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GENERALIZA TIONS OF STRASSEN'S EQUA TIONS F OR SECANT

V ARIETIES OF SEGRE V ARIETIES

J.M. LANDSBER G AND L. MANIVEL

Abstra ct. W e de�ne man y new examples of mo dules of equations for secan t v arieties of Segre

v arieties that generalize Strassen's comm utation equations [7]. Our mo dules of equations are

obtained b y constructing subspaces of matrices from tensors that satisfy v arious comm utation

prop erties.

1. Intr oduction

Let V ; A

1

; :::; A

n

b e v ector spaces o v er an algebraically closed �eld K of c haracteristic zero,

and let

S eg ( P A

1

� � � � � P A

n

) � P ( A

1


 � � � 
 A

n

)

denote the Se gr e variety of decomp osable tensors inside P ( A

1


 � � � 
 A

n

).

Let X � P V b e a pro jectiv e v ariet y . De�ne �

r

= �

r

( X ), the variety of se c ant P

r � 1

's to X b y

�

r

( X ) = [

x

1

;:::;x

r

2 X

P

x

1

;:::;x

r

where P

x

1

;:::;x

r

� P V denotes the linear space spanned b y x

1

; :::; x

r

(usually a P

r � 1

).

F or applications to computational complexit y , algebraic statistics and other areas, one w ould

lik e to ha v e de�ning equations for secan t v arieties of triple Segre pro ducts, in particular b ecause

the b order rank r of a bilinear map T : A

�

� B

�

! C is the smallest r suc h that [ T ] 2 �

r

( S eg ( P A �

P B � P C ). Here, and throughout this pap er, \de�ning equations" refers to set theoretic de�ning

equations.

De�ning equations are kno wn only for the follo wing cases: all secan t v arieties of the t w o

factor Segre (classical: these are just the ( r + 1) � ( r + 1) minors of the space of a � b matrices),

the n -factor Segre itself P A

1

� � � � � P A

n

� P ( A

1


 � � � 
 A

n

) (classical), its �rst secan t v ariet y

�

2

( P A

1

� � � � � P A

n

) [3], �

3

( P

a � 1

� P

b � 1

� P

c � 1

) [4], �

4

( P

2

� P

2

� P

2

) [7 ], �

r

( P

1

� P

b � 1

� P

c � 1

) [4 ]

and sev eral cases of the last non trivial secan t v ariet y of P

2

� P

b � 1

� P

b � 1

when the last non trivial

secan t v ariet y is a h yp ersurface [7 ].

Segre pro ducts and their secan t v arieties are in v arian t under the action of the group G =

GL ( A

1

) � � � � � GL ( A

n

) and th us their de�ning equations are b est describ ed as G -mo dules. In

[3 ] w e explained ho w one can systematically �nd G -mo dules in the ideal of the secan t v arieties

using represen tation theory . W e also observ ed that the expressions ev en for highest w eigh t

v ectors in the mo dules b ecome to o complicated to write do wn explicitly v ery quic kly , so there

are sev ere limits to the systematic approac h.

The equations for �

2

( P A

1

� � � � � P A

n

) ma y b e though t of as those coming from the t w o factor

case, that is, as minors of ordinary matrices b y considering, e.g., A 
 B 
 C as A 
 ( B 
 C ) and

taking the minors of the resulting a � bc matrix and p erm utations of suc h.

Strassen de�ned equations for �

3

( P A � P B � P C ) when b = c and a = 3 b y c ho osing a basis of

A

�

and con tracting tensors to obtain subspaces of B 
 C , and �nding closed conditions on suc h
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2 J.M. LANDSBER G AND L. MANIVEL

subspaces coming from tensors in �

3

( P A � P B � P C ). F rom this p ersp ectiv e, one could lo ok for

other closed conditions on suc h subspaces, whic h is one w a y to view our generalizations.

Another p ersp ectiv e on the equations for secan t v arieties is that in general, if X � Y , then

�

r

( X ) � �

r

( Y ) and the equations for �

2

( P A � P B � P C ) comes from the observ ation that

S eg ( P A � P B � P C ) � S eg ( P A � P ( B 
 C )).

More generally , one should lo ok for natural v arieties, whose de�ning equations are easily

describ ed, that con tain �

r

( P A � P B � P C ). F rom this p ersp ectiv e, our new equations are

induced b y equations of v arious t yp es of v arieties of subspaces of matrices that satisfy certain

comm utation prop erties.

F or a partition � of d , w e let S

�

A denote the corresp onding irreducible GL ( A ) mo dule and

�

�

A = S

�

0

A where �

0

is the conjugate partition to � . Our main result, theorem 4.2 , ma y b e

phrased as follo ws:

F or e ach r , and s su�ciently smal l ( s � r = 2 if r is even, s � r = 3 if r is o dd), we describ e an

explicit r e alization of the mo dule

S

r � s;s;s

A 
 �

r ;s

B 
 �

r ;s

C � S

r + s

( A 
 B 
 C )

as a mo dule of e quations of �

r

( P A

�


 P B

�


 P C

�

) , and e ach of these mo dules is indep endent in

the ide al of �

r

( P A

�


 P B

�


 P C

�

) .

(W e often rev erse the roles of v ector spaces with their duals to eliminate � -s from the mo dules

de�ning equations.)

The determination of the generators of the ideal of �

3

( P

a � 1

� P

b � 1

� P

c � 1

) in [4 ] relies on a

computer calculation to pro v e the �

3

( P

2

� P

2

� P

2

) case is generated b y Strassen's equations,

and this computer calculation w as originally announced in [1]. In x 5 w e giv e a computer free

pro of that the mo dules inherited from Strassen's equations giv e set-theoretic de�ning equations

for �

3

( P

a � 1

� P

b � 1

� P

c � 1

). A k ey p oin t in our pro of is the irreducibil it y of the v ariet y of pairs of

comm uting matrices. This irreducibili t y fails for triples of comm uting matrices. The follo wing

natural question app ears to b e closely related to our problem: Find e quations that char acterize

the irr e ducible c omp onent of the variety of triples of c ommuting matric es c ontaining triples of

r e gular semisimple matric es as an op en subset.

One can put our in v estigation in the broader con text of the study of the geometry of orbit

closures: let G b e a complex semi-simple group, let V = V

l

b e an irreducible G mo dule of

highest w eigh t l . Then Kostan t sho w ed that the ideal of the closed orbit G: [ v

l

] = G=P � P V is

generated in degree t w o b y V

2 l

?

� S

2

V

�

. If w e consider other G -v arieties in P V , what can w e

sa y ab out their de�ning equations?

1.1. Ov erview. In x 2 w e review inheritance and remark that using subsp ac e varieties (de�ned

in the section) the problem of determining de�ning equations of secan t v arieties of Segre v ari-

eties is reduced to the case of �

r

( P

r � 1

� � � � � P

r � 1

). In x 3 w e review Strassen's equations for

�

r

( P

2

� P

b � 1

� P

b � 1

), reform ulate them more in v arian tly , and describ e the mo dules of equa-

tions asso ciated to his conditions. In x 4 w e generalize Strassen's equations and state our main

result, theorem 4.2 . In x 5 w e sho w that our generalizations signi�can tly reduce the problem

of determining de�ning equations in some cases, in particular solving it when r = 3. In x 6 w e

generalize our approac h further and put it in a larger con text, that of a class of con tractions w e

call c o er cive . Finally in x 7 w e �nish the pro of of theorem 4.2 , sho wing that man y of the new

mo dules of equations w e de�ned are indeed non trivial.

