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ABSTRACT. We present a negative-norm least-squares method for axisymmetric div-
curl systems arising from Maxwell’s equations for electrostatics and magnetostatics
in three dimensions. The method approximates the solution in a two-dimensional
meridian plane. To achieve this dimension reduction, we must work with weighted
spaces in cylindrical coordinates. In this setting, a stable pair of approximation spaces
is developed and analyzed. We also report the results of some numerical experiments,
which demonstrate a quasi-optimal convergence rate and a robustness with respect to
the domain and coefficients.

1. INTRODUCTION

Many applications in electromagnetics involve axial symmetry. Considering the high
cost of solving Maxwell’s equations in three dimensions, there is a need for numerical
methods which exploit axial symmetry by achieving a dimension reduction. The strategy
of dimension reduction in the presence of rotational symmetry has proved to be effective
in finite element methods for the axisymmetric Laplace and Stokes equations (e.g. [1,
2, 10]). In this paper, we present a negative-norm least-squares method for the div-
curl systems arising from Maxwell’s equations with axisymmetric data and domain 2
in R3. In this case, the solution is axisymmetric, as proved in [2]. Moreover, the three-
dimensional problem may be solved in a two-dimensional meridian domain, reducing the
computational cost significantly.

To fix ideas, we consider as a model problem the Maxwell system for electrostatics,
defined as follows. Let € be a bounded, simply-connected domain in R3 symmetric
with respect to the z-axis, with a connected polyhedral boundary. We assume that the
intersection of 2 with the z-axis, denoted I'y = 2N (0 x 0 x R), is an interval of positive
length. If €2 does not intersect the z-axis, then the method presented in this paper is
still as effective, but the analysis becomes much simpler and uninteresting. The static
Maxwell system for the electric field e € L?(Q2)3 is

Vxe =fin()
(1.1) V.-(ee) =ginQ,
exn =0 on 0N.
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We assume that the electric permittivity e is piecewise constant and positive and well
behaved enough so that solutions to

—V-eVu=f in Q,
u=0 on 0f,

are in the Sobolev space H'4(Q) for some s > 0.
Further, we assume that the data f € L*(Q)3, g € L?(2), and € are axisymmetric [2].
By this we mean that (in cylindrical coordinates)

g:g(r,z), €:€(T7Z)7
f = fr(r? Z)er + f0(7“> Z)ee + fz(rv Z)ez'

Here e,, ey and e, denote the unit cylindrical coordinate vectors. In the literature, scalar
functions constant with respect to 6 are usually said to be invariant by rotation, but we
just use the term axisymmetric for simplicity. We further assume that V - f = 0.

The boundary condition e x n = 0 corresponds to a perfect conductor [11]. Inhomo-
geneous boundary conditions can be handled by simply modifying the data in the weak
formulation considered below. Furthermore, the theory and computational methods of
this paper can be easily applied to the magnetostatic system, which differs from (1.1)
only in the boundary condition h - n = 0.

Without the assumption of axisymmetry, this three-dimensional problem has been ap-
proximated using mixed methods, discretized with the H(curl; ) conforming Nedelec
elements. Such work can be found, for example, in [4, 7, 8, 9, 12]. The use of mixed
methods for the dimension-reduced axisymmetric equations requires an analysis of anal-
ogous finite elements in the weighted spaces on the meridian domain. Such methods
are currently being studied by the authors. Another successful approach to the general
three-dimensional problem is the least-squares method of Bramble and Pasciak [5]. It is
in the general framework of that paper that we derive the present least-squares method
for the axisymmetric equations. Our method leads to a well conditioned discrete system
which can be efficiently solved by a simple conjugate gradient iteration.

There has been some work focused on the efficient solution of axisymmetric Maxwell’s
equations. For example, geometric multigrid methods have been successfully applied to
axisymmetric equations in certain restrictive cases. In [3], Borm and Hiptmair present
a multigrid method for the H(curl; )-elliptic variational problem arising from dis-
cretization of the time-dependent Maxwell equations. Their analysis requires the rather
restrictive assumptions that the coefficients of the bilinear form fit a tensor product
structure and have constant ratios. Moreover, their method requires mesh structure, as
it performs 7-line smoothings and semicoarsening in the z-direction.

Gopalakrishnan and Pasciak [10] demonstrated that line smoothing and semicoars-
ening are unnecessary for the convergence of geometric multigrid for the axisymmetric
Laplace and Maxwell equations (azimuthal component only), in the case of constant
coefficients. However, the methods of [10] require structured meshes, and the degrada-
tion of convergence with variable coefficients is not addressed. It should also be noted
that in [10], only the azimuthal component of the vector field is solved for (see equation
(1.4)). In this paper, we solve for the meridian components (equation (1.2)).

