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NUMERICAL QUADRATURES FOR LAYER POTENTIALS OVER
CURVED DOMAINS IN R3*

JEAN-LUC GUERMONDt?

Abstract. Numerical quadratures for calculating simple and double layer potentials over curved
domains in R3 are given. More generally, these numerical quadratures are shown to be useful for
evaluating surface integral involving kernels which are pseudohomogeneous of degree —1. In addition
to potential flow problems, such kernels are encountered when dealing with Helmholtz problem,
Stokes flow problems, or linear elasticity problems.
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homogeneity
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1. Introduction. A large class of linear physical problems can be tackled by
means of a boundary integral equation involving a Green function. Among these
problems are Stokes flows, potential flows, Helmholtz problems, and linear elasticity
problems. Usually the mathematical problem consists of finding a scalar- or vector-
valued function s, which is a solution to a Fredholm equation:

(L1) 2@+ [ K@ )sio, = g(o)

for almost every point = belonging to Q. 9 is the boundary of the physical domain
Q, g(z) is a known function, A is a scalar which may be zero, and K (z,y) is the Green
kernel. K(z,y) is either scalar- or matrix-valued. Depending whether ) is zero or
not, the equation is said to be of the first kind or of the second kind. A review of the
boundary integral formulation of linear problems may be found in [5], [11], [14].

There are numerous means for solving (1.1) numerically. The collocation method
is the simplest and consequently one of the most popular amongst engineers. In R3,
it consists of partitioning 99 into a set of flat panels (I';);c; and looking for the
approximation of s, which is locally constant over the panels I'; and satisfies (1.1)
when z is a panel centroid. See [2], [9] for a review on this technique. The Galerkin
method (cf. Johnson and Scott [10] or Wendland [14]) or the finite element method (cf.
Giroire [7] and Nedelec [11]) are other possible approaches for solving (1.1). Actually,
a recent work by Johnson and Scott [10] has shown, among other things, that the
collocation method reduces to be a Galerkin approximation of the first order.

Whatever method is chosen for solving (1.1), one is always obliged to evaluate
the influence of the panel set (I';);cr on a finite set of points (z;);cr, which are either
control points or quadrature points. In other words, the following integrals

(1.2) /F | K(z,y) - s(y)do, = Kls, z,1]

have to be evaluated. If the panel I'; is flat and if s is a polynomial, analytical
expressions of (1.2) can be derived for some classes of kernels [9]. In general, if s is a
polynomial of degree greater than 1, then it is not consistent to approximate 9 with
flat panels [11], [12]. Hence, when a polynomial approximation of s is desired, 99
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1348 JEAN-LUC GUERMOND

must be approximated by curved panels. In these conditions, analytical expressions
of (1.2) cannot be obtained and a numerical approximation is required.

Even though the kernels K(z,.) with which we are concerned are locally inte-
grable, numerical evaluation of (1.2) is hampered by singular or pseudosingular be-
havior of K, which arises when z belongs to I'; or when z is very close to I';. In these
two cases, special care is to be given to the way of evaluating (1.2). See Johnson and
Scott’s paper [10] for examples of numerical approximations of (1.2).

The objective of this paper is to present numerical quadratures that are suitable
for approximating surface integrals of type (1.2), whatever the distance from z to I';.
The panels I'; may be curved at will; it is only assumed that they are defined by
regular mappings ;. K(z,.) is assumed to belong to the class of the kernels which
are pseudohomogeneous of degree —1.

The outline of the paper is as follows. In §2 some definitions are recalled, the
atlas (T';,v;)ser is defined, and some classical regularity criteria are recalled. In §3,
pseudohomogeneity and its consequences are reviewed. A new definition of pseudoho-
mogeneity that emphasizes the importance of polar coordinates is given. It is shown
that the Green kernels of the physical problems, which are referred to above, are
pseudohomogeneous. Numerical quadratures along with estimates of the quadrature
error for the near field, the far field, and the intermediate field are reported in §§4, 5,
and 6, respectively.

2. Preliminaries and regularity criteria.

2.1. Regularity of 09Q. 952 must be regular enough to ensure existence and
uniqueness of a solution to problem (1.1). In general, it can be shown that 02 needs
only to be Lipschitzian [13]. This condition is realized if 8 is piecewise C' and Q is
locally on one side of its boundary. The second hypothesis means that 92 may not
have cusped edges. In what follows, 2 is an open subset in R® whose boundary 652
is an oriented manifold of dimension 2. 92 is assumed to be bounded and piecewise
CT, the smoothness degree r is assumed to be as great as needed. The unit of length
in R3 is defined so that diam((2) is one.

2.2. The panelling definition. Let I be a finite subset of N and (T';,%;);cs be
a panelling of 9N so that 9Q = U, I'; and int (F;)N int (T';) = 0 if ¢ # j. Let S be
the reference simplex of R?:

(2.1) S={(Z1,) €R? : 0<%, 0<Fy, 0<F +3 <1}

For all i in I, the mapping 1; : S — I'; is assumed to be in C’(int(g)) OC°(§) and to
satisfy the continuity condition v;(0T; NAT';) = ;(8L; NAT;) if OT; NAT; # @. Note
that, at variance with the finite element method, the panelling may not be structured.
That is, we do not force the vertices of each panel I'; to match the vertices of the
panels which have a piece of boundary in common with I';. This degree of freedom
may facilitate the panelling generation [8].

2.3. Some definitions. Let M C R™ and M’ C R™ be two C*-manifolds. Let
f: M — M’ be a C* mapping. Consider z € M and denote T, and Ty(z) the
vector spaces which are tangent to M and M’ at z and f(z), respectively. Introduce
the jth derivative of f, j < k. Recall that D’ f(z) is a j-linear operator which maps
Ty X --- X Ty to T¢(x). See Avez [1] and Cartan [3] and the references therein for a
review on differential calculus.
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R” and R™ are equipped with their usual Euclidian structure, ||.|| and (.,.) denote
their Euclidian norm and inner product. For 1 < ¢ < 0o, we also make use of the
g-norms, which will be denoted ||.||q. The Euclidian structure is obtained when q = 2.
Recall that the g-norms are all equivalent. It is now possible to define || D7 f(z)||:

(22) ”DJf(IL')” = Sup{”Djf(w)(£11 T 1€J)|l : {l € T:c, ||£l” = 1}’

The Sobolev seminorms and norms are introduced. |f|;q4,a denotes the norm of
ID?£()| in LI(M,R). ||fllj,q,m denotes the g-norm of (| flo,q,ms-- -, |fljqnm) consid-
ered as a vector in RI*1. Recall that |f|o 4 ar denotes the norm of f in LI(M,R™).

