ON SECANT VARIETIES OF COMPACT HERMITIAN SYMMETRIC
SPACES

J.M. LANDSBERG, AND JERZY WEYMAN

Abstract. ~ We show that the secant varieties of rank three compact Hermitian symmetric
spaces in their minimal homogeneous embeddings are normal,with rational singularities. We
show that their ideals are generated in degree three - with one exception, the secant variety
of the 21-dimensional spinor variety in P®, whose ideal is generated in degree four. We also
discuss the coordinate ring of secant varieties of compact Hermitian symmetric spaces.

1. Introduction

Let K be an algebraically closed eld of characteristic zero, leiX PV = PN be a projective
variety, and let (X) PV denote its secant variety, the Zariski closure of the set of points on a
secant line toX . Recently there has been interest in the ideals of secant vasties of homogeneous
varieties [11, 14, 15, 2, 5, 19, 7, 8], and this paper contrikies to their study.

If the ideal of a variety X is generated in degree two, the minimal possible degree of gerators
for the ideal of (X) is three, although in general one does not expect generatsrin degree three
(e.g. this almost always fails for complete intersections bquadrics). On the other hand, when
X is homogeneous, i.e.V is an irreducible G-module whereG is a a semisimple algebraic group
and X is the orbit of a highest weight line (so in particular, the ideal of X is generated in degree
two), in all previously known examples (mostly just the rank two compact Hermitian symmetric
spaces), the ideal of (X) was generated in degree three.

In this paper we determine the generators of the ideals of thesecant varieties of rank three
compact Hermitian symmetric spaces in their minimal homog@&eous embeddings, which we
abbreviate CHSS. There is one suprise, the ideal of the secawariety of the D7 spinor variety
is generated in degree four, which answers a question poset[iL1], Section 3.

While determining the generators of the ideals of secant vaeties of higher rank CHSS seems
out of reach at the moment, we show that for all other CHSS othe than D,=P;, there are
indeed generators in degree three. It would be interestingd understand what makes theD~
case special.

Theorem 1.1. Let X PV be a rank three CHSS in its minimal homogeneous embedding.
Then (X) is normal, with rational singularities.

Among the rank three CHSS are the Legendrian varietiesE7=P7; D=Ps; G(3; 6); GLag (3; 6); SeqgP!
Q) which have the property that their secant varieties are the ambient PV, so there is no need
to study their ideals and singularities. The generators of he ideals in the remaining cases are
as follows:

Theorem 1.2. LetdimW 7. Theideal of (G(3;W )) P 3W is generated in degree three
by the moduleSz s W S3( 3W).

Theorem 1.3. Let X = SegPA Y) P(A W) be a reducible rank three CHSS in its
minimal homogeneous embedding (other thaSeg P! Q)). Let I13( (Y)) S®W and Sy(Y)
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So1W  respectively denote the modules generating the ideal of tteecant variety of Y and the
space of linear syzygies for the ideal of. Then the ideal of (X) is generated in degree three
by

A 3w SPA L 13( (Y)); and SpA  Si(Y)
Explicitly, the modules are

Y 13 (Y) | S1(Y)

G(2;6) K VAL,

G(2;n+1); n 6| VA VAL,
SegPB PC) | 2B 2C|(S;B 2C) ( °B S:0)

Ss 0 V%

OP? K A

Theorem 1.4. Let X = S; P53 be theD-spinor variety. Then the ideal of (X) is generated
by the moduleV, , in degree four.

For higher rank irreducible CHSS we have the following resul which is proved in x3:

Proposition 1.5.  The ideal of (G(k;m)) PV, with m 2k contains the irreducible Am, ;-
modules Vs Vi, 4421, 2 SV, among its generators.

k 2t ! ks

WhenX =S, P ' listhe Dn-spinor variety, we prove Vi .+1, o |l3( (X)) by applying
the inheritance principle discussed inx2.3 with V = V,2& and V= V,P» which, together with
the above statements proves thatD ;=P is alone among CHSS in not having cubics in the ideal
of its secant variety. (Segre products and Veronese re-emidings of any varieties contain cubics
in the ideals of their secant varieties as there are cubics ithe ideals of the Segre products and
Veronese embeddings of projective spaces.)

In x8 we discuss the coordinate ring of (X) for arbitrary rational homogeneous varieties. A
key point is that when X PV is homogeneous, (X) is the closure of the orbit of the sum of
a highest weight vector and a lowest weight vector.

