ON THE IDEALS AND SINGULARITIES OF SECANT VARIETIES OF
SEGRE VARIETIES

J.M. LANDSBERG AND JERZY WEYMAN

Abstract.  We nd minimal generators for the ideals of secant varieties of Segre varieties in
the cases of (P! P" P™)forall k;n;m, »(P" P™ PP P')forall nm;p;r (GSS
conjecture for four factors), and 3(P" P™ PP) for all n;m;p and prove they are normal with
rational singularities in the rst case and arithmetically Cohen-Macaulay in the second two.

1. Introduction

Let V be a vector space over a eldK of characteristic zero and letX PV be a projective
variety. De ne ,(X), the variety of secantP’ 's to X by

r(X) = [ xasoxe2x Pxasox,

where Py, -, PV denotes the linear space spanned bys;::; X, (usually a P 1) and the
overline denotes Zariski closure.

Let Ag;:;;An be vector spaces oveK, with dim A; = a. Let SegPA; PA,)
P(A, A,) denote the Segre variety of decomposable tensors. (We use the dual vector
spacesA; when discussing varieties because we will mostly be concezd with modules of poly-
nomials and this convention enables our modules to be-free.)

For applications to computational complexity, algebraic statistics, and other areas, one would
like to have the de ning equations for secant varieties of Sgre varieties (PA; PA,) =

r(SegPA; PA,)) and understand their singularities. In computational complexity one
studies the strati cation of A; A, Aj by the secant varieties of the Segre, as given a bilinear
map f : A1 Ax! Aj (such as matrix multiplication when each A; is the space ofm m
matrices), the smallestr such thatf 2 (PA; PA, PAj)is a measure of its complexity.
More generally, in algebraic statistics (see, e.g, [8]), om would like as much information as
possible about di erent algebraic statistical models, and secant varieties of Segre varieties are
important special classes of such models. The techniques @hoyed in this paper will be useful
for the general study of these models.

Remarkably little is known about even set-theoretic de ning equations of the ,(PA; PA,),
let alone generators of the ideals (which is considerably nre di cult). The only case well un-
derstood is the casen = 2 where the secant varieties are the classical determinamt varieties.
We discuss the case = 2 below the statement of Theorem 1.2.

In the present paper we take the next step in understanding geerators of the ideals and

singularities of the varieties (PA; PA,). We make extensive use of the machinery of
[10].
A signi cant role in our study is played by auxiliary varieti es that contain (PA; PA,)

and have ideals that are easier to study. The simplest of thesis the following:
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2 J.M. LANDSBERG AND JERZY WEYMAN

Denition 1. Letly g :=dim A; be nonnegative integers. De ne thesubspace varieties

Sub,p = IT 2 A, Ani9A] A dimA?=hy; T2 A An g

.....

Subspace varieties are cousins of thnk varieties in [10]. We use the terminology \subspace"
to avoid confusion with tensor rank. They are useful because, (PA; PA,) P(Suby...)
and Sub-..., admits a nice desingularization described inx3.

We rst determine generators of the ideals of the subspace wdeties using elementary repre-
sentation theory and prove that they are normal, with ration al singularities using techniques
from [10] in x3. Subspace varieties enable one to reduce the problem of madlg generators of
the ideals of [(PA; PAn) where dimA; r to the cases where dinA; = r for all |
(Proposition 5.1), which we refer to as thebasic casesIn x7 and x6 we respectively resolve the
basic cases of 3(P> P? P? and (P* P! P! P,

Recall that for any variety Z PV invariant under the action of an algebraic group G,
the generators of the ideal ofZ will be grouped into G-modules. In our caseG = SL(A1)

SL(An), and the special linear group has the added feature that thedecomposition of
its various modules is essentially independent of the dimesion of the vector spaceA;. For
example, whenn = 2, the ideal of [(PA PB ) is generated by the irreducible module

1A 1B S™1(A  B) which corresponds to the space of +1 r +1 minors as long
as dimA;dimB r +1.

Finally, recall that a attening of a tensorT 2 A1 Apistolet I = fig;:ipg
fl,:5ng, J = fLo5ngnl, A = Ay Ai,, Ay = Aj, Aj, , and considerT 2

A, Aj;. Flattenings are useful because the ideals of secant varies of Segre products of two
projective spaces are well understood.

Notation. For a partition = (py;::;pr) of d, wewriteI( )=r,j j=d, [ ]is the irreducible
S g-module associated to , and S V is the associated irreducibleGL (V) module. Sym(V)
denotes the symmetric algebra. For a varietyX PV, we let X V denote the corresponding
cone inV. A; is a vector space of dimensior®; and we assumes; 2 to avoid trivialities. We
often write , = (PA; PA,).