Let A: R"x---xR™® — R™ be a j-linear operator. Define sym(A) the symmetric
j-linear operator so that

(2.3) sym(A)(h1, -, h) ,ZA s(1)>" " Ra(i))s
'868_,

where S; is the set of the permutations of {1,---,j}.

LEMMA 2.1. Let f: M — E;, g: M — E, where M C R" is a C*-manifold
and E,, E, are two normed vector spaces. Let G be a normed vector space and
b: E; x E; — G be a continuous bilinear mapping. Assume f and g are C7, j <k,
then £ € M — b(f(z),g(z)) is CI-differentiable and

(2.4) DIb(f(z), 9(z)) —symz( )b(D, 'f(2), Dl ().

Proof. This result is classical, it generalizes Leibnitz’s rule. See Avez [1] for
details. ]

LEMMA 2.2. Let Mj C R™, M, C R™, and M3 C R™ be three C*-manifolds.
Let f : My — Ma, g : My — Ms. Assume f and g are C9, j <k, then go f is C?
and

25 Digo N =symy. Y e D @)D 1(@), -+, D7 f (@)

l=1r14+-+r=j

Proof. See Avez [1, p. 38] or Ciarlet and Raviart [4] for more details. 0

2.4. The panelling regularity Let S1, Sg,, and Ss; be the images by 1; of the
reference simplex’s vertices Sl, Sg, and S3 Let F be the convex hull of (S14, 52;, S3:)-
T; is a two-dimensional simplex. Let h be the diameter of T'; and 5, p; the diameter of
the circle, which is inscribed in T;. In the sequel, the family of simplices (F )ier is
regular in accordance with the following.

DEFINITION 2.1. A family of simplices (I‘ )ier is regular if there exists a real
number ag such that for all indices ¢ in I :

(2.6) 0<ap< 2.

i

The regularity of the family implies the following result.
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THEOREM 2.1. If the family of simplices (fi)ie 1 1s regular, for all i € I there
exists a unique invertible linear mapping 1; : S — T'; such that:

2.7) Vi € {1,2,3}, 4:(8)) = S,
aoﬁz 0t 77@'

(2.8) 5 < |¢i|1’oo’§§ ?’
5 h

2.9 =~ < oo, <

(29) h; 9 e aoh;

Proof. This result is classical. For a proof, see R. Dautray and J. L. Lions [5, t.II,
p. 816]. 0
In order to measure the deviation of I'; from a plane, it is convenient to define
E;: 1nt(S) — R3 so that F; := 1; — 1,&, The function E; is C". At this point, it is
now possible to define regularity criteria for the panelling (I';,1;):e;r-
DEFINITION 2.2. The panelling (T;,4;):es is regular if
1. the family (fi)ie I is regular,
2. there are r positive constants cy,- - -,c, sothatc; < 1and forall jin {1,---,7}
and for all ¢ in I:

(2.10) |"/’ ooF | Z|JOOSSCJ"

3. there is a constant Gy > 1 so that for all panels I'; and 1"], which have a piece
boundary in common (i.e., OI'; NT'; # (), the diameters h; and h satisfy:

(2.11) hi/Bo < hj < Bohi.

Condition 1 implies that simplices T; do not differ very much from equilateral sim-
plices. Condition 2 is rendered more explicit and reads |E,~|j,°o’§ < ¢j(hi/p)? when
(2.9) is used. This condition says that panels I'; must not be too far from simplices
T;. The third condition imposes two neighbouring panels to have equivalent diam-
eters. It is a kind of quasi-uniformity condition for the mesh, though it is weaker
than classical quasi-uniformity conditions for finite element meshes. Note that this
condition is automatically satisfied if (I';);cs is a regular family of finite elements.

Examples of panelling (T';,;)icr, which are regular when sup;c {Ri} is small
enough, are given by Nedelec in [11].

2.5. Preliminary inequalities. In all the sequel of the paper the panelling
(Ti,%i)ier is assumed to be regular. The regularity property 2 implies that

LEMMA 2.3. 1; is a C"-diffeomorphism.

Proof. We prove first that D1); is invertible. D2); may be written in the form
(Id + DE; o DY; ') o Dg;. Condition 2 for j = 1 implies that (Id + DE; o D %) is
invertible; as a result, Dv; is invertible. The lemma results from the fact that Di; is
invertible and 1; is C". O
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The regularity propertles 1 and 2 have other important consequences to the be-
havior of v; and 1/)_

THEOREM 2.2. For all j € {1,---,r} there are constants c so that for all i in I:
) ~ b |7
(212) Wil s < Bl
(2.13) 1% ljs00,0: < elth 1,00,

Proof of the first mequa,lzty For j = 1, the inequality comes from the relation

= (Id+ DE; o DY) o Dy along Wlth the second regularity hypothesis (2.10)

together with regularity inequalities (2. 8) and (2 9). For j > 1, the inequality is
directly derived from DJ+; = DIE; o (D'z,b_ o Dy;)? and hypothesis (2 10). 0

Proof of the second inequality. For j = 1, we use D':,b 1= Dz,b_ o(Id+ DE; o

D3;1)~1 together with the inequality |(Zd+DE;oD9; ') |o.00r, < 1/(1—c1), which

is derived from the regularity property: |1[1_1|1 0o,T; |E| g<a <l Forj>l1,

the inequality is shown by induction on j and by using the relatlon Di(y;0971) =0
together with Lemma, 2.1. O

A direct consequence of Theorem 2.2 together with Theorem 2.1 is that 1; and
its inverse satisfy the following inequalities:

(2.14) sl o 5 < chi,
1 —
(2.15) 671, 005 < OB

A result equivalent to that of Theorem 2.2 can be obtained for the Jacobian
determinants of the mapping 1; and its inverse:
THEOREM 2.3. Let J; and J_; be the Jacobian determinants of Di; and Dz/;_

respectively. For all j in {1,---,r} there are constants c so that:
J+2

(2.16) i oo 5 < il

(2.17) | T-ilj00,00 < el 2 oo

Proof of the first inequality. Let € := (€}1,€,) be the canonical basis of R2. The
square of J; is equal to (D1;.€; x Di);.€3, Di;.€1 x Di;.€;). Hence, Lemma 2.1 implies
that

(2.18) symz ( )DJ 'J;.D'J; = DI (Dy;.6, x Dip;.€3, D8y x Dip;.83).

