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THE APPROXIMATION OF THE MAXWELL EIGENVALUE
PROBLEM USING A LEAST-SQUARES METHOD

JAMES H. BRAMBLE, TZANIO V. KOLEV, AND JOSEPH E. PASCIAK

ABSTRACT. In this paper, we consider an approximation to the Maxwell’s eigenvalue
problem based on a very weak formulation of two div-curl systems with complemen-
tary boundary conditions. We formulate each of these div-curl systems as a general
variational problem with different test and trial spaces as done in [12], i.e., the solu-
tion space is L*(Q) = (L?*(2))® and components in the test spaces are in subspaces
of H(Q), the Sobolev space of order one on the computational domain 2. A finite
element least-squares approximation to these variational problems is used as a basis
for the approximation. Using the structure of the continuous eigenvalue problem, a
discrete approximation to the eigenvalues is set up involving only the approximation
to either of the div-curl systems. We give some theorems which guarantee the conver-
gence of the eigenvalues to those of the continuous problem without the occurrence of
spurious values. Finally, some results of numerical experiments are given.

1. INTRODUCTION.

In this paper, we consider the eigenvalue problem associated with Maxwell’s equations.
These equations can, for example, be used to determine the frequencies which will propa-
gate through a medium such as a waveguide [3, 32]. It looks promising, that similar ideas
can be applied to the more general equations describing propagation through photonic
crystals, see [23, 38].

Although two dimensional versions of Maxwell’s eigenvalue problem often result in
eigenvalue problems involving the Laplacian, three dimensional problems are signifi-
cantly more complicated as they result in an eigenvalue problem involving curl-curl, an
operator which is not elliptic. Accordingly, the inverse is no longer compact leading to a
much more complicated analysis. However, as we shall see, a compact “pseudo” inverse
can be constructed which has the same eigenvectors.

One of the more popular approaches for approximating Maxwell’s eigenvalue problem
is based on using curl-conforming spaces such as those developed by Nedelec (cf. [34, 35]).
In such a method one looks for solutions to the problem in H (curl), the space of vector
functions which, along with their curls, are in L*(Q2). Analysis of the eigenvalue problem
using these spaces either involves proving collective compactness [29, 33| or proving
convergence in norm [4, 5, 6, 22].
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Early engineering approximations to these equations were often attempted using H*-
conforming finite element spaces [7]. These were known to have problems due to low
regularity solutions and multiple valued potentials [19, 24, 30]. Recently, new methods
for dealing with these problems have been proposed [13, 14, 36]. The methods of [14] de-
pend on weighted functional with weights depending on the strength of the singularities
at corners and edges. In [36], discontinuous Galerkin methods are proposed.

The approach which we take in this paper is to first relate the problem to a block
system involving the solution of div-curl systems. These div-curl systems are formulated
as variational problems following [12] where the solutions are posed in L*(f2) and the
(components of the) test functions are in various subspaces of the Sobolev space H* ().
This results in a very weak formulation of the div-curl problem where the data can reside
in a negative norm space, e.g., in the dual of the test spaces. That the test functions
are in H'() is a critical attribute of the method which we take advantage of in our
subsequent analysis of the Maxwell eigenvalue problem. Indeed, this leads to solution
operators for the div-curl problem which are bounded from H () into L*(Q2) in the
continuous as well as the discrete case. Since the approximation is based in L*(€2),
our approximation subspaces can be very simple, for example, we can use discontinuous
functions at the material interfaces where the solutions jump while using C° elements
in the interior where the solution is smooth.

In this paper, we shall show how our variational form of the div-curl system can be
used to develop a stable approximation to the Maxwell’s eigenvalue problem. We first
show that the eigenfunctions with non-zero eigenvalues are also eigenfunctions of a block
compact skew-Hermitian problem where the blocks correspond to div-curl problems. We
use our div-curl approximation to derive a sequence of approximation operators which
converge in norm to the above-mentioned compact operator.

Actual three dimensional applications necessarily contain large numbers of unknowns
(on the order of millions). Such a large number of unknowns result from complicated
device geometry and the mesh refinement necessary for resolving singular behavior in
the solutions. Since the systems are too large for conventional direct eigensolvers, the
eigenvalues must be computed iteratively. To obtain a system which is more amenable
to iterative computation, we show that the original eigenpairs can be computed from
those of a compact symmetric real operator. This system can be approximated in norm
by the discrete operator for one div-curl system and its adjoint and results in a sym-
metric discrete eigenvalue problem. The development of effective iterative techniques for
computing the eigenvalues of large symmetric problems has been the subject of intensive
research in the past two decades, e.g., [18, 26, 10]. These methods are more efficient
and robust than those developed for non-symmetric and/or indefinite systems. Thus,
the reformulation of the problem as a symmetric real system represents a significant
computational advantage.