Our main results are as follows:

Theorem 1.1. The varieties (P! PP1 pPc 1y= (PA PB PC ) are normal, with
rational singularities. Their ideal is generated in degreer + 1 by the irreducible modules in the
two attenings:

*l(a B) "™cC;and "™'(A Cc) "B s B 0©)
The redundancy in the above description is the irreducible wdule S™**A  "*1B  *lC,

Theorem 1.2. Fix positive integers a;b;c;d The variety (P2 1 pPd1 pc 1 pd )=

2(PA PB PC PD ) is arithmetically Cohen-Macaulay. Its ideal is generated m degree
three by the modules de ning the subspace varietulp,,, (namely 3A (B C D) plus
permutations minus redundancies) and two copies of the modiet S,1A  S1B S,1C S;1D
which arise from the attenings of the form (A B) (C D).

Note that a priori there are three modules obtained from attenings but they only span two
independent copies ofS;;A  S;1B S;1C Sp1D, see Equation (2) and Remark 2.3 below.
The rst set of modules in Theorem 1.2 may be thought of as aritng from the attenings of the
foom A (B C D).

In [3] a (non-minimal) set of generators for the ideal of 2(PA; PA,) was conjectured
by Garcia, Stillman and Sturmfels, which we refer to as theGSS conjecture We discuss the GSS
conjecture further in x4. In [5] the GSS conjecture was proven in the case = 3 using methods
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of [10] and the minimal generators were described. In [3], Wisg a computer calculation, they
prove their conjecture is correct forn 5 when dimA; = 2 for each j. After we circulated a
preprint of this paper, it was brought to our attention thatt he GSS conjecture has since been
resolved forn 5 in [1], Corollary 14, by applying a lemma proved in the same pper (Lemma
15) to the computer calculation in [3]. Our Lemma 5.1 may be vewed as a generalization and
precision of Lemma 15 of [1] which further enables one to detmine a minimal set of generators.
In particular, applying Lemma 5.1 to the computer calculations in [3] determines the minimal
generators forr =2, n 5. (Unfortunately, when preparing this paper, we had been woking
with a preprint version of [3] that did not have this calculat ion in it.)

Theorem 1.3. Fix positive integersa;b;c 3. The variety (P2 1 PP 1 pPC 1y= 4(PA
PB PC ) is arithmetically Cohen-Macaulay. Its ideal is generated m degree four by the module
S,11A  S;11B S$511C which arises from Strassen's commutation condition.

A priori there are three modules obtained by attenings but they can mly span the unique
copy of So11A  Sp11B S»11C in S*(A B C), see Equation (3).

The equations arising from Strassen's commutation conditbn originated in [9]. A discussion
of them in language compatible with this paper can be found in[6].

Remarkably, in each of these cases, the ideal is generatedtine minimal possible degree K+1
for , see [9)]).

Overview. In x3 we prove all the necessary facts about subspace varietiesnc we deduce
Theorem 1.1.

In x4 we describe Garcia-Stillman-Sturmfels conjecture from3], and a reduction of it (The-
orem 4.1).

The remainder of the proofs proceed in two steps. First, inxX5 we show that the generators
of the ideal of secant varieties of Segre varieties can be deded from solving the basic cases
of (P 1 P" 1) (Proposition 5.1), and moreover the arithmetically Cohen Macaulay
(ACM) property holds in any given case if it holds for the relevant basic case plus a technical
hypothesis on modules occurring in the minimal free resolubn of the ideal in the basic cases
(Lemma 5.3). To prove the ACM property is inherited we use a rdative version of the machinery
of [10]. Namely, inside the desingularization of the subspee variety, we consider a subbundle
that gives a partial desingularization of , and whose bers are isomorphic to the basic case, and
push down the minimal free resolution of this subbundle. Tha& we study the \relative version”
of this resolution on the desingularization of Suly....., . Our results follow from the analysis of
the terms of this complex of sheaves. The methods from [10] lalv us to establish two key facts
(Lemma 5.2). First, the higher cohomology of the terms of ths complex vanishes. Second, the
sections of the terms are maximal Cohen-Macaulay modules gyported in Sub...... . (The proof
of this second fact is the most subtle point in this paper.) Leanma 5.2 allows us to compute the
length of a minimal free resolution of , under certain assumptions described in Lemma 5.3.

