DETERMINANTAL EQUATIONS FOR SECANT VARIETIES AND THE
EISENBUD-KOH-STILLMAN CONJECTURE
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Abstract. We address special cases of a question of Eisenbud on the ideals of secant varieties
of Veronese re-embeddings of arbitrary varieties. Eisenbud’s question generalizes a conjecture
of Eisenbud, Koh and Stillman (EKS) for curves. We prove that set-theoretic equations of small
secant varieties to a high degree Veronese re-embedding of a smooth variety are determined by
equations of the ambient Veronese variety and linear equations. However this is false for singular
varieties, and we give explicit counter-examples to the EKS conjecture for singular curves. The
techniques we use also allow us to prove a gap and uniqueness theorem for symmetric tensor
rank. We put Eisenbud’s question in a more general context about the behaviour of border rank
under specialisation to a linear subspace, and provide an overview of conjectures coming from
signal processing and complexity theory in this context.

1. Introduction
The starting point of this paper was the observation that aspects of conjectures and questions
originating in signal processing, computer science, and algebraic geometry all amounted to assertions regarding linear sections of secant varieties of Segre and Veronese varieties. In this paper
we focus on linear sections of Veronese varieties to (i) reduce a question of Eisenbud regarding
arbitrary varieties to the case of projective space, (ii) give explicit counter-examples to a 20
year old conjecture of Eisenbud, Koh and Stillmann (Conjecture 1.2.1), and (iii) prove a uniqueness theorem for tensor decomposition (Theorem 1.5.1) that should be useful for applications to
signal processing (more precisely, blind source separation, see, e.g. [18]).
We work over the base field of complex numbers C.
By a variety, we mean an algebraic integral scheme over the complex numbers. All our
varieties will be projective, a reader outside of algebraic geometry may simply think of a variety
as the zero set of a collection of homogeneous polynomials in a projective space. An interested
reader may easily generalise some of our results to reduced projective schemes.
1.1. Secant varieties of Veronese re-embeddings. Fix a projective variety X ⊂ PV , an
integer r ≥ 1 and choose a sufficiently large d ∈ N. The main objective of this paper is to
compare the r-th secant variety of d-th Veronese embeddings of X and PV , denoted, respectively,
σr (vd (X)) and σr (vd (PV )). Here and throughout the article, for Y ⊂ PN , the r-th secant variety
σr (Y ) is defined as
[
σr (Y ) =
hy1 , . . . , yr i ⊂ PN
y1 ,...,yr ∈Y

PN

where hy1 , . . . , yr i ⊂
denotes the linear span of the points y1 , . . . , yr and the overline denotes
Zariski closure. The d-th Veronese embedding is denoted vd : PV → P(S d V ).
Since σr (vd (X)) is contained in σr (vd (PV )) and also in hvd (X)i, the linear span of vd (X), it
is contained in the intersection:
(1.1)

σr (vd (X)) ⊂ σr (vd (PV )) ∩ hvd (X)i
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Our first result is that for smooth X and d sufficiently large, the above inclusion is (settheoretically) an equality. Let Got(hX ) denote the Gotzmann number of the Hilbert polynomial
of X, see Proposition 2.1.2.
Theorem 1.1.1. Let X ⊂ Pn be a smooth subvariety and let r ∈ N. For all d ≥ r −1+Got(hX ),
one has the equality of sets

σr (vd (X)) = σr (vd (Pn )) ∩ hvd (X)i red ,
where (·)red denotes the reduced subscheme.
We expect that the equality of sets in the theorem is really an equality of ideals, that is the
defining ideal of σr (vd (X)) is equal to the sum of ideals of σr (vd (X)) and hvd (X)i. Evidence for
the equality of ideals is given by work in progress by Weronika Buczyńska, Mateusz Michalek
and the first named author.
Theorem 1.1.1 is motivated by a question of Eisenbud, which we review in Section 1.2, and
questions arising in applications comparing, for a projective variety Z, the scheme σr (Z) ∩ L
with σr (Z ∩ L) where L is a linear space, see §1.3 below. We prove Theorem 1.1.1 in Section 2.2.
The proof is based on the Gotzmann regularity property — see Proposition 2.1.2. The main
new ingredient in the proof is the following lemma.
Lemma 1.1.2 (Main Lemma). Let X ⊂ Pn be a subscheme. Suppose d ≥ r − 1 + Got(hX ) and
R ⊂ Pn is a 0-dimensional scheme of degree at most r. Then hvd (R)i ∩ hvd (X)i = hvd (R ∩ X)i.
The application
of the lemma to the proof of Theorem 1.1.1 is as follows: If p ∈ σr (vd (Pn )) ∩

hvd (X)i is on a secant Pr−1 spanned by r distinct points in vd (Pn ), let R denote the zero
dimensional scheme consisting of the r points, considered as points in Pn , so that p ∈ hvd (R)i.
Then by Lemma 1.1.2, p ∈ hvd (R ∩ X)i, that is p is on a secant Pt−1 to vd (X), where t =
#(R ∩ X) ≤ r. More work must be done to deal with the case when p is not on an honest
secant Pr−1 , but the main idea is the same. The issue of the smoothability of zero-dimensional
schemes comes into the picture, and we show that the smoothness hypothesis in Theorem 1.1.1
is needed:
Theorem 1.1.3. For any q and r ≥ 2, there exist irreducible, singular varieties X ⊂ PV such
that σr (vd (X)) 6= σr (vd (Pn )) ∩ hvd (X)i red as sets, and moreover σr (vd (X)) is not cut out settheoretically by equations of degree at most q for all d ≥ 2r − 1. Explicit examples of curves
with this property are given in §3.3 and §3.5.
A more precise result is stated in Theorem 1.4.2 below. There we explain what type of
singularities are needed to obtain the inequality σr (vd (X)) 6= σr (vd (Pn )) ∩ hvd (X)i, and what
type of singularities are needed to have σr (vd (X)) defined by equations of high degrees.
If X has at worst hypersurface singularities and r ≤ 2, we show that the conclusion of Theorem
1.1.1 still holds, see Theorem 3.2.2. We also show (Theorem 3.2.1) that it holds “locally” for
arbitrary X, in the sense that σr (vd (X)) is an irreducible component of σr (vd (Pn )) ∩ hvd (X)i.
These results generalize essentially verbatim to reducible X.
1.2. Background and history. D. Mumford [37, p. 32, Thm 1] observed that if X ⊂ PV is a
projective variety, and one takes a sufficiently large Veronese re-embedding of X, vd (X) ⊂ PS d V ,
then vd (X) will be cut out set-theoretically by quadrics (in fact quadrics of rank at most four),
and moreover, that if X is smooth, the ideal of vd (X) will be generated in degree two. P. Griffiths
[28, Thm p. 271] remarked further that with d as above, and X smooth, the embedding v2d (X)
will be cut out set-theoretically by the two by two minors of a matrix of linear forms. These
results were generalized to ideal-theoretic equations of minors for arbitrary schemes by J. Sidman
and G. Smith [43, Thm 1.1].
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More generally, let L1 , L2 be ample line bundles on an abstract variety X. The map

φLd ⊗Le : X → P H 0 (X, Ld1 ⊗Le2 )∗
1

2

will be an embedding for d, e sufficiently large. Write V1 = H 0 (X, Ld1 )∗ , V2 = H 0 (X, Le2 )∗ , so
there is a map V1∗ ⊗V2∗ → H 0 (X, Ld1 ⊗Le2 ) given on decomposable elements by multiplication
of sections. Let W ∗ denote the image of the map, so there is an inclusion W ⊂ V1 ⊗V2 , and
φLd ⊗Le (X) ⊂ PW . Under this inclusion, the image of X lies in the Segre variety Seg(PV1 × PV2 )
1
2
of rank one elements intersected with PW (see, e.g. [22, pp 513–514], [36, §1.2]). The ideal of the
Segre is generated in degree two by the two by two minors, i.e., Λ2 V1∗ ⊗Λ2 V2∗ , so these minors
provide equations for X ⊂ PW .
In the above setting, σr (φLd ⊗Le (X)) ⊂ σr (Seg(PV1 × PV2 )), and thus equations for the latter
2
1
give equations for the former. With this in mind, define
I(Rankr (Ld1 , Le2 )) ⊂ Sym(W ∗ )

(1.2)

to be the ideal generated by the image of the r + 1 by r + 1 minors. Note that in general
I(Rankr (Ld1 , Le2 )) need not be radical, or even saturated.
The following conjecture is due to D. Eisenbud, J. Koh, and M. Stillman [22, p. 518, Equation (*)].
Conjecture 1.2.1 (EKS conjecture (1988)). Let C be a reduced, irreducible curve, let L1 , L2
be ample line bundles on C. Then there exists a “good constant” r0 depending only on the
genus of C and the Li such that there is an equality of ideals
I(σr (φLd ⊗Le (C))) = I(Rankr (Ld1 , Le2 ))
1