The outline of the remainder of this paper is as follows. In Section 2, we describe the
Maxwell eigenvalue problem and reformulate it in terms of variational div-curl systems.
In Section 3, we show how the discrete technique of [12] can be used to develop approx-
imations to the reformulated variational div-curl system. These operators are used to
construct symmetric discrete eigenproblems in Section 4. Earlier sections of the paper
are presented under the assumption of a simply connected domain with a connected
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boundary. We extend the techniques of the paper to the case of multiply connected do-
mains with multiply connected boundary in Section 5. Finally, the results of numerical
experiments illustrating the convergence behavior of the eigenvalue approximations are
given in Section 6.

2. THE MAXWELL EIGENVALUE PROBLEM.

Let Q be a polyhedral domain with Lipschitz boundary in R?. For simplicity, we shall
assume that €2 is simply connected with a simply connected boundary. We shall address
the case of non-simply connected domains and domains whose boundaries consist of
multiply connected components in Section 5.

Maxwell’s eigenvalue problems involve the quantities h, e : Q — C3, respectively, the
magnetic and electric field intensity. The Maxwell eigenvalue problem is given by

V x h = JXee in (),
(2.1) V xe=—-Auh in €,

exn=0 on 0.

Here n denotes the outward normal on 0f2. In addition, the real-valued functions p and
€ describe the experimentally determined material properties, respectively, the magnetic
permeability and the electric permittivity. Typically, these are piecewise smooth func-
tions that are bounded above and below with jumps at the material interfaces. Clearly,
the above problem has a large null eigenspace made up of gradients. We are only inter-
ested in the nonzero eigenvalues A and the corresponding eigenfunctions h, e.

We shall use the following complex spaces, where v € {¢, u}:

(Q L?*(Q) equipped with the weighted inner product (u,v), = (yu, V)2,
H(curl) = {v € L*(Q),V x v € L*()},

) —
)
Hj(curl) = {v € H(curl), : v xn =0 on 00},
) =
)=

{v e L(Q), V- (yv) € L*(Q)},

H(div; ©
{ve H(div;y) : n-(yv) =0 on 00},

H (div;~y

A more precise statement of the eigenvalue problem now reads: Find A\ € C, h €
H (curl) and e € Hy(curl) satisfying the first two equations of (2.1).

One way to analyze the above problem is to look for (e, k) in Hy(curl) x H(curl).
In contrast, we look for solutions in L?(2) x L*(2). This is natural as we ultimately
end up with a compact operator on L*(Q) x L*(1).

We shall characterize the above eigenvalue problem by showing that it is related to an
eigenvalue problem involving a compact Hermitian semidefinite operator. Suppose we
have an eigenfunction pair, e € Hy(curl) and h € H(curl) with a nonzero eigenvalue
A. Then, it follows that

(2.2) 0= (V xh,V0) = \ee,V0) forall § € Hy(Q).
Note that the integration by parts formula
(2.3) (Vxw,v) =(w,V xv)
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for all w € H(curl) and v € Hy(curl) follows from the density of D(Q)? in Hy(curl).
Thus,

(2.4) 0=(V xe V) =—-\uh,V0) foralldec H (Q)
and
e € Hy(curl) N H(div;e) and h € H(curl) N H(div; u).

We shall assume that ¢ and p are regular enough so that Hy(curl) N H(div;e) and
H(curl) N Hy(div; ) are continuously embedded in (H*(€2))? for some s > 0. Such
results are provided in [15] when € and p are piecewise smooth.

From the above discussion, it is natural to consider two source problems. The first is
the div-curl system

V X h = €g, in (),
(2.5) V:(puh)=01in Q,
h-n =0 on 0.
The second div-curl system is similar:
V x e = pug, in 2,
(2.6) V- (ee) =0in €,
e xn =0 on .