Applying Lemma 2.1 twice to the right-hand side of (2.18) and using the regularity
criteria on v; yields the bound

|D? (Dp;.€1 x Dip;.€5, Dip;.&1 x Dip.&y)|| < cl"Zi'f:i 5
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Then, the bound on |J; | gis obtained by induction on j and by using the inequality

1D < S (cuwzu‘*ﬂ +z( )”D, L D, ||)

which is derived from (2.18).

Proof of the second inequality. J_; is the inverse of J; o 1/1 ; hence, Lemma 2.2
yields:
(2.19)

Jj .
DjJ—i=SymZ Z ( 1)l |Jl—t1Dr1(Jiowi_l)""’Dn(Jiowi_l)‘

I=1 ry+-tr=j

Using Lemma 2.2 once more together with the regularity criteria on ; and the
bounds on |J;|, 5 yields

1D (0wl < chlil? 5
Then, the desired inequality is obtained by using the inequality above and
(2.5). 0

The preceding theorem along with Theorem 2.1 implies that J; and its inverse
satisfy the following inequalities:

+2
(2.20) i, o 5 < ch
(2.21) il o5 < k™.

Bounds on the variation of the normal to Q will be needed in further develop-
ments. These bounds are given by the following theorem.
THEOREM 2.4. Consider y in int (T;). Let n, be the normal to T'; at y, then

(2.22) |ny o 1/1,~|j’oo,§ < c|zpi|31’°o’§ < cH.

Proof. The definition of n, yields that ny o 1; is equal to (Di;.€1 X Dop;.e3)/ J;.
The desired bounds are obtained by applying the same technique as above to the
preceding expression. O

3. Pseudohomogeneity.

3.1. Definitions and examples. Consider z a point in R™. Introduce the polar
coordinates (r,) for y in R® — {z} so that

(3.1) ri=|y—z|, and 6:= y— 7

r

Denote by P, the polar mapping (r,60) — y. Let ¥ be the unit sphere in R". P is a
C°°-diffeomorphism which maps ]0,c0o[x% onto R® — {z}. Consider f: M — R™,
where M C R" is a manifold. When no confusion is possible, the notation f o P,(r, )
is hereafter replaced by f(r,8) for short. The following result will be needed in further
developments.
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LeEMMA 3.1. Consider a C*-manifold M C R*. Assume f : M — R™ is C*
and its derivatives are bounded in a neighbourhood B(z,p) N M of z, then f(r,0) is
C* in P;1(B(z,p) N M — {z}), and the k derivatives are bounded in the domain in
question.

Proof. Since P, is C, the first part of the lemma is a consequence of Lemma 2.2.
Furthermore, assume y is in B(z, p), then ||[DP,|| is bounded above by 1+ p, ||D?P,] is
equal to 2, and for [ greater than 2, ||D'P,| is zero. Hence, from Lemma 2.2 we infer
that the k derivatives of f o P are bounded in P, !(B(z,p) N M — {z}). a

Let = be a regular point of Q2. The kernels which are considered in this paper
are assumed to be pseudohomogeneous of degree —1 in accordance with the following.

DEFINITION 3.1. K(z,-) is said to be pseudohomogeneous of degree —1 at x up
to order k, if there is an open neighbourhood U of z so that for all y in UN&N — {z},
rK(z,r,0) is differentiable with respect to the polar variables up to order k, and the
derivatives in question are bounded in P, }(UN M — {z}).

Note that there is another definition of pseudohomogeneity; see Johnson and Scott
[10], and the following.

DEFINITION 3.2. K(z,y) is pseudohomogeneous of degree —1 at = up to order
k, if in a neighbourhood of z on 81, the kernel admits an expansion of the form:

k-1
(3.2) K(z,y) = Y K;j(z,ms(y — 7)) + Ri(z,y),

j=-1

where 7, denotes the projection onto the tangent plane to 9Q at z, K;(z,¢) is
homogeneous of degree j in the vector &, and the remainder Ry is C* in the
neighbourhood in question.

In the sequel of this paper, the kernel K is assumed to be pseudohomogeneous
of degree —1 in accordance with the first definition. It may be verified that the first
definition generalizes the second one. The equivalence between the two definitions
might be true but has not been verified by the author.

In the next subsection, the following kernels will be shown to be pseudohomoge-
neous of degree —1 at .

Ezample 1. The Green functions of Laplace and Helmholtz equations in R3. Let
Gi1r and G1g be the two kernels in question:

1
(3.3) Gip(z,y) = Rk
s o eikllo—yl
(34) ;H(x,y) = —m-

G111 and Gy are also called single layer potentials.
Ezample 2. The double layer potentials of Laplace and Helmholtz equations in
R3. Denote by Gor, and Gay these two kernels:

0
(3.5) Gar(z,y) = a—nyalL(m, Y)
(3.6) Gan(,9) = 2 Gin(z,y)
. 2H\T,Y) = Bny 1H\Z,Y),
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where n, denotes the normal to 92 at y, and 3/0n, denotes the derivative at y in
the direction n,,.

Ezample 3. The simple layer potentials of Stokes flow problems and linear elas-
ticity problems.

(3.7) Gs(z,y) = — ( Id +(””‘y’®(””‘y)),

v \ ||lz — yll Il —yl®

(3.8) Ge(z,y) =

1 (A+3p Id Adp (z-y)®(zx—y)
T 8 ’

At2pllz -yl A+2 [z -yl?
where v is the fluid viscosity and A, y are the two elasticity coefficients of the material.

3.2. Review of some kernels. Consider f : R — C a complex-valued func-
tion which is C* in a neighbourhood of zero. Assume 8% is C* in a neighbourhood
U No of .

PROPOSITION 3.1. Let K(z,y) := f(|ly—zl||)/|ly — z||, then K(z,-) is pseudoho-
mogeneous of degree —1 at = up to order k.

Proof. The definition of K implies 7K (z,r,6) = f(r). Hence, from the local regu-
larity of 89 at x, we infer that K (z,r,6) is C* with respect to the polar coordinates.
Furthermore, for all j < k, ||D’rK]|| is equal to f7(r); hence, DI(rK) is bounded
above in a neighbourhood of z. 0

As a consequence of Proposition 3.1, we see that the single layer potentials of
Laplace and Helmholtz equations are pseudohomogeneous of degree —1 at z up to
order k (take f(r) = —1/4m or f(r) = —e'*" /4n).

ProOPOSITION 3.2. Let K(z,y) := f(|ly — z[|)0/dny (1/ ||ly — z||), then K(z,.) is
pseudohomogeneous of degree —1 at x up to order k — 2.