The basic cases for Theorems 1.2 and 1.3 are(P! P! P! Pl and 3(P? P? P2).
Respectively inx6 and X7 we prove these varieties are ACM, determine generators oheir ideals,
and show the technical hypotheses necessary to apply Lemma3®hold. Unfortunately this step
utilizes a computer calculation.

It is interesting to ask if the the ACM property holds for general secant varieties of Segre
varieties. From our approach it follows that the ACM property for (PA; PA,), with
dimA;  r would follow from checking the assumptions of Lemma 5.3 forlie variety (P 1 P 1
(n-factors).

Since we use results from representation theory, commutate algebra, and the geometric
method of [10] throughout, we begin inx2 with brief remarks from these areas.
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2. Review from representation theory, commutative algebra an d the geometric
method of [10]

2.1. Syzygies. We summarize from [10] (5.1.1-3,5.4.1):

Theorem 2.1. [10]Let Y PV be a variety and suppose there is a projective variet and
a vector bundleE ! B that is a subbundle of a trivial bundlevV.! B with V,"' V for z2 B
such thatE ! ¥ is a desingularization. Write = E and = (V=E)
If the sheaf cohomology groupHi(B;S% ) are all zero fori > 0 and if the linear maps
HOB:S9) V I HYB;S%! ) are surjective for alld 0, then
(1) ¥ is normal, with rational singularities
(2) The coordinate ring K [¥] satises K[¥]g' H°(B;S? ).
3) Trzje vec'fjor space of minimal generators of the ideal of in degreed is isomorphic to
Hd(B; 91 ),
(4) If moreover Y is a G-variety and the desingularization is G-equivariant, then the iden-
ti cations above are as G-modules.

More generally, in the situation of Theorem 2.1, jHI( *1 ) is isomorphic to the i-th term
in the minimal free resolution of Y, and even a \twisted" version of this result holds which we
recall and explain when it is used inx5.

2.2. Representation theory. LetV = Aq An. Let G = GL(A1) GL(Ap). The
varieties , are G-varieties so we should study their ideals asG-modules. The rst step in
doing this is to decomposeSYV into G-isotypic components. Recall that to a partition — we
associate a representation [] of the symmetric group ond letters S4 and a representationS W
of the general linear groupGL (W). Both groups act on W 9 and each group is the commuting
subgroup of the other. TheGL (W )-isotypic decomposition of W 9diswW 9= jj=dl 1 S W.

Proposition 2.2. ([5], 4.1) The G = GL (A1) GL(A,) isotypic decomposition ofS4(A;
is M
S(A An) = ([ 4 [nD%¢ S.A; S Ak
j 1= =j «i=d
where ([ 1] [ «])S¢ denotes the space 08 g4-invariants (i.e., instances of the trivial rep-
resentation of Sq) in [ 1] [ nl

Note in particular that the decomposition of SY4(A; Ap) is uniform, i.e. if dim A;
I( i) (so the corresponding module is non-zero), then the multificity ([ 1] [ k])S¢ does
not depend on the dimA;.

The multiplicity of S ;A1 S Axin S9(A; Ap), whichisdim ([ 1] [ «]3e,
can be computed using characters in low degrees, although #ne is no general closed form for-
mula. Let | :Sq4! C denote the character of [;], then

X
dim( 1] [ ]S =

3 0O L0

2Sy4

(see, e.qg., [7]).
For example:

(1) € [aD%= .,
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i.e. only symmetric terms occur with multiplicity one,

(2 dim ([(2; D); [(2; DI [(2; DI [(2; )] S® = 2:
and

) dim ([(2; L DL [(2; L, 1) [(2; 1, 1)) S =1

Remark 2.3. AssumeAq; A,; Az; A, have all dimension 2. Then 3(A; Aj) = Su1Ai SpaAj.

Thus any two attenings 3(Ai Aj)  3(Ax  A)), embedding this representation intoS3(A; Az  As
via3 3 minors of a4 4 matrix span the isotypic component ofS;1A;1  Sp1A2  S1A3  Sr1As

in 83(A1 Ayg).

2.3. Commutative algebra. Let V be a K -vector space, letA = Sym(V), which we con-
sider as the algebra of polynomials orivV . For a graded A-module M, pda (M), the projective
dimension of M, denotes the length of a minimal free resolution ofM as anA-module.
For a homogeneous ideal A, weletZ, V denote its associated variety (the zero set of
the polynomials in ). Similarly, the support of an A=l -module isZann vy 21 V.
De nition 2. A=l is a Cohen-Macaulay ringi
pda(A=l) =codim(Z,;V ):
An A=l -module M is a maximal Cohen-Macaulay module
pda(M) =codim(Z;;V ):
An ane variety Z V is arithmetically Cohen-Macaulay (ACM) if its coordinate ring K [Z]

is a Cohen-Macaulay ring, i.e., the length of a minimal free esolution of K [Z] as anA-module
equals the codimension ofZ .