An L*(9) based variational framework for the solution of the above two problems
in the case of real-valued functions was given in [12]. The extension of this framework
to complex spaces is straightforward. To describe this formulation, we introduce the
following spaces:

H, = H'(Q), Hy= Hj(Q),

V.= H\(Q) = (H(Q)?, V,=(H'(Q),
Vie={w= V¢, ¢ € Hj(Q)},
Vo ={w =V, ¢ € H(Q)}.

For k = 1,2, let Y}, = V;, x H; and consider the sesquilinear forms on L*(Q) x Y
defined by

bi(zx, (v,h)) = (x,V x v) + (ux, Vh) for all z € L*(Q) and (v,h) € Y;
and

bo(z, (v,h)) = (x,V x v) + (ex, Vh) for all x € L*(Q2) and (v,h) € Y.
It is shown in [12] that there is a unique function x; € L*(Q) satisfying

(2.7) be(y, (v, h)) = (f,v) forall (v,h) €Y
for any functional f, € V' satisfying the compatibility condition
(2.8) (frsv) =0 forallveVyy.

This analysis is based the “inf-sup” condition

bi(xk, (v, h
(2.9) |25 2y < C sup [0 (@5, (v, 1))

for all 2, € L*(Q),
whey, [V, 1)y,
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which was proved in [12]. Here and in what follows, C' is used to denote a generic positive
constant.

We next consider the compatibility condition (2.8). Let Vo= {V¢ : ¢ € H}(Q)}
and Voo ={V¢ : ¢ € H(Q)}. Then Vi is the closure in L*(Q2) of V. for k = 1,2.
Let @), denote the weighted L?*(f2)-orthogonal projector onto V.o defined by

(eQqv, ) = (ev,¢) for all ¢ € VL()
and

(1Qav, @) = (1v, @) forall p € V.
Then for g, € L*(9), the functionals given by

(2.10) (f1,0) = (eg1.¢) and (fy, @) = (1g,, ).
satisfy the compatibility condition (2.8) if and only if (egy, @) = 0 for all ¢ € Vi,
and (ugy, @) = 0 for all ¢ € Vyy. ie., g, € Vtm the (weighted) L?(£2)-orthogonal
complement of V. If g, is in Vi,o and f, is defined by (2.10) then x; defined by (2.7)
solves (2.5) and (2.6), i.e., h = x; and e = .

Let S : L*(2) — L*(Q) be defined by Sig, = x; where x;, solves the problem

bi(xy, (v, h)) = (e(I — Q,)g,,v), forall (v,h) €Y,

and
ba(xy, (v, h)) = (I — Qy)gy,v), for all (v, h) € Ys.

It is clear from the above discussion that the compatibility conditions are satisfied so
that S}, is well defined. Moreover, since g, is in L*(Q2), S1(g,) is in H (curl)NH(div; z1)
and S3(g,) is in Hy(curl)NH (div;e) (c.f., [12]). Thus, our regularity assumptions imply
thzat Si(gy) is in (H*(Q))? for some s > 0, i.e., S} is a compact mapping of L*(2) into
L (Q).

Note that if e € Hy(curl), h € H(curl) and A # 0 satisfy (2.1) then they satisfy
(2.5) and (2.6) with g, = Ae and g, = —Ah. Moreover, by (2.2) and (2.4), e € Vf’o
and h € Vio so g, = (I — Q;)g,. and hence

h = Si(g,) = ASi(e),
e = S55(g,) = —ASz(h).

We rewrite this in block matrix form as

211 2(i)=(s, &) () ()

where ¢ = A~!. We have shown that the eigenpairs (e, h) of (2.1) with nonzero \ satisfy
(2.11).

Conversely, let (e, h) be a solution of (2.11) with nonzero o. It follows from [12] that
(212) VxS g=¢I—-Q,)g and V x Syg=pu(l—Q,)g forall ge L*Q).
Thus,

eI -Q)e=0V xh
and
(I —Qy)h = —0V x e.
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Moreover, from the definition of S and S5, it is immediate that
(2.13) Si(g) € Vz{o and Ssy(g) € Vio

for any g. This implies that ¢(I — Q,)e = ce and u(I — Q,)h = ph. Combining
the above shows that (e, h) satisfy (2.1) with A = 1/0. We have proved the following
theorem.

Theorem 2.1. The eigenvectors corresponding to nonzero eigenvalues for (2.1) and
(2.11) are the same, i.e., e € Hy(curl), h € H(curl) and A # 0 satisfy (2.1) if and
only if they satisfy (2.11) with o = 1/\.

