Math 308 Section 517 Exam 1 Answers — Jean Marie Linhart Spring 2009

#1 blue test and #3 yellow test
(20 points) Find an implicit solution to the following:

dy - y3 + 4e*y
dr  2e® + 332

Solution: Rewrite this in the form:
M(z,y)dz + N(z,y)dy =0

we get
(y® + 4e*y)dx + (2¢* + 3y*)dy = 0

For exactness check to see if
oM  ON
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which is
3y + 4e® # 2e°
this is not exact.
Find a special integrating factor to make this exact:
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e” is a safe special integrating factor; no solutions are gained or lost.
The new equation is

(y2e® + 4e*®y)dx + (2¢** + 3ey?)dy = 0
This is My1dz + N1dy = 0 and now check for exactness with M7 and N;. It is

exact:
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Integrate

F(z,y) = /Ml(af, y)dx = /(ySem + 4e*y)dx = y’e” + 2>y + g(y)

Equate
or

— =N
ay 1 (Ia y)
This gives

3yle” +2e7 +¢'(y) =26 + 3"y’ = J(y)=0 = gy =C



Incorporate this constant with the constant in the implicit solution, giving:

F(z,y) = y3e® 4+ 2e%y = C

#2 both tests
(15 points) Find an explicit solution to the following:
dy

T Y= 23 sin(2x) y(r) =0

Solution: Write this in standard form by dividing out the leading x:

dy 'y 5.
i sin(x)

This is linear. Find the integrating factor

1
u(x) = exp [/ ——d:v} =exp(—In(z)) = 27!
x
Multiply through by the integrating factor and integrate

yr~! = /:vsin(Qx)dx

Integrate by parts with u = z, du = dz, and dv = sin(2z)dx, v = —(1/2) cos(2x)
to obtain

1 1 1 1
yr~t = —5¢ cos(2z) + B /cos(2x)d:c =3 cos(2x) + 1 sin(2x) + C

Solve for y
1
y = —5:102 cos(2z) + %sin@:v) +Czx

NOW use the lnltlal Condition
1 2
y(n)——O—— —57 + C'7

to solve for C:

Write down the final answer

1 1
y(x) = —ixz cos(2x) + %sin@x) + 3T



#3 blue test and #4 yellow test
(2 points) Identify the dependent and independent variables in:

dy Yy -2 _
d9+9_ 66y y(1)=0

Independent variable: 0 Dependent variable:

(2 points) What kind of a differential equation is this?
This is a Bernoulli equation

(15 points) Find an explicit solution to the above initial value problem.

Solution: Rewrite:

dy |y’
2 &1
— 4+ = = —60
a0 g
Now we try substituting y3 = v. Differentiate this with respect to 6
dv dy
=322
a6~ Y a8
This gives a new equation of
ldv v
sap tg Y0

Do not forget to get rid of the 1/3 out front!

dv  3v
@—i-? = —186

Now, find the integrating factor

() = exp [/ %d@} = exp [31n(0)] = exp [In(6*)] = 6°

This gives
18 18 C
3, 40 _ 5 _ 2
9U—/—189d9——€9 +C = U——EO +9—3
Substitute v = y* and solve for y:
18, C 18, C1?
3 2 2
Y 5 + 03 = v [ 5 + 93}



Use the initial condition

Substituting this into our equation for y we obtain

18 181"
M”—PE+@4

#4 blue test and #35 yellow test
(10 points) Use separation of variables to find the solution to

dy 4 2
2 =15 —1)%/3 0)=1
Ir iy —1) y(0)

dy 4
/7@_ 1)2/3 = /1595 dzr

3(y—1)Y2 =3+ C
Divide through by 3 and rename the constant

(y—D13 =2+ C

Solution:

Take the cube of both sides
y—-1="+0)P® = y=@E"+0)P3+1
y0)=1 = C*+1=1 = C=0
y =2 +1

(5 points) Is the solution you found by separation of variables a unique solution?
If so, give a theorem stating why. If not, give another solution.

Solution: No, this solution is not unique. We have

d
= flay) = 150"y - 1)
which is continuous everywhere, and
0
@) =100 - 1)
which is not continuous at y = 1. This suggests we look at

y(z) =1

for our second solution. It is another solution.



#5 blue test and #6 yellow test

(5 points) An ice cube (all sides are square) melts with the change in its volume
proportional to its surface area. Assume it remains cubical as it melts.