Under the assumption of axisymmetric data, transforming the system (1.1) to cylin-
drical coordinates (r, 8, z) yields (see [2]) two decoupled systems in the two-dimensional
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domain D = {(r,2) : (r,0,2) € Q}:

(1.2) V. - (e(er,e,)) D (ree,) + Z(ee,) =g inD,
(er,e.) - (—nzmn,) =0 only,
and
32 =f inD,
(13) 190b) = f. D,

where I'y = {(r,2) € 9D : r > 0}. The assumptions on € imply that D is a bounded
domain in R? with a polygonal boundary. Note that D may be nonconvex.

Let L2(D) denotes the weighted Lebesgue space of measurable functions v on D
bounded in the norm ||v||z2(py = ([, 7*v? dr dz)"/?. We denote by H’(D) the weighted
Sobolev space of functions in L2 (D) whose weak derivatives up to order k are in L? (D).
The seminorm on H¥(D) is denoted |- |gx(p). Further, set H] (D) = {w € H{(D) : w =
0Oon Ty} and H! (D) = H{(D)N L*,(D). The dual of a Hilbert space H is denoted H'.

The azimuthal component ey can be solved for separately in the following scalar equa-
tion, obtained by taking the curl of equation (1.3):

(1.4) { —2 (L(reg)) — 2% =V x (f,f.) inD

eg =0 on I';.

Observe that integration by parts yields a variational formulation for (1.4) that is
coercive on the space {¢ € H! (D) : ¢ = 0on 0D}, where H'(D) has the norm

[tz Y (D) = [,rle* + rad’ + ra¢ drdz. (This boundary condition is equivalent to

the one in (1.4), as all functions in ¢ € H' (D) satisfy ¢ = 0 on I’y = 9D \ I';.) Multi-
grid methods can be used to numerically solve (1.4), (cf. [3, 10]).

We are interested in solving (1.2) for the meridian components e = (e, e,) € L3(D)%
Now the least-squares problem we shall solve is derived (see Section 3) from the following
weak formulation: Find e € L?3(D)? satisfying

(1.5) ble, (¢,q)) = (e, V, x ¢)L§(D) + (ee, V(DL% = (o, )LQ(D (9>Q)L§(D)a
for all (¢,q) € HL(D) x H{ (D). The differential operator V,x is defined below in

(2.2). Some of the advantages of the method we shall present are evident from this
weak formulation. For example, the solution is sought in L?(D)?, and derivatives and
boundary conditions are imposed weakly.

We consider a negative-norm least-squares approximation of (1.5). Since it is based

n (1.5), we can simply use piecewise constant vector fields for the finite element space.
In addition, the spaces H! (D) and H{ (D) can be approximated by linear Lagrange
finite elements, enriched by edge and element bubble functions for stability. As we shall
see in Sections 4 and 5, this leads to a stable and accurate approximation method with
a linear system which is symmetric and positive definite, and can be solved efficiently
by the conjugate gradient method preconditioned by a diagonal matrix.

The remainder of the paper is outlined as follows. Preliminaries pertaining to the
r-weighted spaces are covered first in Section 2. In Section 3, the least-squares problem
is introduced and analyzed, establishing existence and uniqueness of the solution in
L3(D)% In Section 4, we introduce discrete subspaces approximating L%(D)?, H! (D),
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and H ll,Q(D). Stability of the resulting discrete least-squares system is proved for this
choice of subspaces. The implementation of the discrete system is discussed in Section 5.
Finally, the results of numerical experiments are reported in Section 6, demonstrating a
first order convergence rate and a robustness with respect to the domain and coefficient.

2. PRELIMINARIES ON WEIGHTED SPACES

In cylindrical coordinates with the basis representation v = v,e, + vgey + v,e,, the
differential operators curl, divergence, and gradient have the expressions

VXV_ lavz_% e+ avr_avz e_‘_l 2( )_%e
- T\ T or )T\ arVY T e

r 00 0z
10 1 Ovg 81}2
Vov= 15 e+ 150 T s
8¢ 8¢ 0¢
(2.1) Vo = —e, + - ~50¢ 0+ 55 %

Assuming axisymmetry, all derivatives with respect to € equal zero. The differential op-
erators curl, divergence, and gradient give rise to r-dependent operators in the meridian
domain (the r-z domain). We shall denote such operators with a subscript » when they
differ from the standard operators, i.e.,

0¢ 1 10 v,
(2.2) VTX¢:( 82’57”( (r(b))) %JLndV,,-V—;8 (rvr)%—avz.

We use the notation I'c = 9D \ I't, (-,-)r = (-, )2y (5 )rr = (47)12(n), and <
e > = () r2(ry)- This notation is also used for the inner products on the spaces
L3(D)? and L3(7)? of vector-valued functions. The meaning will be clear from the
context. For vectors v € R2, we denote the Euclidean norm |v| = (v2 + v2)¥/2.

The Green’s formulas stated in the following lemma will be used repeatedly.