2

for all r ≤ r0 (d, e). Moreover r0 tends to infinity as d, e → ∞.
Conjecture 1.2.1 was proved set-theoretically in the case C is a smooth curve in [40], and
scheme-theoretically for smooth curves in [25]. Moreover, sharp bounds on d, e were given in
terms of the genus of the curve. Theorem 1.1.3 provides counter-examples to Conjecture 1.2.1
for singular varieties.
To relate Conjecture 1.2.1 to the first paragraph of this subsection, take C ⊂ PV , L1 =
L2 = OC (1) and r = 1. More generally, if r ≥ 1, then W ⊂ S d+e V ⊂ S d V ⊗S e V and the
corresponding equations are the so called symmetric flattenings or catalecticant minors studied
first by Sylvester, see [31] for a history.
Conjecture 1.2.1 was generalized to higher dimensions by D. Eisenbud in the form of a question:
Question 1.2.2 (Eisenbud’s question (unpublished)). Let X be a projective variety, let L1 , L2
be ample line bundles on X. Fix r. Do there exist infinitely many sufficiently large d, e such
that I(σr (φLd ⊗Le (X))) = Rankr (Ld1 , Le2 )?
1

2

In light of Theorem 1.1.3, one should add the hypothesis that X is smooth to this question.
See also [43, Conj. 1.2] for a similar conjecture. The question was discussed by D. Eisenbud
many times in conversation and was communicated to us in an informal e-mail.
A result announced by A. Iarrobino and V. Kanev in [31, Cor. 6.36] provides a negative answer
to the question of Eisenbud already in the case X = Pn and L1 = L2 = O(1) for n ≥ 4 and
r sufficiently large. This is a consequence of [31, Thm 6.34], which is quoted from a paper by
Y. H. Cho and A. Iarrobino [16] that was posted on the arXiv in 2011. Additional results in
this direction (both affirmative and negative) appear in [5, Thms 1.1, 1.4].
One special case where Eisenbud’s question has a positive answer comes from work of Geramita
and Raicu. In the case where L1 = L2 = O(1) and r = 2, it was known that whenever d ≥ 2 and
e ≥ 2, the equations of Rank2 (Ld1 , Le2 ) cut out σ2 (vd+e (Pn )) scheme-theoretically. It was further
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known that these equations, plus the equations of Rank2 (L11 , Ld+e−1
), generated the entire ideal
2
of this secant variety. A. Geramita conjectured in [24, p. 155] that the second collection of
equations were superfluous, and this was proven by Raicu in [39, Thm 5.1].
In [43, Conj. 1.2], a slightly different form of the question is stated as a conjecture that involves
only one line bundle which is required to be sufficiently ample.
The Eisenbud-Koh-Stillman conjecture and the question of Eisenbud were stated in the idealtheoretic setting, i.e., the two schemes in question had the same ideals. One could attempt
to address the weaker scheme, or set-theoretic problems. Another weaker form of the problem
would be simply to determine, if the ideal of σr (φLd ⊗Le (X)) is generated in degree r + 1, or
1
2
even weaker, that σr (φLd ⊗Le (X)) is cut out set-theoretically by equations of degree r + 1. It
1
2
is this last statement, in the special case where one begins with X ⊂ PV and only considers
Veronese re-embeddings, i.e., L1 = L2 = OPV (1)|X , that came to our attention because of its
connections with conjectures originating in signal processing and theoretical computer science
that we explain below. By Theorem 1.1.3, we should restrict attention to smooth varieties. Thus
we focus on the following special case:
Let X ⊂ PV be a smooth variety, and fix r ∈ N. Do there exist infinitely many d such that
σr (vd (X)) is cut out set-theoretically by equations of degree r + 1?
Theorem 1.1.1 implies that the answer to this question is affirmative if it is affirmative for
X = PV .
Thus it remains to resolve the following question:
Question 1.2.3. Let V = Cn+1 and fix a natural number r. Does there exist an integer d0 =
d0 (n, r), such that for infinitely many (or even all) d ≥ d0 , there exists an ideal I ⊂ Sym(S d V ∗ )
generated in degrees at most r + 1, such that the (reduced) subvariety in P(S d V ) consisting of
the zero locus of I is σr (vd (PV ))?
The equations of secant varieties of Veronese embeddings of PV are studied intensively, see
[36] for the state of the art in spring 2011. The strongest result related to Question 1.2.3 is
in [5, Thm 1.1]. There W. Buczyńska and the first named author proved that for r ≤ d, e
and either r ≤ 10 or n ≤ 3, the catalecticant minors (1.2) are enough to define σr (vd+e (Pn ))
set-theoretically, and thus in these cases Question 1.2.3 has an affirmative answer. In general,

d
, see [36, §1.3], [31, Thms 4.5A,
σr (vd (PV )) is a component of a Rank locus for r ≤ b 2 c+n
n
4.10A].
Remark 1.2.4. There is little information known about ideals of secant varieties: for any nondegenerate variety, the ideal of its r-th secant variety is empty in degree r [33, Lemma 2.2] and
for certain special examples, e.g. sub-cominuscule varieties (see [34, §5]) which include quadratic
Veronese varieties and two-factor Segre varieties, the ideal is known to be generated in degree
r + 1 for all r.
1.3. How we were led to these questions. For many applications, one needs defining equations for secant varieties to Segre and Veronese varieties. A typical problem that arises in
applications is as follows: one is handed a tensor and needs to decompose it into a minimal
sum of rank one tensors. It is natural to generalize this decomposition to arbitrary varieties as
follows:
Definition 1.3.1. Let X ⊂ PV be a reduced scheme and let p ∈ hXi.
• Define RX (p) (the X-rank of p) to be the minimal number r, such that p ∈ hp1 , . . . , pr i
for some points pi ∈ X. (Note that σr (X) ⊂ PV is the closure of the set of points in
hXi of X-rank at most r.)
• Define RX (p) (the X-border rank of p) to be the minimal number r, such that p ∈ σr (X).
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When X is a Segre or Veronese variety, the X-rank is the smallest number r of rank one terms
needed for a decomposition, and the X-border rank is the smallest r needed if one is statisfied
with a decomposition accurate within an  of one’s choosing.
We consider RX and RX as functions hXi → N and if L ⊂ hXi, then RX |L and RX |L denote
the restricted functions.
Definition 1.3.2. Let X ⊂ PV be a variety and L ⊂ PV be a linear subspace. Let Y :=
(X ∩ L)red .
• We say (X, L) is a rank preserving pair or rpp for short, if hY i = L and RX |L = RY as
functions.
• We say (X, L) is a border rank preserving pair or brpp for short, if hY i = L and
RX |L = RY as functions, i.e., σr (X) ∩ L = σr (Y ) for all r.
• Similarly we say (X, L) is a rppr (respectively, a brppr ) if RX (p) = RX∩L (p) for all
p ∈ L with RX (p) ≤ r (respectively, σs (X) ∩ L = σs (Y ) for all s ≤ r).
Note that one always has RX (p) ≤ RX∩L (p) and RX (p) ≤ RX∩L (p).
Theorem 1.1.1 may be rephrased in this language:
Theorem 1.3.3 (rephrasing of Theorem 1.1.1). For all smooth subvarieties X ⊂ PV and all
r ∈ N, there exist an integer d0 such that for all d ≥ d0 , the pair (vd (PV ), hvd (X)i) is a brppr .
Strassen’s conjecture. In complexity theory one is interested in finding upper and lower
bounds for the number of operations required to execute a bilinear map. One is especially
interested in the particular bilinear map matrix multiplication. V. Strassen [44, p. 194, §4,
Vermutung 3] asked if there exists an algorithm that simultaneously computes two different
matrix multiplications, that costs less than the sum of the best algorithms for the individual
matrix multiplications. If not, one says that additivity holds for matrix multiplication. Similarly,
define additivity for arbitrary bilinear maps.
Conjecture 1.3.4 (Strassen). [44, p. 194, §4, Vermutung 3] Additivity holds for bilinear maps.
This may be rephrased as:
Conjecture 1.3.5 (Strassen). Let Aj be vector spaces Write Aj = A0j ⊕ A00j and let L =
P((A01 ⊗ · · · ⊗ A0k ) ⊕ (A001 ⊗ · · · ⊗ A00k )) Then
(X, L) = (Seg(PA1 × · · · × PAk ), P((A01 ⊗ · · · ⊗ A0k ) ⊕ (A001 ⊗ · · · ⊗ A00k )))
is a rpp.
Comon’s conjecture. In signal processing one is interested in expressing a given tensor as sum
of a minimal number of decomposable tensors. Often the tensors that arise have symmetry or at
least partial symmetry. Much more is known about symmetric tensors than general tensors so it
would be convenient to be able to reduce questions about tensors to questions about symmetric
tensors. In particular, if one is handed a symmetric tensor which has symmetric rank r, can it
have lower rank as a tensor?
Conjecture 1.3.6 (Comon). [19] The tensor rank of a symmetric tensor equals its symmetric
tensor rank. That is, for p ∈ PS d V , considering S d V ⊂ V ⊗d , Rvd (PV ) (p) = RSeg(PV ×···×PV ) (p).
This may be rephrased as:
Conjecture 1.3.7 (Comon). Let dim Aj = a for each j and identify each Aj with a vector space
A. Consider L = P(S k A) ⊂ A1 ⊗ · · · ⊗ Ak . Then
(X, L) = (Seg(PA × · · · × PA), P(S k A))
is a rpp.
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Our project began with the idea to study these problems simultaneously. We have included
a discussion of these related conjectures in the hope of bringing them to the attention of the
community of algebraic geometers. A few general results on rank and border rank preserving
pairs are given in §4. Other results have appeared elsewhere: [8, Rem. 2.3], [8, Thm 7.1], [7,
Cor. 1.10], and [9, Rem. 2.3] or [35, Exercise 3.2.2.2].
Border rank versions. In the cases of the conjectures of Comon (1.3.7) and Strassen (1.3.5),
it is natural to ask the corresponding questions for border rank. For Strassen’s conjecture, this
has already been answered negatively:
Theorem 1.3.8 (Schönhage). [41] The pair
(X, L) = (Seg(PA × PB × PC), (A0 ⊗B 0 ⊗C 0 ) ⊕ (A00 ⊗B 00 ⊗C 00 ))
is not a brpp starting with the case dim A ≥ 5 = 2 + 3, dim B ≥ 6 = 3 + 3, dim C ≥ 7 = 6 + 1 ,
where the splittings into sums give the dimensions of the subspaces A0 , A00 , etc.
See [35, §11.2] for a discussion of Schönhage’s theorem.
1.4. A more precise version of Theorem 1.1.3. For a reduced scheme X ⊂ PV and a point
x ∈ X, the tangent star of X at x, Tx? X ⊂ PV is defined to be the union of the points on the
P1 ’s obtained as limits in the Grassmannian G(1, PV ) of P1x(t),y(t) ’s spanned by points x(t), y(t),
with x(t), y(t) ∈ X and x(0) = y(0) = x. Alternatively, consider the incidence correspondence
SX := {(x, y, z) ∈ X × X × PV | z ∈ hx, yi},
let ψ : SX → X × X, µ : SX → PV denote the projections, then Tx? X = µ(ψ −1 (x, x)). Note
that if x ∈ X is a smooth point, then hTx? Xi is the embedded tangent projective space and
Tx? X = hTx? Xi (but the converse does not hold).
Definition 1.4.1. Let I ⊂ Sym(V ∗ ) be a homogeneous ideal, and suppose Y ⊂ PV is a
reduced subscheme. Let Z = Z(I) ⊂ PV be the scheme defined by I and let Zred be the
reduced subscheme. We say I componently defines Y , if Y is a union of some of the irreducible
components of Zred . In case Y is irreducible, this just means Y is an irreducible component of
Zred .
Theorem 1.4.2. Let X ⊂ PV be a subvariety and let x ∈ X be a singular point. Suppose r ≥ 2
and let d ≥ 2r − 1.