Clearly, B is a compact operator mapping (L*(€2))? into (L*(Q2))2. Moreover, if we
consider B as an operator on L?() x Li(Q), with the standard inner product

() (3)) = oo

then B is skew-Hermitian. Indeed,

(B (Z) , <;)> — —(Syh,cé) + (Sie, uh ).

Using (2.12) and (2.13) gives
(Soh,ce) = (Sah,e(I — Q,)é) = (Sah,V x S, €)
= (V x S2h,5:€) = (u(I — Q,)h, S1€) = (uh, S:€)

from which it follows that B is skew-Hermitian. Note that the above identity is just
Si = Sy, where S, is considered as an operator from L?(2) to LZ(Q) When S, is
considered as an operator on L*(Q) we will denote its adjoint by S%.

The eigenvectors and eigenvalues of B are related to the compact positive semidefinite
operator

s (8281 0
o (50

This operator is Hermitian relative to the inner product on L?(Q2) x LZ(Q) The nonzero
eigenvalues and the corresponding eigenvectors for B can be recovered also from those of
either diagonal block above. For example, 58, : L*(Q) — L*(Q) is Hermitian relative
to the inner product (e-,-) and if the real function ¢ satisfies

(2.15) S281¢p =1°¢

then
[0 ¢
(%Smb) and (%S@)

are eigenvectors for B with eigenvalues —i7 and i1 respectively. We get all nonzero
eigenvalues and their corresponding eigenvectors this way. Thus, the original eigenvalue
problem (2.1) can be reduced to the real eigenvalue problem (2.15). The eigenvectors
and non-zero eigenvalues of B can be recovered from those of the lower right diagonal
block of —B? in an analogous fashion.
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Remark 2.1. The form (with w # 0)
b*(h, e, v1,v9, h1, ha) = bi(h;v1, hi) — w(ee, v1) + ba(e; vz, he) + w(ph, vy)

(for h,e € L*(Q), v € Vi, hy, € Hy,, k = 1,2) arises in an analysis of the time harmonic
Maxwell problem given in [9]. Suppose that nonzero h,e € L*(Q) satisfy

(216) bw(h, 6,’01,’02,h1,h2) =0

for all vy € Vi, hy € Hg. Then &1 = h and @, = e satisfy (2.5) and (2.6) with g, = we
and g, = —wh. Arguments given above imply that e € Hy(curl), h € H(curl) and
satisfy (2.1) with A replaced by w, i.e., w™! is an eigenvalue of B. It follows that if w™!
is not an eigenvalue of B then there are no non-trivial solutions of (2.16).

3. APPROXIMATION OF THE OPERATORS Si, k= 1,2.

To define approximations to Sy, we start with a finite element approximation given
in [12] for Problem (2.7). There were two techniques discussed in (2.7) and we shall only
consider the first involving stable pairs of approximation spaces. The second technique
in (2.7) involving stabilization by form modification could also be applied.

In [12], it is shown how Problem (2.7) can be discretized using pairs of approximation
subspaces, X C LQ(Q) and Y}, C Y. These spaces are constructed so that Xj, has
approximation properties and the pair satisfies the discrete “inf-sup” condition

bi(xy, (v, h
(3.1) |2k 2y < € sup bi(y, (v, h))

for all ), € Xj,.
whevi [[(v, 1)y,

The simplest discretization involved locally quasi-uniform partitioning of the compu-
tational domain into tetrahedra and setting X} to be the space of piecewise constant
vector fields with respect to the mesh (cf., [12]). The companion spaces Y, consist of
continuous piecewise linear functions (satisfying the appropriate boundary conditions)
enriched with face bubble functions. For more details, see [12]. The addition of the
bubble functions gives rise to (3.1) much in the same way as the addition of bubble
functions are used to stabilize Stokes approximations [20].
One can then consider the discrete problem: Find @ € X}, satisfying

be(@hp,y) = (fr.y) forally € Vi

The above equation, however, has a solution only if the data f, satisfy appropriate
discrete compatibility conditions. Such conditions are difficult to deal with in practice
and so we instead use an approach which is related to least-squares in a dual norm.

To define this approximation, we first set T, : Y7, ; — Yj i by

(Thil,yh =(lLy) forally € Y.