Lemma 1. Let n = (n,,n,) denote the outward unit normal and t = (—n,,n,) denote
the unit tangent vector (oriented counterclockwise). Then for all v .€ H{(D)? and ¢ €
HY (D), we have

(2.3) (Vxv,0),=(v,V, X¢),— <Vv-t,¢>.r, .
Also, for allv € H' (D) x H{(D) and ¢ € H{ (D), we have
(2.4) (Ve-v,0), =—=(v,Vo)+ <v-n,¢>.p .

Proof. Clearly (2.3) holds for v € C*°(D)? and ¢ € C*®(D), with ¢ vanishing in a
neighborhood of I'y. By Lemma 3.1 of [10], the subspace of functions in C*°(D) vanishing
in a neighborhood of Iy is dense in H* (D). The density of C*=(D) in H}(D) is given
by Proposition 2.1(1) of [10]. Thus (2.3) follows by a density argument.

Similarly, (2.4) holds for v € C*(D)? and ¢ € C*(D), with v, vanishing in a neigh-
borhood of T'y. By density (see the previous paragraph), (2.4) holds on the spaces stated
therein. U
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3. THE LEAST-SQUARES METHOD

Applying Green’s formulas (Lemma 1) to (1.2) yields the weak formulation (1.5) of
(1.2). This is the basis of our least-squares approximation.
Define the operators curl : L}(D)*> — (HY(D)), div. : L}(D)*> — (H{,(D))’, and
B: L¥D)?> — (H*(D) x Hll’O(D))’ by
<curlv,y) >=(v,V, x ), forallve L?D)?*¢ e H (D),
<divev, ¢ >= (ev, V), forall v e Li(D)* ¢ € H| (D),
Bv = (curlv,div,v) for all ve L?(D)?

Thus B satisfies (Be, (¢,q)) = b(e, (¢,q)) for all e € L3(D)? and (¢,q) € H' (D) x
H| (D) (recall that b was defined in (1.5)). Further define the symmetric bilinear form
Aon L¥(D)? x L¥(D)? and the linear functional F' by

A(u,v) = (Bu, BV)(HL(D)le{O(D))/
= (curlu, curl v) g1 )y + (diveu, diva)(H%,o(D))”
< F,v > = (fg,curl v) 1 pyy — (9, divgv)(Hio(D)),,
for all u and v in L?(D)?. Then the dual based least-squares formulation of (1.5) is to
find e € L}(D)? satisfying
(3.1) A(e,v) =< F,v > for all v e L}(D)>.
It is easy to see that B is a bounded operator on L?(D)? That its inverse is bounded

follows from the orthogonal decomposition for the space L?(D)? given in the next lemma.

Lemma 2. For any v € Li(D)?, there exist ¢ € H' (D) and ¢ € H{ (D) satisfying
v =V, X ¢+ eVq. This decomposition is orthogonal with respect to the inner-product
(e71-,+), on L¥(D)%.

Proof. The Green’s formula (2.3) and the density of smooth functions yield (V, x
¢, Vq), = 0 for any ¢ € H (D) and ¢ € H{ (D). In addition, [[e7'/2V, x ¢, and
|€/2V¢]|, provide equivalent norms on H! (D) and H{ (D), respectively. Thus, by den-

sity, it suffices to prove the result for v € (C§°(D))?. Associated with v = (v,,v,), we
have a rotated function

v =v,e, +v,e,
defined on Q. By Theorem I1.2.6 of [2], v is smooth. Let ¢ € Hj () solve
(quu, ve)[;(g) = (\U’, v0>L2(Q) = —(V . \vf, G)LQ(Q) for all 8 in Hé (Q),
and set
w=v—eVq.
Since ¢ solves an axisymmetric Laplace equation, ¢ is axisymmetric and so is w. By
restricting to # = 0, we have the decomposition

v=w+eVq.

The map ¢ — ¢ is an isomorphism (see [2]) from the space of axisymmetric functions in
Hy(Q) to Hi (D), so we have

gl 22y < ClvIiL2(py2-
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By regularity assumptions on €, we have that ¢ is in H'**(Q) for some s > 0. This
implies that w is in (H*(2))3. It follows from this and the fact that w is divergence-free

in  that
/v“v-nds
S

exists on any surface S generated by rotation of a piecewise smooth curve v C D which
is nowhere tangent to I'y (the argument is similar to the proof of Lemma 5.38 in [11]).

We conclude that
/W'ndSIQW/TW-HdS
S ol

is finite, where n denotes the tangent along v rotated by —90 degrees. If v is a curve
with its endpoints on I'y, then

27r/7“w-nds:/\7v-nd8: V- -wdz =0.
ol S Ds

Here Dy is the domain enclosed by S. The same holds true when 7 is a closed curve.
For any point (r, z1) € D, let v be any piecewise smooth path from some point ay on
FO to (7’1, 2’1>. Define

1
The above considerations show that ¢ is well defined and independent of the path v and
starting point ag on I'g. We claim that this function ¢ satisfies the requirements of the
lemma.
First, we verify that V, x ¢ = w. For (ri,2z;) € D and sufficiently small h > 0,
consider the straight-line path ~;, from (ry,z; — h) to (r1,21 + h). Then t = (0,1) and
n = (1,0), so

1
o(ry,21) = —— /rw ‘nds.
g

dp . 1 1
- = 11m Tw,rdS: — W, = W,.