Blue test: Initially it is 1 cubic inch in volume, and after 5 minutes it is 1/8
cubic inch in volume.

Yellow test: Initially it is 1 cubic inch in volume, and after 5 minutes it is
1/27 cubic inch in volume.

Set up a differential equation representing the change in the length of a side of
the ice cube as a function of time. Note: a cube has 6 faces that are all perfect
squares of the same size.

Solution: The differential equation in terms of V for volume and S for surface
area is

av
Tk
dt o

Substituting V = s> and S = 6s% where s is the length of a side of the cube,
rewrite this in terms of s(t):
d ds ds

2 @8 2
— =6k — =2k — =k
3s 7 6ks = 7 or 7

(5 points) Solve the differential equation from above and use the information
given to write an explicit equation for the length of a side of the cube as a
function of time.

Solution: Multiply through by dt
ds = kdt integrate both sides s=kt+C
Use the conditions given in the problem. Initially V' (0) = 1 = [s(0)]?
s(0)=1 = C=1
Blue test At 5 minutes the volume is V' =1/8 or s = 1/2 use this to get k

1 1 1
=1/2=5k+1 k=—= k=—— t)=——t+1
s(5) / 5k + = 5 5 = 0 = s(t) 10+

Yellow test: At 5 minutes the volume is V' = 1/27 or s = 1/3 use this to get k

2 2
> k=- = s{t)=-—t+1

2
=1/3="5k+1 k=—=
s(5)=1/3=5k+1 = 5 . = =



(5 points) Use your solution, above, to calculate when the ice cube completely
disappears.

Solution: The ice cube completely disappears when the length of a side is 0,

which means
s(t)=0

we want to calculate ¢

Blue test:

1 1
s(t)=0= —Et—i— 1= _Et = —1 =t = 10minutes

Yellow test:

t)y=0= 2t—|—1:> 2t* 1:>t*15 inut
s(t) =0 = T5 w5t = _2m1nues

#6 blue test #7 yellow test (12 points) Find any explicit solution for

d
% = 2xy? + 22 y(v/m) =0

This problem is unusual in that there are many different equivalent solutions,
i.e. there are many constants that will work. You merely need to find one
constant that works to make this equation true.

Solution: Separate the variables
d
/ Jy__ / 2zxdx
y?+1

arctan(y) = 2> +C =y =tan(2® + O)

Integrate

The initial condition is

y(v/7) =0 =tan(r + C)

This is solved by any integer multiple of 7, i.e. C' = kxw. In particular C' = 0
works just fine and
y(z) = tan(z?)

is a solution.



#7 blue test #1 yellow test
The following two direction fields are for the differential equations

dx t2
Equation A: — = ——
quation dt 1 T $2
. dzx —¢2
Equatlon B: E = 1_’_—$2 “+ 1

(2 points) Identify which direction field goes with which equation.

Solution: this is equation B

Blue test (2 points) Use the correct direction field and solution passing through
x(0) = 0 to approximate z(2) for equation A.

x(2) ~ 1.5

Yellow test (2 points) Use the correct direction field and solution passing
through z(0) = 0 to approximate z(2) for equation B.

z(2) ~ 0




#8 both tests

(5 points extra credit) Let y' = F(x,y) be an ordinary differential equation
where F(z,y) is continuous and differentiable with respect to = and y with
continuous derivatives with respect to z and y for all  and y. Let y;(x)
and yz(z) be two solutions to this ODE. If y;(0) > y2(0) Is it possible that
y1(1) < y2(1)? Why or why not?

Solution: Note this problem has changed slightly see bold text above. With-
out assuming continuous derivatives on F'(z,y), it was harder to make an argu-
ment here.

Let us assume there exists y; (z) and yo(z) that solve y' = F(x,y) with y1(0) >
y2(0) and y1(1) < ya(1). Since F(z,y) is continuous, these solutions must be
continuous, and this implies that there exists xo € (0,1) with y1(x0) = y2(zo),
i.e. this implies the two must cross if they change positions. Let’s call y; (z¢) =
y2(20) = yo.

Now, on the other hand,if we have y;1(z¢) = y2(z0) = yo and F(z,y) is differen-
tiable for all z,y with a continuous derivative, any solution to the initial value
problem y' = F(x,y) with y(z9) = yo is unique, by the uniqueness theorem.
This then implies that y;(z) = y2(x) for all values of z. This is a contradiction.

Therefore our assumption was incorrect. We cannot have y;(1) < yo(1) if
Y1 (O) > Y2 (O)