Proof. The definition of the kernel implies

(3.9) rK(z,r,0) = f(r) (ny_r,ﬂ)’

The local regularity of 8 implies that n, is C¥~! with respect to the polar variables
in UN&N — {z}. As aresult rK(z,r,0) is C*~1 in P;1(UN AN — {z}). Let us show
now that the derivatives up to order k — 2 are bounded above in a neighbourhood of
z. Note that the normal n, can be written in the form

ny = ng + Fz(y),

where F(y) is C*~! in a neighbourhood of = and F(z) is zero. Q being locally C*,
there is a real-valued function G,(y), which is locally C* at z such that G,(z) and
DG, (z) are zero, and locally 02 is defined by

y— =7y — z) + G (y)ns,

where 7, denotes the projection onto the tangent plane to 9 at x. As a consequence,
we have

0= 7!';,;(?/ - .'II) + Gm(y),nz’
T T

and rK(x,r,0) can be cast into the form:

rm(y—w),Fm(y)) +(Ga:(y) Fz(?/)) +Gz(y)]_

r r r or r2

rK(z,r,0) = f(r) [(
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The proposition results from this decomposition and the following lemma. O

LEMMA 3.2. Let M be a manifold in R™, let x be a point of M in the vicinity
of which M is C*. Consider H : M — E, where E is a Banach space, assume that
H is C* in a neighbourhood U N M of x and there is an integer J, 0 < J < k, such
that for all 0 < j < J, the jth derivative D’ H(x) is zero; then, H(r,0)/r’+! is C*
in P;Y(UNM — {z}) and its derivatives are bounded above up to order k — J — 1.

Proof. Let T, be the tangent space to M at z. There is an open ball B(z, p) in
T, and a function F : T, N B(z, p) — T3, which is C* in B(z, p) such that 0 is
locally defined by

y—z=m(y— )+ F(ma(y — 7)),
where F'(0) is zero. Consider y in M N B(z, p). Define u : [0,1] — M such that
u(t) =H [z + m,(t(y — z)) + F o mp(t(y — ))] .

Note that u(0) = H(z) and u(1) = H(y). According to Lemma 2.2, u is C* and for
all j in {0,---,J} Diu(0) is zero. Furthermore, Lemma 2.2 implies also that there is
a function G : B(z, p) — Lj4+1(R"), which is C¥~7~! and such that

DYHVu(t) = G(t(y — z)).(y — =)"*".

As a result, u has the following Taylor expansion:

w(l) =H(y) = %/0 (1 - )Gty — z)).(y — z)"Hdt.

Hence, H(r,0)/r?*! is of class C* with respect to the polar coordinates in P, 1(M N
B(z,p) — {z}), and its derivatives are bounded above up to order k — J — 1. 0
By taking f(r) = —1/4w or f(r) = (ikr — 1)/4m and by applying the preced-
ing proposition, we see that the double layer potentials of Laplace and Helmholtz
equations in R3 are pseudohomogeneous of degree —1 up to order k — 2.
PROPOSITION 3.3. Kernels of Stokes flow and linear elasticity problems are
pseudohomogeneous of degree —1 up to order k.
Proof. This results from Proposition 3.1 and the polar decomposition:

(-ney-2)
PRER

=0Q®40. O

3.3. Three types of approximations. Consider z on 992 and I'; a panel. Even
though K(z, -) is locally integrable on Q— {z}, numerical approximations of K[s, z, 1]
may present some difficulties. From the definition of the regularity of the kernel,we
infer that K(z,y) may not be bounded when y approaches z. Any numerical approx-
imation of K[s, z,i] must take into account this singular behavior. In order to tackle
this difficulty, R3 is divided into three domains.

The point x is said to belong to the near field of T'; if z is in int(T;). If = is at
a distance from I';, which is equivalent to the diameter TL,-, z is said to belong to the
intermediate domain of I';. More precisely,  belongs to the intermediate domain if

(3.10) ah; < dist(z, T;) < bhs,

where the positive constants a and b are yet to be specified. If the distance from I';
to z is larger than bh;, x is said to be in the far field of I';.
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52 §3

FI1G. 1. Definition of notation in the system of polar coordinates.

4. Numerical quadrature in the near field. We assume in this section that
z is in int(T';). Since K (z,y) may be weakly singular as y approaches z, special care is
to be given to the way of approximating (1.2). Since in the polar system of coordinates
the function (r,0) — rK(z,r,0) is smooth, it seems reasonable that, in the plane of
the reference simplex, the function (7, 5) — 7K(z,T, 5) should also be smooth. As a
result, the polar measure #d7d@ should be suitable for evaluating (1.2). Introduce the
polar coordinates (7, 5) so that

4.1) ?cos(é) =7 — I,
7sin(0) = Y2 — Ta.

Let §1, §2, and §3 be the three vertices of S. Define 51, 52, and 53 as the three
angles between the axis ZZ; and axes ZS; (i = 1,2, 3); see Fig. 1. Then (1.2) can be
cast into the form

3 k1 r(0) =R =R =N =R
(4.2) Kls,z,i] = Z/\ / 7K (z,7,0).5;(7, 0)J;(7, 0)drde,
k=1 Ok 0

where 8, := 6, + 2 and ?(5) is the distance from Z to 85 along the direction 8. so0);
has been replaced by 5; for short. At this point, note that, since v; is smooth, the
ratio 7/r is also smooth with respect to the polar coordinates. As a result, when 0 is

fixed, the function 7K (z, 7, ) is smooth in ]0,7(8)]. Hence, a Gaussian quadrature is
suitable for approximating the radial integral:

3. (o [ L ~ - - ~ | -
(43) Kls,zi~Y /a #0) [} w0 K (z,7(6),).5:(7(6), 8)J:(7(6),8) | db.
k=1 k =1

The quadrature fol gdé ~ Z{;l w119(&11) is of Gauss—Legendre type with L points,

and we have set 7"}(5) = ?((7)51,. Note that L is to be specified so that the quadrature
error meets some bound, which will be discussed further.
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Fi1G. 2. Definition of ax and ’I;k.