82 h—0 2h7“1 " T
Now let 75 be the straight-line path from (r; — h, 21) to (r1 + h, 21), so that t = (1,0)
and n = (0, —1). Then

10 1 1 1
2 — = = — lim — S —

<3 ) r or (r¢)(r17 Zl) r hli% 2% /Yh TWy, ds Tl rwy Wy,

and we conclude that V, x ¢ = w.
Next we show that ¢ is in L? (D) by using the Hardy inequality (see Appendix A.4
of [13])

s ([ ([ o dy)px“ ) Ve ([ sapratra) v

We illustrate the argument when the strip [0, R] x Iy is contained in D for some R > 0.
Simple modifications of this argument give the general case. For z € 'y, applying the
Hardy inequality gives

R R /a1 2
/ Tl_lqb(rlﬂ 2)2 dry = / r1_3 </ rw,(r, 2) d?“) drq
0 0 0

R
< [ it
0
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Integrating over z gives

2 2 2
101172 (0.m1xm0) < IWI220,Rixro)2 < ClIVIZ2 (0, RyxT0)2-

Thus |¢l[z2 0y < ClVllL2(py>- Using the identity (3.2), we compute
o9 ¢

="t w,
or r
That g—‘f is in L3(D) follows from the facts that w, is in L?(D) and ¢ is in L%,(D).

Finally,

99
— = _wr
0z
is also in L?(D). This completes the proof of the lemma. O

The main result of this section now follows.

Theorem 1. For all v € L?(D)?,

(EV V) = sup (Vavr X ¢)% (EV,Vq)f
T ey o) 1PV X B [PV

Proof. Applying Lemma 2 to ev € L}(D)? yields ¢ € H! (D) and ¢q € H{ (D) satisfying
v = ¢ 'V, x ¢ + Vq. This decomposition is orthogonal in the inner product (e, ).
Thus,

(v,Ve x¢)2  (ev,Vq);
eV x B2 [[e/2V gl
It follows from the Schwarz inequality and the (e, -),-orthogonality of the decomposition
that taking the supremum here preserves the equality. O

(v, V), = (ev,e7'V, X 6 + V), =

Remark 1. The norm (e 'V, x ¢,V, x <b)71,/2 provides an equivalent norm on H' (D)

while (eVyq, Vq),lﬂ/2 defines an equivalent norm on H| (D). If we use these norms to
define the dual spaces then the above theorem can be restated

(ev,v), = [learl v|[Ey )y + HdiUeVH?HiQ(D))f-

This immediately implies that the existence and uniqueness of the solution to the least-
squares problem (3.1).

Corollary 1. Using the norm (e-,-)"/? on (L?(D))? and the above norms on the dual
spaces, the operator B : (L7(D))* — (HL(D))' x (H{ (D))" is an isometry. Moreover,
B~ Y(fy,9) = e where e is the unique solution of (3.1).

Proof. By Remark 1 and the generalized Lax-Milgram lemma (see, e.g. [5]), B is an
isometry onto its image in (H! (D) x H{(D))’. We need only check that it is onto
(HL(D)) x (H{,(D))". It suffices to show that the only pair of functions ¢ € H* (D)
and ¢ € H{ (D) satisfying

b(v,(¢,q)) =0 forall ve(LiD))?
is (¢,q) = (0,0). This is immediate since setting v = ¢ 71V, x ¢ + Vq gives

b(v,(6,q)) = (7'V, X ¢, V, X ¢), + (¢Vq, V).
That B~'(fy, g) = e is immediate from the uniqueness of solutions to (3.1). O
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4. STABLE APPROXIMATION

In this section, we describe a stable pair of approximation spaces for the least-squares
method (3.1). Let 7, be a quasi-uniform triangulation of D aligned with the discontinu-
ities of €. The diameter of a triangle 7 in 7, is denoted by A, and the length of an edge
e in 7;, by h.. Denote by X}, the space of piecewise constant vector fields in L?(D)? and
by S" the space of piecewise linear functions in H! (D). By Lemma 3 of [1], S” consists
of the continuous piecewise linear functions which vanish on I'y. Let S be the space of
piecewise linear functions in H{ (D).

For each edge e € 7;, let 7. be a triangle having e as an edge and denote by \;(x),
i = 1,2,3, the barycentric coordinate for x € 7, where A3(x) corresponds to the vertex
not in e. Define B, as the edge bubble space spanned by A;(x)A2(x) and set H, Z_ =
@egFOBeﬁ H 20 = @egnBe- For each 7 € 7, define B, as the element bubble space
spanned by A;(x)Az(x)A3(x). Denote H]' = @®rc7, B;. We then define H" = 5" @ H}'
and H) = S!' & H!' & H!.

