (q) yield:

—(pn, V- (1 V (¥(@))) = (Vor taV (Vi (@) = (Vpr, Vg) = ||Ph||iz~ (3.5)
(4) The contribution of the time derivative is zero since
(Bun, TnV (Vi ())) = (3un, V(¥i (@) = —(V - (Brun), ¥ (q)) =0, (3.6)

owing to the fact that 9,;uj, € Vj, and ¥y,(q) € My,.
(5) We take care of the viscous term as follows. Using the stability estimate (2.9) we infer:

|(Vun, V(0 V (¥n(@))))| < I1Vunll 2|70V (@) || 1 < cllVunllz2llg | g2
Then the stability estimate (3.4) implies:

(Vun, V(mnV (¥ (@) <cllVunll 21l pall 2 (3.7

(6) For the nonlinear term we proceed as follows:

b (uns wns Yn (@) | = [(ndn s un), T V(@) < |l Gunsun) | -1 |70 VU (@) | 41
Using the bound (2.11) together with the estimates (2.9), (3.4), we obtain:

|bn (s un, Y (@) | < cllunll s llunll gl pall 2 (3.8)

(7) We proceed similarly as above for the source term,

(2 V(@) < W =1 |70V (@) | g1 < el f -1 1lg 1 g2
That is to say:

(£, 700V (Y (@) < cll fll =11l pal 2 (3.9)
(8) Combining (3.5)—(3.9), we deduce:

2
Ipall72 < c(vllunll g+ Nunll s lunll gy + 0 F =) pnll 2.

Then, as a consequence of the bound (3.2), we infer:

T T

4/3 4 2 2
/uphn/z <c</uuhnp+nuhnm +||f||H1> <.
0 0

This completes the proof. O
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3.3. Estimate on 0;up

As a consequence of Lemma 3.2 we infer:

Corollary 3.1. Under the above assumptions, there is ¢ independent of h such that

N0runll430,7: -1y < C- (3.10)
Proof. Using the H!-stability of 7, we infer:
(Orttp, v) (Oruap, THV) (Orttpy, THV) (Orttpr, V)
lorunllg-1= sup ————= —— < —— < —_—
vE[H#l(.Q)P ”v”H1 ve[H#(.Q)P ”v”H1 UE[H;(Q)P ||7Thv||H1 v eXy ”Uh”H1

Sc(llunllg + |alnn, un) || g1 + 1pallzz + 1 f 1 g-1)-
Using the bound (2.11), we deduce:

1Bl g1 < c(Wllunll g + lunll s lunll g+ U pall2 + 1l g-1)-

Then, the conclusion follows readily as a consequence of the bound (3.2) together with the pressure estimate (3.3). O
3.4. Convergence to a weak solution

Before proving that subsequences of (u;,) converge to a weak solution, we make sure that we are solving the right
problem, i.e., we now formulate consistency hypotheses on the nonlinear term.

In this section s denote a real number such that 4 < s < co. We denote by s’ and s* the two real numbers such
that 1/s +1/s’ =1 and 1/s + 1/s* = 1/2, respectively. We assume that the nonlinear term has the following con-
sistency property: For all functions w in L2(0,T; V)N L*O, T; [L3(£2)]%) and all sequences of functions (wp);>0
in CO([0, T'1; Xp) converging weakly to w in L0, T; [H# (&2)1%) and strongly in L0, T; [L3(£2)]), the following
holds:

nly (i, w) — w-Vw, in L (0, T; [Hy ' (2)]). (3.11)
Lemma 3.3. The consistency property (3.11) holds for definition (2.13) and for definition (2.14).

Proof. Let v be a function in L5(0, T'; [H#1 2)P).

(1) Assume that n/j, is defined as in (2.13). Observing that v € L*(0, T’; [L6(.Q)]3), we deduce that vQw; — vQw
and v-wy — v-win L0, T; [L*(£2)1>*3) and L?(0, T; L*>(£2)), respectively. As a result fOT(u®wh, Vwy) —
fOT(v(X)w, Vw) and fOT(v ~wp, Vowy) &> fOT (v - w,V - w). Moreover, since V- w =0, a.e. in Qr, we infer
fOT (v - wp, V- wp) — 0. The conclusion follows readily.