(i) If Tx? X 6= hTx? Xi, then σr (vd (X)) 6= σr (vd (Pn )) ∩ hvd (X)i red .
?
(ii) Suppose I(Tx? X) is the defining
Suppose for some
Lq ideal ?of the tangent star in hTx Xi.
? X (this happens for
q, the homogeneous parts
I
(T
X)
componently
define
T
x
i=0 i x
instance if the ideal I(Tx? X) is trivial in degrees ≤ q and Tx? X 6= hTx? Xi). Then
σr (vd (X)) is not defined set-theoretically by equations of degree ≤ q.
We prove Theorem 1.4.2 in §3.4.
1.5. A uniqueness theorem for symmetric tensor rank. The following theorem is a consequence of Lemma 1.1.2. On one hand, it may be viewed as a generalization of the theorem
of Comas and Seguir [17] that states if the rank of a point in P(S d C2 ) is larger than its border
rank, and the border rank is small, the rank must be at least b d2 c + 2. (Their theorem gives more
precise information about ranks.) On the other hand, it also gives a criterion for uniqueness of
an expression of a point as a sum of d-th powers that does not rely on a general point assumption
(e.g. [14], [15]) or a Kruskal-type test [32].
Theorem 1.5.1. Let p ∈ PS d V . If Rvd (PV ) (p) ≤ d+1
2 , i.e., the symmetric tensor rank of p is
d+1
at most 2 , then Rvd (PV ) (p) = Rvd (PV ) (p) and the expression of p as a sum of Rvd (PV ) (p) d-th
powers is unique (up to trivialities).
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We prove Theorem 1.5.1 in §2.2.
Remark 1.5.2. In contrast to the Veronese case, such a result does not hold for Segre varieties
Seg(PV1 × · · · × PVk ) ⊂ P(V1 ⊗ · · · ⊗ Vk ). When k = 2 rank equals border rank and there is no
uniqueness, and when k > 2 elements of border rank two can have rank 2, 3, . . . , k.
Overview. In §2 we first review facts about Hilbert schemes, including Gotzmann’s regularity
result, and explain the relationship between the study of the smoothable component of the
Hilbert scheme with the study of secant varieties. We then give the proofs of results concerning
smooth varieties. In §3 we discuss the cases of singular varieties, first positive results and then
we construct explicit counter examples to the EKS conjecture. We conclude, in §4, with a brief
collection of examples of (b)rpp’s and examples of pairs which are not (b)rpp.
Acknowledgments. We thank Daniel Erman, Kyungyong Lee, Zach Teitler and Gavin Brown
for their hints and patient help with scheme theory, particularly zero-dimensional schemes and
their Hilbert schemes, David Eisenbud for discussing his question with us, Giorgio Ottaviani for
his suggestion to write down a complete intersection example, Frank-Olaf Schreyer and Vivek
Shende for useful discussions, in particular references regarding Gorenstein schemes, and for
suggesting the equivalence in Lemma 3.2.4. We also thank Roland Abauf and the referee for
many useful suggestions to improve the exposition.
2. Proofs of positive results
2.1. Hilbert schemes and regularity. Let X ⊂ PV be a subscheme.
Notation.
• hXi ⊂ PV denotes the scheme-theoretic linear span of X.
• Xred denotes the reduced subscheme of X.
• I(X) ⊂ Sym(V ∗ ) denotes the homogeneous, saturated ideal defining of X. The d-th
homogeneous piece of I(X) is denoted Id (X) ⊂ S d V ∗ . The ideal sheaf of X is denoted
by IX ⊂ OPV , so that H 0 (IX (d)) = Id (X).
• For a positive integer d the d-th Veronese reembedding of X, denoted vd (X) ⊂ PS d V ,
is the subscheme defined by the ideal in Sym(S d V ∗ ) which is the kernel of the following
composition:
d

∗

Sym(S V ) =

∞
M
k=0

k

d

∗

S (S V ) 

∞
M
k=0

kd

∗

S V ,→

∞
M

S d V ∗ = Sym(V ∗ )  Sym(V ∗ )/I(Y ).

k=0

Note that for a scheme X ⊂ PV the linear span hXi is equal to P(I1 (X)⊥ ), i.e., the projective
zero locus of the linear part of I(X). In particular, hvd (X)i = P(Id (X)⊥ ) ⊂ PS d V . It is a
standard fact that vd (X) is isomorphic to X as an abstract scheme, see, e.g., [29, Chapter 2,
Theorem 2.4.7] or [30, Ex. II 5.13].
For a review on Hilbert schemes, Hilbert polynomials, Hilbert functions, and regularity see,
e.g., [38] and references therein.
Given a projective subscheme X ⊂ PV with ideal sheaf IX , we say IX is δ-regular, if H i (IX (δ−
i)) = 0 for all i > 0. Serre’s vanishing theorem implies that every X ⊂ PV has a δ-regular ideal
sheaf for sufficiently large δ.
Proposition 2.1.1. Suppose IX is δ-regular with δ ≥ 0.
(i) IX is also d-regular for all d ≥ δ.
(ii) H i (OX (d)) = 0 for d ≥ δ − i and i > 0.
(iii) If hX is the Hilbert polynomial of X, then h0 (OX (d)) = hX (d) for all d ≥ δ − 1.
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J. BUCZYŃSKI, A. GINENSKY, AND J.M. LANDSBERG

Proof. Part (i) is explained in [38, Lem. 2.1(b)] with F = IX ⊂ OPV . Part (ii) follows from the
long exact cohomology sequence of
(2.1)

0 → IX (d) → OPV (d) → OX (d) → 0.

Part (iii) follows from (ii), keeping in mind that the Hilbert polynomial is also an Euler characteristic.