The following classical result follows, e.g., from [2], Therem 18.15.a.

Theorem 2.4. Notations as above. Letl A be a homogeneous ideal, lIeZ = Z, V
and let Zsing be its singular locus. AssumeA=l is Cohen-Macaulay, thenA=l is reduced i
codim(Zsing;Z) 1

We also note the following standard Commutative Algebra resllt, which essentially says that
a generically reduced irreducible algebraic variety has amon-empty open subset of smooth
points.

Proposition 2.5. If an ane variety Z V is generically reduced, then codinf{Zsing;Z) 1.

3. The subspace varieties and their defining ideals

Theorem 3.1. The subspace varietiesSuh,, ....,, are normal, with rational singularities. Their

.....

ideal is generated in degree§y +1 for 1 ] n by the irreducible modules in
tV":I'Aj Q"'l(Al Aj 1 Aj+1 An);
such that (reordering such thatby, by b,) the partitions S ; A; that occur fori | have

(i) b, unlessh = by, in which case we also allow( )= b +1.
In particular, if all the by = r, the ideal of Sub.....; is generated in degree +1 by the irreducible
modules appearing in

A (AL A 1 Aja An)
for 1 j n (minus redundancies).

Ayz)
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Proof. First note that the ideal of Suh,,.....,, consists of all modulesS ;A1 S ,Ap occur-
ring in S9(A; An) where each ; is a partition of d and at least one j hasl( ) > b;.
Also, notice, that for eachj the ideal consisting of representationsS | A S ,An occurring
in SY(A; Ap) where l( ;) > bj is generated in degredy + 1 by

QH‘AJ- Q"'l(Al Aj 1 Aj+1 An);
because it is just the ideal for rank at mostly tensors in the tensor product of two vector spaces.
After reordering of summands sob;  ::: b, an elementary induction by degree completes

the argument regarding generators of the ideal.
To prove the results on the singularities, consider the prodict of Grassmannians

B = G(by;Ay) G(b; Ap)
and the bundle
4) p:R1 R ,! B
where R; is the tautological rank b subspace bundle overG(h ;AJ-). Then the total space
Z of Ry R n maps to A; A,. Weletq:Z! A A, denote this map
which gives a desingularization ofSuly, .-,,. (A general element of Sub, ..., is of the form
[a} al+ +ab alr] where dimbel;::;a™i = by, so it has a unique preimage

under q.)

By Theorem 2.1.1, with =(R1 R ), we need to show

(i.) H(B;SY )=0forall i> 0,foralld O

(i) HO(B;SY) (A Ay ! HOB;S%! )is surjective foralld 0.

To see (i.) holds, note that = R, R . and thus SY( ), is homogeneous, completely
reducible, and the factors are tensor products on Schur furtors on R; . Each of these irreducible
factors is ample (in fact, a quotient bundle of a trivial bundle) thus the Bott-Borel-Weil Theorem
implies S%( ) has no higher cohomology (cohomology of an irreducible butfie can occur at most
in one degree).

To see (ii.), the ring of sections of Sym( ) is generated in degree 0 because the descrip-
tion of the ideal of Sul,,.....,, given above shows that, the multiplication map is induced by
the multiplication in Sym(A; A,) after mod-ing out the span of the representations
S A1 S A, satisfying I( ;) > b; for somej. But the Littlewood-Richardson rule (e.g.
[10], Theorem (2.3.4)) implies that in the tensor product of two representationsS ,V S ,V we
have only the representationsS ,V with the Young diagram of 3 containing both the diagrams

of ; and , as sub-diagrams, so if a representatiors ;A; S A, satises I( j) Db
for all j, and it appears in (S ;A1 S, An) (A Ap)then I( ;) D forallj as
well.

proof of Theorem 1.1. Theorem 3.1 and Strassen's result [9] that ,(P* P" 1 P" 1)= P(K? K
(which is easily established using Terracini's lemma) impy P(Suly.rr )= (PA  PB PC )
when b;c  r. (One always has (PA PB PC) P(Subyr ) and Strassen's result
establishes the reverse inclusion.)