Here (-,-); denotes the componentwise H'-inner product in Y} . The approximation
xp, i, is then defined to be the unique function in X} satisfying

(32) Ah,k(mh,lﬁh iB) = <Bh,kmh,k7 Th,th,ka:) = <fk,Th,th,k33>7 for all x € Xh.
Here By, is the map of X}, into Y}, ; defined by
(Bhrx,y) = br(z,y) forall y € Yiy.
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The existence, uniqueness and convergence properties of the above approximation are
provided in [12]. There it is shown that if f, satisfies the compatibility condition (2.8)
and the solution @, of (2.7) is in (H*(€2))? for some s € [0, 1], then

(3.3) |zr — xp il < Ch° ||l s.

For later use, we let R}, denote the operator on L?*(Q) defined by Ry, yw = x),;, where
xp ) solves (3.2) with data

<f17 (’U, h)) = (€w7 ’U)
and

<f27 (Ua h)> = (:uw> ’U)-

Evaluation of the discrete operator T, involves solving finite element approxima-
tions to second order problems with various boundary conditions using the subspaces
enriched by bubble functions. It is shown in [12] that these problems can be replaced
by efficient preconditioners. The computation of the solution @ can then be obtained
by an efficient well conditioned (rapidly convergent) preconditioned conjugate gradient
iteration.

To define our approximation for Sy, we set f, in (3.2) by

<f17 (’U,h)> = (E(I - Qh,l)glav) and <f2’ (’U’h)) = (ILL(I - Qh,l)g%’v)

and define Sy rg, = xpr. The operators Q) ;, & = 1,2, are defined in terms of the

approximation subspace for V. For example, if Hyj is the approximation subspace
associated with Y}, ., then we define Q) ;v = V¢ where ¢ € Hj, » satisfies

(3.4) (eVp,VO) = (ev,VO) for all § € Hy .
Similarly, we define Q), ,v = V¢ where ¢ € Hj,; satisfies
(3.5) (uV ¢, VO) = (uv, Vo) for all § € Hy;.

Actually, as will become clear later, the bubble functions are not needed for Q,, ;. For
example, for the case when Xj, is piecewise constant, it suffices to use the subspaces
of piecewise linear functions with appropriate boundary conditions in the definition of
Q), - However, the bubble-functions are still required in the spaces Yp, .

To analyze the approximation properties of the above operators, we shall need regu-
larity results for second order problems with piecewise smooth coefficients. For example,
we consider the solution u € HJ () satisfying

(3.6) (eVu, Vo) = (f,¢) forall ¢ € Hy(Q).
We assume that the solution is in H'™(Q2) when f coincides with a function in L*(),
ie.,

(3.7) [ull14s < C £

Estimates of this sort were given in [17] for piecewise smooth e.

We also assume similar regularity for the Neumann problem involving u. For f €
(HY(Q))* with (f,1) =0, let w € H*(Q2) have zero mean value and satisfy
(3.8) (uVu, V) = (f,¢) for all ¢ € H*(Q).

We assume that the solution is in H'™*(2) when f coincides with a function in L*(2),
i.e., (3.7) holds for u solving (3.8).
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Remark 3.1. We assume that multiplication by € and p are bounded operators on H7(€2).

This holds for 0 < 7 < 1/2 when the coefficients are piecewise smooth with respect to

polygonal subdomains {€2,}. Indeed, for 0 < v < 1/2 and Lipschitz continuous domains

D, H"(D) = Hy(D) from which it follows by interpolation between > Hg (§2;) and L*(Q)

that H"(£2) is isomorphic to 3, H7(£;). Since € is piecewise smooth, multiplication by

¢ is a bounded operator on ., H7(§;). For smooth coefficients, we can take v = 1.
We then have the following theorem.

Theorem 3.1. Let v be such that multiplication by € and p are bounded operators on
H7(Q) (see the above remark). There is a positive constant C' = C(v) independent of h
such that for k =1, 2,

ISk — Shil < Ch™.