At this point, the integration with respect to the azimuthal variable 8 should
not pose any difficulty, for the function of 6, which is between the brackets in (4.3),
is smooth. However, though the function r(0) is C" in [Ok, 0k+1] it may have large
variations. Indeed, if &) denotes the angle (le, Sk+15'k) where S4 = Sl, and if hk
denotes the distance from Z to the edge S’kSk_,_l of S, then the distance r(0) can be

written:
R
sin( — @)

(4.4) 7(6) =

The angle § — &, belongs to the open interval ]0,7[ (cf. Fig. 2). Recall that (1.1)
can be solved by using methods like collocation methods, Galerkin methods, or finite
elements methods. The common point of all these methods is that s o 9; is always
approximated by polynomials. Let p be the degree of the polynomial approximation.
In practice, Z belongs to a finite set of control points or quadrature points, which
depends on p only; denote by @, the finite set in question Hence, there is a constant

¢(p), which depends only on p, so that 0 < ¢(p) < hk, that is, hk is bounded below.
However, the distance hk may be numerically small; for instance if p = 2, hk may reach
values as small as 5.10~2. In these conditions the angles 01: —aj and 0k+1 — 0, can be
very close to zero or m. As a consequence, it is clear that the discretization in 8 must
be finer in the vicinity of §k and §k+1 than in between. The measure that is adapted
to the situation is df, / sin(§ — Q) rather than df. As a result, it is convenient to use

the following change of variable:
(4.5

) 'y i < T ~
cm (o (552 o (252) - o (%))

where we have set

Bis1 — & b — &
(4.6) A :=In [tan (—H2—k)} —In [ta.n (%)] .

Consider the following Gauss-Legendre quadrature with N points: f_"'ll gd€ =

22;1 wang(€2n), where N is yet to be specified. Applying this quadrature to (4.3),
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where § has been changed by &3, we obtain:

3 7 N L
. h ~ o ANa(a BN7(a 7
47) Kfs,z,i]~ ) _;Ak DD wonwiiFin K (T, Finy 0n) 5i(Fin, 0n) Ji (Fin, 0n),
k=1 n=1 [=1

where we have set 7y, := 7(6,).

4.1. Error estimate. Define h := sup,. {hi}, h is the characteristic meshsize.
For sake of simplicity 5; is assumed to be a polynomial of degree p. This assumption
is not restrictive for, when approximating a solution to (1.1), the unknown function
s o 1; is always approximated by a polynomial.

Define A so that

A= __sup {Ax},
z€Q,, k=1,2,3

then we have the following result.

THEOREM 4.1. Assumep <2L—1 andp < 2N —1. Let q € [1,00]; if N is great
enough, there are constants c, ¢/, and v > (A/2) such that the quadrature error in the
near field satisfies the bound:

(48) Ein < k2 PG| o+ dh(A/2 N IB, 5

Proof. Denote by P,: (7, 5) — ¥ the polar mapping defined by (4.1). Denote by
#x the mapping (£1,&2) — (7,0), and denote by @1, d2x the two components of ¢y.
Denote by ¥y, the two-dimensional manifold ¢x(]0,1[x] — 1,+1[). Recall that:

£ = ?sin(@:\— o)
hy

&= Aik <2ln [tan (0 —262;0)] —In [tan <0k ;ak>] —In [tan (M)}) .

The Jacobian determinant of ¢ is equal to Akﬁk /2, and it may easily be verified
that the product Akﬁk is bounded above by a constant that depends only on the
characteristics of the reference simplex: h and p. Since the quadrature (4.7) is the
tensor product of two one-dimensional quadratures, Efy can be bounded by:

bl

3

~ A

ELNSth_k sup (E1x(§1))+ sup (Ex(&2))],
k=1 2 £1€]0,1] £2€]-1,1

where Ey; and Ejy; are the following elementary quadrature errors:

1 N
Ew(&) = /_1 Fe(€1,8)dt — ) won (€1, E2n)|,
. 7LL=1
Bk (&) = / fi(t, &)t — > wufi(€u, &)|,
0 1=1

where fj, is short for ¢, K (z,1); o ISE o ¢k) ’s}(ﬁz o qSk)Ji(ﬁm o ).
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A bound on E1x(&1) is given by the classical theory of Gaussian quadratures (see
Davis [6, p. 344]); that is to say, there is n(£;) €] — 1, 1] such that:

22N+1 [N|]4

&) < Gy e

DN (fi(é1,m(£0))),

where D¢, denotes the derivative in the direction £&. With the help of Stirling’s
formula, it is a simple matter of calculus to show that, if N is great enough, there are
two constants ¢ and v > (A/2) such that

92N+ N1]4 ~
eNTDEVE S

Furthermore, we have

DZY (fr(&1,m(61))) < ID?N (fi(€r,m(&)))] < | k|28 00,10,1[x]—1,1»

and, for m = 1,2, it can be shown by induction on j that || DI ¢,k (£1,£2)|| is less than
c(Ax/2)%; that is to say, |Pklj,00,j0,1[x]-1,1[ is bounded by c¢(Ax/2)7. As a result, by
using Lemma 2.2 and the preceding bound we have:

| fi|28,00,0,1[x]—1,1[
< o(Ak/2)*N [FK (2,95 0 By) 5i(Po) Ji(Po) 2 00,50 »

< c(Ak/2)*M|[FK (z, %5 © Pr)l|2nv 00,5 15 © Pall2n,co,5x 19i © Prllan o0.5, -

In addition, according to Lemma 3.1, Lemma 4.1, and the regularity criteria on J; we
have the following bounds if h is small enough:

IFK (z,%: 0 Pu)l2n,00,5 < c/hi
18: 0 Pellan o, < clill, . 5
1  Pallow,com, < clldilly, o, 5 < 2.
As a result, we obtain the final bound:
S A
Y St sup. (Euc(&)) < ch(A/29)*N & 5
o 2 aeon Proo§

For the second quadrature error, For(£2), we can apply the Bramble-Hilbert
lemma:

Eax (52) < clfk '2L,q,552 y

where S, is short for the segment [0, 1] x &, and the derivatives are to be taken in
the direction &;. Note that ¢x(,&2), where &2 is fixed, is linear with respect to £; and

[k (-1 €2)]1,00 ,S¢, 18 bounded above by h. Hence, by using Lemma 2.2 we obtain:

Eak(£2) < cffK (2,9 0 Py).5i(Py)Ji(Py) 210,50
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where the derivatives are to be taken with respect to the radial coordinate 7, and
S C X is the segment 7 €]0, hk / s1n(0 oy )[ where .= ¢2k(&2). By using Lemma
2.1 together with various forms of Holder inequality we have:

2L 20—j
Ex(&) <Y [fioB| 3 culfK(a,v JoB| .
j=0 J,ste 1=0 ,00,5¢ 2L—.7_l1°°1S9

Furthermore, the definition of the radial derivative yields:
Di(fo P,)(78) = DI f()- (6,

where we have set § = (y—17)/7. Hence, by using the equality above and the regularity
criteria on J;, we have the following bounds:

|85 0 Pyjq,50 < lgilp,oo,g’

1: © Pelloz—j—t00,5 < illyy_;_y o5 < chi- 712

In addition, Lemma 4.2 yields

FK (2,95 0 Pr)l1,00,8, < chi™".