Gotzmann’s regularity theorem gives a bound on how large δ must be for IX to be δ-regular.
This bound depends only on the Hilbert polynomial of X, which is essential for our purposes.
Proposition 2.1.2 (Gotzmann’s regularity, [26]). Suppose P is the Hilbert polynomial of a
subscheme X ⊂ PV . Then there exists a unique natural number Got(P ) such that
Got(P ) 
X d + ai − i + 1 
P (d) =
ai
i=1

for some a1 ≥ a2 ≥ .. ≥ aGot(P ) ≥ 0. Moreover IX is Got(P )-regular. In particular:
• if X 0 ⊂ PV is another scheme with the same Hilbert polynomial P , then IX 0 is also
Got(P )-regular.
• if R ⊂ PV is a zero-dimensional scheme of degree r, then IR is r-regular.
The number Got(P ) is called the Gotzmann number of P . For an exposition of the proof, see
[4, Thm 4.3.2] or [27, Thm 3.11].
Lemma 2.1.3. Suppose X ⊂ PV is a subscheme with Hilbert polynomial hX and IX is δregular. Then for d ≥ δ − 1 and d > 0:
dim hvd (X)i + 1 = h0 (OX (d)) = hX (d).
In particular, if R is a zero-dimensional scheme of degree r, and d ≥ r − 1 then dim hvd (R)i =
r − 1.
Proof. Since all the higher cohomologies vanish, the short exact sequence (2.1) gives rise to a
short exact sequence of sections. The codimension of hvd (X)i in P(S d V ) is equal to h0 (Id (X)).
Thus dim hvd (X)i + 1 = h0 (OPV (d)) − h0 (Id (X)) = h0 (OX (d)) and the claim follows. The +1
is just the difference between projective and vector space dimensions.

The following lemma is elementary, but we include a complete proof for the benefit of readers
whose main background is outside of algebraic geometry.
Lemma 2.1.4 (Additivity of Hilbert polynomials). Suppose X, R ⊂ PV are two subschemes.
Suppose hX , hR , hX∩R and hX∪R are respectively the Hilbert polynomials of X, R, X ∩ R and
X ∪ R. Then:
hX∩R = hX + hR − hX∪R .
If in addition R is zero-dimensional, then X ∪ R is (Got(hX ) + t)-regular where t = deg R −
deg(X ∩ R).
Proof. For d sufficiently large, all the higher cohomologies vanish in the following short exact
sequence:
0 → OX∪R (d) → OX (d) ⊕ OR (d) → OX∩R (d) → 0.
The additivity claim follows.
To see the second claim, let

Got(hX ) 
X
d + ai − i + 1
hX (d) =
ai
i=1
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as in Proposition 2.1.2. Set aGot(hX )+1 = · · · = aGot(hX )+t = 0 and note:
Got(hX )

hX∪R (d) = hX (d) + t =

X



i=1
Got(hX )+t 

=

X
i=1




d + ai − i + 1
d+0−i+1
+t·
ai
0

d + ai − i + 1
.
ai

Thus by uniqueness of Got(hX∪R ) in Proposition 2.1.2, we must have Got(hX∪R ) = Got(hX ) +
t.

For a projective reduced scheme X, let Hr (X) denote the union of all the irreducible components of the Hilbert scheme Hilbr (X) of degree r dimension 0 subschemes of X, which contain
r distinct points. In case X is a variety, Hr (X) is irreducible too. Also if Y ⊂ X, then
Hr (Y ) ⊂ Hr (X). Schemes that are in Hr (X) are called smoothable in X (because there exists
a flat irreducible deformation to a smooth scheme). It is an interesting and non-trivial problem
to determine when Hilbr (X) = Hr (X), and to identify the schemes that are in Hr (X) if the
equality does not hold— see, e.g., [10], [23] and references therein.
Proposition 2.1.5. Suppose R is a zero-dimensional scheme of finite length r and X and Y are
two smooth projective varieties. If R can be embedded in X and in Y , then R is smoothable in
X if and only if R is smoothable in Y .
See [5, Prop. 2.1]. Alternatively, analogous statements are [11, Lem. 2.2], or [10, Lem. 4.1],
or [2, p.4] or [23, p.2].
The smoothable component Hr (X) is relevant to our study because of its relation to secant
varieties:
Lemma 2.1.6. Let X ⊂ PV be a reduced scheme that is not a set of less than r points, and let
d ≥ r − 1. Let p ∈ PS d V . Then p ∈ σr (vd (X)) if and only if there exists a scheme R ∈ Hr (X)
such that p ∈ hvd (R)i.
Proof. By Lemma 2.1.3, the d-th Veronese re-embedding of any zero dimensional scheme R of
degree at most r, vd (R) will span a (r − 1)-dimensional linear (projective) subspace. With this
in mind, the claim becomes [3, Prop. 11]. See also [5, Prop. 2.7].

2.2. Proofs of the main lemma and the uniqueness theorem. Fix an integer r and a
subscheme X ⊂ PV . Let d0 = Got(hX ) + r − 1. Then, if R ⊂ PV is a zero-dimensional scheme
of degree at most r, IX , IR , IX∩R and IX∪R are (d0 + 1)-regular by Propositions 2.1.1(i), 2.1.2
and Lemma 2.1.4.
Recall that Lemma 1.1.2 states that for d ≥ d0 the following equality of linear spans holds:
hvd (R)i ∩ hvd (X)i = hvd (R ∩ X)i.
Proof of Lemma 1.1.2. Let d ≥ d0 , let R ⊂ PV be a subscheme of degree at most r. Since
hvd (X ∩ R)i ⊆ hvd (X)i ∩ hvd (R)i trivially holds, to prove equality, it is enough to prove that the
dimension of the left hand side equals the dimension of the right hand side.
Since IX , IR , IX∩R and IX∪R are d + 1-regular, it follows from Lemmas 2.1.3 and 2.1.4 that
dim hvd (X ∩ R)i = hX∩R (d) − 1 = hX (d) + hR (d) − hX∪R (d) − 1
= (dim hvd (X)i + 1) + (dim hvd (R)i + 1) − (dim hvd (X ∪ R)i + 1) − 1
= dim hvd (X)i + dim hvd (R)i − dim hvd (X) ∪ vd (R)i
= dim (hvd (X)i ∩ hvd (R)i).
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The following is a consequence of Lemma 1.1.2 (with X = Q):
Corollary 2.2.1. Suppose p ∈ PS d V and that R, Q ⊂ PV are two zero-dimensional schemes,
such that p ∈ hvd (R)i and p ∈ hvd (Q)i for some d ≥ deg(R ∪ Q) − 1. Suppose furthermore, that
R is minimal in the following sense: for any R0 $ R we have p ∈
/ hvd (R0 )i. Then R ⊂ Q.
Proof. Apply Lemma 1.1.2 with X = Q, and d0 = deg(R ∪ Q) − 1. Thus p ∈ hvd (R ∩ Q)i, and
by the assumption that R is minimal, R ∩ Q = R.

Proof of Theorem 1.5.1. Suppose p ∈ PS d V is such that r := Rvd (PV ) (p) ≤ d+1
2 . Thus there
exists a zero dimensional smooth scheme R ⊂ PV , which is a union of r distinct reduced points,
such that p ∈ hvd (R)i. Note that R is minimal in the sense of Corollary 2.2.1. Let Q ⊂ PV be
any other zero-dimensional subscheme such that p ∈ hvd (R)i and deg Q ≤ r. Then Q = R by
Corollary 2.2.1.
The first claim of the theorem is that Rvd (PV ) (p) = r. Were the border rank smaller than r,
by Lemma 2.1.6 there would exist a smoothable zero dimensional scheme Q ⊂ PV of length less
than r, such that p ∈ hvd (Q)i, a contradiction. The second claim of the theorem is that R is
unique, which was proved above.

2.3. Proof of Theorem 1.1.1. We start by introducing the following notation.
Notation 2.2. Given a reduced scheme X ⊂ PV , let
Σdr (X) := σr (vd (PV )) ∩ hvd (X)i


red

where (·)red denotes the reduced subscheme.
Theorem 1.1.1 states that Σdr (X) = σr (vd (X)) for d ≥ d0 = Got(hX ) + r − 1. First we reduce
the theorem to Lemma 2.3.1 below, and then we discuss methods necessary to prove the lemma.
Proof of Theorem 1.1.1. Suppose X is smooth and p ∈ Σdr (X), so that by Lemma 2.1.6 there
exists a zero-dimensional smoothable subscheme R ⊂ PV of degree at most r, such that p ∈
hvd (X)i ∩ hvd (R)i. Lemma 1.1.2 implies p ∈ hvd (X ∩ R)i. Since smoothability of a zerodimensional scheme is a local property, the components of R which have support away from X
are redundant, in the sense that we can replace R with the union of only those components of R
that have support on X. Thus, without loss of generality, assume Rred ⊂ X and also deg R = r
for simplicity of notation.
Note that if R is not reduced, then this does not necessarily imply that R ⊂ X. In fact, it
is possible to construct smoothable R such that X ∩ R is not smoothable. We outline how to
construct such an example in a separate note [6], as it is not necessary for the content of this
paper. Instead we will construct another smoothable scheme Q, such that X ∩ R ⊂ Q ⊂ X
and deg Q = deg R. In general Q is not necessarily isomorphic to R as an abstract scheme (for
instance, Q might have smaller embedding dimension than R). The existence of Q will follow
from Lemma 2.3.1 below. Thus p ∈ hvd (Q)i and by Lemma 2.1.6, p ∈ σr (vd (X)) as claimed.
The other inclusion σr (vd (X)) ⊂ Σdr (X) always holds.