The main result in this section is that the above subspaces provide stable approxi-
mation pairs. This is given in the following theorem. Its proof will be developed in the
remainder of this section as a series of lemmas. The inf-sup condition given in this the-
orem yields existence and uniqueness of solutions to the discrete least-squares problem
(see Section 5).

Theorem 2. There exists a constant C' > 0 (not depending on €) such that

v,V, X ¢), ev,Vq),
||V||L§(D)2 <C sup ( ¢) + ( 2
(p,q)€H" x H] ”¢HH£(D) HQHH;(D)

) for all v e Xy,

In the remainder of the paper, C' represents a generic positive constant which may
depend on the minimal angle of the mesh 7, but does not depend on the sizes h, or h..

Lemma 3. There exists a constant C > 0 such that if b, is a bubble function associated
with an edge e in T;, not contained in Iy,

2
Il < Crc? ([ rvds)

Here 7 is either triangle having e as an edge and r, is the maximum value of v on T.

Proof. Let §6 denote the edge bubble space on a reference edge of unit length. For edges
not intersecting I'y, a standard scaling argument and the equivalence of norms on the
one-dimensional space B, gives that for b, € B,,

2
Il < el < v [eas)

Since e does not intersect I'g, 7, can be bounded by a constant times the minimum value

of r on e, so
2 2
(/beds) SC’TT_2(/rbeds> .

We next consider an edge e which intersects I'y at a point which we denote by a;. There
are two cases. If 7 intersects ['g only at a; then there are constants Cy, C'; depending on
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quasi-uniformity such that
Cor < h;(Aa+ A3) < Cyr for all (r,2) € 7.

Here Ay and A3 are the barycentric coordinates of (r, z) associated with the two vertices
of 7 not on I'y. Scaling and again using equivalence of norms on B, gives that for b, € B,

Hbeuif(r) < Chel|(Ar + >‘2)1/2be||%2(7)

(4.1) . 2 2
< C’hf(/()\g + A3)be ds) < Chf(/rbe ds) :

The remaining case is when 7 intersects I'y along the edge with endpoints a; and a;. Then
on 7, r = a;h;\3 where, because of quasi-uniformity, 0 < Cy < a, < (. Replacing
Ao + A3 by A3 in (4.1) completes the proof. O

Lemma 4. Let 7 be a triangle in 7, and e be an edge of T not on I'y. There exists a
constant C' > 0 such that for all uw € H{(T)

HUH%%(E) S C(thuH?:%(T) + he“””?{ll(T))

Proof. By Proposition 2.1 of [10], C*(7) is dense in H{(7) and the trace operator is
continuous from H{(7) to L?(e). Therefore, it suffices to prove the result for u € C*(7).
When 7 does not intersect [y, the result easily follows from the standard (unweighted)
estimate.

We next consider the case when e N Ty is a point. For each point x = (z,,z,) € e,
we let 7, denote a unit vector pointing from x to the vertex az of 7 not on e. There
is a positive number « independent of h such that x + ahny is in 7 and is of distance
greater than C'h from ag. It follows that the value of r on the line from x to x + ahny
is bounded above and below by a constant (independent of i) multiple of z,. We write

t
u(x)? = —/0 %(uZ)(x 4+ yny) dy + u(x + tny)? for all 0 < t < ah.

Multiplying the above equation by r = x,., using the above equivalence and integrating
over e gives

g < € [ 6cts) 4y |5 (w)x(s) g | s

+C /(X(s) 4t ) (x(8) + tny)? ds.

By quasi-uniformity, the angle between e and 7, does not degenerate, so changing the
integration variable and applying the Schwarz inequality along with integration over ¢
in (0, ah) gives

ahl[ul32( < Clhllullzin | Vull g+l
i(e) (1)

from which the desired bound immediately follows.

The same argument handles the remaining case as well. When 7 intersects I'y and e
does not, r behaves like h, on e. Fortunately, since x 4+ ah, 1y stays away from a3 € I'y,
(x+ynx ), behaves like h, for 0 < y < ah,. The above argument gives the desired result.
This completes the proof of the lemma. O
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Lemma 5. There exists a constant C' > 0 independent of h such that
VT T ) Vr T
sup M < C sup M for all v € X,
¢peH! (D) ||¢HH1(D) peH! ||¢||H£(D)
Proof. Using L3(7;)-orthogonal projectors, it is possible to construct a Clément-like pro-
jector 1" : HY (D) — S satisfying (cf. [1])
(4.2) h?llo =1 T2y + 160 — 1)1 (1) < CllolE (a9

where A, denotes the union of all triangles in 7} sharing a common vertex with .
Let v € X, and ¢ € H!(D) be given and set ¢ = ¢ — I1"¢. For each edge e in 7,
not contained in I'y, define w, € B, by [ rwe.ds = [ rids. Set g = Zegro we. The

function ¢. is constructed so that ¢, = I1"¢ + ¢, satisfies
(4.3) (v, V, X @), = (v, V, X dp)y.
Indeed, since v is piecewise constant, v - t is constant on each edge and (2.3) gives
(V, Vo X 9)pr =< V-t,9 >, 501,
=<V t,qe >ronre= (V, Vi X ge)rr.
Summing over all 7 € 7, yields (4.3). Thus, the lemma will follow if we show that
6l oy < Clidlin oy
By (4.2), it suffices to show