In conclusion, by using the equivalence of norms in finite-dimensional, normed vector
space, we obtain the final bound:

th? sup (E2k(§2)) < ch? P 5

,’S\’
£1€]0,1 P.a

which completes the proof. D

Assume the quadrature error must be of O(h¥) so that it is of the same order as
that induced by the approximation of the solution to (1.1) by some particular scheme.
Then, integer L must be chosen so that:

(4.9) L=sup{(p+1)/2,(k+p—1)/2}.
Define constants ¢ and Cy > 1, and define the set Sa so that

22N+1 [N|]4
(2N +1)[(2N)!)® —

(4.10) Sa = {N < ¢(Cy A/2)‘2N}

Then integer N must be chosen so that

(4.11) N =sup {mf{S y, P+ 1), (k= > 1 111:1((16/,:‘))}.

If h is small enough the ratio of N/L behaves like In(1/h); that is to say, more
quadrature points must be put in the azimuthal direction than in the radial direction.
This fact has been well observed on numerical tests (cf. [8]).

Note that error estimate (4.8) is consistent with that of Johnson and Scott’s (10,
Lemma 3.1, p. 1365]. The present approach, though, may be more natural than that
referred to above since it emphasizes the polar coordinates’ role.
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Now, we prove Lemmas 4.1 and 4.2, which have been used in the demonstration
above. 5

LEMMA 4.1. With the same notation as that of the preceding theorem, if h; is
small enough, we have the following bound:

(4.12) IFK (2,9 © Po)lj 0,50 < ¢/hi.

Proof. According to Lemma 2.1 we have

J ~
. 7 ~ =
(4.13) [TK|j,00,55 < Z Cji | = |7 (i © Po)K (2, %i © Pr)l1,00,54-

=0

Jj—1,00,%

In a first step we give a bound on |¥/7|j_i,c0,5,. By using the Taylor expansion
of ¥; up to order one, we have

=21\ 2 1 1 R
(4.14) (@) =( /0 D@ + t(5 — 7)).Bdt, /0 D«pi(i—kt(ﬂ—i))ﬂdt).

This relation shows that the ratio /7 is bounded above by cTz,-. By induction on [
and by using the relation above, it is possible to prove that |r/7|; 5, is bounded
above by ch; if h; is small enough. By using Lemma 2.2 with f(7, 5) = r(7, 5) and
g(t) = 1/t we obtain

(4.15) [7/7l1,00,5 < ch .

In a second step we find a bound to K| 0,5, Denote by ¢; the mapping
P;1o4; 0 P,. Then Lemma 2.2 yields

j .
~ = ]!
Dlr(wi © Px)K(:L': Pio P:z:) = sym E Z m
I=1ry4-dri=5 1: 1°

-DYrK(r,0)) - D" ¢;(7,8) - - - D" ;(7, 8).

(4.16)

Denote by ¢;; and ¢;2 the two components of ¢;, i.e., 7 = ¢;1 (T, 5) and 0 = ¢;2(7, 5)
For all integer | we have

D'¢;y = D (?.2) .

r

Hence, by using Lemma 2.1 and the bound on |7/7|; « 5, that has been found above,
we prove that |@i11,c0,5, is bounded by ch;. For the second component of ¢; we have

~ pl
D'¢sp = D (; /0 Dy (Z + (G — E)).Odt) .

By using Lemma 2.1 and the bounds that have been found above we obtain that
|$i2l1,00,x; is bounded above by a constant. As a result |¢;]; 00,5, is bounded above
by a constant if Ei is small enough. Furthermore, since K is pseudohomogeneous of
degree —1, it comes that |rK|; o 4, () is bounded above by a constant. In conclusion,

if Ei is small enough, we have:

(4.17) Ir(9i 0 P)K (i 0 P10z, < c.
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Substituting the bounds (4.15) and (4.17) into (4.13) we obtain  the desired bound
412). O

LEMMA 4.2. With the same notation as that of the preceding theorem we have
the following bound:

(4.18) IFK (2, i 0 Po)llj,00,56 < chi™.

Proof. We proceed as for the proof of the preceding lemma. According to Lemma
2.1 we have

~

J
N r
(419)  [PKljo050 < Y cit|=
=0

Ir (3 0 Bp) K (2,93 0 By)|1,00,56-

Jj—1,00,5¢

In a first step we find a bound to |7/7|;j_i,c0,5,- By using the Taylor expansion
of 1; up to order one as in (4.14) we can show by induction on [ that |r/F|; s, is
bounded above by chl"'1 By using Lemma 2.2 with f(7, 0) = r(7, 9) and g(¢t) = 1/t
we obtain:

(4.20) [7/rlt00,50 < chi™".

In a second step we find a bound to [rK|;,s,. As in the preceding lemma,

denote by ¢; the mapping P, 1o;0 P,. In order to apply (4.16) we look for a bound
on |@;i|i,00,5,- Denote by D; the derivative with respect to 7; then, for all integer | we

have
Di¢i =D} (?. ;) .

Hence, by using Lemma, 2.1 and the bound on |7/7|; o5, that has been found above,
we prove that |@i1]i,00,5, is bounded by chl if h; is small enough. For the second
component of ¢; we have:

~ Al R
D¢ = D! (; /0 D(F + (5 — A)).adt) .

By using Lemma 2.1 and the bounds that have been found above we obtain that
|$iz1.00,5, is bounded above by chl. As a result |il1.00.5, is bounded above by chl.
Furthermore, since K is pseudohomogeneous of degree —1, it comes that [rK|; oo,4,(xx)
is bounded above by a constant. In conclusion we have:
(421) Ir(% 0 Po)K (i © Po)lio0,5, < b}

Substituting the bounds (4.20) and (4.21) into (4.19) we obtain the desired bound
(4.18). ]

5. Numerical quadrature in the far field.

5.1. The quadrature rule. Assume here that x belongs to the far field of I';,
i.e., z is such that the distance from z to I'; is larger than bh; where b is independent
of ¢ and is yet to be specified.

Assume as above that §; is a polynomial of degree p. Let t be a positive integer
such that p < ¢t. Consider the following quadrature rule
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Q)
(51) fa@a = uaz,),
g=1

which is assumed to be exact for all polynomials g of degree less than or equal to t.
A compilation of quadrature rules of this kind is given in [5, t. I, pp. 780-870]. An
approximation of K[s, z, i] is given by:

Q(t)
(5.2) Kls,z,i] ~ > Wl K (2,9:(%)) (@) Ji(8,) = Kils, 2, d].
q=1

The quadrature error |K[s, z, 3] — K;[s, z, ]| is denoted by FE; for short. Bounds on F;
will be obtained once some preliminary bounds on |K(z,;)|, _ 5 are derived.