Lemma 2.3.1. Suppose X ⊂ PV is a smooth subvariety and R ⊂ PV is a smoothable zero
dimensional subscheme of degree r, whose support is contained in X. Then there exists a zero
dimensional smoothable subscheme Q ⊂ X of degree r containing R ∩ X.
To prove the lemma we will use some elementary analytic methods. It might be possible
to avoid the analytic methods by using formal neighbourhoods instead, however there is one
missing ingredient which we were not able to find references for (see Question 2.3.5 below).
b := Spec C[[t]] and
Notation 2.3. Let D ⊂ C denote be a small open analytic disk. Also let D
•
−1
b := Spec C[[t]][t ] (which is the spectrum of the field of fractions of C[[t]]).
D
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A reader with more differential-geometric background may wish to think of Spec C[[t]] as of a
sufficiently small (or infinitesimally small) analytic disk in C around 0 (the disk may get smaller
b• ⊂ D
b should be thought of as an (infinitesimally
during the arguments) with coordinate t, and D
b
b
small) punctured disk D \ {0}. Formally, as set D consists of two points: the closed point 0 ∈ D
•
b corresponding to the
corresponding to the maximal ideal (t) ⊂ C[[t]], and the generic point D
ideal (0).
In the algebraic category we have the following lemma, which gives a simple criterion for
flatness in the case we are interested in. The lemma is a slight rephrase of [30, Prop. III.9.8]. In
b
our case C in the lemma will be either a smooth quasiprojective curve or D.
Lemma 2.3.2. Let C be a regular integral scheme of dimension 1, and let c ∈ C be a closed
point. Denote by C • := C \ {c}. Let R ⊂ PV × C be a closed subscheme. Suppose for each
(not necessarily closed) point t ∈ C \ {c} the fibre Rt over t is reduced and consists of r distinct
t-points. Let R ⊂ PV be the scheme such that the special fibre Rc over c ∈ C is equal to R×{0}.
In addition let R̃ := R \ Rc ⊂ PV × C, that is R̃ is the smallest reduced closed subscheme of
PV × C containing R \ Rc . Then:
(i) R̃ →C is flat;
(ii) R → C is flat, if and only if dim R = 0 and deg R = r, if and only if R = R̃;
Proof. By [30, Prop. III.9.8] and its proof the map R̃ → C is flat, thus (i) is proved. By the
same proposition R is flat if and only if R = R̃. Thus (ii) follows from the observation that
R̃ ⊂ R, dim R̃c = 0, and deg R̃c = r.

Next we explain what we mean by an analytic smoothing of a zero dimensional subscheme
R ⊂ Y (here Y will either be equal to X or to PV from Lemma 2.3.1).
Definition 2.3.3. Consider a subset R ⊂ Y × D, closed in the Euclidean topology.
Suppose:
• R = R( 1) ∪ · · · ∪ R( r) is a union of r subsets;
• each R( i) analytically locally is a zero set of a collection of holomorphic functions,
• each R( i) is mapped biholomorphically onto D via the restriction of projection Y ×D →
D.
• for each t ∈ D \ {0}, the preimage Rt is a collection of r distinct points.
In such a situation, it makes sense to study the special fibre R0 of R → D, as a finite subscheme
in PV ' PV × {0}. (One can use the theorems of GAGA, for instance [42, Thm 3, p. 20], but
this special case is much easier: near every point x of support of the fibre we have R0 defined by
an ideal generated by a collection of holomorphic functions, in such a way that a power of the
maximal ideal of x is contained in the ideal, so the holomorphic functions can be chosen to be
polynomials.) We say that R is an analytic smoothing of a subscheme R ⊂ Y if R0 = R × {0}.
b of R, to be the subscheme
Given R an analytic smoothing of R ⊂ Y , we define a completion R
b
R of Y ×D locally defined by the same power series as Taylor expansions of holomorphic functions
defining R in Y × D. Note that the completion has the following properties:
b 0 is R × {0};
• the special fibre R
b • over D
b • is reduced and consists of r = deg R distinct D
b • -points;
• the generic fibre R
Lemma 2.3.4. Suppose R ⊂ Y is a zero dimensional subscheme of Y . The following conditions
are equivalent:
• R is smoothable in Y ;
• there exists an analytic smoothing R ⊂ Y × D of R.
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b ⊂ Y × D,
b such that the special fibre R
b 0 is R × {0} and the
• there exists a subscheme R
•
•
•
b over D
b is reduced and consists of r distinct D
b -points.
generic fibre R
Proof. First suppose R is smoothable in Y , so that R is in Hr (Y ), and there exist a quasiprojective curve C and a map C → Hr (Y ), such that general point of C is mapped to the locus
of the Hilbert scheme representing r distinct points and a special point c0 ∈ C is mapped to
R ∈ Hr (Y ). Precomposing with the normalisation of C, we may assume C is smooth. Consider
the pullback RC of the universal family to C, that is a flat finite map RC → C, such that
RC ⊂ Y × C, with special fibre RC |c0 = R × {c0 } and a general fibre consisting of r distinct
(reduced) points. Note that RC is reduced by Lemma 2.3.2. Restricting RC → C to a small
disk D ⊂ C around c0 , we obtain an analytic smoothing R ⊂ Y × D.
b has the properties
Now suppose R ⊂ Y × D is an analytic smoothing. Then the completion R
as in the final item.
b → D
b is flat by
For the remaining implication we refer to [10, Lem. 4.1]. Note that R
Lemma 2.3.2.

Proof of Lemma 2.3.1. Let U1 ⊂ PV and U2 ⊂ X be two sufficiently small open analytic neighborhoods of the support of R (which by our assumption is contained in X). Since R ⊂ PV is
smoothable, by Lemma 2.3.4 there exists an analytic smoothing R ⊂ PV × D. Without loss of
generality, we may assume D is small enough so that R ⊂ U1 × D. Suppose also π : U1 → U2
is a holomorphic fibration such that π|U2 = idU2 . There are many such fibrations, provided U1
and U2 are sufficiently small. Locally around x ∈ R, one way to obtain them is by composing
the following holomorphic maps:
U1 → Tx PV → Tx X → U2 , where:
• U1 → Tx PV is a biholomorphism of U1 with an open neighborhood of 0 in Tx PV , such
that U2 is mapped into Tx X (this exists by the inverse function theorem, because X is
smooth);
• Tx PV → Tx X is any linear projection such that the restriction to Tx X is the identity;
• Tx X → U2 is defined in a small analytic neighborhood of 0 and is the inverse of U1 →
Tx PV restricted to U2 .
It is clear that we have a choice of linear projections Tx PV → Tx X, and a fibration π that arises
from a general such projection will have the following property (perhaps after replacing D with
a smaller disk):
• the r disjoint components of R \ R0 = R|D\{0} under π × idD\{0} are mapped to r
disjoint components in U2 × (D \ {0})
Let Q ⊂ X × D be the image (π × idD )(R). It is straightforward to verify that the properties of
Definition 2.3.3 are satisfied for the family Q, so Q is an analytic smoothing of its special fibre
Q ⊂ X, which is smoothable by Lemma 2.3.4. It remains to verify that R ∩ X ⊂ Q.
Informally speaking, π(R ∩ X) = R ∩ X, because π|U2 = idU2 and R ∩ X ⊂ U2 . Thus:
(2.4)

(R ∩ X) × {0} = π(R ∩ X) × {0} ⊂ (π × idD )(R) = Q

and thus R ∩ X ⊂ Q.
However formally π(R∩X) makes no sense, because R∩X and π belong to different categories.
One way to overcome this is to use the category of analytic spaces, another is to use completions
of local rings. We explain the latter method.
c1 be the disjoint union of Spec Ôx,PV over closed points x ∈ R, and analogously let U
c2
Let U
c1 → U
c2 using Taylor expansions of the
be the union of Spec Ôx,X . We can “restrict” π to π
b:U
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c1 and π
holomorphic functions defining π. Since R ⊂ U
b|Uc2 = idUc2 , we have π
b(R ∩ X) = R ∩ X
and the formally correct rewrite of (2.4) is:
b = Q.
b
(R ∩ X) × {0} = π
b(R ∩ X) × {0} ⊂ (b
π × idDb )(R)