4. The varieties Flat? and the GSS conjecture

A variant on the subspace varieties is as follows. Le®& = (as;::;;an) and de ne Igz to be
the ideal generated by the modules "1 A, +lay ST(A, A,) asl;J range over
complementary subsets off 1;:::;ng. We let Flat? denote the corresponding variety. Just as
with subspace varieties, we have [ (PA; PA,) FlatZ

K')
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Garcia, Stillmann and Sturmfels [3] conjectured that I ¢5x = | ,(pa, PA,)- We refer

to this statement as to the GSS conjecture In [5] the conjecture was proven whena =
(a1;az;a3), and moreover it was shown that as sets,Flat = »(PA; PA,) for all n.
Since 2(PA; PA,) is reduced and irreducible, andFlat3 is irreducible, to prove the
conjecture it would be su cient to show Flat§ is reduced.

The application to the GSS conjecture is

Theorem 4.1. If Flat] is arithmetically Cohen-Macaulay, then the GSS conjectureholds.
Proof. We rst show
Proposition 4.2.  Flat§ is generically reduced.

Proof. Fix bases @) in eachA; andlet j,...;, be linear coordinate functions onA, A,.
A general element ofF lat§ is of the form x = a} al+a? aZ, i.e., it has coordinates
121 = 2.2 = 1 and all other coordinates zero (this, and the assertion alout the codimension

follows by using the identi cation as sets of Flat3 with ~ ;). We show that at x, the di erentials
of a set of generators ofl 5= span a subspace off, (A; A,) equal to the codimension

of Flat. In algebraic language, we show that the localization ofSym(A; An)=IF|at§ at
x has codimension equal to codimfglat3). T, - is spanned byd j,...j.jx wheren 1 of the

j1;:5)n are neither 1 nor 2. Fix somep < n and consider the @; Pé{,;)) (apr1  an) matrix
corresponding to the attening (A1 Ap)  (Apn Ap). Examining the di erentials
of its three by three minors at x, all are zero except the di erentials of minors containing i.-::1

and ...2, which will have a unique nonzero termd ;,....i,jx. For any splitting we recover all

..........

the d i,....i,Jx where none of theis are 1 or 2. In general we recover all thal i, ....i, jx that are

neither in the row or column containing 1....1 Or 2...2. Thus if we want a term with k indices

equal to 1 and| indices equal to 2, then (ignoring order for the moment) as log ask <n p
and | <p there is clearly no problem. To get a di erent order, just permute the factors.

To conclude the proof of Theorem 4.1 we use Theorem 2.4 and Pposition 2.5.

Example 3. Consider the casen = 4 and each a; = 2. Here are matrices respectively for the
splittings (A1 A2) (Az Az)and (A1 Az) (Ax Ay).
0 1
1;1;1;1 1;2;1;,1 2,111 2,2;1,1
1;1;1;,2 1;2;1,2 2;1;1,2 2,2;1,2
1;1;2;1 1;2;2;1 2;1;2,1 2,2;2;1
1;1;2;2 1;2;2;2 2;1;2;2 2,2;2;2
0 1
1,111 1;1;2;1 2;1,151 2;1,2;1
1;,1;1;2 1;1;2;2 2;1;1;2 2;1;2;2
12,11 1;2;2;1 2;2;,1;1 2;2,2;1
1,2;1;2 1;2;2;2 2;2;1;2 2;2;2;2
The d jju jx wherefi;j;k;1 g= f1;1;2; 29 each appear in the di erentials of the eight relevant
(i.e., those containing both 1717 and 2222) 3 3 minors.

We resolve the four factor case of the GSS conjecture as a catence of Lemma 5.3 and
Proposition 6.1.
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5. ldeals and the ACM property are inherited

De nition 4. Given vector spacesA?  A;j and amoduleS ;AJ S Al sd(A? AQ),
we say the moduleS | A; S . A, correspondingly realized as a submodule @%(A Ap)
is inherited from S | A? S Al
Note thatif S |A? S ,Alis nonzero, we haves | A9 S A I( ((SegPA? PAQ))
i S ,A; S, An  I( ((SegPA; PAL)). This property is called inheritance in [5].

Proposition 5.1. Letdim Aq;::;;dim A, r. The generators of the ideal of ; (PA; PA,)
are given by the modules generating the ideal &ub.-...., and the modules inherited from the mod-

ules generating the ideal of ,(P" ! P" 1) (n-factors).

Proof. The irreducible modules generating the ideal ofSub....., are all in degreer +1 and are

the irreducible submodules of "1 A; 1Ay A 1 Aja Ap), soin particular

they all contain a partition with r + 1 parts. The irreducible modules generating the ideal of
(Pt P" 1) cannot contain a partition with more than r parts.