5.2. Preliminary bounds. Assume z is in the intermediate or in the far field
of I';. In the rest of the paper, P;(z) denotes polynomials of degree less than or equal
to [, and whose coefficients are positive and independent of i.

LEMMA 5.1. Consider ¥ in int(S) and j > 1, then

Pia(lz— %@ 1)
S To—w@) "

(5.3) ID3(1l 2 = %@ DI < 1al]

Proof. Let € be a vector in R? whose norm is one. The equality
(5.4) Iz —4:@) | Dl = — :(@) |l) - €= (z — %i(¥), Di(¥)-€)

yields the bound || D(|| z — 4:(¥) DIl < el#il, o 5

For j greater than one, the inequality is obtained by induction on j and by
applying Lemma 2.1 to both sides of (5.4). 0

PROPOSITION 5.1. Let j be a nonnegative integer. Let K(z,y) be the single layer
potential of Laplace or Helmholtz equation, or that of the Stokes flow problem or the
linear elasticity problem. Then the following bound holds:

(55) 1D K @)l < ill D02t D

LooS ||z — i) 91

Proof. For the single layer potential of Laplace equation the result is a direct
consequence of the following inequality with n = 1:

Pz —%:(@) )
Sz —i(@) I+
where j and n are two positive integers. This inequality results from Lemma 5.1 and
Lemma 2.2 where g(z) =z~ and f(3) =|| z — ¥:(9) |-

For the simple layer of Helmholtz equation, the inequality results from Lemma
2.1, inequality (5.6) with n = 1, and the following bound:

(5.6) ID7(Il = — (@) I7™)Il < I%Iiw

57 Di (eikllz—: Bl ot Pinallz—4:(®) )
&0 17te MWW s o w7
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where j is an integer greater than or equal to one. To prove this inequality apply
Lemma 2.2 with g(z) = e** and (%) =|| z — ¥:(9) ||, and use Lemma 5.1.

For the kernels of Stokes flows or elasticity problems, the inequality results from
Lemma 2.1, inequality (5.6) for n = 3, and the following bound:

(5.8) ID7((y - 2)® (y — )l < IJilf,w,g(c Iz —4:(@) | +¢),

where j is an integer greater than or equal to one. This inequality is a consequence
of Lemma, 2.1. ]

PROPOSITION 5.2. Let K(z,y) be the double layer potential of Laplace or Helmholtz
equation, then the following bound holds:

Pi(llz — (@) )
.5 ||z — i) [7+2

(5.9) ID?K (2, i @)l < I"/)zlj

Proof. For the double layer potential of Laplace equation use Lemma, 2.1 together
with bound (5.6) for n = 3 and the following bound:

(5.10) 1D (ny, = — @)1 < IJiliw’g(c Iz —:@) Il +),

where j is an integer greater than or equal to one. To prove (5.10), apply Lemma 2.1,
use bound (2.22) on |ny o ;] oo, § together with Lemma 5.1.

For the double layer potential of Helmholtz equation use the bounds that have
been obtained for the double layer potential of Laplace equation together with (5.7)
and Lemma 2.1. O

5.3. Error estimate. Before estimating the quadrature error, it is necessary to
obtain a bound on |K(z,%;)|, . 5, which is independent of z. For this purpose we

have the following result. _
PROPOSITION 5.3. Let b be a constant so that bh; < dist(z,T';). Assume there is
a constant o so that

Bz —4:@) 1)
LooS ||z — 4(g) [
where Py is_a polynomial of degree less than or equal to | and whose coefficients are

positive. If h; is small enough there erists a constant v, > 1, independent of i, so that
we have the following:

(5.11) ID'K (z, s @)l < [¥il!

—a

(512) K@ 00 05 < e

Proof. Define X :=||  — 4;(7) |, then X belongs to [bki,00[. If X > 1 the ratio
P,(X)/X" is bounded by a constant ¢. If X < 1, there exists Xo in [bh;, 1] so that
P,(X)/X" is bounded by P;(Xo)/X5"*. Furthermore, since P;(X) increases as X
increases, P(Xj) is bounded by P(1). Denote by v;; the ratio Xo/bh;, note that ;
is greater or equal to one. Let 7; := mf,e r{va}, then P(X)/X'** is bounded by
P,(1)/(ibh;)**. Recall that h := Sup;¢ {h:}; if h is small enough, the bound which
has been found for X < 1 is also valid for X > 1. Inequality (5.12) results from the
bound above, inequality (5.11), and the fact that |Ji|l,oo,§ is bounded by ;. ]
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Note that the kernels that have been studied in §3.2 satisfy condition (5.11);
indeed, @ = 1 if K is a single layer potential, and @ = 2 if K is a double layer
potential.

THEOREM b.1. Assume x and K satisfy conditions of the preceding proposition.
Let q € [1,00]; there is a constant v > 1 so that, if h is small enough, the quadrature
error in the far field satisfies

h2—a

(5.13) Eisc (7b)t+1-p+a I5:ll 4,5

Proof. From the Bramble-Hilbert lemma we infer that

E; < c|K(z,9:)8idil, ., 5

Using the fact that $; is a polynomial of degree p, where p < ¢, and applying Lemma
2.1 together with various forms of Hélder inequality yields:

P t+1—j
Ee < Z 18il; 4,5 Z Citl K (@, i)y o0 511 1,008 -
=0 1=0

where c;; are positive constants that do not depend on i. From Proposition 5.3 and
Theorem 2.3, it results that

p t+1-j _ »
E; < Z |§, 'j,q,§ E cjl(hi,nb)—l—ahz+l—]+2.
j=0 =0

Setting y := inf{v;} and using the equivalence of norms in finite dimensional, normed
vector spaces, we obtain the desired result if h := sup;¢ {R;} is small enough. 0

Assume as in the previous section that the quadrature error must be of O(h*) so
that it is of the same order as that induced by the approximation of the solution to
(1.1) by some particular scheme. Then, the integer ¢ and the far field constant b must
be chosen so that:

(5.14) t=sup{p,p—1—a+(k+a—2)ln(1/h)}.

In(~b)

The constant b must be chosen great enough so that vb > 1. Numerical tests per-
formed on the simple and double layer potentials of the Laplace equation have shown
that for 0 < p < 4, an optimal choice for b may be 0.2 < b < 0.4 (see [8]).

6. The intermediate field.

6.1. The quadrature rule. If z is in the intermediate field of I';, a compound
rule is used. For sake of simplicity 5; is still assumed to be a polynomial of degree p.
As explained before, this is not a restrictive hypothesis.