2. Inherit ance and subsp a ce v arieties

2.1. Inheritance. W e review some facts from [3]. The v arieties �

r

( P A

�

1

� � � � � P A

�

n

), are

in v arian t under the action of the group G = GL ( A

1

) � � � � � GL ( A

n

). Th us their ideals are giv en
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b y direct sums of irreducible submo dules S

�

1

A

1


 � � � 
 S

�

n

A

n

� S

d

( A

1


 � � � 
 A

n

), where eac h

�

j

is a partition of d . If dim A

j

= a

j

then �

j

can ha v e at most a

j

parts. W e let l ( � ) denote

the n um b er of parts of the partition � . F or a v ariet y X � P V , w e let I

d

( X ) � S

d

V

�

denote the

comp onen t of the ideal of X in degree d .

Prop osition 2.1. [3 ] If an irr e ducible mo dule S

�

1

A

1


 � � � 
 S

�

n

A

n

� I

d

( �

r

( P A

�

1

� � � � � P A

�

n

)) ,

then for al l ve ctor sp ac es A

0

j

� A

�

j

, we have ( S

�

1

A

0

1


 � � � 
 S

�

n

A

0

n

)

�

� I

d

( �

r

( P A

0

1

� � � � � P A

0

n

)) .

Mor e over, a mo dule ( S

�

1

A

0

1


 � � � 
 S

�

n

A

0

n

)

�

wher e the length of e ach �

j

is at most a

j

is in

I

d

( �

r

( P A

0

1

� � � � � P A

0

n

)) i� the c orr esp onding mo dule is in I

d

( �

r

( P A

1

� � � � � P A

n

)) .

Th us a cop y of a mo dule S

�

1

A

1


 � � � 
 S

�

n

A

n

will b e in I ( �

r

( P

r � 1

� � � � � P

r � 1

)) i� the

corresp onding cop y of the mo dule S

�

1

C

l ( �

1

)


 � � � 
 S

�

n

C

l ( �

n

)

is in the ideal of �

r

( P

l ( �

1

) � 1

�

� � � � P

l ( �

n

) � 1

).

2.2. Subspace v arieties. Let S ub

b

1

;:::;b

n

� P ( A

�

1


 � � � 
 A

�

n

) denote the set of tensors T suc h

that there exists subspaces B

j

� A

�

j

with dim B

j

= b

j

and T 2 B

1


 � � � 
 B

n

. S ub

b

1

;:::;b

n

is

Zariski closed and its ideal is easy to describ e. I

d

( S ub

b

1

;:::;b

n

) is the direct sum of the mo dules

S

�

1

A

1


 � � � 
 S

�

n

A

n

suc h that S

�

1

A

1


 � � � 
 S

�

n

A

n

� S

d

( A

1


 � � � 
 A

n

) and the length of some

�

j

is greater than b

j

. (In [4 ] w e pro v e the generators of the ideal are indeed the exp ected ones.)

Assuming all the b

j

are equal to sa y b

0

, then S ub

b

0

;:::;b

0

is de�ned b y equations of degree

b

0

+ 1, namely all the mo dules in S

b

0

+1

( A

1


 � � � 
 A

n

) con taining an exterior p o w er of some A

j

.

In other w ords, as a set, S ub

r ;:::;r

is the in tersection of all the r -th secan t v arieties of 
attenings

of the form A

i


 ( A

1


 � � � 


^

A

i


 � � � 
 A

n

).

In particular, �

r

( P A

�

1

� � � � � P A

�

n

) � S ub

b

1

;:::;b

n

for all b

1

; :::; b

n

with b

i

� r . W e summarize

the ab o v e discussion:

Prop osition 2.2. De�ning e quations for �

r

( P A

�

1

� � � � � P A

�

n

) , when dim A

�

j

� r may b e obtaine d

fr om the union of the the mo dules inherite d fr om de�ning e quations for �

r

( P

r � 1

� � � � � P

r � 1

)

and de�ning e quations for S ub

r ;:::;r

.

R emark 2.3 . F or ordinary matrices, i.e., p oin ts in the tensor pro duct of t w o v ector spaces, there

is just one notion of rank, but it has sev eral generalizations to tensor pro ducts of sev eral v ector

spaces. The �rst is the minim um n um b er of monomials required to express a giv en tensor as

a sum of monomials, whic h is no w commonly called the r ank of the tensor. The second is the

smallest secan t v ariet y of the Segre v ariet y in whic h the tensor lies, whic h is called the b or der

r ank of the tensor. A third notion comes from Cayley's hyp er determinant , a higher dimensional

generalization of the determinan t. Already for P

1

� P

1

� P

1

this notion div erges from the previous

t w o, in the sense that ev ery tensor in P

1

� P

1

� P

1

has b order rank at most t w o, but the zero set of

the h yp erdeterminan t is a quartic h yp ersurface. F or P

2

� P

2

� P

2

the h yp erdeterminan t describ es

an irreducible h yp ersurface of degree 36 whereas �

4

( P

2

� P

2

� P

2

) is a h yp ersurface of degee 9.

The h yp erdeterminan ts induce \h yp er-minors" b y inheriting the corresp onding mo dules, but the

zero sets of these app ear to ha v e little relation with secan t v arieties. A fourth notion generalizes

to the subsp ac e varieties , b ecause T 2 A 
 B has rank r i� there exist A

0

� A , B

0

� B , b oth

of dimension r , with T 2 A

0


 B

0

. T ensors of b order rank r are in general only con tained in

S ub

r ;:::;r

.

3. Strassen's equa tions

3.1. Strassen's theorem. F or a tensor T 2 A 
 B 
 C and � 2 A

�

, let T

�

2 B 
 C denote the

con traction of T with � .
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Theorem 3.1 (Strassen) . [7] L et 3 � a � b = c � r . L et T 2 A 
 B 
 C and � 2 A

�

b e such

that r ank T

�

= b . F or al l �

1

; �

2

2 A

�

, c onsider the line ar maps T

�;�

j
: B ! B by c onsidering

T

�

: C

�

! B and T

�;�

j
= T

�

j
T

�

� 1

. If [ T ] 2 �

r

( P A � P B � P C ) , then

r ank [ T

�;�

1 ; T

�;�

2 ] � 2( r � b ) :

Mor e over for a generic tensor T 2 A 
 B 
 C , [ T

�;�

1
; T

�;�

2
] is of maximal r ank.

This theorem (together with an easy application of T erracini's lemma) implies �

4

( P

2

� P

2

� P

2

)

is a h yp ersurface. It also implies that the b order rank of the m ultiplication of m � m matrices is

at least

3 m

2

2

. Here is a pro of that is essen tially Strassen's, rephrased more in v arian tly to enable

generalizations.