Now say some module5S | A; S Anisinl( ((SegPA; PAL)). We must show

it is generated from our candidate generators. If any ; has more thanr parts, then it is already

in the ideal generated bySubh.....; so we are done. But now if each ; has length at mostr, then

.....

the same module must also be in the ideal of , (P" 1 P ).

Over the GrassmannianG(r;Aj ), we let Rj, Q; respectively denote the rankr (resp. rank g
r) tautological subspace (resp. quotent) vector bundles. Reall the bundle = R; R .
Let B= Sym( ).

Lemma 5.2. Let ; =(p; 1P ) be partitions. Consider the sheaf
M:= L S,R; B:

(1) Assume thatp; 1 a+1forl j n.ThenM is acyclic.
(2) Assume thatp;; Oandp;1 r" 1 rforl j n. Thenthe Sym(A; An)-

Proof. The rst assertion is a straightforward application of the B ott-Borel-Weil theorem.

The second assertion is the most subtle point of this paper. @ prove it, we use the duality
theorem [10], Theorem 5.1.4, which we now recall.

For any vector bundle V! B, following [10], Theorem 5.1.4, de ne the twisted dual vecbr
bundle

V - KB rank V

where V denotes the ordinary dual vector bundle,K g is the canonical bundle ofB, and =
(Aq A, O g=R; R ) . Then [10], Theorem 5.1.4, asserts that

(5) F(V)j = F(V)j +dim B rank -

We claim that under the hypotheses of the lemma, the rightmos nonzero term in F(M ) is

a trivial bundle (powers of the bundle ( A, aA,) O ) is isomorphic to S,.--aR,
and, up to tensoring with a trivial bundle,
rank " Sen e 1Ry Sin 1 1Ry,
Write  ; = (pi:1; 5 pir ). SO up to tensoring with a trivial line bundle,

M’ S(rn Loag pre )™ toag pl;l)Rl S(rn Loan poy )inn(r™ 1oan Pn;l)Rn
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Thus, if for eachi we havep;;  r" 1 r, then, applying (1), M B has no higher cohomology,
and the complexesF(M ) and F(M ) have length equal to the codimension of the subspace
variety Sub-..... which equals (rank  dim B).

.....

Lemma5.3. If (P 1 P" 1) (n-factors, with n  3) is arithmetically Cohen-Macaulay
with the property that no module occurring in its minimal free resolution contains a partition
whose rst part is greater than r" 1 r, then (PA, PA,) is arithmetically Cohen-
Macaulay when dimA; rforl i n,.

Proof. Notatations as above. Consider the desingularization of tle subspace varietySuly.....,

and the resulting vector bundleE = R R, as in Equation (4) with each j = r. Each
ber (R, R n)x ofE overx2B = G(r;A,) G(r;Ap) is just C' C" and we
may consider the subvarietyZ  Z such that Z, = " (P(R1)x P(Rn)x). (Recall that Z

is the total space of the bundleE.) Z gives a partial desingularization of *}.
Under our hypotheses, there is a minimal free resolutionG of Z, where Go = A =

Sym(A; Ap), G; is a sum of modulesS ;A; S ,An A( k)wherek r+1, and
the length of the resolution of G is the codimension ofZy in PEy, namelyL := r" r2n+r(n 1),
as ((P" 1 P" 1) is of the expected dimension (n +1)(r 1) as long asn 3.

By [10] Proposition (5.1.1), part b), B = Sym( ) is a sheaf of algebras isomorphic te@ (O,).

We form a complex of sheaves oB-modules fromG by replacing eachG; with the sheaf G
obtained by replacing the Schur functors of the vector spaceAs;:::; A, with the corresponding
Schur functors of the sheaveRR ;; i} R,,.

We have projectionsq:Z! ~andp:Z! B. We havep (Oz) = B=d(G) as d(&) is the
subsheaf ofB consisting of the local functions onZ that vanish on Z.

Our complex of sheaves oB-modulesG is such that each term is a sum of terms of the form

S .R; S.R, B:
Each term is homogeneous and completely reducible, with e&cirreducible summand having
nonzeroH°, so in particular no term has any higher cohomology.

De ne a complex M of A-modules by letting M := H O(B; G).

The minimal free resolution of the ideal of ; is the minimal resolution of the cokernel of the
complexM . Indeed, by Proposition 5.1, the cokernelMg=Image (M 1) is exactly K[ ;] because
Mg consists of functions on the subspace variety and/l; the ideal of the secant variety inside
the subspace variety.