(2) Assume that nlj, is defined as in (2.14). The only term that poses a difficulty is fOT(V(ICh(|wh |2), v). Integrating

by parts, we rewrite this term as follows — fOT (Kn(lwn]?), V - v). Banach-Steinhaus theorem implies that ||/Cp||
is uniformly bounded, then using linearity:

1Ch (lwn ) = Kn(Jwl?)|

LS,(LZ) < C” |wh|2 - |W|2‘ L“/(Lz) g CH (wh - U.)) . (wh + UJ)’ L'V/(Lz)

< cllwp — w||Ls*(L3)(||wh ||L2(L6) + ||w||L2(L6))~
In the last inequality we used the fact 1/s* + 1/2 = 1/s’. Note that ||wy,|| £2(L6) 18 bounded since wy, converges

weakly to w in L2(0, T; L°(£2)). The above inequality implies K, (|wp|?) = Kn(lw|?) in L* (0, T; L%(£2)).
Moreover, Kx(Jw|?) — [w]* in L?(2) ae. on (0,T), [Kx(Jw[»)]3, is uniformly bounded by cll[w[*[3, €
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L'(0, T); hence, Lebesgues’ Dominated Convergence theorem implies K (jw|?) — |w|? in LY (0, T; L2(£2)).
As a result we obtain —fOT Kn(wp|®),V-v) > — fOT(|w|2, V - v). Finally,

T
/(nlh(wh,wh) —>/<(V X w)Xw + 1V |w| ) /(w Vw, v).

0

Hence (3.11) holds since v is arbitrary. O
We have the following classical result:

Corollary 3.2. Under the above hypotheses, u, convergences, up to subsequences, to a weak solution to (1.1) in
L%, T; [H,i (2)1) weak and in any L"(0,T; L4 (9)3) strong (1 < g <6r/(3r —4), 2 <r < 00), and, up to subse-
quences, py converges to p in LY3(0, T; L2(2)) weak.

Proof. We briefly outline the main steps of the proof for the arguments are quite standard.

(1) Since uy is uniformly bounded in L2(0, T; [Hj (£2)]°) and d,uy, is bounded uniformly in L*/3(0, T; [Hy ' (£2)1%),
the Aubin—Lions Compactness lemma (see Lions [10, p. 57] or [15]) implies that there exists a subsequence (uy,)
converging weakly in LZ(O, T; [H# (.(2)]3) and strongly in any L" (0, T; L9(£2)), such that 1 < g < 6r/(3r — 4),
2 <r < o0, and that (d;uy,) converges weakly in LY3(0,T: [H#_l(.Q)]3). Moreover, since (py) is bounded uni-
formly in L*3(0, T: L%(£2)), there exists a subsequence (pp,) converging weakly in LY3(0,T: L*(2)). Let u
and p denote these limits.

(2) Let g € L%(0, T; L?(£2)) and let (qn;)n, >0 be a sequence of functions in L2(0,T; M) strongly converging to g
in L2(0, T; L2(£2)). Then 0 = [/ (V - up,, qn)) = fiy (V-u,q) since V -up, = V- u in L2(0, T; L2(£2)). As a
result, V-u =0, a.e. in Q7; that is to say u is in L>(0, T; V).

(3) Let s be a real number such that 4 < s < 0o. Let v be any function in L*(0, T'; [H#(.Q)P) and let (vp, ), >0 be a
sequence of functions in L*(0, T; X;,) strongly converging to v in L5 (0, T; [H, (£2)]%). Then

@ So, ettn, - vn, —> [, du - v, since dup, — du in L¥30, T; [Hy ' (2)1).

(5 Jo, Vun:Von, — [, Vu:Vv,since Vup, — Vu in L2(0, T; [L2(2)1?) ¢ L¥3(0, T: [L*()]P).