We obtain our results using the methods of [20], as describeth Theorem 2.1 below, along
with some new results about induced representations. In bef, in each case we obtain a desin-
gularization of (X)), by exploiting that fact that each X has a Legendrian \smaller cousin”,
and apply Weyman's method to this desingularization.

The case ofSegPA Q) P(A W )isimmediate as (SedPA Q)) = (SegPA
PW )).

Notation. Let K, G, P, X be as in the rst paragraph. We use German letters to denote Lé
algebras associated to algebraic groups. We use the ordegrof roots as in [3]. The fundamental
weights and the simple roots ofg are respectively denoted! ; and ;. Py denotes the maximal
parabolic of G obtained by deleting the root spaces corresponding to negate roots having a
nonzero coe cient on the simple root . More generally, forJ = (j1;:::;js), Py denotes the
parabolic obtained by deleting the negative root spaces hamg a nonzero coe cient on any of the

simple roots ,;:; j.. ¢ o respectively denote the weight lattices ofg, G, and 5 g

g ¢ the dominant weights. We let L P be a (reductive) Levi factor and f = [I;1] a
semi-simple Levi factor. We write p = | + n, where n is nilpotent. V9 denotes the irreducible
g-module with highest weight and we often supresg in the notation.

When dealing with a,-modules we sometimes use partions to index highest weightsvith the
dictionary = (p1;::;pn+1) COrresponds to the weight o1 p2)! 1+ (p2 p3)! 2+ +(pn

pn+1)! n-
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2. Method of proof
2.1. The basic theorem of [20].

Theorem 2.1. [20]Let Y PV be a variety and suppose there is a projective varietlp and a
vector bundleq: E ! B that is a subbundle of a trivial bundlev ! B with V,"' V for z2 B
such thatPE ! Y is a desingularization of Y. Write =E and =(V=E) .

If the sheaf cohomology groupH'(B;SY ) are all zero fori > 0 and if the linear maps
HOB:S9) V I HOYB;S! ) are surjective for alld 0, then

(1) ¥ is normal, with rational singularities

(2) The coordinate ring K [¥] satises K[¥]g' H°(B;SY ).

(3) The vector space of minimal generators of the ideal ol in degreed is isomorphic to

Hd 1(B; 9 ) which is also the homology of the complex

1) 0! 2v H%sY2)1r v HOYsY1)yr HYsY )1 o

(4) More generally, jHj( "*] ) is isomorphic to thei-th term in the minimal free resolution
of Y.

(5) If moreover Y is a G-variety and the desingularization is G-equivariant, then the iden-
ti cations above are as G-modules.

2.2. The basic theorem applies in our case. In this paper the desingularizations will all be
by a homogeneous bundId’E such that the corresponding bundle is irreducible. In this case
we have:

Proposition 2.2.  Notations as above, ifY is a G variety, B = G=P and is induced from an
irreducible P-module, then the sheaf cohomology groupd(B;SY ) are all zero fori > 0 and
the linear mapsH°(B:;S% ) V | HOB;S%! ) are surjective for alld 0. In particular all
the conclusions of 2.1 apply.

Proof. An irreducible homogeneous bundle can have nonzero cohonogly in at most one degree,
but a quotient bundle of a trivial bundle has nonzero sectiors, thus H°(B; ) is a nonzero
irreducible module and all other HI (B; ) are zero. Letf p g be a semi-simple Levi factor,
so the weight lattice of f is a sublattice of the weight lattice of g, let t° denote the complement
of t; (the torus of f) in ty and let go = f + t° denote the Levi factor of p.  is induced from
an irreducible go-module U assigned some non-negative weightsa; :::; wp) for t°. The bundle

d corresponds to a module which isU 9 as anf-module and is a weight space with weight
(dwy; ::z; dwy) for the action of t°. Thus Sd is completely reducible and each component o8¢
is very ample and in particular acyclic.

To prove the second assertion, consider the map¥  HO9B:S" 1 )! HOB;S" ). Note
that HO(B;S! ) SV . The proof of Proposition 2.2 will be completed by Lemma 2.3 elow
applied to U and each irreducible component oH %(B; S" ).