To obtain a not necessarily minimal resolution of the cokerrel K[ ] of the map M1 ! My,
one can proceed by iterating the mapping cone construction & follows. LetF; be a resolution
of M; for eachj. We obtain a double complex, the tail of which is

# #
Fi.o ! FL o1 !
# #
FL.o ! FL 10 !
# #H
ML ! ML 1 !

We replace this tail by using the mapping cone construction €.g9. [2]), where we replacéd-_ 1
by modulesFi 1 = F;j; 1 FL 1j,andFL 1. becomes the last column of the new complex.
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We iterate this procedure until we end up with a picture

# #
Fip ! Fo1
# #
Fio ! Foo
# #
M, ! Mg ! C ! 0

where the Fg is a resolution of Mg and My is the term replacing M, after having iterated the
mapping cone construction, andF; its resolution.

The nal product of this procedure is a possibly nonminimal resolution Fy of K[ ], whose
j-thtermis Fo = a4 b=j Fapb-

But by Lemma 5.2, the modulesM; are maximal Cohen-Macaulay, hence the lengths of their
minimal free resolutions all equal codimSuly.....; = (rank dimB).

But now the complexesF (G) give the resolutions of theM;, so when we apply the iterated
cone construction, the longest possible length of the podsly nonminimal resolution of K[ ] is

rank  dimB +codim (P ! =)
(a1 an r") r(ar+ +a, nr)+(r" ren + r(n 1))
ag a, r(a+ +a)+rm

but

codim (PA; PAp)= a1 a, 1 [r(az+t +a, n)+(r 1)
We see that the (possibly non-minimal) resolution is of minmal length and that length equals
the codimension of (PA; PA,), hence (PA; PA,) is Cohen-Macaulay.

6. Case of »(P* P Pl Ph

Proposition 6.1. The variety (Pt P! P! PY)= (PA PB PC PD)is arith-
metically Cohen-Macaulay. Its ideal is generated in degre¢hree by two copies of the module
S»A  S;iB $1C Sp:D which arise from the attenings of the form (A B) (C D).

Proof. Let A = Sym(A B C D) andlet| denote the ideal generated by the relevant two
copiesS1A  S$;1B S,1C Sp1D (see Remark 2.3). We thank Anurag Singh for calculating
the minimal free resolution of A =I, which we denoteG with terms as follows

G :0! A 100! A% 91 AY( 8! A?( 6) A%( 5)!
I A8 41 A% 3)! A:
Note that 6 = codim (P! P! P! Py =codim Flat3??? and since this coincides with the

length of the minimal free resolution we conclude thatA =l is Cohen-Macaulay. But we know
that Flat3222 is Cohen-Macaulay, so by Theorem 4.1 the GSS conjecture follvs in this case.

Theorem 1.2 follows because if we express the resolution irifms of modules, each module
S, A Ss,B s.,C s,D

that occurs in someG; indeed satis es the property that the rst part of each ; is less or equal
to 6. This can be calculated directly by examining the maps poduced by Macaulay2 and then
nding the equivariant form of the resolution explicitly (w hich we reproduce below). To see it
more directly, note that since the coordinate ring is CohenMacaulay, the dual of this resolution
is also an acyclic complex. This means that every represenien S /A S ,B S,C S ,D
appearing in the resolution has to have partitions 1, », 3, 4 that are contained in partitions
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of some representation occurring in the top of the resolutia. But in the top piece, dimension
considerations show immediately that the partitions are S[(6;4)(5;5)(5;5)(5;5)] and thus all
the partitions ; have all parts 6 as required.

Remark 6.2. The resolution G expressed as a direct sum o6L(A) GL(B) GL(C) GL(D)-
modules is as follows. Denote tha-th term in this resolution by G;. Let (a;b(c;d)(e;f)(g;h)
denoteSapnA  Sic:)B  Sef)C  Sg:nD. The terms in the resolution G have to be symmetric
under permuting the spaces so we le§ [(a; b)(c; d)(e; f )(g; h)] denote the direct sum of all distinct
tensor products of Schur functors which are obtained from a yen one by permutations of
A;B;C;D.

Ge = S[(6:4)(5;5)(5:5)(5:5)] A( 10);

Gs = S[(54)(5:4)(5;:4)(5; 4]  A3( 9);

Gs= S[(5:3)(5:3)(4 D4 4] A( 8) S[(&4A: 4444 4] A3 8);

Gs= S[(3:12)(3;2)(3:2)(3;2)] A3( 5) S[(5:1)3:3)(3;3)(3;:3)] A( 6);

G2 = S[(3;1)(2;2)(2;2)(2;2)] A% 4) SIBLHEHE22)(22)] A( 4);

G1=S[2 )21 1] A% 3);

Go = A:

7. Case of 3(P?> P? P?

Proposition 7.1. The variety 3(P> P? P? = 3(PA PB  PC) is arithmetically
Cohen-Macaulay. Its ideal is generated in degree four by thenodule S;11A  S>11B S211C
which arises from Strassen's commutation condition. (A priori there are three copies obtained
this way but they are all isomorphic submodules #*(A B C).)