©) [o, PV -vn = [, PV -v,since pp, — pin L¥3(0,T; L*(2)).

(7) Since uy, converges weakly to u in LZ(O, T; [H#1 (.Q)]3) and strongly in LS*(O, T; [L3 (.Q)]3), the hypotheses of
(3.11) hold; hence, [ by (u,, ry, vi) = fif (u - Vi, ).

(8) Finally, since uy, converges in co(o, T1; L%) (£2)) (functions that are continuous over [0, 7] with value in L%(£2)
equipped with the weak topology) ug < Zp,ug = up, (0) — u(0) in L?(£2); hence, u(0) = uy.

(9) That u satisfies Leray’s energy inequality is standard. It is a consequence of the inequality 2V (up, — u)-Vu +
[Vu|? < [Vup, |>. The theorem is proved. O

4. Convergence to a suitable solution

The main issue we address in the present work is to determine whether weak solutions are suitable in the sense of
Definition 1.1. To answer this question we assume that the discrete framework satisfies the following property that we
henceforth refer to as the discrete commutator property (see Bertoluzza [3]).

Definition 4.1. We say that X, (resp. Mj) has the discrete commutator property if there is an operator
Py € L(H} (2)1; Xp) (tesp. Qp € L(L*(£2); My)) such that for all ¢ in Wy (£2) (resp. all ¢ in W, *°(£2)) and all
vy € Xy, (resp. all g, € My,),
lpvn = Pu(dvn) || i < ch™ " lopllam @l ymsre, 0<I<m<1,
|pan — On(dan)|| ;2 < chlignll 2 @llywr.cc.
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Remark 4.1. Fourier-based approximation spaces do not have the discrete commutator property since Fourier series
do not have local interpolation properties. Fourier series are very accurate but they only have global interpolation
properties.

We also assume that the following consistency property holds for the nonlinear term: For all functions w in
L20,T; V)N L®0, T; [L*(£2)]?) and all sequences of functions (wy)p=0 in co(0, T1; X») uniformly bounded in
L0, T; [Hj ($2)13) N L>®(0, T; [L?(£2)]?) and strongly converging to w in L*" (0, T; [L3(£2)]?), where 3 < s* < 4
(i.e., 4 < s < 6), the following holds:

T T
1 —
/bh(wh, wp, pwp) — —/(§w|w|z, Vqs), ¥ € D(0,T;C°(2)). (4.1)
0 0
Lemma 4.1. The consistency property (4.1) holds for definition (2.13) and also for definition (2.14) provided M}, has
the discrete commutator property.

Proof. (1) The situation for Definition (2.13) is quite simple since

1 1 1
b (wp, wp, pwp) = (wh ~th,¢wh> + E(th S wp, pwy) = <wh . V<§|wh|2) + Elwhl2V . Wh,qﬁ)

T Lo
= <V- (wh§|wh| >¢> =_<wh§|wh| ,V¢>-

Then, clearly [y by(wn, wi, dwi) — — fy Gwlw|%, V@) since wy§lwyl> — wilwl® in L0, T; L'(2))

1
L (Qr).
(2) For definition (2.14) we proceed as follows:

—_—

1
b (wi, wh, pwp) = ((V x wp) xwy, pwy) + E(V(Kh(|wh|2)» pwy)) = _E(Ich(|wh|2), V- (pwp))

1 1
5 = 5 (@Kn(1wnl?), V - wn) = =2 (walwa*Ve) + Ri + Ra,
where Ry = —%(wh(lCh(|wh|2) — |wnl?), V¢) and Ry = —%(¢1Ch(|wh|2), V - wp). By using the same arguments

= —l(wh/Ch(|wh|2)’ V¢)

as in the second part of the proof of Lemma 3.3 we infer Kn(lwnl?) — |w|?* in LX/(O, T: L%(£2)); that is to say,
Kn(lwal®) = lwp|? = 0in L (0, T; L2(£2)). Since wy, - Vép — w - Vg in L¥(0, T; L2(£2)), we infer fOT |IR{| — 0 as
h — 0. For R, we use the fact that M}, has the discrete commutator property as follows:

1 1
|Ry| = 5|(¢ich(|wh|2) — On(¢Kn(lwal?)), V- wi)| < 5H¢>/ch(|wh|2) — On(DKh (1wnl?))|| 2 Ilwall g

2 2 2 1/2 3/2
<ch| K (wn )| 2 llwall g < ch[lwn ] 2 llwnll g < chllwil2 o lwall g < chllwall 5 lwall Y lwall 1
1/2 1/2 2 1/2 2
< chllwill 5 wall Y Twn 12 < eh 2wl 2wl
Hence
T
1/2 2
f |Ral < e 2w g, 100 o 1
0

Then clearly fOT |R>| — 0 as h — 0. In conclusion fOT bn(wp, wy, pwy) — —fOT(%w|w|2, V) since wh%|wh|2 —
wlwl?in L/30, T; L'(2)) € L'(Qr) and [;] [Ri|+ [ |R2| — 0. That concludes the proof. [

The main result of the paper is stated in the following theorem:

Theorem 4.1. Under the aboves hypotheses, if X, and My, have the discrete commutator property, the couple (up, pn)
convergences, up to subsequences, to a suitable solution to (1.1), say (u, p).
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Proof. To alleviate notations we still denote by (1) and (py,) the subsequences that converge to u and p, respectively.

(1) Let ¢ be a non-negative function in D(0, T'; C;o(S_Z)). Testing the momentum equation in (2.15) by Py (u,¢), we
obtain:

(B¢uun, Pr(und)) + bu(un, un, Poun®)) — (pn. V - Po(und)) + v(Vun, V Py(upd)) — (f. Pa(ung)) =0.

Each of the terms on the left-hand side of the equation are now treated separately in the following steps:
(2) For the time derivative we have:

T

T T
1
/ (3rieh. Po(un)) / Brten, und) + / / (lunl?. 3:) + / R,
0 0

0

where we have set R = (up;, Ph(un®) — ung). It is clear that —l (|uh|2 0rp) — ——fo (u?, 3,;¢) since
|uh|2 — |u|2 in L"™(LY) for any 1 <r < oo. To control the remdual we use the discrete commutator property
and the inverse inequality (2.6) as follows:

T T T
/|R|=/(uh,z,Ph(uh¢)—uh¢) i/IIMh,tIIH—IHPh(Mh¢)—Mh¢||H1
0 0

1/2 1/2 1/2
< chllunll o cg—nyllunll o gy < ch' letn,ellpars =1y llunll oo o) lunll 2 gy

Now, it is clear that fOT |[R| = 0as h— 0.
(3) Using the fact that uy, is periodic and the first derivatives of ¢ are also periodic, the viscous term yields:

1
(Vun, VPy(ung)) = (Vun, Vun$)) + R = (IVuy|*, ¢) — (§|uh|2, v2¢>> +R

where R = (Vuy, Py(upd) — up@). For the first term we proceed as follows:
T T

T
/(|wh|2,¢) = /( 2,¢) = /(|V(uh - u)|2 +2V(up —u): Vu+ [Vul?, §).
0

0 0

Since up — u in L2(0 T; H') and ¢ is non- negative we infer liminffOT(|Vuh|2 b)) = fOT(|Vu|2 ¢). For the
second term we have fo —(3up?, V2¢) — — fo ($1ul?, V2¢) since |up|* — |u|? in L™ (L") forany 1 < r < oo.
Now we control the res1dual as follows:

IRI = |(Vun. Pa(un) — und)| < chllunll,.