Pr o of. First note that it is su�cien t to pro v e the result for T of the form T = a

1

b

1

c

1

+ � � � + a

r

b

r

c

r

as these form a Zariski op en subset of the irreducible v ariet y �

r

. Here a

j

2 A etc... and

a

j

b

j

c

j

= a

j


 b

j


 c

j

. Fix an auxiliary v ector space D ' C

r

and write T

�

: C

�

! B as a

comp osition of maps

C

�

i

� � � � ! D

�

�

� � � � ! D

p

� � � � ! B :

T o see this explicitly , if T = a

1

b

1

c

1

+ � � � + a

r

b

r

c

r

and w e assume b

1

; :::; b

b

, c

1

; :::; c

b

are bases

of B ; C , then letting d

1

; :::; d

r

b e a basis of D , w e ha v e i ( � ) =

P

r

j =1

� ( c

j

) d

j

, �

�

( d

j

) = � ( a

j

) d

j

,

for 1 � s � b w e ha v e p ( d

s

) = b

s

, and for b + 1 � x � r , writing b

x

= �

s

x

b

s

, then w e ha v e

p ( d

x

) = �

s

x

b

s

.

Let D

0

= i ( C

�

), write i

0

: C

�

! D

0

and set p

�

:= p j

�

�

( D

0

)

, so p

�

: �

�

( D

0

) ! B is a linear

isomorphism. Then w e ma y write T

�

� 1

= ( i

0

)

� 1

�

�

� 1

p

�

� 1

.

Note that rank [ T

�;�

1 ; T

�;�

2 ] = rank ( T

�

1 T

�

� 1

T

�

2 � T

�

2 T

�

� 1

T

�

1 ) b ecause T

�

is in v ertible. W e

ha v e

T

�

1 T

�

� 1

T

�

2 � T

�

2 T

�

� 1

T

�

1

= ( p�

�

1 i

0

)(( i

0

)

� 1

�

�

� 1

p

�

� 1

)( p�

�

2 i

0

) � ( p�

�

2 i

0

)(( i

0

)

� 1

�

�

� 1

p

�

� 1

)( p�

�

1 i

0

)

= p [ �

�

1 �

�

� 1

p

�

� 1

p�

�

2 � �

�

2 �

�

� 1

p

�

� 1

p�

�

1 ] i

0

= p�

�

� 1

[ �

�

1
p

�

� 1

p�

�

2
� �

�

2
p

�

� 1

p�

�

1
] i

0

where the last equalit y holds b ecause the �

�

's comm ute.

No w p

�

� 1

p j

�

�

( D

0

)

= I d , so write D = �

�

( D

0

) � D

00

, where w e c ho ose an y complemen t to

�

�

( D

0

) in D . W e ha v e dim D

00

= r � b and w e ma y write p

�

� 1

p = I d

�

�

( D

0

)

+ f for some map

f : D

00

! D . Th us

T

�

1
T

�

� 1

T

�

2
� T

�

2
T

�

� 1

T

�

1
= p�

�

� 1

[ �

�

1
f �

�

2
� �

�

2
f �

�

1
] i

0

and is therefore of rank at most 2( r � b ). �

3.2. T o w ards a more in v arian t form ulation of Strassen's theorem. As stated, there are

sev eral undesirable asp ects to Strassen's equations: the c hoices of �; �

1

; �

2

, the requiremen t that

� is suc h that T

�

in v ertible, and the w a y the equations are written mak es it di�cult to see what

equations will b e inherited from them when w e increase the dimensions of the spaces. Moreo v er,

sa y a = b = c , then w e can clearly c hange the roles of the spaces - are the new equations so

obtained redundan t or not?

A �rst step to w ards resolving these issues is to reconsider matrix m ultiplication and in v erses

more in v arian tly .

F or a linear map f : V ! W , let f

^ k

: �

k

V ! �

k

W denote the induced linear map. If

dim V = dim W = n and f is in v ertible, then as a tensor f

^ n � 1

= ( f

� 1

)

t


 det( f ). Recall that

for a v ector space of dimension n , that �

n � 1

V = V

�


 �

n

V , so if V ; W ha v e dimension n , then
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�

n � 1

V

�


 �

n � 1

W = Hom ( W ; V ) 
 �

b

V 
 �

b

W . f

^ n � 1

has the adv an tage o v er f

� 1

of b eing

de�ned ev en if f is not in v ertible.

F or T 2 A 
 B 
 C , let T

�

:= T

^ b � 1

�

2 �

b � 1

B 
 �

b � 1

C = �

b � 1

B 
 C

�


 �

b

C . W e ma y

con tract T

�


 T

�

j
2 �

b � 1

B 
 C

�


 �

b

C 
 B 
 C to an elemen t

T

�

�

j

2 �

b

B 
 C

�


 �

b

C 
 C = C

�


 C 
 �

b

B 
 �

b

C :

No w consider

T

�

�

1


 T

�

�

2

2 C

�


 C 
 C

�


 C 
 (�

b

B )


 2


 (�

b

C )


 2

and con tract on the second and third factors to obtain an elemen t of C

�


 C 
 (�

b

B )


 2


 (�

b

C )


 2

.

This con traction of course corresp onds to matrix m ultiplication, as do es con traction in the �rst

and fourth factor, whic h corresp onds to m ultiplying the matrices in the opp osite order. W e do

b oth con tractions and tak e their di�erence and call the result

[ T

�

�

1

; T

�

�

2

] 2 C

�


 C 
 (�

b

B )


 2


 (�

b

C )


 2

:

Strassen's theorem states that the rank of [ T

�

�

1

; T

�

�

2

] is at most 2( r � b ).

Equiv alen t to Strassen's observ ation that rank [ T

�;�

1 ; T

�;�

2 ] = rank ( T

�

1 T

�

� 1

T

�

2 � T

�

2 T

�

� 1

T

�

1 ),

w e can get a w a y with a lo w er degree tensor b y just con tracting once with T

�

to get elemen ts of

B 
 C 
 �

b

B 
 �

b

C .

T o eliminate the c hoices of �; �

1

; �

2

, w e ma y consider the tensor T

�

without ha ving c hosen

� as T

( � )

2 S

b � 1

A 
 �

b � 1

B 
 �

b � 1

C , whic h is obtained as the pro jection of ( A 
 B 
 C )


 b � 1

to the subspace S

b � 1

A 
 �

b � 1

B 
 �

b � 1

C . Similarly T

�

j
2 B 
 C , ma y b e though t of as T

( � )

2

A 
 B 
 C . W e then con tract

T

( � )


 T

( � )


 T

( � )

2 �

b � 1

B 
 �

b � 1

C 
 B 
 C 
 B 
 C 
 ( S

b � 1

A 
 A 
 A )

in t w o di�eren t w a ys, �rst con tracting the �rst factor with the third and the second with the

sixth to obtain an elemen t of B 
 C 
 ( S

b � 1

A 
 A 
 A ) 
 �

b

B 
 �

b

C , then con tracting the �rst

with the �fth and the second with the fourth. W e then tak e the di�erence of the t w o to obtain

an elemen t of B 
 C 
 �

b

B 
 �

b

C 
 ( S

b � 1

A 
 A 
 A ). Call the resulting tensor � ( T ), i.e.,

� 2 ( A

�


 B

�


 C

�

)


 b +1


 ( S

b � 1

A 
 �

2

A ) 
 �

b

B 
 B 
 �

b

C 
 C

and in fact descends to b e an elemen t of S

b +1

( A

�


 B

�


 C

�

) 
 ( S

b � 1

A 
 �

2

A ) 
 �

b

B 
 B 
 �

b

C 
 C .

