Math 141 Class Notes 02/07/2011

2.5 Multiplication of Matrices

Example

A flower shop sells 96 roses, 250 carnations and 130 daisies in a week. The
roses sell for $2 each, the carnations for $1 each and the daisies for‘ $0.50
each. Find the revenue of the shop during the week. OS\IS ’nu(nces )

Answer

R= (96) (&) + (3501 + (120)(:S)= 507

Express the number of flowers 1n a 1x 3 matrix:

D
A- 4] am 1] ‘

Next express the price as a 3 x1 matrix: ¢

Ao [ a, X3 +35 + BoS] ‘D.’s‘N

fse7] 5567
In general if 4 1s lx@and B 150<1 the product 4B 1s a 1 x | matrix:

PR (O SN

By sas m} il :[au'bn+a1:'b:1+"'+aln'brrl]

4-B=|a

11
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n = 'Y\)(‘>

Lo (G | |
If 4 1s an m x n matrix and B is a »n x pmatrix, then the product matrix
A-B=C1s an m x pmatrix.

B Wy o ] B

21 - S 2 21 22 e 2p
A-B=| : bt | . .

o
w@’%
(ab)lp

o n - (ab),,
(a)m1 @) (ab)mp

Matrix multiplication is not commutative. In general, 4B = BA

Example
Find the products 4B and B4 where OB ﬁ“)‘f (065
(x3)  © () AxX2 )

— -5 b
A IG']
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One special matrix 1s called the identity matrix, /.
It 1s a square matrix with 1's on the diagonal and zeros elsewhere,

i o O loliﬂ
01 ... 0 ’

I=|, .
00 ... 1

L is a 2 x 2 identity matrix and 7, is an n x n identity matrix.

NAMES EDIT 1dentituacs)
1:det. ([l 8 B8]
AR a1 8]
S:dimg (@9 1]]
4:F111c¢ |

F:dent.:t.u{

i randM

Fdaugment. ¢

The i1dentity matrix has the following property

T h= A=AL

Matrix multiplication and linear equations:
Example

Write the following system of linear equations as a matrix equation

—1+21—

Answer

2 s [e ot F34 f"
o) L_,,_J'___‘q' ’\‘i-"'a\é.

A+ X=8

(i ) (2x)
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gt

2.6 Inverse of a Square Matrix

: : = |4 4
For any non-zero real number r, the reciprocal (or inverse) 1s — or r
o

Multiplicative identity: LD
3 l= 1 ado

For matrices, the inverse is A and it is defined by

| DOX
YA matrix with no inverse is called singular. %
L@@QQQQQQQQQQQQQQQQQQQQQ

If needed. find the inverse with the x° ' function on the calculator.

The one use of matrix inverses is to solve matrix equations.

Solve the matrix equation 4X' = B for X ‘A*A:-‘% Q Mrd
- -
AAX=Ab
3

Solve the matrix equation D = X — AX for X.

‘D-—i)( AX (I" A) -i-_'d.-
=(T -~ ~K) X [74 X j ‘d- 4
=0

i’_"’f:a 2

68 D= @—m (1;- AX

(I—A)D*Iv( "Y’D(
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Example - Cost Analysis - The Mundo Candy Company makes three types
of chocolate candy: cheery cherry (cc), mucho mocha (mm) and almond
delight (ad).

The candy 1s produced in San Diego (SD), Mexico City (MC) and Managua
(Ma) using two main ingredients, sugar (S) and chocolate (C).

Each kilogram of cheery cherry requires 0.5 kg of sugar and 0.2 kg of

chocolate.

Each kilogram of mucho mocha requires 0.4 kg of sugar and 0.3 kg of
chocolate.

Each kilogram of almond delight requires 0.3 kg of sugar and 0.3 kg of
chocolate.

(a) Put this information in a 2x3 matrix.

oL 'm'm a ol

.5
S I
B ke XD or Btk %R

(b) The cost of 1 kg of sugar is $3 in San Diego, $2 in Mexico City and $1
in Managua. The cost of 1 kg of chocolate is $3 in San Diego, $3 in
Mexico City and $4 in Managua.