Then it is clear that fOT |R| — 0 as h — 0. In conclusion,

T

T

1

hzmnf/(Vuh,VPh(uhqﬁ) / |Vu|?, <§|u|2,V2¢>.
0

0
(4) For the pressure term we have:

(Pn: V- (Pr(un))) = (pn. V - un)) + Ri = (prun. V) + Ry + Ry,
where Ry = (pp, V - (Pp(upp) — up)) and Ry = (¢pnV - uy). For Ry, using the discrete commutator property
together with an inverse inequality (2.6), we have:
T

T T
/|R1|<c/||ph||Lz||Ph<uh¢)—umHH] <ch/||ph||Lz||uh||H1
0 0

0

1/2 1/2 1/2
< ol pll ooy N ey < eh'2 1ol ooy Nl o o laen 12 2 -
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Then clearly fOT |R1| — 0 as h — 0. We proceed similarly for R, using the fact that u take its values in V},,
T T

T
/IRzl =f|(¢ph — On(ppn), V - up)| <c/|!¢ph — Qn(@pn) || 2 lunll g1
0

0 0

1/2 1/2 1/2
< chllpall gy lnl sy < ch' 21 pnll g lunl o o Nl 2 o

Then again fOT |[R>| = 0as h — 0.
(5) The source term does not pose any particular difficulty,

(f> Pn(pun)) = (f, pun) + R,
where R = (f, Py(¢up) — ¢uy). Clearly f0T<f, dup) — f0T<f, ¢u) since uy — u in L*(0, T; [H} ($2)1%) and
f e L0, T; [Hy ' (£2)1%). Moreover,
T
/ IR| < ||f||L2(Hfl)||Ph(¢uh) - ¢Mh”L2(H1) S chll fllpzca-—nyllunllp2cqy-
0

Then J;| |R| — 0as h — 0.
(6) Now we pass to the limit in the nonlinear term,

by (un, un, Po(pun)) = bn(up, up, pup) + R,
where R = by, (up, up, Py(¢up) — ¢up). Then

172 1/2 2
|RI < |[dn Guns un) | 1 | Pr(dun) — dun | o < chllunllps lunll g llunl g SChIIMhIIL/z ”uh”H/] el -

That is to say,
T
/|R| < ch' P unll ooy e 12 g1
0

This in turn implies fOT |R| — 0 as & — 0. Then conclude using hypothesis (4.1). O
Appendix A. Proofs from Section 2
A.l. Proof of Lemma 2.1
We start with a standard lemma:

Lemma A.1. There are c| > 0, ¢ independent of h such that
(gn, V - vp)
Van € Mp,  cillgnllp2 < c2hllVgnlle, + sup ————. (A.1)
0#vpex, Vrll g
Proof. Let g, be a nonzero function in Mj,. Since the linear mapping V-: [H(} )P - L}zo(ﬂ) is continuous and
surjective, there is 8 > 0 such that for all r € L}zo(.Q) there is w € [H(} )PP verifying V- w =r and B|lw| g1 <
Irll;2. Letv € [HO1 (£22)]° be such that V - v = g, and B|v]| 1 < |Ign|l 2. Then, using (Vgp, Chv) = —(qn, V - Cpv),
JoanV - vp < JoanV -Cu(v) < cf_q qnV - Ch(v) _cf_q Ch(v) - Van
TGy T vl vl g
__Jev-Van  JoCw) —v)-Va,
ol ol

o£vpex;, vl
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Since v € [HOl (£2)]? we integrate by parts the first term in the right-hand side:

[oanV-vn  [oqnV-v  [o(Ch(v) —v)- Vg ICA(v) — V)l 2
£ =2 — 8 > c1Bllgnll 2 — 2l Vanll o ——r
ozopex,  Nvallg o]l 1 o]l 1 o]l 1

Then using ||C; (v) — v)|l 2 < ch|lv| 1 the results follows easily. O

To prove Lemma 2.1, we use (Vgp, vy) = —(qn, V - vy) and we proceed as follows:
(qn, Vo) _ “u Van, vn) _ Van, mnVan) _ 721 Vanll
ozmexy Nvnllgt  otvex, Nvnllpn g 71 Vanll g 77V anll g

Using the inverse inequality |77, Vqp || g1 < ch™ Y|y, V|l 2 together with the hypothesis (2.1), we infer:

(gn, V - vp)
sup —————— = chlm Vaull2 = hlIVanl 2.
0#vpex, Nvnllg

Conclude using (A.1).
A.2. Proof of Lemma 2.2

The technique of proof is adapted from that which is used to prove the standard LBB condition, see, e.g., [16,7].
Let us first prove statement (i). Let g, be a member of Mj,. Let K be an element in the mesh. Let b be the bubble

function associated with K, i.e., bx € HO1 (K), 0< bg <1, and l“}ea;(’jg /, . b% < ¢ where ¢ does not depend on K

and /. Set

v = Z fKVQh

KeT, fK K
Observe that [, vy = [, Vgi =meas(K)Vgj,. Owing to this definition:
Yo=Y [o-Va= ¥ Var- /vh = 3 IVanl s -
KeTh g KeT, KeTy,

That is (v, Vgn) = [ Vgl ,. Moreover,

|Vgn|> meas(K)?
||Uh||iz = Z —_—

2 K-
KeT, |f1(bK| e

Since bubbles functions are such that ) [ 52 < ¢ where ¢ does not depend on K and h, we infer:

| [x bk I?
lvrllz2 < cllVanllig2-
Then, using the fact that ;, Vg, is in X, and 7, is a projection:
(nVan, wh) (Van, wp) _ (Van, vp)
l7rVanll;2= sup ———= su >
ozwpex,  lwnllg2 0#wpeXy WhllL2 lonll L2

ZcllVanll 2.

Hence, statement (i) is proved.

(2) Let A = {a,} be the collection of all the vertices in the mesh. Let E? = {e;} be the collection of all the internal
edges in the mesh, E? = {¢;} be the collection of all the edges in the mesh that are on 9£2. Likewise we denote
by M’ = {m;} and M 9 = {m;} the set of midedges that are internal and the set of those that are at the boundary,
respectively. For an edge ¢; we denote by 1; one of the two unit vectors that are aligned with ¢;. Let g5 be a member
of Mj,. Define v, € X}, be such that

vp(ay) =0, Va, €A,
vy (my) =0, leeMa,

vn(m) = udyqn, YmyeM'.
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Note that this definition implies that v, € [HOl 7. Using the quadrature formula:
1 1
Vo € Py, / ¢ = ( PBRICOEDY W(an)) meas(K),
K myeMg an€Ag
where Mx = (M'UM?)NK and Ax = AN K, we infer:

1
(W Van) = ) / v V=53 Y ugntn)n - Vayon) meas(K)
KeTy g KeT, meMinkK

1 2
=52 D [mantm)| meas(k),
KeT, meMink
and since each element has at least 3 internal edges, we infer:
(o, Van) = ¢ Y |Vanl* meas(K) = cl| Va7,
KeT,

Moreover it is clear that ||, |2 < ¢[|Vga|l ;2. Then the conclusion follows readily as in part (1) above. This concludes
the proof. O

A.3. Proof of Lemma 2.3

(1) Let us first prove the estimate (2.8). Denote ay (s, r) = (w4 Vs, Vr) and a(s, r) = (Vs, Vr). Itis clear that owing
to the Lz—stability of 7, aj, is continuous over (H!(£2) + M) x (H] (2)+ Mp),ie.,
|an(s. [ < NVsll 20Vl 2. (A2)
It is clear that the hypothesis (2.1) implies the following stability estimate: There is ¢ > 0 independent of & such
that
an(qn, rn)

inf —_— > (A.3)
0#an €M 0%, eM;, 1gnll gillrnll g

Now let us prove a consistency property. Let ¢ be a member of H#%(.Q). Observe that
a(Jng,rn) —an(Jng,rn) = (VIng, Vrp —uyVry) = wlgf (VIhg — wn, Vry — 05 Vrp)
h h

= in

f (V(Thg —q) + Vg —wp, Vry — 1, Vry).
wpeX)

Since g € Hf(.Q), Vg is a member of [H#l ()13. Then using the interpolation properties (2.3), (2.4) we infer the
following consistency estimate.

a(Inq,rn) — an(JIng, rh)
0trpeM), l7n Il g

< chligll . (Ad)