The proof of Theorem 1.1.1 is now complete. If the answer to the following question is positive,
it would be possible to avoid using analytic methods and argue using the spectra of completions
of local rings instead of analytic neighborhoods in the proof.
b = Spec Ôx,X .
Question 2.3.5. Let X be a smooth variety, let x ∈ X be a point and let X
b
Suppose R ⊂ X is a zero dimensional subscheme of X supported at x. If R is smoothable in X,
then is it necessarily smoothable in X?
3. Extensions to singular varieties
Throughout this section we continue to use Notation 2.2.
For singular varieties the inclusion Σdr (X) ⊆ σr (vd (X)) may fail to be an equality (see §3.3–
3.5). In this section we study the inclusion in detail.
3.1. Properties of tangent star. We commence with a brief overview of elementary properties
of the tangent star defined in §1.4.
For a scheme X ⊂ PV and a closed point x ∈ X, the embedded affine Zariski tangent space
T̂x X ⊂ V may be defined by recalling that the (abstract) Zariski tangent space Tx X is a linear
subspace of Tx PV , and Tx PV = x̂∗ ⊗V /x̂. Here x̂ is the 1-dimensional subspace in V representing
x, and x̂∗ is the dual linear space, so that x̂∗ = O(1)x . The affine Zariski tangent space is the
inverse image of Tx X ⊗ x̂ in V . The projective Zariski tangent space PT̂x X ⊂ PV is its associated
projective space.
Proposition 3.1.1. Let X ⊂ PV be a reduced scheme, let v : PV → PW be an embedding (for
instance v = vd ), and let x ∈ X. Then:
Tx? X ⊂ PT̂x X
The derivative of v determines a linear isomorphism of PV = PT̂x (PV ) with PT̂v(x) v(PV ).
? v(X).
The isomorphism above maps Tx? X onto Tv(x)
A non-reduced subscheme R ⊂ X of degree 2 supported at x is uniquely determined by
a line x ∈ ` ⊂ PT̂x X.
(v) A scheme R as in (iv) is smoothable in X if and only if ` ⊂ Tx? X.
Properties (i)–(iii) are clear. (iv) follows from [21, §VI.1.3], see also [21, Example II-10] for
an elementary example. (v) follows from the definition of tangent star.
(i)
(ii)
(iii)
(iv)

3.2. Positive results for singular varieties. First we prove σr (vd (X)) is an irreducible component of Σdr (X).
Theorem 3.2.1. Suppose X ⊂ PV is a variety. If d ≥ max{2r − 2, r − 1 + Got(hX )}, then
σr (vd (X)) is an irreducible component of Σdr (X).
Proof. The set σr (vd (X)) is irreducible because X is. Let Σ be an irreducible component of
Σdr (X) containing σr (vd (X)). For a general point p ∈ σr (vd (X)), let p ∈ hvd (R)i, where R ⊂ X
consists of r distinct points, and p is not in the span of any of r − 1 of those points. We claim
p∈
/ σr−1 (vd (PV )). Suppose to the contrary that Q ⊂ PV is a zero-dimensional scheme of degree
≤ r − 1, such that p ∈ hvd (Q)i. Then Corollary 2.2.1 implies R ⊂ Q, a contradiction, since
deg R > deg Q.
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The set of points with vd (PV )-rank r is open in σr (vd (PV )) \ σr−1 (vd (PV )). Thus since
Σ ⊂ σr (vd (PV )), p ∈ Σ, p 6∈ σr−1 (vd (PV )), and p has vd (PV )-rank r, a general point p0 in Σ
also has vd (PV )-rank r. Let R0 be the union of r distinct points of PV such that p0 ∈ hvd (R0 )i.
By Lemma 1.1.2, p0 ∈ hvd (X ∩ R0 )i, and X ∩ R0 is smooth (hence trivially smoothable). Thus
p0 ∈ σr (vd (X)) and σr (vd (X)) = Σ as claimed.

Recall that a variety X ⊂ PV is said to have at most hypersurface singularities, if the dimension of its Zariski tangent space at any point is at most one greater than the dimension of
X.
Theorem 3.2.2. If X has only hypersurface singularities, and r = 2, then σr (vd (X)) = Σdr (X)
for all d ≥ d0 = Got(hX ) + 1.
We postpone the proof of the theorem until later in this subsection. Proposition 3.2.3 below
gives further, technical conditions that imply σr (vd (X)) = Σdr (X).
Proposition 3.2.3. Suppose X ⊂ PV is a reduced scheme and r is an integer such that:
A. All zero-dimensional subschemes R ⊂ X of degree r which are smoothable in PV are
also smoothable in X.
B. All (locally) Gorenstein zero-dimensional subschemes Q ⊂ X of degree q with q < r are
smoothable in PV .
Then σr (vd (X)) = Σdr (X) for all d ≥ d0 = Got(hX ) + r − 1.
Condition A is quite strong. It holds for smooth X, see Proposition 2.1.5. We observe in
Lemma 3.2.5 that the condition is satisfied in the situation of Theorem 3.2.2. On contrary, in
§3.3–§3.5 we use failure of condition A to produce counter-examples to the EKS Conjecture.
On the other hand, condition B is much milder — we list several cases when it is known
to hold in Lemma 3.2.6. In particular, in the situation of Theorem 3.2.2 it holds trivially, as
here q ≤ 1. We are also unaware of any situation when X is singular, condition A is satisfied,
but condition B fails to be satisfied. In fact, condition B might not be needed. For example,
condition B fails for smooth X with dim X ≥ 6 and r ≥ 15 (i.e., there exist non-smoothable
zero-dimensional Gorenstein schemes with embedding dimension 6 and of degree 14, see [31,
Cor. 6.21] or [5, §6]) yet for smooth X the equality holds in (1.1).
Before proving Proposition 3.2.3 we explain the relation of condition B with our problem in
the following lemma.
Lemma 3.2.4. Suppose Q ⊂ PV is a zero-dimensional subscheme of degree q. Let d ≥ q − 1 be
an integer. Then the following conditions are equivalent:
(i) Q is (locally) Gorenstein;
(ii) dim Hilbq−1
SQ = 0;
0
(iii) hvd (Q)i =
6
Q0 $Q hvd (Q )i.
Schemes satisfying (i) are studied intensively, see for instance [20, Chap. 21], [13], [12], [31].
Condition (iii) says that Q is minimal in the following sense: for a general p ∈ hvd (Q)i there
exists no smaller Q0 ⊂ Q such that p ∈ hvd (Q0 )i. We thank Frank-Olaf Schreyer and Vivek
Shende for (independently) pointing out to us the equivalence of (i) and (ii).
Proof. Conditions (i) and (ii) are local, i.e., they hold for Q if and only if they hold for all
connected components of Q. Thus to prove the equivalence of (i) and (ii) we may assume Q is
supported at one point and hence the structure ring OQ is a local algebra of finite dimension
over C.
Let m be the maximal ideal in OQ and s be the socle of OQ , that is the annihilator of m
in OQ (see [20, p. 522]). Now a subscheme of length
n is defined by an ideal of dimension

q − n; consequently, Hilbq−1 Q = P HomOQ (C, OQ ) . Here C = OQ /m, thus the image of any
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homomorphism C → OQ is contained in the socle s. On the other hand, any f ∈ s determines
a homomorphism C → OQ , by sending 1 7→ f . Thus dim Hilbq−1 Q = 0, if and only if
dim HomOQ (C, OQ ) = 1 if and only if the socle of OQ is one-dimensional, if and only if Q is
Gorenstein (see [20, Prop. 21.5a&c]).
To prove the equivalence of (ii) and (iii) note that:
(a) Hilbq−1 Q is a projective scheme;
(b) if Q00 $ Q is a non-trivial subscheme,
exists a subscheme Q0 of degree q − 1
S then there
00
0
0
such that Q ⊂ Q ⊂ Q and thus Q0 $Q hvd (Q )i is the same if we restrict the union to
only Q0 of degree q − 1;
(c) if Q0 , Q00 ⊂ Q are two subschemes and Q0 6= Q00 , then hvd (Q0 )i =
6 hvd (Q00 )i, because
d ≥ q − 1, see Lemma 2.1.3;
(d) Since d ≥ q − 1, for all Q0 ⊂ Q (including Q0 = Q), we have dim hvd (Q0 )i = deg Q0 − 1.
S
Thus, if dim Hilbq−1 Q = 0, then dim Q0 $Q hvd (Q0 )i is q − 2, so this union cannot be equal to
hvd (Q0 )i.
S
On the contrary, if dim Hilbq−1 Q > 0, then Q0 $Q hvd (Q0 )i is swept out by a projective,
positive dimensional family of distinct linear subspaces of dimension q − 2, thus it is closed and
of dimension at least q − 1. Since it is always contained in hvd (Q)i (which is irreducible and of
dimension q − 1), it follows that
[
hvd (Q0 )i = hvd (Q)i.
Q0 $Q


Proof of Proposition 3.2.3. Suppose

p ∈ Σdr (X) := hvd (X)i ∩ σr (vd (PV )) red ,
so that by Lemma 2.1.6 there exists a zero-dimensional smoothable subscheme R ⊂ PV of degree
at most r, such that p ∈ hvd (X)i ∩ hvd (R)i. By Lemma 1.1.2, also p ∈ hvd (X ∩ R)i. If X ∩ R is
smoothable in X, then p ∈ σr (X) by Lemma 2.1.6. So suppose Q is the minimal subscheme of
X ∩ R, such that p ∈ hvd (Q)i and set q := deg Q.
By the minimality of Q, the hypotheses of Lemma 3.2.4(iii) hold for Q, thus Q is Gorenstein
by Lemma 3.2.4(i). Now either Q = R, and then it is smoothable in X by A, or q < r,
and then Q is smoothable in PV by B. Note that condition A also holds for R replaced with
Q ∪ {x1 , . . . , xr−q }, where the xi are distinct points, disjoint from the support of Q. Thus Q is
smoothable in X.