Put this information into a matrix{in sucE a way]that when 1t 1s multiplied
by the matrix in part (a) it will tell us the cost of producing each kind of
e

candy in each city. WUM. 3X3 £
DR Ae (a19) - (33) tor PSS
@ A-8,= (2098 " awies

_ (ax3)BxR) =
O - 53 P

mm  ad
$5 +(%xz) al 8
MC. I\ \\'7 115
b e 115
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Introduction to Leontief Input-Output Models

The Old School Village has an economy made up of farmers and weavers.
The farmers produce all of the food for the villagers. To sustain all their
hard work, for each $1 worth of food produced by the farmers, the farmers
eat $0.25 worth of food.

It the farmers produce $200.00 worth of food, how much food will the

farmers eat? Jdop % .85 = »ED

If the farmers produce $f worth of food, how much food will the farmers
2

eat’” . a;s _y

While making cloth the weavers also get hungry and need to eat. For each
$1 worth of cloth produced by the weavers, the weavers eat $0.40 worth of
food.

If the weavers produce $300.00 worth of cloth, how much food will the

weavers eat? 35 :E . le m 2.0

If the weavers produce Sc worth of cloth, how much food will the weavers

eat? . L)c

If the farmers produce $200 worth of food and the weavers produce $300
worth of cloth, how much food will be eaten by all the villagers?

ﬁ ¥ oo, = #D
Is ther&™ 1hn%x CI'MM’SHHL]])
Y, oo~ V0= ¥30 of fvd

If the farmers produce $f worth of food and the weavers produce Sc¢ worth
of cloth, how much total food will be eaten by all the villagers?

238+, he = Sl enten by olleghs
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The weavers produce all of the cloth used in clothing the villagers. For each
$1 worth of c¢loth produced by the weavers, the weavers use $0.15 of the
cloth to clothe themselves.

[f the weavers produce $300.00 worth of cloth, how much cloth will the

: : )
weaversuse? 200 o |15 — $L,5
If the weavers produce $¢ worth of cloth, how much cloth will the weavers
use?
45 C

The farmers’ clothes become worn and torn as they farm the fields. For
each $1 worth of food produced by the farmers, the farmers require $0.20
worth of cloth to clothe themselves.

[f the farmers produce $200.00 worth of food, how much cloth will the

farmers use? &OO * : &‘-"40

If the farmers produce $f worth of food, how much cloth will the farmers
use? 9\_?.

If the farmers produce $200 worth of food and the weavers produce $300
worth of cloth, how much cloth will be used by all the villagers?

go = 435
T, S
WS
[s there any cloth left over? If so, how much?

Yo! Wo0- BE5= #a\5
If the farmers produce $f worth of food and the weavers produce $¢ worth
of cloth, how much total cloth will be used by all the villagers?

Cloth waed prewnally QF 4. 15¢
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Other villages develop and the king in the nearby city requires the Old
School Village to produce food and cloth for all the other villages.

If the farmers produce $f worth of food and the weavers produce $¢ worth
of cloth, how much food and cloth will the Old School villagers use for
themselves?

Ww Qﬁb\,"" 354 '\‘."’C
omlwral pth wod = . &F +.15¢

Total Supply (Production) = Total Demand (Consumption)

— ,a5% F.de +
&}i mmﬂ‘gw ..,9;,4 f.toe v b

Suppose the kmg tells the Old School Village that the other villages require~
$446 worth of cloth.

Internal Demangd External
——

FOOD: f =(025f+_<Vc)+ 89
cLoti: ¥ =(® r+0.150)+

Y= AX +D
£1 foasr+ % e\ | 802
i _‘ o f+015c' '-l‘n
£ [02s 892
T 2 o5

S —

X

X = the production matrix
D = the external demand matrix
A = the iput-output matrix
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Note: Matrix 4 can be constructed without starting from equations using
these conventions: .
e The first column of A contains information about how much food
and cloth 1s used when making one $1 worth of food, and
e the second column of A contains information about how much food

and cloth 1s used when making SI1 worth of cloth.
c

Solve the matrix equation for .X.

X=AX+D § /8% 4
xX-M=b k= el a 15

internal and external demands 1n an economy with mput-output
matrix 4 and external demand matrix D, is given by the formula:

Solve for the production needs of the Old School Village.

[H]

o EE s | f]_[1e80 ]
15321, c 3o |
Thus, the Old School Village needs to produce $ 1(0%0 worth of

foodand $ Qﬂ{! worth of cloth to satisfy both internal and
external demands,

2. How much of the food and cloth produced was used internally by the Old

School villagers l I

$ !m—ﬁg of food al_l_cl S ﬁgg) - of cloth
$ 08 #1404
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