To conclude we use the First Strang Lemma. In other words, using (A.3), we write

ah(lﬁh(q)—th,f”h)< sup a(q,rn) —an(Jnq, rn)

X

cllvn(@) — Tng | < sup

0#rpeMy ”rh”Hl 0#r,eMp, ”rh”Hl
a(q — Jnq,rn) +a(Jnq, rn) — ap(Jnq, rn)
< sup .
0#rpeMy ”rh”Hl

The result follows by using (A.4) together with the interpolation property (2.3).
(2) We now prove the estimate (2.9). Using the inverse inequality (2.6) together with (2.8) and the H l-stability of
Ty, (2.5), we infer:

|70V (@) | 1 < |70V (¥n(@) — @) || o + 170Vl g < cth™ |V (@) — q) | 12 + c2llgll g2 < cllqll o
This completes the proof. O
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Appendix B. The discrete commutator property

The goal of this section is to show that the discrete commutator property (see Definition 4.1) holds for standard
H'-conforming finite element spaces.

Let 7}, be a regular mesh of simplices and let Z;, C H; (£2) be the P;-Lagrange finite element space based on this
mesh. Let 1 < p < 0o, and let m be such that m > 1 if p =1 and m > 1/p otherwise. Let Py, : W;"’p(.Q) — Zj, be the
Scott—Zhang interpolation operator [13]. Recall that P}, is linear, is a projection onto Zj,, and satisfies the following
interpolation property:

Lemma B.1 (Scott—Zhang). In addition to the above hypotheses, assume m < k + 1 then for all [ € [0, m]:
Vve W, (2), YK € Tp, v — Puvllwrrgy <l [olwmpcag),
where hg = diam(K) and Ag = interior(| J{K' | K' N K # @}).

As a corollary we infer the following so-called discrete commutator property (see, e.g., Bertoluzza [3]).

Lemma B.2 (Bertoluzza). Let m and p be such that the assumptions of Lemma B.1 hold, then the following holds for
all vy, in Zy, and for all ¢ in W1°(£2):

|pvn — Pu(vn) | yip <" lopllwmr l@lymsice, 0<I<m <1,

Proof. We prove the result locally. Let K be a cell in the mesh 7},. Denote by xx some point in K, say the barycenter
of K. Let ¢ be a function in W°°(£2). Define Rx = ¢ — ¢ (xg). It is clear that Rg € W1*°(£2), and
IRk lILo(ak) < chi | @llwioo2ys
||RK||W|-OO(AK) < c||¢||W|,oc>(Q).

Let vy, be the mean value of v, over Ak, then it is clear that

lnllLrag) < cllvrllLrag)s
lvr — Vnllwerag) < <chy opllwmrag), 0<I<m.

We have:

pvn = Pa(@vm) || yyrp k) < = PO@TD | yyip i) + 11 = PiI(@@h = T1) | yip i)

Let us denote by R; and R; the two residuals in the right-hand side.
To control Ry we proceed as follows:

ch1+m l

1 -l = 1
Ry <chyg e ||¢Uh||wm+l,p(1() < ChKer ||Uh||LP(K)||¢||Wm+100(_(2) ||Uh||LP(AK)||¢||Wm+1-OO(Q)'

For the other residual we use the fact that P}, is linear and is a projection as follows:

|1 = P (@ @n = ) yrp ) = |1 = P (& = 6 5)) @n = T1)) |l 1.0 -

As aresult

Ry = (1 = Pu) (Ri (o = 5)) |y iy < i | R n = 0|y

11 - -
<chi (IRkllecag) vn = Onlwioag) + 1 RE lwioo(ag) v — Onllrag))

hH—m -1

X
11
Schy ' (hglvn — Unlwiocag) + 1w = OnllLragn ) 1@llwie o) < lvnllwmpag)ll@llwioo2)-

Then, the desired result follows easily owing to the regularity hypothesis on the mesh which implies that
supgc7; {card{K € 7, | K "€ Ak}} can be bounded from above by a constant that does not depend on 2. O
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