The pro of of Strassen's theorem ma y b e rephrased in this language. W e lea v e this as an

en tertaining exercise for the reader. (Hin t: the Pl • uc k er relations for the Grassmannian G (2 ; r )

furnish the k ey to sho wing the b ound on the rank of the comm utator.)

3.3. Strassen's equations as mo dules. W e �rst determine whic h mo dules in

�

2

A 
 S

b � 1

A 
 �

b

B 
 B 
 C 
 �

b

C

map non trivially in to S

b +1

( A 
 B 
 C ), when w e use � to comp ose the inclusion

�

2

A 
 S

b � 1

A 
 �

b

B 
 B 
 C 
 �

b

C � ( A 
 B 
 C )


 b +1

with the pro jection ( A 
 B 
 C )


 b +1

! S

b +1

( A 
 B 
 C ).

Since here b = dim B = dim C , w e ha v e

�

2

A 
 S

b � 1

A 
 �

b

B 
 B 
 C 
 �

b

C = ( S

b; 1

A � S

b � 1 ; 1 ; 1

A ) 
 �

b; 1

B 
 �

b; 1

C

so there are t w o p ossible mo dules. By [4], S

b; 1

A 
 �

b; 1

B 
 �

b; 1

C do es not o ccur in the ideal of

�

r

( P

1

� P

b � 1

� P

c � 1

) so b y inheritance it cannot o ccur when dim A > 2 either, so w e are reduced

to a unique mo dule.

T aking minors corresp onds to taking exterior p o w ers in the B ; C factors and w e conclude:
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Prop osition 3.2. As mo dules, the e quations that imply

r ank [ T

�

�

1

; T

�

�

2

] � 2( r � b ) :

for al l choic es of �; �

1

; �

2

2 A

�

c orr esp ond to the image of the inclusion via � of

S

2( r � b )+1

( S

b � 1 ; 1 ; 1

A ) 
 �

2( r � b )+1

(�

b; 1

B ) 
 �

2( r � b )+1

(�

b; 1

C )

into S

(2( r � b )+1)( b +1)

( A 
 B 
 C ) . When r = b we obtain the single mo dule

S

b � 1 ; 1 ; 1

A 
 �

b; 1

B 
 �

b; 1

C :

F or P

2

� P

2

� P

2

w e obtain the same mo dules regardless of whic h factor w e use to mak e

the pro jections - all are the same cop y of S

211

A 
 S

211

B 
 S

211

C for the case of �

3

and of

S

333

A 
 S

333

B 
 S

333

C for the case of �

4

. This redundancy fails for larger dimensional pro jectiv e

spaces.

3.4. Example of Strassen's equations. W e write do wn a basis of the mo dules of p olynomials

corresp onding to S

b � 1 ; 1 ; 1

A 
 �

b; 1

B 
 �

b; 1

C . Let �

i

; �

j

; �

k

2 A

�

, let �

1

; :::; �

b

, �

1

; :::; �

b

b e bases

of B

�

; C

�

. Consider the tensor

P

i;j j k

s;t

= �

i

^ �

j


 ( �

k

)

b � 1


 �

1

^ � � � ^ �

b


 �

s


 �

1

^ � � � ^ �

b


 �

t

Applying � w e obtain (ignoring scalars)

( �

2


 �

3

� �

3


 �

2

) 
 ( �

1

)

b � 1


 (

X

j

( � 1)

j +1

�

^ �


 �

j


 �

s

) 
 (

X

k

( � 1)

k +1

�

^

k


 �

k


 �

t

)

= ( � 1)

j + k

[(( �

1

)

b � 1


 �

^ �


 �

^

k

) 
 ( �

2


 �

j


 �

t

) 
 ( �

3


 �

s


 �

k

)

� (( �

1

)

b � 1


 �

^ �


 �

^

k

) 
 ( �

3


 �

j


 �

t

) 
 ( �

2


 �

s


 �

k

)] :

If w e c ho ose dual bases for A; B ; C and write

T =

X

l

a

l


 X

l

where the a

l

are dual to the �

l

and X

l

are represen ted as b � b matrices with resp ect to the dual

bases of B ; C , then

P

i;j j k

s;t

( T ) =

X

u;v

( � 1)

u + v

(det X

^u

k ; ^v

)( X

u

i;t

X

s

j;v

� X

s

i;v

X

u

j;t

)

where X

^u

j; ^v

is X

j

with its u -th ro w and v -th column remo v ed.

4. Generaliza tions of Strassen's conditions

W e no w generalize Strassen's equations using our new p ersp ectiv e. Recall that the k ey p oin t

for Strassen's equations w as that con tracting a tensor T 2 A 
 B 
 C in t w o di�eren t w a ys

yielded tensors that almost comm ute when T 2 �

r

.

Consider, for s; t suc h that s + t � b and �; �

j

2 A

�

, the tensors

T

^ s

�

j

2 �

s

B 
 �

s

C ; T

^ t

�

2 �

t

B 
 �

t

C

(our old case w as s = 1 ; t = b � 1). W e ma y con tract T

^ t

�


 T

^ s

�

1


 T

^ s

�

2

to obtain elemen ts

of �

s + t

B 
 �

s + t

C 
 �

s

B 
 �

s

C in t w o di�eren t w a ys, call these con tractions  

s;t

�;�

1

;�

2

( T ) and

 

s;t

�;�

2

;�

1

( T ).
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No w sa y w e ma y write T = a

1


 b

1


 c

1

+ � � � + a

r


 b

r


 c

r

for elemen ts a

i

2 A , b

i

2 B , c

i

2 C .

W e ha v e

 

s;t

�;�

1

;�

2

( T ) =

X

j I j = s; j J j = t; j K j = s

h a

I

; �

1

ih a

J

; � ih a

K

; �

2

i ( b

I + J


 b

K

) 
 ( c

I


 c

J + K

) ;

where w e used the notation a

I + J

= a

I

^ a

J

etc.. F or this to b e nonzero, w e need I and J to

b e disjoin t subsets of f 1 ; : : : ; r g . Similarly , J and K m ust b e disjoin t. If s + t = r this implies

I = K . W e conclude:

Prop osition 4.1. F or T 2 �

s + t

( P A � P B � P C ) , for al l �; �

1

; �

2

2 A

�

 

s;t

�;�

1

;�

2

( T ) �  

s;t

�;�

2

;�

1

( T ) = 0 :

W e ha v e the bilinear map

(�

2

( S

s

A ) 
 S

t

A )

�

� ( A 
 B 
 C )


 2 s + t

! �

s + t

B 
 �

s + t

C 
 �

s

B 
 �

s

C :

whose image is  

s;t

�;�

1

;�

2

( T ) �  

s;t

�;�

2

;�

1

( T ). W e rewrite it as a p olynomial map

	

s;t

: A 
 B 
 C ! (�

2

( S

s

A ) 
 S

t

A ) 
 �

s + t

B 
 �

s + t

C 
 �

s

B 
 �

s

C :

If w e w an t to consider p olynomial equations on A 
 B 
 C , they are the image of the transp ose

of 	

s;t

. So just as with Strassen's equations, w e no longer need to mak e c hoices of elemen ts of

A

�

. The only catc h is w e don't y et kno w whether or not 	

s;t

( T ) is iden tically zero for all tensors

T . This is addressed in x 7.