Let Mé’o denote the sub-category of the category ofjp-modules generated under direct sum
by the irreducible go modules with highest weight in 5 50 and note that it is closed
under tensor product. Let Mg denote the category ofg-modules. De ne an additive functor
F: Mg@’0 ' Mg which takes an irreducible go-module with highest weight to the corresponding

irreducible g-module with highest weight
Lemma 2.3. Let™ gandF be as above. LetJ; W be irreducible “-modules Then
FIU W) F (U F (W):
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Proof. Since our modules are all eigenspaces fdf, it is sucient to consider only the f-
decomposition. The Littelmann path space (see e.g., [17]x2) for a weight of f is contained
in the path space for the same weight considered as a weight gfas the weight lattices are the
same. Let; be the highest weights ofU; W. The irreducible components ofU W may be
obtained by translating the path space of to and taking the ends of each path (see [17], p.
303, Generalized Littlewood-Richardson Rul¢. Thus if we do this procedure after applying F
we at least get all modules we would have obtained by paths frm the f-path set.

2.3. Inherited modules. SayG GUis an inclusion of algebraic groups such that there is an
inclusion of the weight lattice of G in the weight lattice of G andV = V.= V%= VCis an
inclusion of a G-module into a Gmodule, both with highest weight . Then any irreducible G-
moduleW S V induces an irreducibleG%moduleW°® S V9 and we will say W is inherited,
and modules occuring inS V9 that do not arise from a module in S V we will call primitive .
(We should really useG-inherited and G-primitive, but G will always be clear in the context of
the discussion.)

For example, considerG = SLg(K ), G°= SLy(K), with m> 6,andV = 3K6 v0= 3Kkm,
Then

S3( 3K™)= SgK™  SgpepnK™  SpepsK™  SgeK™:

the rst three modules are inherited from S3V = S3( 3K 6) and the last is primitive.

3. Proof of Proposition 1.5

For any variety X PW whose ideal is generated in degree twols( (X)) = S3W \
(I(X) W). If X = G=P PW and a G-module appears inS*W and does not appear in
W2 W, where W? is the Cartan square of W (i.e., if W = V then W2 = V, ), it must be in
I3( (X)) as S?W = 1,(W) W?2. (See [11], Section 3 for more details.)

It follows from Pieri formulas that both representations in question do not occur inVa, Vi, .
To see that they occur in SW, identify V, . Wwith K(K™) where K" has a basisfe;;:::;eng.
First observe that ®(K8)  S3( 2(K®)), infactif (f1;:::;fe) is a basis ofK 8, then the inclusion
isof the formf,~ N fg 7! (f1Nfp) (f3nfy) (fs™fe) (fF1Nf3) (f2fs) (fs"fe)+ . Now
consideringK ® K" as the span offe, 1;:::;ew=sg We can produce a highest weight vector of
Voi, ,+1,.. Dy wedging each termf; * f; = g+x 2" €+ 2 in the image with e ::: " e 2.
We leave it to the reader to check the resulting vector has thedesired properties. The module
Vi, .+21.., Occurs as well by symmetry (or one can de ne an analogous map)

4. Desingularizations for secant varieties of Rank 3 CHSS

In our situation the desingularizations are based on the obsrvation that in each caseX is
swept out by the union of Legendrian varietiesX smay and (X)) is the union of the (Xgmai)'s
which are linear spaces.

Here is a table ofX; X smai ; B and the desingularizing bundleE over B:

X | Xsmat | B =base | E =bundle
G(3;W) | G(3;6) | G(6;W) SRw
S S6 Q2 Spin(p’ =)

PA Y|P Q|G@2A) Yo| Ra S

Here, if Y = G=P PW, Yo = G=PO is the variety obtained via Tits' shadowsthat
parametrizes a space of quadric sections of (see [13]). One takes the marked Dynkin dia-
gram for Y  PW and looks for the largest subdiagram whose resulting markedliagram is a
quadric hypersurface. The marked diagram ofYq is obtained by marking all nodes bounding
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the nodes of the subdiagram corresponding to the quadric hygrsurface. The irreducible homo-
geneous bundleS! Yg is obtained from the irreducible p-module of highest weight equal to
the highest weight of W (where we have included the weight lattice of the Levi factorof p into
the weight lattice of g). As such, it is an irreducible sub-bundle of the trivial bundle with ber
W and satis es the hypotheses of Proposition 2.2.