(4.4) el oy < Cllollu (py-
By Lemma 3 of [1], for any polynomial f € Py(7) vanishing on 'y when 7N Ty # (),
(4.5) [ fllzz () < Chf_leHL%(T)-
Thus,
H%H%gl(p) <C Z Z ||we\|ial(r) <cC Z Z hiszellig(T)-
7€, eCT 7€, eCT
BSZFO 5,(21_‘0

Applying Lemma 3 gives

2
> X il < ¢ 5 X ([ rocas)

T€T, eCT T€T, eCT
egl—‘o egFO

(4.6) =C) anhf(/ewdsf

T7€T, eCT
e;(_FO

<C Z Z h;IHI/’Hif(e)-

T€T, eCT
egl"o

Combining the above inequalities with Lemma 4 and (4.2) gives

@r) 3 h ey < COI0E ) + 100 m) < Clol%s o)

T€T, eCT
egFo
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from which it follows that
Igell L2 0y < Cll9ll a2 (p)-
By Lemma 4 of [1], for any polynomial f € Py(7) we have

(4.8) Hf”Hll(T) < Chilf\f||L%(r)'
Thus,
laelizy oy < C D2 D lwelifyry < € D0 D hllwellzzr,
€T, eCT 7€, eCT
35;1—‘0 e;(_l‘o

Applying (4.7) shows
H%H?{;(D) < Cl|@ll 1 (py-
Thus we have proved (4.4), which completes the proof of the Lemma. O

The analogous result for the second term in the discrete inf-sup condition (Theorem 2)
is contained in the following lemma. Its proof is given later.

Lemma 6. There exists a constant C' > 0 independent of h such that

sup (v, Va)r _ oo (V. VO

< for all v e Xy,
geH} (D) “q“H%(D) q€HL ||C]||H11(D)

In the proof of Lemma 5, we applied the Green’s formula (2.3) with v piecewise
constant. In this case, v was in the appropriate space, namely H{(7)?. Similarly, the
proof of Lemma 6 will require the Green’s formula for the divergence, but (2.4) does not
apply since constant vectors v do not satisfy v, € H'(7) for triangles 7 with nodes on
I'y. However, the Green’s formula for the divergence does hold in the specific cases we
require for proving Lemma 6. This is stated precisely in the following lemma.

Lemma 7. If 7 is a triangle with no edges contained in Iy (i.e., TNy is empty or a
vertez), then

(49) (VT *V, ¢)T,T = _(V7 V(b)T,T—i_ <v: n, ¢ >T,BT
for all ¢ € H(D) and constant v € R?.

Proof. The case when 7 does not intersect Iy is already contained in Lemma 1. Suppose
that 7 intersects 'y at a point. When ¢ is C''(7), the above formula follows immediately
from the divergence theorem, i.e.,

/TV~(r¢v)dx = /BTT¢V~nds.

Thus, by density, it suffices to show that each term in (4.9) is bounded for ¢ € H}(7).
Applying the Schwarz inequality gives
(v, V)i < IVIL2n IVOllL2(r)-
It follows from Lemma 4 that
| < v n,0 >0, | <|Vv-nlzon9l26m
< Clv - nllgon (b 1617y + hell ol ).
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Since v is a constant and the width of 7 in the z-direction is bounded by C'r, it follows
from the Schwarz inequality that
/ v dx

Thus all of the terms in (4.9) are bounded. This completes the proof of the lemma. O

(4.10) (Vi v, 0)rr| =

< C(M)|vell|@ll L2y

Proof of Lemma 6. Given ¢ € H{ (D) and v € X}, we shall construct ¢, € H" satisfy-
ing

(V7 vqb)r - (V7 v¢h)7“
Pnll 20y < Cll9l a2 (D)

Again, we use a Clément-like operator II? : H{ (D) — S satisfying (see [1])
(4.12) h?llé = T8l T2y + 6 — Tl ) < Cllola,)-

Set 1) = ¢ — [1"¢. As in Lemma 5, for each edge e in 7, not contained in D, define
we € B, by [ rw.ds = [ rids and set g. = Y, w.. Lemma 7 gives that for triangles
without edges on Iy,

(Va v¢)r,’r = —Ur /@/Jdl’—l— <v: n7¢ >r,0r

T

:—vr/wdx+ <V I, ge >ror -

/TwdeI/T(w—qe)dx-

(Va V"vb)rn' = —Ur /(w‘r + QC) d.I'—l— <VvV-n w, + de >r,87': (V7 v<w7' + qe))rﬂ'-