W e write r = s + t and call the image of 	

s;r � s

the ( r ; s ) -c o er cive e quations .

The mo dules for the ( r ; s )-co erciv e equations are the irreducible submo dules of

�

2

( S

s

A ) 
 S

r � s

A 
 �

r

B 
 �

s

B 
 �

s

C 
 �

r

C

that map isomorphically in to S

r + s

( A 
 B 
 C ) under the transp ose of 	

s;t

. There are man y suc h

submo dules and w e can describ e them explicitly (see the form ulas (4 ) b elo w), but there is no easy

to implemen t form ula for the decomp osition of S

r + s

( A 
 B 
 C ). There are certain mo dules that

are easily seen to o ccur in b oth S

r + s

( A 
 B 
 C ) and �

2

( S

s

A ) 
 S

r � s

A 
 �

r

B 
 �

s

B 
 �

s

C 
 �

r

C ,

and w e will sho w that at least most of the time, these mo dules map isomorphically , so that most

of the ( r ; s )-co erciv e conditions lead to non trivial equations.

Theorem 4.2. F or s o dd, r even, and 2 s � r , or r ; s o dd and 3 s � r , the multiplicity one

c omp onent of S

r + s

( A 
 B 
 C ) of typ e S

r � s;s;s

A 
 �

r ;s

B 
 �

r ;s

C induc e d fr om the ( r ; s ) -c o er cive

e quations is a nontrivial set of e quations of �

r

( P A

�

� P B

�

� P C

�

) . A l l these mo dules of e quations

for �

r

ar e indep endent elements of the ide al of �

r

as s varies.

The pro of of non trivialit y is giv en in x 7. T o see the indep endence, consider equations of degrees

r + s

1

and r + s

2

with s

1

< s

2

. W ere the second set induced b y the �rst, the corresp onding tableau

for S

r � s

1

;s

1

;s

1

A w ould ha v e to �t inside the tableau for S

r � s

2

;s

2

;s

2

A . But since r � s

1

> r � s

2

the �rst tableau has a longer �rst ro w than the second.

5. C omm

r

A

W e study the sp ecial case s = 1. Then w e ha v e the decomp ositions

�

2

A 
 S

r � 1

A = S

r ; 1

A � S

r � 1 ; 1 ; 1

A;

B 
 �

r

B = �

r +1

B � �

r ; 1

B ;

C 
 �

r

C = �

r +1

C � �

r ; 1

C :
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W e ma y ignore the mo dules con taining an ( r + 1)-st exterior p o w er as w e already kno w all those

are con tained in the ideal, and w e ma y eliminate S

r ; 1

A 
 �

r ; 1

B 
 �

r ; 1

C as ab o v e. Th us w e are

reduced to studying the mo dules inherited from Strassen's equations.

De�nition 1. W e let C omm

r

A

� P ( A 
 B 
 C ) b e the set of tensors T suc h that 	

1 ;r � 1

( T ) = 0.

This set is Zariski closed whose ideal is generated b y the image of the transp ose of 	

1 ;r � 1

. The

case a = 3, r = b = c corresp onds to the tensors ob eying Strassen's comm utation condition

[ T

�;�

1

; T

�;�

2

] = 0 for all �; �

1

; �

2

2 A

�

suc h that T

�

is in v ertible.

Note that these equations are of the minimal degree r + 1 (see [3 ]).

Prop osition 5.1. F or a = 3 � r � b; c ,

C omm

r

A

= �

r

( P A

�

� P B

�

� P C

�

) [ S ub

3 ;r � 1 ;r

[ S ub

3 ;r ;r � 1

:

Pr o of. The set of de�ning equations for C omm

r

A

is S

211

A 
 �

r ; 1

B 
 �

r ; 1

C . In particular they

all in v olv e terms con taining partitions of length r in B and C , th us they v anish on S ub

3 ;r ;r � 1

[

S ub

3 ;r � 1 ;r

. W e also already sa w that C omm

r

A

� �

r

, so w e ha v e

C omm

r

A

� �

r

( P A

�

� P B

�

� P C

�

) [ S ub

3 ;r ;r � 1

[ S ub

3 ;r � 1 ;r

:

Let T 2 C omm

r

A

b e suc h that T =2 S ub

3 ;r ;r � 1

[ S ub

3 ;r � 1 ;r

. Let B

0

� B , C

0

� C b e the smallest

subspaces suc h that T 2 A 
 B

0


 C

0

. T 2 C omm

r

A

implies that B

0

; C

0

b oth ha v e dimension at

most r and T =2 S ub

3 ;r ;r � 1

[ S ub

3 ;r � 1 ;r

, implies further that b oth ha v e dimension exactly r .

Fix �

0

2 A and consider the ab elian subalgebra f T

�

0

;�

1

; T

�

0

;�

2

g � E nd ( C

0

). No w the crucial

p oin t is that an y pair of comm uting matrices can b e appro ximated b y sim ultaneously diagonal-

izable matrices. (This statemen t is the only place where w e use the h yp othesis that a = 3. It is a

sligh tly more precise statemen t than the w ell-kno wn irreducibili t y of the comm uting v ariet y [6].

Note that the corresp onding statemen t is not true for three or more comm uting matrices.) That

is, our tensor T is in the closure of the set of those T

0

's for whic h w e can �nd a basis b

1

; : : : ; b

r

of

B

0

, and a basis c

1

; : : : ; c

r

of C

0

, suc h that an y T

0

( � ) is a linear com bination of b

1


 c

1

; : : : ; b

r


 c

r

.

But then w e can �nd a

1

; : : : ; a

r

in A , suc h that T

0

= a

1


 b

1


 c

1

+ � � � + a

r


 b

r


 c

r

. In particular

suc h a T

0

b elongs to �

r

, hence so do es T . �

No w, since �

3

( P

2

� P

2

� P

1

) is the en tire am bien t space, S ub

3 ; 3 ; 2

[ S ub

3 ; 2 ; 3

� �

3

( P

a � 1

� P

b � 1

�

P

c � 1

) and w e conclude:

Corollary 5.2. As sets, for a; b; c � 3 ,

�

3

( P

a � 1

� P

b � 1

� P

c � 1

) = C omm

3

A

\ S ub

333

= C omm

3

B

\ S ub

333

= C omm

3

C

\ S ub

333

:

That is �

3

( P

a � 1

� P

b � 1

� P

c � 1

) is the zer o set of S

211

A 
 S

211

B 
 S

211

C � S

4

( A 
 B 
 C ) and

mo dules in de gr e e four c ontaining a fourth exterior p ower (i.e., �

4

A 
 �

4

( B 
 C ) plus p ermu-

atations). In p articular, �

3

is cut out set-the or etic al ly by e quations of de gr e e four.

R emark 5.3 . In fact, the stronger statemen t that the ideal of �

3

is generated b y the ab o v e

mo dules holds, see [4], but the pro of relies on a computer calculation.

Prop osition 5.4. F or a � b; c and r � 4 ,

C omm

r

A

= �

r

( P A

�

� P B

�

� P C

�

) [ S ub

a;r � 1 ;r

[ S ub

a;r ;r � 1

:

Pr o of. The pro of is the same as ab o v e except that at the p oin t where w e used a = 3 w e use

instead that for r � 4, an r -dimensional ab elian subalgebra of gl

r

can b e appro ximated b y

Cartan subalgebras (subalgebras of matrices that are diagonal in some �xed basis) [2 ] and w e

conclude as ab o v e. �
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R emark 5.5 . It is lik ely that 5-dimensional ab elian subalgebra of gl

5

can b e appro ximated b y

Cartan subalgebras so prop osition 5.4 should still hold for r = 5, [2]. On the other hand, it

is not p ossible to appro ximate r -dimensional ab elian subalgebras of gl

r

b y Cartan algebras for

r > 5.