For example

shadow

Figure 1. Shadow of Yo = Eg=Ps on Y = E=P; is aQ® = Ds=P;

We have
Y YQ | dim Q
PB PC|G(2;B) G(2;C) 2
G(2;W) G4, W) 4
S Q® 6
E6=P1 E6=P6 8

When dim Q = 2%, we have a uniform model,W = J,(B), where J,(B) is the Jordan algebra
of n  n B-Hermitian symmetric matrices. In this model (Y) is the set of rank at most 2
elements with ideal generated by the 3 3 minors. (In the caseB = O the octonions, we have
n = 3 and care must be taken when de ning the determinant.) In these cases the ber ofS is
isomorphic to J»(B).

WhenY = Sswe haveW 'S 5'  ©®"'K 5 and the ber of S isomorphic to ©Ve"K 4,

Write X PV, *=7~(X) V and let ~ denote the total space ofE.
Lemma 4.1. The image ofqis * andq: W ! V is a resolution of the singularities of ~.

Proof. Ineach case, the berEx V=V overx 2 Bis*(Xsmaix) Ex V andXgmaix X
by construction, so the image ofq is contained in ~(X). On the other hand, they both have
the same dimension and {X) is reduced and irreducible. Thus we need only show the map is
generically one to one. It is clear that restricted to each ber qis generically one to one, so it
is su cient to show that there is a unique ber over a general point. For (G(3;W)), a general
point determines a unique 6 plane inW. For (SegPA Y)), a general point clearly detemines
a unique 2-planeA®in A. When Y 6 Ss, two elements of Y in general position lie in a unique
J,(B) and the unique beris A? J ,(B). (The intersection Y \ PJ,(B) is the set of rank one
elements inJ»(B), i.e., a quadric of dimension dimB, see, e.g., [21], chapter VI or [6].) For the
caseY = Ss, x an isotropic line L K19 thesetfF 2 S5jL Fgis the shadow ofL in S
and the span of this shadow is the image of the ber overl[] 2 Q% in K 6. Two general points
F:F%2 S5, considered asP*'s in Q8 will intersect in a point, i.e., an isotropic line in K 10, which
determines the unique ber above a general point in their linear span.

Finally for the case X = S;, the same argument forSs applies, as it is still true two general
F:F92 S; will intersect in an isotropic line.

Lemma 4.1 combined with Theorem 2.1 and Proposition 2.2 prog Theorem 1.1.
We now proceed with a case by case study.
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5. Case of X = G(3;W)

In this case a direct caculation of the cohomology group$i 9(B; 91 ) is not possible, in fact
it is not even feasible to write down the decomposition of theexterior algebra of the associated
graded bundlegr( ) into irreducible bundles.

HereV = S3W, each ber of E is isomorphic to 3K ®. We have

SV = SgW  Sze2W  SpsW SgsW

Since the last module corresponds to a partition of length seen, it is primitive in the sense
of x2.3 and thus is among the generators of ( (G(3;W)), and the rest are inherited as their
partitions have length at most six.

To show there are no generators in degree greater than threeye need to prove exactness in
the middle step of (1) which in this case is:

(S1sW  Spo1iW) S 2(S1uaW)jj j 6 ! StutW  S" H(S1aW) jj j 6 ! S (StuaW) i | 6

forr> 3.

The largest partition that can show up in the middle has length nine, so once we have solved
the problem for G(3;9) we are done. We resolve the cases of dW = 7;8;9 iteratively using
rank varieties (see e.g. [20k7.3 where these varieties are discussed in detail). Let

Rp( W)= fT2 *w j9KP W suchthatT2 kKPg

Since (G(3;6)) = P 3K 8, we obtain (G(3;W)) = Re( 3W). For dim W = 7, the method
in [20], x7.3 shows that the ideal ofRg( 3W) is generated byS;;sW and we are done. For the
next two cases we proceed indirectly, calculating the ideabf the variety of elements of rank at
most seven (resp. eight), and show these are in the ideal gerated by S3;;6W to complete the
proof.

Proposition 5.1.  The ideal of the rank varietyRg( 3K 7 ) is generated in degree four byss.1cK ’
included in S*( 3K 7) as described in the recipe in the proof.

The ideal of the rank variety R;( 3K 8 ) is generated in degree ve bySs2.1sK 8 included in
S5( 3K ) as described in the recipe in the proof.