T

(4.11)

Next define w, € B, by

Then

Accordingly, we define ¢, = I1"¢ + ¢, + w, on 7 when 7 does not have an edge on I'y.
Then we have

(4.13) (v,V@)rr = (V,Vén)r

To deal with the remaining triangles, we have to avoid integration by parts in the r
direction with terms involving 1. Specifically, for a triangle 7 with an edge ey on I'y, we
choose the bubble function w,, € B, so that

(414) (Va v¢)r;r = (V> V(HZ¢ + Qe + weo))r,T
and set ¢y, = "¢ + g, +w,, = on + We,. We shall see that (4.14) is indeed possible. We
have

dp. . Ody 7
(17 a)r,’r = (17 E)T,T + /aT\FO nzr(gb - ¢h) dS,

OWe,

(1, 5 Ve = —/weo dx.
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Here n, denotes the z-component of n. Using the first equality above and the definition

of g, gives
<U27 90~ ) > - / o= ) ds

= / v,n,r(1 — q.)ds = 0.
ot\I'o
Thus

(4.15) (v,V@)rr = (V,Vén)rr —|—vr(/ (o — ngh) dx + /Tweo dx).

Choosing w,, € B, so that

(4.16) /we0 dr = / gbh —

gives (4.14) on triangles 7 with an edge on I'y. Combining (4.13) and (4.14) gives the
equality of (4.11).

To complete the proof, we need only show that the inequality of (4.11) holds. By
(4.12) and the triangle inequality, we need only bound norms of the functions w., ¢. and
We,. The arguments in the proof of Lemma 5 with (4.12) give

(4.17) HQeHHll(T) < C|’¢HH11(AT) and HQeHLf(T) < Chr\|¢”H§(A )

For the remaining terms, there are two cases.
First, we consider 7 such that 7 does not intersect I'y on an edge. Applying a scaling
argument and (4.8) gives

2
||wT||?{11(7.) = Chr_2||w7||%?(f) = CrTh;4(/wT dx)

— Croh < / (¥ — ) da:>2

If 7 intersects I'g, we use the fact that the width of 7 in the z-direction is bounded by
Cr to obtain

2
(4.19) (fto-a1ds) <Crmlv -l < Crtloly,

To get the last inequality above, we used (4.6), (4.12), and the triangle inequality. It
follows that

(4.20) [wr |y ) < Clidlmyan
in this case. Otherwise, if TN Ty = ¢,

(4.18)

2
(/ (¥ - 4) dw) < Ore el = Gellzgny < Crhellfliny o

and (4.20) immediately follows.
We finally consider triangles 7 with edges on I'y. As in (4.18),

2
il < Ch( [ ds) < nlo - alty,
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The term on the right hand side is bounded as in (4.19) and we obtain

(4.21) [weo ||y (r) < CllYlman)-
Combining (4.12), (4.17), (4.20), and (4.21) proves the inequality in (4.11). This com-
pletes the proof of the lemma. O

Theorem 2 immediately follows from Lemmas 5 and 6 and Remark 1.

5. DISCRETE LEAST-SQUARES SYSTEM

Let X}, and Y}, = H" x H! be the stable approximation pair introduced in the previous
section and define the operator By, : X}, — Y] by

< Bpx,y >=b(x,y) for all x € X,y € Y.

Further define Ty, : Y, — Y, by (Tv, f,y)y, =< f,y > for all y € Y}. Then the discrete
least-squares problem is to find x;, € X, such that

(51) Ah<Xh,X) =< thhaTYhBhX >=< F, TYhBhX > for all x € X,,.
Using Theorem 2, it is easy to see that
(5.2) CoAn(x,x) < (ex,x), < C1Ap(x,x) for all x € X,

with constants Cy, C; independent of h. Accordingly, the discrete system corresponding
to (5.1) can be uniformly preconditioned by the matrix corresponding to (e-,-), on Xj.
The following theorem is an immediate consequence of Theorem 2 (see [5]).

Theorem 3. The problem (5.1) has a unique solution which satisfies

_ < i —
le =xall, < C inf fle— vl

Here e is the unique solution of (1.5).

Remark 2. The above theorem immediately implies that when the solution is in H{(D)?,

for 0 < s <1, the convergence rate will be at least of order s.

Remark 3. In the case when € has large jumps away from I'g, Clément operators can
be constructed satisfying (4.2) and (4.12) with C replaced by C'In(h=1)? (see, [6]), where
C' is independent of the magnitude of the jumps in €. In this case, (5.2) holds with
Cl/CO < C'ln(h_l)g.