The following Lemmas determine situations when conditions A and B are satisfied.
Lemma 3.2.5. Suppose X ⊂ PV is a reduced scheme and r = 2. If Tx? X = PT̂x X for all x ∈ X
(for instance, X has at worst hypersurface singularities), then condition A is satisfied.
Proof. A scheme R of degree 2 is either a disjoint union of 2 points (which is trivially smoothable) or R is a double point supported at x ∈ X. In the second case the result follows from
Proposition 3.1.1(iv) and (v).

Lemma 3.2.6. Suppose X ⊂ PV is a subscheme and r ≤ 11 or X can be locally embedded into
a smooth 3-fold. Then condition B is satisfied.
Proof. If r ≤ 11, then q ≤ 10, and zero-dimensional Gorenstein schemes of degree at most 10
are smoothable, see the main theorem in [13]. If X can be locally embedded into a smooth
3-fold, then also the embedding dimension of any Q ⊂ X is at most 3 at each point, and a
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zero-dimensional Gorenstein scheme that can be embedded in P3 is smoothable by [12, Cor. 2.4]
and thus Q is also smoothable in PV by Proposition 2.1.5.

Theorem 3.2.2 follows from Proposition 3.2.3 as conditions A and B hold by Lemmas 3.2.5
and 3.2.6. We also remark, that both conditions A and B hold for any r when X is an irreducible
curve with at most planar singularities, that is X can be locally embedded into a smooth surface
— see [1, Thm 5 and Cor. 7].
Here is another consequence of Corollary 2.2.1.
Corollary 3.2.7. Suppose Condition B of Proposition 3.2.3 holds for some r and X = PV .
Then for all p ∈ σr (vd (PV )), p ∈
/ σr−1 (vd (PV )) and d ≥ 2r − 1, the scheme R of degree r such
that p ∈ hvd (R)i is unique.
The hypotheses of Corollary 3.2.7 hold in all dimensions when r ≤ 11 and for all r when
dim PV ≤ 3 by Lemma 3.2.6. It fails to hold for when both r and dim(PV ) are large, see
comments and references after Proposition 3.2.3
Proof. Let R ⊂ PV be a smoothable zero-dimensional scheme of degree r such that p ∈ hvd (R)i.
Suppose R0 ⊂ R is a subscheme such that p ∈ hvd (R0 )i and suppose R0 is minimal with this
property. Condition B implies that R0 is smoothable. Since p ∈
/ σr−1 (vd (PV )), we have R0 = R
and R is minimal. Thus by Corollary 2.2.1, the scheme R is unique as claimed.

3.3. Explicit examples of curves. Let X ⊂ PV be a reduced scheme. Recall the incidence
correspondence SX from §1.4 and note that σ2 (X) = µ(SX ), and dim Tx? X ≤ 2 dim X.
Consider the case X is the union of two lines that intersect in a point y. Then Ty? X = PT̂y X
is a P2 .
Now let X be the union of three lines in P3 = PV that intersect in a point y and are otherwise
in general linear position, e.g., the lines corresponding to coordinate axes in affine space. (That
is, give P3 coordinates [x0 , x1 , x2 , x3 ] and take the union of lines which is given by xi xj = 0 for
all 1 ≤ i < j ≤ 3, i.e., each line is xi = xj = 0 for some 1 ≤ i < j ≤ 3.) Then Ty? X is the union
of three P2 ’s, but hTy? Xi = P3 . Consider vd (X), for d ≥ 3. If we label the coordinates in S d V in
d−2 2
d−1
?
?
order xd0 , x0d−1 x1 , xd−1
0 x2 , x0 x3 , x0 x1 , . . ., then hTvd (y) vd (X)i = hTvd (y) vd (PV )i is the span of
the first four coordinate points and Tv?d (y) vd (X) is the union of the P2 ’s spanned by the duals of
d−1
?
xd0 , xd−1
0 xi , x0 xj , 1 ≤ i < j ≤ 3. Consider the point z = [1, 1, 1, 1, 0, . . . , 0] ∈ hTvd (y) vd (X)i. It
lies in σ2 (vd (PV )), but it is not in σ2 (vd (X)). To prove this, note that the scheme R of degree
two defining z as an element of σ2 (vd (PV )) is unique by Corollary 3.2.7, but R is obtained by xd0
?
and the tangent vector in the direction of xd−1
0 (x1 + x2 + x3 ) and the latter is not in Tvd (y) vd (X).
So R is not smoothable in X by Proposition 3.1.1(v).
Thus σ2 (vd (X)) is not defined by the equations inherited from σ2 (vd (P3 )). However, it is
defined by cubics, namely the cubics inherited from σ2 (vd (P3 )) and those defining the union of
the three P2 ’s in PS d V .
Finally let Xk be the union of k ≥ 4 lines in P3 = PV that
 intersect at a point y but are
otherwise in general linear position. Then Ty? Xk is a union of k2 P2 ’s, and thus is a hypersurface


of degree k2 in hTy? Xk i = PV . As above, Tv?d (y) vd (Xk ) is also a union of k2 P2 ’s, namely the
linear spaces whose tangent spaces are the images of the tangent spaces to the P2 ’s in Ty? Xk under
the differential of the Veronese. And as above, hTv?d (y) vd (Xk )i = hTv?d (y) vd (P3 )i = PT̂vd (y) vd (P3 )
will be the P3 ⊂ PS d V that they span (see Proposition 3.1.1(iii)), and a general point of
hTv?d (y) vd (Xk )i will not be in σ2 (vd (Xk )). This provides an explicit construction of a sequence

of reduced schemes such that the ideal of σ2 (vd (Xk )) has generators in degree k2 for all d ≥ 3.
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To obtain irreducible varieties, it is sufficient that they locally look like the above example
near a point y. To be explicit, take for example, a rational normal curve C ⊂ Pn (with n = k +2)
and a linear subspace W ' Pk−1 ⊂ Pn , spanned by k general points on C. Then choose a general
hyperplane H ' Pk−2 ⊂ W and let π : Pn \ H → P3 be the projection away from H. Then W
is mapped to a single point and X := π(C) is a degree n irreducible curve with singularity
isomorphic
 to k general intersecting lines and for any d ≥ 3, one needs equations of degree at
least k2 to define σ2 (vd (X)), even set-theoretically.
In the next section we show that for d sufficiently large, the same examples work for all r.
In §3.5 we present further counter-examples, which are complete intersections.
3.4. Proof of Theorem 1.4.2. Recall that in Theorem 1.4.2 we give conditions on singularities
of X that force σr (vd (X)) 6= Σdr (X) and conditions that force some of the defining equations
of σr (vd (X)) to be of high degree. In the proof we intersect both σr (vd (X)) and Σdr (X) with
a linear space W , which for r = 2 is just the projective tangent space at a sufficiently singular
point PT̂x vd (X). We show there is enough of difference between σr (vd (X)) ∩ W and Σdr (X) ∩ W
to prove the theorem.
In the first lemma below we describe Σdr (X) ∩ W , while in the next lemma we describe
σr (vd (X)) ∩ W .
Lemma 3.4.1. Let X ⊂ PV be a variety, let r ≥ 2, let d ≥ 1, and let x, y1 , . . . , yr−2 ∈ vd (X)
be r − 1 disjoint points. Then
W := hPT̂x vd (X) ∪ {y1 , . . . , yr−2 }i ⊂ Σdr (X).
Proof. By definition Σdr (X) = (σr (vd (PV )) ∩ hvd (X)i)red . Note that
PT̂x vd (X) ⊂ PT̂x (vd (PV )) ⊂ σ2 (vd (PV ))
and thus W ⊂ σr (vd (PV )). Also W ⊂ hvd (X)i. Since W is reduced, the claim follows.



Lemma 3.4.2. In the setup of Lemma 3.4.1, suppose d ≥ 2r − 1. Let p ∈ W be a point which
is not contained in hPT̂x vd (X) ∪ ({y1 , . . . , yr−2 } \ {yi })i for any i. Then p ∈ σr (vd (X)) if and
only if p ∈ hx, z, y1 , . . . , yr−2 i for some z ∈ Tx? vd (X).
In other words (σr (vd (X)) ∩ W )red consists of the cone over Tv?d (x) vd (X) with vertex hy1 , . . . , yr−2 i
and possibly other components contained in hPT̂x vd (X) ∪ ({y1 , . . . , yr−2 } \ {yi })i for some i.
Proof. The tangent star is always contained in σ2 (vd (X)), thus one implication is easy as
σr (vd (X)) is the join of σ2 (vd (X)) and σr−2 (vd (X)).
To prove the other implication, suppose p ∈ σr (vd (X)). If p ∈ hx, y1 , . . . , yr−2 i, then z can be
taken to be x. Otherwise, let R ⊂ PV be a smoothable scheme of degree at most r, such that
p ∈ hvd (R)i and R is minimal with this property. By the uniqueness provided by Corollary 2.2.1,
R = Rz ∪ {y1 , . . . , yr−2 }, where Rz is the degree 2 scheme supported at x, and contained in the
line hx, zi for some z ∈ PT̂x (vd (X)). Since p ∈ σr (vd (X)), R is smoothable in X, and also Rz is
smoothable in X. So z is in the tangent star of vd (X) at x.