The ideal of the rank variety Rg( 3K ° ) is generated in degrees four and ve bys,1sK ® and
Sz2.92.15K © respectively included inS*( 3K ®) and S°( 3K ®) as described in the recipe in the
proof.

Proof. Determination of modules generating the ideal is a straightorward application of the
methods of [20] and is left to the reader. It remains to show tle above modules are all in the
ideal generated byS;;6W . To do this we give explicit descriptions of the modules as plynomials.

We will encode the representations occurring in thed-th symmetric powers of W by Young
tableaux of shape = (D) with 3d boxes, lled with the numbers 1;:::;d with each number
occurring three times. These tableaux are also assumed to bweakly increasing in rows and
strictly increasing in columns. We associate to such tablea D the map (D)

(D): %w PW 1 Se( 3W)

where 9= (d?;:::;d0) is the conjugate partition to
The map (D) can be de ned as peforming the following operations:
a) assuming there aree.s boxes lled with s in the i-th row, apply the embedding

Pw i oew o e W

in each row ofDD,
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b) multiply the factors coming from di erent rows corresponding to the same numbers in D,
i.e. after rearranging the factors apply multiplication

SeW oo SSWI W

to get the tensor in ( 3W) 9 (where factors correspond to the numbers 1: : : ; d from the diagram
D respectively),
c) Apply the external symmetric multiplication to get a tens or in Sg( 3W).

We call the Young diagram D the numbering schemeassociated to the map (D). We also
de ne the highest weight (D) whosei-th entry is the length of the i-th column of the Young
diagram of D.

The four Schur functors mentioned in the statement of the lemma correspond to four num-
bering schemes.

1]1]2[2]3[3]

1[2]2]3]3]4]

W)
N
|

| [N P
N
D

1[1]2]2[3]3[4]4]

1[1]2]2[3]3]4]5]
445 :
5

It is clear that the images of the corresponding maps are in tle ideals of corresponding rank
varieties because of the length of the rst row of each numbeng scheme.

Decomposing the domain and codomain of (D;) into irreducible representations, in all four
cases there is onlyS (p,)W occurrs in both the domain and codomain of (Dj), and it occurs
there with multiplicity one. Thus it only remains to see the maps (D;j) are nonzero, which is
the purpose of the following lemma.

D4=

w| ] =] [ &] ] N =

Lemma 5.2. The numbering scheme® 1;D,; D3; D4 all yield nonzero modules.

Proof. We prove that the image of the map
(D2): 8w 3w w1 S* 3w)
corresponding to the numbering scheme

1
D,=|2[4]4
3

=
=

2]2[3[3]4]

is nonzero inS4( 3W). The other cases are similar.

Consider the contribution to the monomial (e1” e2” e3)(e1” 2" e3)(e1” es” e5)(es” €7 eg) in
the image of highest weight vector (D))(e1* ex* e3" ez es™ es™ e eg) (e1Mexe3) (er).
All occurrences of this monomial can be divided to 24 classggorresponding to permutations of
f1;2; 3; 4g) according to the order in which the factors appear in ( 3W) 9 after applying parts



8 J.M. LANDSBERG, AND JERZY WEYMAN

a) and b) of de nition of (D). In fact only two classes out of 24 are non-empty. The factor
e " e; ™ eg has to come from the rst factor, and one of the factorse; » e ® e3 has to come
from the fourth factor. The factor e; » e4* es can come from the third factor (and this gives
contribution 3 to the coe cient) or from the second factor (a nd this gives contribution 1 to the

coe cient). Thus the coe cient is nonzero and and therefore (D») 6 0.

To nish the proof of Theorem 1.2 we need to show that the idealgenerated by the rst
module contains the other modules. But this is clear by the denition of maps (D) and by the
last part of the proof of Proposition 5.1 as the other numberng schemes all contain the rst.

6. Case of X = S,

A partial desingularization of 2 (S,)  VPr is given by the sub-bundle ofq: E! Q> 2=
D,=P: whose ber is isomorphic to S, 1) V!Dn”ll. Thus ~(Sp) d(E) and therefore
generators of the ideal ofg(E) are in the ideal of (S,). We get generators of the ideal of {S;)
induced from the generators of the ideal of 1S, ) via the natural inclusion D, ; D, and
the remaining generators come from the modules in the idealfog(E) that are not in this ideal.