Remark 7.2 In [3] it is stated without proof that Strassen's equations generate the ideal of
3(P2 P2 P?). In personal communication, the authors informed us that their assertion
comes from a Macaulay?2 calculation similar to the one Hal Sahnck calculated for us below.

Proof. Let A = Sym(A B C)andlet| denote the ideal generated by Strassen’'s polynomials.
We thank Hal Schenck for calculating the minimal free resoldion of A =1 (using Macaulay?2 [4])
which we denoteG with terms as follows:

G :0! A( 15) A3 12)1 A 11)1 AP 10)! AZB3( 9) A( 6)!

I A3 6) A?/( 51 A?( 4! A:

Since codim 3(P?> P? P?) =6, the ideal is ACM. If we show that it is generically reduced,
then by applying Theorem 2.4 we see it is reduced. But we knowy[9] that it de nes the secant
variety set-theoretically, so it has to be the de ning ideal.

Let a;;ax;a3 be a basis ofA and similarly for B;C. Let jx denote coordinates on
A B C withrespecttothe basesandleix=[a; b c+tay b, cot+taz b3 32 3
which corresponds to the point with i = 1 and all other coordinates zero. The conormal space
to 3 at x is given by the span ofd jx jx with i;j;k distinct. We must show that the di eren-
tials of the polynomials coming from Strassen's equations ige all of these. By symmetry it is
su cient to show they give one of these.

Following [6], write

T=a X+a Y a Z
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where X;Y;Z are represented as 3 3 matrices with respect to bases oB ;C , then

X _ N .
Pi(T)=  ( DI*MdetX (Y Z§  Yvezl)
jik
where XE is X with its j-th row and k-th column removed. The polynomials Pog; P3s; are
obtained by exchanging the roles ofX respectively with Y;Z.
For example, dPisijx = O unlesss = 2;t =3 or s = 3;t = 2. In the rst case one obtains

dPi123jx = d 123 and in the second one obtaingdP135jx = d 132. In general, for distinct i;j; k ,
dPjk jx = d jk and it is zero otherwise.

Theorem 1.3 follows by observing that expressing the resotion in terms of modules, if
S,A S ,B S ,CoccursinsomeG;j, thatthe rstpartof each j islessthan 6. As mentioned
above, this can be read o of the equivariant form of the resolition (which can be deduced from
the Macaulay?2 printout) or determined by dimension consideations or more directly using the
top piece of the resolution

Ge = S[(5;5;5)(5;5,5)(5;5;5)] SI(6;3;3)(4;4,4)(4;4,4)]

and noting that here all the partitions have all parts 6 as required, as in the proof of Theorem
1.2.

Remark 7.3. The equivariant form of the resolution G is as follows: Let @;b;9(d;e;f)(g;h;i)

denote the tensor productSpan.9gA  Sidef)B  S(gin;i)C. The terms in the resolution G have
to be symmetric under permuting the spacesA; B; C so we denote byS|[(a; b; 9(d;e;f)(g; h;i)]

the direct sum of all distinct tensor products of Schur functors which are obtained from a given
one by permutations of A;B; C . The terms are as follows:

Ge = S[(5;5,5)(5;5,5)(5;5;5)] SI[(6;3;3)(4;4;4)(4; 4, 4)];

Gs = S[(5;3;3)(4;4,3)(4;4;3)] S|[(4,4,3)(4;4,3)(4;4,3)];
Gs=S[(433)(442)(4:42)] S[(43,3)(4;33)(4 3 3);

Gz = S[(4;41)(3;33)(3;33)] S[(4;32)(4;3,2)(3;33)] SI[(3;3;3)(3;3;3)(3;3; 3)]

S[(2;2,2)(2;2,2)(2; 2, 2)];

G2=S[(411)(2,22)(2;2,2)] S[(2:2,1)(2;2,1)(2;2,1)];

G1=S[(2,1;1)(2,1,1)(2; 1;1)];

Go = S[(0;0;0)(0; 0; 0)(0; 0; 0)]:

This can be deduced from the Macaulay printout by analyzing the weights of basis elements in
the resolution.
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