Let N be a positive integer. The reference simplex S is divided into N2 geometri-
cally equivalent simplices (Sn)n=1,...,N2. Let ¥, be the unique linear mapping, which
maps §n into S , and whose Jacobian determinant is positive. Let t be an integer, yet
to be specified, so that p < t. Consider on S a quadrature rule that is assumed to
be exact for polynomials of degree less than or equal to t. This quadrature rule is
applied on each elementary simplex Sy,. As a result, (1.2) can approximated by
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NZ Q)
6.1) Kfs,z,i]~ ) Z N7 Wi K (z,¢:(30)) - Si(Z2) i(ZD) = Kenls, 7, 4],
n=1 g=1

where we have set 7 := Jn(fc‘q) for short.

6.2. Error estimate. N N
LEMMA 6.1. Consider f : S, — R™. Assume that f € C7(int(S,,)) then

~ 1
6.2) £ 0¥nl; 05 < 7715 00,5,

Proof. ¢n is the combination of a translation, a rotation, and the scaling mapping
Id/N. As aresult |1/1,,| 5. isequal to 1/N; note also that the Jacobian determinant

of 1/),, is equal to 1/N 2. Furthermore, Lemma 2.2 implies that
D3 (f o) = sym[D? f ($)(Dn)).

The lemma results from this equality and the value of Iﬁnllm 5. o

Let E;xn be the quadrature error in the intermediate field.

THEOREM 6.1. Assume z is in the intermediate field and K satisfies bound
(5.11). There is a constant 8 > 1 so that, if h is small enough, the quadrature error

is bounded by

h2a

(6.3) Ein < W ”Az”p 0.8

where N, := Nt+3/t+1-pt+a
Proof. Let E, be the quadrature error on the elementary simplex gn:

B, = 1 /g K (2, i($n(@)))-3:(@n (5) 5 ($n(5))d7

Q(b)
- Z w;nterK(l', wz(fl»'vg)) ?,(52),]1({1;\;‘) .
q=1

Then, E;x is bounded by 22;21 E,. As in the demonstration of Theorem 5.1, we
infer from the Bramble-Hilbert lemma that

1 4 t+1—j R N
< WZISz(wn)IM s > Citl K (@, %i(¥n))l; oo 519 (¥n)l 41 1005
=0 =0

where we have used the fact that §; is a polynomial of degree p < ¢, and we have
applied Lemma 2.1 together with various forms of Hoélder inequality. Note that the
positive constants c;; do not depend on i. According to Lemma 6.1, we have

- 1 1
K @, @)l o 5 < 7K@ 90), 0 3, < 7K@ 9005
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Furthermore, from Proposition 5.3 we infer that, if h is small enough, there are con-
stants §; > 1 so that:

Tl—a
( ,3 a)l+a

Hence, applying Lemma 6.1 to ’s‘,(z?;n) and Ji(z/;n) and using the preceding results
yield:

K (2,941, o,

t+1—j s t+1—j5-1
i T2
Sz ZNJ 5,0, Z chNl(ﬂa)Ha (_) hi.

Setting 8 := inf{6;} and using the equivalence of norms in finite dimensional, normed
vector spaces, we obtain the desired result if h := sup;¢ I{E-} is small enough. 0

Assume the quadrature error must be of O(h*) so that it is of the same order as
that induced by the approximation of the solution to (1.1) by some particular scheme.
Assume also that N is chosen so that N;3a is greater than a specified constant Cn.
Then, the integer ¢t must be chosen so that:

(6.4) t=sup{p,p—1—a+(k+a—2)ln(1/h)}.

In(Cy)
We have yet to specify N and the intermediate field constant a. Note that
Cn t+1—p+a/t+3
-(&)
Furthermore, = belongs to a finite set of control or quadrature points. Let Q Ip be the
set in question. The intermediate field constant can be chosen so that

o= inf { dlStS:l), r;)

i

(6.5)

(6.6) xEij—Fi,iEI}.

Note that the present scheme is of interest only if we can be sure that N is bounded
as h converges to zero. For this matter we have to show that a does not converge to
zero as h decreases to zero. Actually, it will be shown that, thanks to the regularity
condition 3, a is bounded below when h converges to zero.

Recall that on each panel, I';, the set of control or quadrature points is the image
by 1; of a umque set of points of S that is denoted by Qp We have assumed also
that no point of Qp belongs to the boundary of the simplex S. Then, we have the
following result.

PROPOSITION 6.1. a is bounded below as h converges to zero.

Proof.  Let x¢ and I'; be the control point and the panel for which dist (z0,T0)
is equal to aﬁio. Let I'jo the panel to which zo belongs. Since 0N is Lipschitzian,
there is a constant ¢ such that

dist(z,dj0) < c g}ﬂf {lly — ||} < edist(z,Typ).
y€Tj0

Furthermore, zy being a control or a quadrature point, there is a constant ¢(p) such
that

o(p) < dist(%0,85) = inf {|§—Zoll} = inf {[l5}(y) — bio (o)1}
yeIS y€Tl o
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If h is small enough, it comes that

. - d .
c(p) < inf {[$jo [1,00.050 /1y = @oll + o(lly — ol)} < =—dist(z, 8L s0).
yEBF,-o hJO

If h is small enough I'jo has necessarily a piece of boundary in common with I'j.
Hence, T';p and T are to neighbouring panels. It is at this point that the regularity
condition 3 is needed; this condition implies that there is a constant y such that
hi < Bohjo. As a result, the desired bound is obtained:

IBOC(p) < dlStE’L‘, F’L) . ]
cc hi

Vi e I,Vx € Qrp — Ty,

As a consequence, N is bounded above as h converges to zero. Note also that the fact
that Q is locally on one side of its boundary has been used in the preceding proof.

7. Conclusion. Numerical quadratures for approximating integrals of type (1.2)
over curved domains in R® along with estimates on the quadrature errors have been
presented: (4.7), (5.2), and (6.1). A new definition of pseudohomogeneity that em-
phasizes the role of polar coordinates has been given. The numerical quadratures
(4.7), (5.2), and (6.1) are suitable whenever the kernel of the physical problem that
is considered is pseudohomogeneous of degree —1. The simple layer potentials of
Laplace and Helmholtz equations along with that of the Stokes flow problem and
the linear elasticity problem have been shown to be pseudohomogeneous of degree
—1. The same conclusion has been drawn on double layer potentials of Laplace and
Helmholtz equations. The numerical quadrature presented here may be useful when
an approximation of the solution to (1.1) is sought. No approximation of the surface
99 is needed. The present approach only requires that OQ is defined by a regular
chart of the form (T';,;)icr, which may be provided by a standard CAD system.
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