Note that V,Dn decomposes toV!Dn ! V![,)]“ ,-asaD, 1 D, module, and this splitting
gives rise to the the bundles and over Q?" 2. Thus they are both irreducible and dual to
one another. Thus in this case it is straightforward to calcdate HI ( 1*1 ) if one knows the
decomposition of 1+ V;Dn” .+ In fact for n =7 we calculated the entire minimal free resolution
which is available at http://www.math.neu.edu/  weyman/mathindex.html for the interested
reader. In particular the only generator of the ideal is the module V, , as stated in the theorem.

By an unpublished result of L. Manivel,
X
S3V!Dnn = V3, (aj Vi +1

>0

082 =1=(1 z®)@ z%. For example,

no2 T4 aViy, e, 2j 1)

P
where the g are dened by
S3V!EZ;8 = Vs 8 Vi g+t!a Vi gt!o2 Vi 8
And among these all but the rst three terms are in | ( (S,)) and thus generators of the ideal.

For example, in the case 01°\/!D77 for D7, we have
SR =Va, Viga, Vi,
and
SaV!Ds6 =Varg Viye1s Vi

so all the D7 modules come fromDg modules. Since (Sg) = PV!Egﬁ, the ideal of (S7) is empty
in degree three. In degree four we have

SR =Va, Vigwr, Vo, Ve, Vs Vi, Vo,
and
SWPRe=Vay Vi Va, Va, Vi, K
The factor V,, does not come from aDg-module so it is necessarily a generator of the ideal of
(S7). Inthe general D, case, there are numerous factors that do not arise frolb, 1, we know

VDn is among the generators in degree 4, but for the numerous otmenodules we would have
to check which are already in the ideal generated by the degeethree generators.
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7. Case of (SegPA YY)

We rst observe that without loss of generality, we may assunme dimA = 2. This is because,
continuing the notation of x4, (SegPA Y)) (SeqPA PW )) and the ideal of the
latter already contains all partitions of length greater th an two and is generated by 3A SW.
Thus the only new modules of generators that occur when dimk > 2 are the components of

3A Sw.

LetV=A W. We have theGL(A) GL (W) decomposition

SV =(SPA SW) (SmA SaW) (A 3w

Among these 3A  3W is clearly primitive as is SsA 13( 2(Y)) (because (Q) = PWZCis
the ambient space). A case by case check shows thag( »(Y)) S°W is the only primitive
module relative to S°W° S3W. For S;yW®  S»;W, in each case there is a unique primitive
module S;(Y) which is S;yW \ (I2(Y) W) W 32 becausel »(Q) has no linear syzygies (see
[12], these are the modules calledy{W)aag In X2.5).

The modulesl( (Y)) are all trivial modules except for V4" forn 6 (and 2B 2C for
Y = SegPB  PC).

We now show there are no new generators in degrees greater thahree.

7.1. Case Y = G(2;B). We give two proofs of this case, the rst gives more informaton, the
second is uniform with the caseY = OP2.

First proof. We need to study the exactness of the middle step of
(SuA Su( °B)) S" (A ?B)jjja! (A ?B) S"HA %B)jjj.! S(A ZB)jjja

Here by jj ; 4, we mean the components ofSyp( 2B) that occur in the decomposition of
SP(A ’B) = a+b=pSabA  Sap(S1:1B) that as partitions S B have length at most four.
Since the partitions S B occuring in the middle entry can have length at most six, it is
su cient to solve the problem for the case n 6. Since the decomposition 0fS,n( 2B) is not
known in closed form, even when dinB = 4, we proceed instead by induction.
Let B have dimensionn and let

Rn 1(A BY=fT2A 2B j9U; dmU=n 1, T2A 2Ug

which is an example of arank variety (see [20]). The secant variety fPA  G(2;B )) coincides
with Ry4(A 2B ). We determine the ideal of R, via that of R, 1 which will render the
bundles that we use irreducible.

Over A G(n 1;B ) we have the bundle with ber A 2S which provides a desin-

gularization of R, 1(A 2B ). Our corresponding bundles are = A 2SS and =
A (%B=28)=A S Q .Notethatrank =2(n 1).
We have M
d = SA SoQ S48

f =(ab)j2atb=d; a+tb n 1g

where %denotes the conjugate partition to , soif =(a;b), then °=(22;1) in the standard
abuse of notation.