In our computations, instead of Ty, we use a spectrally equivalent preconditioner
Th Y] — Y},. In this case, the system remains well conditioned and the quasi-optimal
estimate of Theorem 3 still holds. Specifically, we define T"f = (T" f, T} f) where the
action of T" and Tf involve smoothing on the bubble spaces and a multigrid algorithm
with point smoothing and geometric refinement (cf., [10]) on the spaces S* and S*. To
implement this, we assemble matrices A_ and A, in the bases of H" and H" according

to the partition
Abb Abl} |:Abb Abl:|
A = — 7L A= + Fl
[Al_b Al T A Al
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where b indicates the space of bubble functions and [ the space of piecewise linear
functions. The bilinear forms defining A_ and A, are, respectively,

1
a_(u,v) = | —0.(ru)d,(rv)drdz + / fazuazv drdz,
D€

p Te

ai(u,v) = / re(0,ud,v + 0,ud,v) dr dz.
D

It is shown in [10] that these bilinear forms are continuous and coercive on their respective
spaces. The multigrid algorithm is used to provide approximate inverses M" and M Jlrl for
A% and Alj, respectively. Forward and backward point Gauss-Seidel smoothing provides
smoothers in the multigrid algorithm resulting in a symmetric M" (cf. [10]). The vector
Thf =2 = (x4, 7))! €Y}, is computed via the algorithm:

1. z, «— Forward Gauss-Seidel iteration on A% with data f;
2. 1= MU (f; — A')
3. xp < xp + Backward Gauss-Seidel iteration on A” with data f, — A%z;.

The vector T? f is computed similarly.

In the case of constant €, using the results of [10], (4.4), (4.17), (4.20) and (4.21), it
is not difficult to show that the resulting preconditioned systems, 7" A_ and TTA, are
uniformly well conditioned independently of h. This gives rise to an operator 7" which
is spectrally equivalent (independently of h) to Ty, .

The weights in a_(+,-) and a,(-,-) are chosen in accordance with Theorem 1. Al-
though a complete analysis of the multigrid algorithm in the case of jumping coefficients
is not available, it appears that multigrid results in a uniformly conditioned system in-
dependent of the magnitude of the jumps provided that the coarsest grid aligns with
the jumps. Our computational results are in agreement with this conjecture. In fact, we
observe that preconditioning (5.1) with the (e-,-), mass matrix results in an algorithm
whose iterative convergence rate is similar to that for the case when e is identically one.
Note that the mass matrix for (e-,-) is diagonal as there is no interaction between basis
functions of the piecewise constant space X, corresponding to different triangles.

6. NUMERICAL EXPERIMENTS

The linear system representing (5.1) is symmetric and positive definite. We solve
the system using the preconditioned conjugate gradient method (PCG), with the (e, -),
mass matrix as the preconditioner. The relative tolerance is 1072, In the first two
experiments, reported in Tables 6.1 and 6.2, D is the unit square and the mesh is
uniform, with square or triangular elements. Table 6.1 lists the numerical results for the
model problem (1.2) with constant coefficient ¢ = 1 and data

fo=m(r—1)cosmrcosmz

g=2cosmrsinmz — w(r+ 1)sinwrsinrz.

The exact solution is (e, e,) = (rcosmrsinmz,sin mrcos mz). These results demonstrate
the theoretically predicted first order convergence rate. The number of iterations shows
only a modest increase with finer meshes, consistent with the theory.
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Square mesh Triangular mesh
h | L?error | Ratio | PCG | Unknowns | PCG | Unknowns
1/8 10.0723809 | 1.96296 7 128 8 256
1/16 | 0.0363771 | 1.98974 7 512 9 1024
1/32 | 0.0182127 | 1.99735 8 2048 10 | 4096
1/64 |0.00910943 | 1.99933 9 8192 10 | 16384
1/128 | 0.0045551 | 1.99983 9 32768 11 | 65536
1/256 | 0.0022776 | 1.99996 9 131072 11 | 262144
1/512 | 0.00113881 | 1.99999 | 10 | 524288 12 | 1048576

TABLE 6.1. Numerical results for a constant coefficient (e = 1), with the
square domain.

Square mesh Triangular mesh
h | PCG Iterations | Unknowns | PCG Iterations | Unknowns

1/8 7 128 9 256
1/16 7 512 9 1024
1/32 8 2048 10 4096
1/64 9 8192 10 16384
1/128 9 32768 11 65536
1/256 9 131072 11 262144
1/512 10 524288 12 1048576

TABLE 6.2. Numerical results for a coefficient with jumps, with the square domain.

Table 6.2 gives the PCG iteration counts when the coefficient has a jump,

10" ifr,z > 1/2,
€= )
1 otherwise

The number of iterations observed for the various mesh sizes in this case are essentially
identical to those reported in the constant coefficient case (Table 6.1).

To further investigate the iterative convergence behavior of the method, we report
three other experiments without tabulating the details of the results. Figure 6 illustrates
three nonconvex computational domains used in these experiments. For the problems
which we ran, the exact solution is unknown and so we cannot confirm convergence rates.
However the computations do demonstrate that the number of PCG iterations does
not grow when the domain has reentrant corners and the boundary is not rectangular.
Indeed, the number of PCG iterations does not exceed 17 for 1/512 < h < 1 and any of
the domains.
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