Corollary 5.6. As sets, for a; b; c � 3 , �

4

( P

a � 1

� P

b � 1

� P

c � 1

) is the zer o set of

(1) ( S

311

A 
 S

2111

B 
 S

2111

C ) � ( S

2111

A 
 S

311

B 
 S

2111

C ) � ( S

2111

A 
 S

2111

B 
 S

311

C ) �

S

5

( A 
 B 
 C ) , i.e., the e quations of C omm

4

.

(2) e quations inherite d fr om �

4

( P

2

� P

2

� P

3

)

(3) mo dules in S

5

( A 
 B 
 C ) c ontaining a �fth exterior p ower, i.e., the e quations for S ub

4 ; 4 ; 4

.

R emark 5.7 . The kno wn de�ning mo dules for �

4

( P

2

� P

2

� P

3

) are S

321

A 
 S

321

B 
 S

3111

C in

degree 6 and S

333

A 
 S

333

B 
 S

333

C in degree 9, [3 ]. W e do not ha v e an in terpretation for

S

321

A 
 S

321

B 
 S

3111

C , and it w ould b e useful to ha v e one in order to determine if the kno wn

mo dules for �

4

( P

2

� P

2

� P

3

) are su�cien t to de�ne it. In [3 ] there is a t yp ographical error in

the statemen t of prop osition 6.3, incorrectly giving the mo dules in degree six, although they are

written correctly in the pro of.

6. Coer cive contra ctions

W e no w place the discussion of x 4 in a more general con text. Let m and k b e in tegers, with

m ev en. Consider the pro jection

S

k

( A

1


 � � � 
 A

m

) � ! �

k

A

1


 � � � 
 �

k

A

m

;

sending T =

P

i

a

i

1


 � � � 
 a

i

m

to

^

k

T =

X

j I j = k

a

I

1


 � � � 
 a

I

m

;

where if I = ( i

1

< � � � < i

k

), then a

I

= a

i

1

^ � � � ^ a

i

k

.

Let

T =

X

1 � i � r

a

i

0


 � � � 
 a

i

m

2 A

�

0


 � � � 
 A

�

m

for some v ectors a

i

j

2 A

�

j

. F or an y � 2 A

0

, let T ( � ) 2 A

�

1


 � � � 
 A

�

m

denote the con traction of

T b y � . Then

^

k

T ( � ) =

X

j I j = k

h a

I

0

; � i a

I

1


 � � � 
 a

I

m

:

No w consider the pro duct of p suc h tensors,

^

k

1

T ( �

1

) 
 � � � 
 ^

k

p

T ( �

p

)(1)

=

X

j I

1

j = k

1

;::: ; j I

p

j = k

p

h a

I

1

0

; �

1

i � � � h a

I

p

0

; �

p

i ( a

I

1

1


 � � � 
 a

I

p

1

) 
 � � � 
 ( a

I

1

m


 � � � 
 a

I

p

m

) :

Note that w e put together the di�eren t terms in v olving w edge p o w ers of eac h A

�

j

. This is b ecause

w e w an t to tak e more sk ew-symmetrizations, that is, w e w an t to apply natural maps of t yp e

(2) �

m

1

A

�

1


 � � � 
 �

m

t

A

�

1

! �

m

1

+ ��� + m

t

A

�

1

to our tensor.

De�nition 2. A con traction

(3) � : A

� p

0

� ( A

�

0


 � � � 
 A

�

m

) ! (�

k

1

A

�

1


 � � � 
 �

k

1

A

�

m

) 
 � � � 
 (�

k

p

A

�

1


 � � � 
 �

k

p

A

�

m

)
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giv en b y (1 ) follo w ed b y maps of the form (2 ) is r-c o er cive if when restricted to tensors of the

form T = a

1

0


 � � � 
 a

1

m

+ � � � + a

r

0


 � � � 
 a

r

m

the only nonzero terms in the righ t hand side of

(1 ) are terms with I

1

= I

2

(or more generally the only nonzero terms are those where t w o

of the m ulti-indices I

j

coincide). Generalizing our previous discussion, r -co erciv e con tractions

furnish equations for �

r

( P A

�

0

� � � � � P A

�

m

), b y taking (� � �

0

)( T ) where �

0

is the same as � only

switc hing the roles of the coinciding m ulti-indice s.

Suc h a con traction is called p artial ly r-c o er cive if when restricted to tensors of the form

T = a

1

0


 � � � 
 a

1

m

+ � � � + a

r

0


 � � � 
 a

r

m

the con tracted tensor is nongeneric among tensors in the

image of � � �

0

.

Strassen's tensors � are partially r -co erciv e b ecause the con tracted tensor can ha v e rank (as

a matrix) at most 2( r � b ) whereas a generic suc h matrix has rank b . The tensors 	

s;t

are

( s + t )-co erciv e and partially ( s + t + x )-co erciv e for small x .

P artially co erciv e tensors � applied to T 2 �

r

for su�cien tly small r giv e rise to tensors �( T )

that b elong to some t yp e of secan t v ariet y . Since our understanding of higher secan t v arieties is

quite limited in general, it is not alw a ys clear ho w to use them. Ho w ev er, there is one case w e

understand w ell, namely the secan t v arieties of t w o-factor Segre v arieties, whic h is what is used

for the Strassen equations.

Here is a more complicated example of a co erciv e con tration:

Example 3. Let m = 6 and p = 7, k

1

= k

2

= k

3

= r � 4 s and k

4

= k

5

= k

6

= k

7

= s . Then the

con traction  

145 ; 167 ; 24 6 ; 2 57 ; 347 ; 35 6

is r -co erciv e. (Here the group ed indices indicate whic h are to b e

con tracted together.) Indeed, the con traction 145 implies for the surviving terms that I

1

[ I

4

[ I

5

is a disjoin t union, in other w ords I

4

and I

5

are disjoin t and I

1

is con tained in the complemen t

of their union. T aking the other con tractions in to accoun t, w e see that I

4

; I

5

; I

6

; I

7

are pairwise

disjoin t, and that I

1

; I

2

; I

3

are con tained in, hence equal to b ecause of the cardinalities, the

complemen t of their union. In particular they m ust b e equal.

Example 4. Here are some further examples of partially co erciv e equations, and further v arian ts

on these should b e clear to the reader. In the prop ositions b elo w w e assume b = c . Of course the

corresp onding mo dules induce equations when this is not the case, but moreo v er when b � r � c

there are further mo dules of equations that are induced that are not inherited.

Prop osition 6.1. L et T 2 A

�


 B

�


 C

�

and �

0

; �

1

; �; �

0

2 A . If T 2 �

r

( P A

�

� P B

�

� P C

�

) ,

then

r ank [ T

�

0

�

; T

�

1

�

0

] � 3( r � b ) :

The r elevant mo dules ar e the c orr esp onding image of �

2

( S

b � 1

A ) 
 �

2

A 
 �

b

B 
 B 
 �

b

C 
 C in

S

2 b

( A 
 B 
 C ) .