We apply the Bott algorithm (see e.g. [20],x4.1.5) to the weight =1 ,+ ! 4,y (2a+ D!,
The only potential way to have non-zero cohomology is at step(n 1) (a+ b), or at step
(n 1) aorstepn 1.

To obtain nonzeroH™ D @D 25+ bh+(n 1 (a+ b)) mustbe negative and (2a+
b+(n 1 (a+ b)+2 mustbe non-negative, so we must have @+2b=n 1. Recalling that
2a+ b= i, we haveH!( "1 )= S, ii2i nA Spai n.gen 2B
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To obtain nonzeroH™ 1 2 (2a+b)+(n 1 a) mustbenegativeand (2a+b+(n 1 a)+2
must be non-negative, implying 3a+ b= n+ 1, contradicting a+ b n 1.

To obtain nonzeroH" 1, we would have to have (2a+ b+(n 1)< 1and (2a+ b+
(n 1)+ 2 non-negative, implying 2a+ b= n +2 contradicting a+ b n 1.

In summary:

Proposition 7.1. Let B;A be vector spaces respectively of dimensions, 2 and consider the
rank variety

Rn 1(A B)=fT2A B j9U; dmU=n 1L, T2A 2Ug:

Then the ideal of R, 1 is generated in degrees; d %” (when these are integers) by the
modules
Sh d2d nA  Spa nq:m 2B SYHA  2B)

To prove Theorem 1.3, by the discussion above we need to exand the casesn = 5;6. When
n =5 we only have d = 3 and the module Sy1A  S,.14B generates the ideal ofR4 and also of

(PA G(2;5)). When n =6 we have d = 3;4 and the modulesSsA S;6B in degree 3 and
S22A  Sp.14B in degree 4 generate the ideal oRs, and the ideal of (SegPA G(2;6))) is
generated by these and the inheritedS, 1A S,.14B. However, S;,A  Sy2.14B is already in the
ideal generated byS;.1A  S,.14B.

7.2. Proof of cases Y = G(2;6) and Y = OP?. Write B = G=P,, where root spaces of roots
having a nonzero coe cient on the simple root ;, are deleted fromp. Following the conventions
of [3],ip = 4; 6 respectively. We write the Levi factor of pasgp = f+ hZ;,i, wheref is semi-simple
(respectively az + a; and ds) and hZ;,i is the center of go.

Here

A (S Q 2Q)= A (Ei, 1,415 E 1,)forY = G(2;6)
A (Ei, 1, E ) forY=0P?

where E denotes the irreducible bundle corresponding to thegg-module of highest weight .
We rst compute the decompaosition of the exterior powers of the gg-module giving rise to
gr( ) as anf module and then compute the action ofZ;, to determine the coe cient on !, for
each irreduciblef-module appearing.
The f-module decomposition is straightforward with the aid of LIiE [16], keeping in mind that,
if dim A =2, then

2 A (U K)= arpkSapA Spp(U K)
3) = arb=kSapA  (SzapU Spapp 1U Spa 1gp U Spa 1.90U)

One then uses LIiE to decompose these GL(U)-modules dsmodules. Next to determine the
weight on the marked node (i.e., the coe cient of ! ;,), ghe uses the grading elemeniZ;, 2 t
which has the property that Zi,( j) = iyj- Thusif = 4, '!iis an irreducible f-module
appearing inW K, where the! ; are fundamental weights ofg, to nd the coe cient of !, of
the go-module, one calculates

ar()

e Mg = kZig( )
where (¢ 1) denotes the inverse of the Cartan matrix. In both our casesZ;,( ) = %
Now one calculatesH! (B; Pgr( )). In practice we rst calculated HP 1(B; Pgr( )), and
only if this was nonzero did we calculate the otherH! (B; Pgr( )).
We got no relevant cohomology except in degrees one and twon both cases the only modules
that appeared in degree two were the cubic generators of thedeal plus S,;A  C, which is
cancelled by its appearance irH !, and it is the unique module appearing inH . By Proposition
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6.7 in [18] cancellation occurs in the spectral sequence fohe cohomology of 2 . The program
we used for this calculation is publicly available at www.mah.tamu.edu/ robles.