Proof of Theorem 1.4.2. If Tx? X 6= PT̂x X, then Lemmas 3.4.1 and 3.4.2 imply (i).
Suppose there do not exist equations of degree at most q that define componently Tx? X, as in
Definition 1.4.1. Thus the same holds for Tv?d (x) vd (X) ⊂ PT̂vd (x) vd (X) by Proposition 3.1.1(iii).
And equations of degree at most q are not enough to componently define the join of Tv?d (x) vd (X)
with a linear space.
Fix r − 2 distinct points y1 , . . . , yr−2 ∈ X \ {x}. Let W be as in Lemma 3.4.1.
An ideal I defining σr (vd (X)) must contain an ideal I 0 defining Σdr (X). Let J be the ideal
generated by linear equations of W . By Lemmas 3.4.1 and 3.4.2, I 0 + J = J, but I + J
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J. BUCZYŃSKI, A. GINENSKY, AND J.M. LANDSBERG

componently defines a cone over Tv?d (x) vd (X) in W with vertex hy1 , . . . , yr−2 i. Thus I needs
more equations than there are in I 0 , and our assumptions imply that equations of degrees at
most q are not enough.

We conclude that the counter-examples illustrated in §3.3 also work for r ≥ 3.
3.5. Singular complete intersection counter-examples. The examples in §3.3 are not local
complete intersections, and one could try to restrict the EKS conjecture only to such curves.
Yet, even singular complete intersections fail to satisfy the conjecture.
Suppose h and h0 are two general cubics in three variables x1 , x2 , x3 and let
f := x0 (x1 x2 − x2 x3 ) + h and f 0 := x0 (x1 x3 − x2 x3 ) + h0 .
In P3 consider the scheme X defined by f = f 0 = 0. It is a reduced complete intersection of two
cubics, as can be easily verified, for instance, by intersecting with the hyperplane x0 = 0. The
curve X is singular at x := [1, 0, 0, 0]. The tangent cone at x is given by
x1 x2 − x2 x3 = x1 x3 − x2 x3 = 0,
so it is the union of four lines through [1, 0, 0, 0] and one of the four points [0, 1, 0, 0], [0, 0, 1, 0],
[0, 0, 0, 1], [0, 1, 1, 1]. The tangent star in this case is the secant variety of the tangent cone, and
thus it is a union of 6 planes. Hence it is defined by a single equation of degree 6 and thus by
Theorem 1.4.2 the secant varieties σr (vd (X)) cannot be defined by equations of degree ≤ 5 when
d is sufficiently large.
Similarly, consider X ⊂ P3 to be a complete intersection of:
0

f := x0 s g + h and f 0 := x0 s g 0 + h0 ,
where g, g 0 , h, h0 are general homogeneous polynomials in x1 , x2 , x3 of degrees, respectively,
t, t0 , (s + t), (s0 + t0 ), with t, t0 ≥ 2. If t, t0 grow, then the degree of the defining equation of
the tangent star will grow too. Thus one has complete intersection counter-examples to the
EKS conjecture for arbitrary r ≥ 2.
4. rpp and brpp
4.1. General facts about rpp and brpp. Let G(k, PV ) denote the Grassmannian of Pk ’s in
PV .
Proposition 4.1.1. Suppose X ⊂ PV is a non-degenerate subvariety, L ∈ G(k, PV ) is general,
and dim(L) ≥ codim(X). If (X, L) is a rpp then it is a brpp.
Proof. The set of points of X-rank at most r, contains an open subset Ur of σr (X). By our
assumptions Ur ∩ L is not empty. Since (X, L) is a rpp, Ur consists of points of (X ∩ L)-rank at
most r. Moreover, σr (X) ∩ L is the closure of Ur ∩ L, because σr (X) ∩ L is irreducible. Therefore
σr (X) ∩ L ⊂ σr (X ∩ L) and since the other inclusion always holds, it follows (X, L) is a brpp. 
Recall that for a variety X ⊂ PV , dim σr (X) ≤ r(dim X + 1) − 1 and in a typical situation
either σr (X) = PV or the equality dim σr (X) = r(dim X + 1) − 1 holds. When neither of these
happens, we say σr (X) is defective, and we write δr (X) = r(dim X + 1) − 1 − dim σr (X), for the
r-th secant defect of X.
Proposition 4.1.2. Let X ⊂ PV with dim X ≥ k and assume δr (X) ≤ k(r − 1) − 1. Let
L ∈ G(dim V − k − 1, PV ) be general. Then (X, L) is neither a rpp nor a brpp.
Proof. The dimensions have been arranged such that dim σr (X ∩ L) < dim[σr (X) ∩ L], so there
is p ∈ σr (X) ∩ L such that p 6∈ σr (X ∩ L), showing (X, L) is not a brpp. Moreover since L is
general, it will have a non-empty intersection with the set of points in σr (X) of X-rank equal
to r, showing (X, L) is not a rpp either.
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4.2. Examples. The reader can easily verify the following:
Example 4.2.1. Let X = v3 (P1 ) ⊂ P(S 3 C2 ) ' P3 , and let L = P2 ⊂ P3 be a general plane.
Then (X, L) is neither a rpp nor a brpp.
Example 4.2.2. Let X ⊂ PV be a (reduced, irreducible) hypersurface, and let L be a linear
subspace such that h(X ∩ L)red i = L (for example L is a general linear subspace of a given
dimension). Then (X, L) is both a rpp and a brpp.
Example 4.2.3. Let X = v2 (P2 ) ⊂ P5 and let L ⊂ P5 be a general hyperplane. Then (X, L) is
a brpp but not a rpp.
To see this, note that a general hyperplane section of v2 (P2 ) is a v2 (v2 (P1 )) = v4 (P1 ). In
coordinates, v4 (P1 ) may be described as set of symmetric 3 × 3 matrices (xij ) of rank 1 with
x13 = x22 . The hypersurfaces σ2 (X) ⊂ P5 and σ2 (X ∩ L) ⊂ L are both given by the vanishing of
the determinant, and the 3rd secant variety is the ambient space, hence (X, L) is a brpp. On
the other hand x3 y ∈ S 4 C2 has rank 4 (see for instance [3, Thm 23]), but the maximal rank of
any point in S 2 C3 is three (because S 2 C3 is a space of quadrics in three variables, and quadrics
are diagonalizable) .
Proposition 4.2.4. Strassen’s conjecture 1.3.5 and its border rank version hold for X :=
Seg(P1 × PB × PC).
That is, for L := C ⊗ B 0 ⊗ C 0 ⊕ C ⊗ B 00 ⊗ C 00 ⊂ C2 ⊗ B ⊗ C, the pair (X, L) is both a rpp and
a brpp.
Proof. In this case X ∩ L = P0 × PB 0 × PC 0 t P0 × PB 00 × PC 00 . So any element in L is of the
form:
p := a1 ⊗ (b1 ⊗ c1 + · · · + bk ⊗ ck ) + a2 ⊗ (bk+1 ⊗ ck+1 + · · · + bk+l ⊗ ck+l ).
Here a1 , a2 is the basis of C2 determined (up to scale) by splitting C2 = C ⊕ C, b1 , . . . , bk are
vectors in B 0 , bk+1 , . . . , bk+l are vectors in B 00 and similarly for c1 , . . . , ck , C 0 , ck+1 , . . . , ck+l
and C 00 . We can assume that the bi ’s are linearly independent and the ci ’s as well so that
RX∩L (p) = RX∩L (p) = k + l. After projection P1 → P0 which maps both a1 and a2 to a single
generator of C1 , this element therefore becomes clearly of rank k + l. Hence both X-rank and
X-border rank of p are at least k + l.

Example 4.2.5 (Cases where brpp version of Comon’s conjecture holds). If σr (vd (Pn )) is defined
by flattenings, or more generally by equations inherited from the tensor product space, such as
the Aronhold invariant (which is a symmetrized version of Strassen’s equations) then the pair
as in Conjecture 1.3.7 will be a brppr . Set-theoretic defining equations for σr (vd (Pn )) are known
for d ≥ 2r − 1 and either n ≤ 3 or r ≤ 10, see [5, Thm 1.1]. They are also known classically in
the case σr (vd (P1 )) for all r, d. In all the known cases. the equations are indeed inherited.
Regarding the rank version, it holds trivially for general points (as the brpp version holds)
and for points in σ2 (vd (Pn )), as a point not of honest rank two is of the form xd−1 y, which gives
rise to x⊗ · · · ⊗ x⊗y + x⊗ · · · ⊗ x⊗y⊗x + · · · + y⊗x⊗ · · · ⊗ x. By [7, Prop. 1.1] one concludes.
If one would like to look for counter-examples, it might be useful to look for linear spaces M
such that M ∩Seg(Pn ×· · ·×Pn ) contains more than dim M +1 points but L∩M ∩Seg(Pn ×· · ·×Pn )
contains the expected number of points as these give rise to counter-examples to the brpp version
of Strassen’s conjecture.
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