Prop osition 6.2. L et T 2 A

�


 B

�


 C

�

and �

0

; �

1

; :::; �

k

2 A . If T 2 �

r

( P A

�

� P B

�

� P C

�

) ,

then for any p ermutation � 2 S

k

,

r ank

�

T

�

0

�

1

� � � T

�

0

�

k

� T

�

0

�

� (1)

� � � T

�

0

�

� ( k )

�

� 2( k � 1)( r � b ) :

The r elevant mo dules ar e the c orr esp onding image of

S

k � 1

( S

b � 1

A ) 
 �

k

A 
 (�

b

B )


 k � 1


 B 
 (�

b

C )


 k � 1


 C

in S

( k � 1) b +1

( A 
 B 
 C ) .

The pro ofs are similar to the pro of of Strassen's theorem.

Another v arian t is obtained b y using pro ducts of T

�

�

0

with di�eren t � 's and p erm uted �

0

's.
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7. Nontriviality of the ( r ; s ) -coersive equa tions

W e study the image of

	

r ;s

: �

2

( S

s

A ) 
 S

r � s

A 
 ^

r

B 
 ^

s

B 
 ^

s

C 
 ^

r

C ) ! S

r + s

( A 
 B 
 C ) :

Recall that this ma y b e though t of as �rst em b eding �

2

( S

s

A ) 
 S

r � s

A 
 ^

r

B 
 ^

s

B 
 ^

s

C 
 ^

r

C in ( A 
 B 
 C )


 r + s

according the the recip e in x 4 and then pro jecting to the symmetric

algebra. W e write the inclusion and pro jection as follo ws:

�

2

( S

s

A ) 
 S

r � s

A 
 ^

r

B 
 ^

s

B 
 ^

s

C 
 ^

r

C

#

S

s

A 
 S

r � s

A 
 S

s

A 
 ^

s

B 
 ^

r � s

B 
 ^

s

B 
 ^

s

C 
 ^

r � s

C 
 ^

s

C

jj

S

s

A 
 ^

s

B 
 ^

s

C 
 S

r � s

A 
 ^

r � s

B 
 ^

r � s

C 
 S

s

A 
 ^

s

B 
 ^

s

C

#

S

s

( A 
 B 
 C ) 
 S

r � s

( A 
 B 
 C ) 
 S

s

( A 
 B 
 C )

#

S

r + s

( A 
 B 
 C ) :

The �rst t w o maps are injectiv e, the last one is surjectiv e but not injectiv e and the problem is

to understand whether its k ernel ma y con tain the subspace w e are in terested in. F or this w e

need to understand the ab o v e maps in detail, whic h are made of elemen tary maps that w e write

do wn explicitly .

First, w e ha v e the map

^

r

B , ! ^

s

B 
 ^

r � s

B

f

1

^ � � � ^ f

r

7!

X

I =( i

1

< ��� <i

s

)

" ( I ;

^

I ) f

i

1

^ � � � ^ f

i

s


 f

^ �

1

^ � � � ^ f

^ �

r � s

;

with the follo wing notation:

^

I = ( ^ �

1

< � � � < ^ �

r � s

) is the complemen tary sequence to I in

(1 ; : : : ; r ), and " ( I ;

^

I ) is the sign of the p erm utation (1 ; : : : ; r ) 7! ( I ;

^

I ) (a sh u�e).

Second, w e ha v e the map

S

s

A 
 ^

s

B 
 ^

s

C � ! S

s

( A 
 B 
 C )

e

s


 f

1

^ � � � ^ f

s


 g

1

^ � � � ^ g

s

7!

X

� 2 S

s

" ( � )( ef

1

g

� (1)

) � � � ( ef

s

g

� ( s )

) :

In principle, this information is enough to c hec k if a giv en irreducible comp onen t of

�

2

( S

s

A ) 
 S

r � s

A 
 ^

r

B 
 ^

s

B 
 ^

s

C 
 ^

r

C

is mapp ed to zero, or to an isomorphic cop y inside S

r + s

( A 
 B 
 C ). And w e just need to test

this alternativ e on some highest w eigh t v ector.

Recall the decomp osition form ulas (e.g. [5]):

�

2

( S

s

V ) =

M

j :o dd

S

2 s � j;j

V

�

a

V 
 �

b

V =

M

u + v = a + b

v � min ( a;b )

�

u;v

V(4)

S

a

1

;a

2

V 
 S

b

V =

M

� + � � b

a

2

+ � � a

1

S

a

1

+ �;a

2

+ � ;b � � � �

V
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Since w e don't ha v e a closed form form ula for �

a

1

+ �;a

2

+ � ;b � � � �

( B 
 C ), or more precisely the

factors in it of the form �

u;v

B 
 �

u

0

;v

0

C w e cannot giv e a closed form form ula for all the p ossible

relev an t factors app earing in S

r + s

( A 
 B 
 C ). Ev en if w e did ha v e suc h a list, for an y giv en

mo dule, w e w ould still ha v e to c hec k that the resulting map w as nonzero b efore concluding it

w as presen t.

W e fo cus on cases that are of length three in A b ecause those of length t w o are inherited from

�

r

( P

1

� P

b � 1

� P

c � 1

) whic h is treated in [4 ].

F or example, note that for s o dd and r � 2 s , S

r � s;s;s

A � S

s;s

A 
 S

r � s

A with m ultiplic-

it y one. Also ^

r

B 
 ^

s

B con tains �

r ;s

B with m ultiplicit y one. W e pro v e that the mo dule

S

r � s;s;s

A 
 �

r ;s

B 
 �

r ;s

C is not mapp ed to zero in S

r + s

( A 
 B 
 C ) in man y cases.

W e write do wn a highest w eigh t v ector. The tensor pro duct f

1

^ � � � ^ f

r


 f

1

^ � � � ^ f

s

giv es

a highest w eigh t v ector for �

r ;s

B inside ^

r

B 
 ^

s

B , where the f

i

de�ne a w eigh t basis of B

suc h that the ordering of the w eigh ts corresp onds to the ordering of the indicies. Similarly

g

1

^ � � � ^ g

r


 g

1

^ � � � ^ g

s

giv es a highest w eigh t v ector for �

r ;s

C . T o �nd a highest w eigh t

v ector for S

r � s;s;s

A inside S

r � s

A 
 S

s

A 
 S

s

A w e use Y oung symmetrizers [8 ]. The symmetrizer

c

( r � s;s;s )

applied to eac h of the s factors of A 
 A 
 A yields the highest w eigh t v ector

� =

P

�

1

;::: ;�

s

2 S

3

" ( �

1

) � � � " ( �

s

) e

r � 2 s

1

e

�

1

(1)

� � � e

�

s

(1)


 e

�

1

(2)

� � � e

�

s

(2)


 e

�

1

(3)

� � � e

�

s

(3)

:

where e

1

; e

2

; e

3

is an ordered w eigh t basis for A and � ( � ) denotes the sign of the p erm utation � .