7.3.Y = S5. We need to calculateH'( ' 1 )with = C2 E whereE is the vector bundle
determined by the P-module with highest weight =[ 1;0;0;1;0]. This calculation is similar
to the above, but signi cantly easier because is irreducible.

8. The coordinate ring of (X)
The following proposition is essentially due to Zak [21]:

Proposition 8.1. Let X = G=P PV be a homogeneously embedded homogeneous variety. Let
denote the highest weight and denote the lowest weight o¥/, and letv ;v be corresponding

weight vectors. Then (X)= G:[v + v ], where the closure is the Zariski closure.
Proof.
g(v +Vv)=(g +Q+g)(v +v)=gv +g v =Ty, (G=P)

where the last equality is Terracini's lemma. This proves the result in the caseg.:v \ g v =0,
i.e. the secant variety is non-degenerate, and the result ieasy to verify in the degenerate cases
as well. (The degenerate cases are all rank at most 2 CHSS.)

We work with the a ne variety »# (X) V.
Proposition 8.2. Notations as above. LetH = Stab(v + v ). Then
K['(X)  K[G:(v +v)]= K[G=H]= K[G]"

and the irreducible G-module V occurs in K [G]? with multiplicity equal to the number of H - xed
points in V .

Proof. SinceG=H ~(X) we obtain an inclusion K [*(X)] K [G=H] by restricting functions
on M(X). By [9], K[G] = ¢ dominant v Vv and thus K [G]H = 't dominant gV % )H-

Note that although K [G]" is equipped with a grading, we do not know of any way to recover
the grading from this description, in fact the sameV may appear in several di erent degrees.

Example 1. X = G(k; W), with k > 2. Here without loss of generality we may take dimW = 2k
and we may takev + v = e N e+ e+ "N ex. Then

- A 0 . _ _
H= 0 B jdet(A) = det(B) =1

Note here and in general, the relevant groups are slightly derent if we consider instead of
and GL vs SL.

It's clear that no fundamental representation other than W,, = kW has anH - xed vector
and in W, there are two. The corresponding two copies of KW generate the ring of invariants
in the following sense. We claim:

K[G]H = rs OS(rk)W S(sk)W:

To see this, write E = hey; i ed;F = he ;i exi, we want to see how many instances
of the trivial representation of SL(E) SL(F) occurs in the irreducible SL(W) module S W.
Now

SW)= ., c. SE SF

Here we sum over partitions and and c. is a Littlewood-Richardson coe cient (see e.g.
[20], (2.3.4)). We need to calculate these when both and are of the form (rk) and (s¥)
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respectively for somer;s. But since the Littlewood-Richardson coe cients give tensor product
decompositions, i.e.
SW SwW= ¢ SW

we get the result.

Example 2. X = Grag(k; 2k) = Grag(n;W). Here we may takev +v = e " e+ 41"
" ey as above (with symplectic form! (e;e+j) = jj). Then

A O

H=""9 at

jdet(A) =1
and
K [M(GLag (k; 2k))]  K[G]"

In this case it seems that the irreducible SP(W)-representation W of highest weight =
1;:::; n) contains an H -invariant if and only if the partition if of the form p! ( + where
has even parts, and that the dimension of the space dfi -invariants in such case is 1. This would
imply that the ring K [G]" decomposes as the direct sum of representationd where has the
above form. It would also imply that the inclusion of the rings K [*(GLag (K; 2k))] K [GIH is

never an isomorphism.

Example 3. X = SedgPA:1 PAy). Here we may takev + v = e e +
f1 fr as above (withg;f; 2 Aj). Here we will useGL (A) so as to better keep track of
degree. Then
si O
H= 6 g 151 Sk =11 t=1
Now consider the action ofH on
Sa; b Al Sa, b Ak = (detA) s Pia, (detAy)P S B
The weight vectors are
ei11+b1flal by i1 e:(kflfk bx ik; 0 i a b

which is acted on byH by
(Si11+b1 SL“Q‘)('[? by i1 tik b ik)

sowe need1+ by = ix+ b = =z ik+bhianda; b i1=a b ix= =a b igx. So
we may X by;:::; b and iy arbitrarily, this determines iy;:::;ix. Then we must set all ai's equal
to say a, subject to the condition that a  maxy,.

In summary, the modules with H -invariant vectors are of the form

Sap, A1 San Ak; @  Maxy

and there area P+ 1 invariant vectors, where b= max i, .
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