Considering the con tributions of the six di�eren t p erm utations in S

3

, w e get

� =

X

�

1

+ ��� + �

6

= s

( � 1)

�

2

+ �

4

+ �

6

�

s

�

�

e

r � 2 s + �

1

+ �

2

1

e

�

3

+ �

4

2

e

�

5

+ �

6

3


 e

�

4

+ �

5

1

e

�

1

+ �

6

2

e

�

2

+ �

3

3


 e

�

3

+ �

6

1

e

�

2

+ �

5

2

e

�

1

+ �

4

3

:

where

�

s

�

�

=

�

s

�

1

�

� � �

�

s

�

6

�

. No w w e tak e the tensor pro duct of our three highest w eigh t v ectors

and examine the tensor �

0

that w e get inside S

r + s

( A 
 B 
 C ). T o sho w this tensor is nonzero,

w e c hec k that the co e�cien t of

( e

1

f

1

g

1

) � � � ( e

1

f

r � s

g

r � s

)( e

2

f

1

g

r

) � � � ( e

2

f

s

g

r +1 � s

)( e

3

f

r

g

1

) � � � ( e

3

f

r +1 � s

g

s

)

is nonzero. The con tributions to this monomial in �

0

is the sum of the con tributions from terms

of the form

e

r � 2 s + �

1

+ �

2

1

e

�

3

+ �

4

2

e

�

5

+ �

6

3

f

^

I

g

^

J


 e

�

4

+ �

5

1

e

�

1

+ �

6

2

e

�

2

+ �

3

3

f

1 ��� s

g

J


 e

�

3

+ �

6

1

e

�

2

+ �

5

2

e

�

1

+ �

4

3

f

I

g

1 ��� s

;

with some co e�cien t. The �rst (resp. second, third) of the three terms in this pro duct will

con tribute to �

0

b y a pro duct of terms of the form ( e

i

f

j

g

k

), where for eac h giv en i , the index k

describ es a set A

i

(resp. B

i

, C

i

), with

A

1

[ A

2

[ A

3

=

^

J

B

1

[ B

2

[ B

3

= J

C

1

[ C

2

[ C

3

= f 1 ; : : : ; s g :

T o con tribute to our preferred monomial, w e also need the conditions

A

1

[ B

1

[ C

1

= f 1 ; : : : ; r � s g

A

2

[ B

2

[ C

2

= f 1 ; : : : ; s g

A

3

[ B

3

[ C

3

= f r � s + 1 ; : : : ; r g :
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No w consider the index j in the di�eren t terms ( e

i

f

j

g

k

). W e need j = k if k � r � s , and

j =

�

k := r + 1 � k otherwise. This leads to one more set of iden tities,

A

1

[

�

A

2

[

�

A

3

=

^

I

B

1

[

�

B

2

[

�

B

3

= f 1 ; : : : ; s g ;

C

1

[

�

C

2

[

�

C

3

= I ;

where

�

A denotes the image of A b y the map k 7!

�

k . Note that all these unions are b et w een

pairwise disjoin t sets.

The �rst t w o relations in v olving C

3

imply that C

3

= ; . Since

�

B

2

� f 1 ; : : : ; s g , w e deduce

that B

2

= ; , hence C

1

= A

2

. In particular, �

1

= �

4

= �

6

= 0. Since also

�

B

1

� f 1 ; : : : ; s g , w e

get that A

1

= A

0

[ f s + 1 ; : : : ; r � s g where A

0

is the complemen t to A

2

[ B

1

inside f 1 ; : : : ; s g .

Comparing I and

^

I w e deduce that

�

A

3

= B

1

, hence A

3

=

�

B

1

and B

3

=

�

A

0

[

�

A

2

. In particular,

I and J are determined b y A

0

and A

2

. Note that once w e ha v e I and J , w e can easily compute

the signs " ( I ;

^

I ) and " ( J ;

^

J ). The result is that

" ( I ;

^

I ) " ( J ;

^

J ) = ( � 1)

( s + �

2

)( r � s + �

2

)

:

W e deduce that the total con tribution to our monomial is

T

s;r � 2 s

:=

X

�

2

+ �

3

+ �

5

= s

( � 1)

�

2

+( s + �

2

)( r � s + �

2

)

�

s

�

�

2

( r � 2 s + �

2

)! �

3

! �

5

! �

5

!( �

2

+ �

3

)! �

3

!( �

2

+ �

5

)! :

Indeed, for a giv en � w e ha v e

�

s

�

�

c hoices for A

0

; A

2

, and once these are �xed, the n um b er of

p erm utations sending the e

i

's to the g

k

suc h that k 2 A

i

is # A

1

!# A

2

!# A

3

! = ( r � 2 s + �

2

)! �

3

! �

5

!,

and so on.

So what remains to pro v e is that T

s;r � 2 s

6= 0. Observ e that since s is o dd, the pro duct

( s + �

2

) �

2

is ev en. So

( � 1)

�

2

+( s + �

2

)( r � s + �

2

)

=

�

( � 1)

�

2

for r � s ev en

� 1 for r � s o dd :

In particular, T

s;r � 2 s

is nonzero for r ev en. W e are not able to pro v e all the remaining cases,

but w e are able to sho w:

Lemma 5. The inte ger

T

s;t

=

1

( s !)

2

X

� + � + 
 = s

( � 1)

�

( � + t )!( � + � )!( � + 
 )!

� ! � !

is nonzer o for s; t o dd and t � s .

Pr o of. W rite s = 2 m + 1.

( s !)

2

T

s;t

= �

m

X

p =0

2 m +1 � (2 p +1)

X

� =0

(2 p + 1 + t )!(2 p + 1 + � )!(2 m + 1 � � )!

(2 p + 1)!(2 p + 1)!

+

m

X

p =0

2 m +1 � 2 p

X

� =0

(2 p + t )!(2 p + � )!(2 m + 1 � � )!

(2 p )!(2 p )!

= �

m

X

p =0

f

2 m +1 � (2 p +1)

X

� =0

(2 p + 1 + t )(2 p + t )!(2 p + 1 + � )(2 p + � )!(2 m + 1 � � )!

(2 p + 1)(2 p )!(2 p + 1)(2 p )!

�

2 m +1 � (2 p +1)

X

� =0

(2 p + t )!(2 p + � )!(2 m + 1 � � )!

(2 p )!(2 p )!

�

(2 p + t )!(2 m + 1)!(2 p )!

(2 p )!(2 p )!

g

= �

m

X

p =0

f

2 m +1 � (2 p +1)

X

� =0

[

(2 p + t )!(2 p + � )!(2 m + 1 � � )!

(2 p )!(2 p )!

(

(2 p + 1 + t )(2 p + 1 + � )

(2 p + 1)(2 p + 1)

� 1)] �

(2 p + t )!(2 m + 1)!(2 p )!

(2 p )!(2 p )!

g

= �

m

X

p =0

(2 p + t )!

(2 p )!

f

2 m +1 � (2 p +1)

X

� =0

[

(2 p + � )!(2 m + 1 � � )!

(2 p + 1)

2

(2 p )!

((2 p + 1)( t + � ) + t� )] � (2 m + 1)! g
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In the case t � 2 m + 1 this giv es the result immediately just b y lo oking at the � = 0 term in

the summation and noting it is not the only term. �

W e exp ect T

s;t

to b e alw a ys nonzero when s; t > 1 and b oth are o dd, but w ere unable to pro v e

it. Note that it w ould b e su�cien t to pro v e the case t = 1 if w e could sho w w e alw a ys ha v e the

same sign.
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