Here || - || denotes the operator norm on L*(Q).
Proof. We consider k = 1. The case of k = 2 is similar. We have that for g, € L*(f2),
8191 — Sh191 =1 —xTpy + Rp1(Qr, — Q)9
where @1 and @, solve (2.7) and (3.2), respectively, with
(f1:(v,h)) = (e(T — Qy)g;,v).
By (3.3) and our regularity assumptions on Sy,
@1 = @nall < Ch* |22 ()2 < Ch*lgul-
Let w = (Q,; — Q;)g;. To complete the proof, we need only show that
(3.9) [Rnawl]| < Ch*7]|g, ]|

It is shown in [12] that the form A (x,x) is equivalent to ||z||* for € X},, uniformly
in h. Thus,

| Ry wl|]* < CAp 1 (Ry 1w, Ry, 1w)
= (ew, Ty 1 Bp 1 Ry w) < ||lw||_||eTh 1B Rpaw)|,
< Cllw|| [ ThiBhaRyaw|,.
Note that
|Th1BriRywl||y < | ThiBriRyjwl|:
< CAp(Ryyw, Ry yw)? < C||Ryyw,

so we need only bound ||w||—,. The middle inequality follows from the definition of T, j,
and (3.2).

Now, Q,g; = Vu where u € Hj(Q) satisfies (3.6) with (f,8) = (eg,, V). In addition,
Q1,191 = Vu, where uy, is the elliptic projection of u into Hj s, ie., w = V(u — uy).
Now,

I9(x = wn) < Clgy |

Furthermore, by finite element duality and (3.7),
IV (u—=un)ll-1 < flu =l < Ch*|Jully < Ch*[lg, ]|

By interpolation,
lwll—y = [[V(u = un)l| -y < Ch7 gy ].
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The inequality (3.9) follows combining the above estimates. This completes the proof of
the theorem. ]

Remark 3.2. If we assume stronger shift theorems, e.g.,

[ullirs < ClIFl-14
for all f € H'™(Q) (for 0 < s < sq) then by finite element duality
V(= un)ll-s < llu—unli-s < CP[|ulls.
Thus, the theorem becomes

1Sk — Skpll < CR™RO),

4. THE EIGENVALUE/EIGENVECTOR DISCRETIZATION.

In this section, we use the approximations and results of the previous section to
define and analyze an approximation to the eigenvalue/eigenvector problem (2.1). As
previously observed, this reduces to approximating the eigenvalues and eigenvectors for
either of the symmetric semi-definite operators S95; or §1S5. We could directly use
the discrete operators S}, ;, K = 1,2. This will be avoided for two reasons. One would
have to code both S}, ; and S} 2. In addition, even though the product of the continuous
operators is symmetric, the product of their discrete counterparts is not likely to be
symmetric.

We circumvent the above mentioned problems by implementing only one of the discrete
operators, e.g., Sp,1. Then, instead of implementing S} 2, we implement the adjoint
S}, of Sp1 considered as an operator of L?(9) into LZ(Q) The implementation of
S} =€ 18} 1 is relatively straightforward given the implementation of Sy1. Indeed,
Sh,1 is implemented as a sequence of matrix operations and the implementation of S’;L’l
just reduces to transposing the matrix operations and running them in reverse order.
Note that S} ;S5 is symmetric by definition.

The symmetry of the approximation is an important property. This is because realistic
computations for three dimensional electromagnetic devices necessarily involve minimal
problem sizes on the order of 10° unknowns. The eigenvalues and eigenvectors of such
systems cannot be computed by direct methods. It is often of interest to compute a block
of the smallest nonzero eigenvalues and eigenvectors of (2.1) [23, 38]. This means that
we are required to iteratively compute the largest eigenvalues and their corresponding
eigenvectors for the problem S} | S} 1@ = 72x. The problem of iteratively computing the
largest eigenvalues of a symmetric positive semi-definite problem has been well studied,
see, for example, [8, 26, 18, 28]. Even block versions of the power method work although
not as well as other iterative strategies. A survey of iterative methods for eigenvalue
problems can be found in [27].

By Theorem 3.1, Sj; converges to S; in norm. It immediately follows that Sj ;
converges to ST = Sy. It follows from the identity

SZJSh,l - 5,8, = (5271 — 89)Sh1+ S2(Sh1 — S1)

that S, ;55,1 converges to §>81 in norm. By standard perturbation theory [25], one
can conclude that if 72 > 0 is an eigenvalue of S5, of multiplicity k and v > 0 is given,
such that there are no other eigenvalues in the interval § = (72 — v, 72 + v), then for
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h small enough there will be exactly k discrete eigenvalues {72(h)}*_, (counted up to

multiplicity) in §. Thus, there will not be any spurious discrete eigenvalues.

Alternatively, we can use S35}, to approximate S§1S3, §,285], to approximate
S,S8;,0orS 2725 n2 to approximate S1S5. The analogous results for eigenvalue/eigenvector
convergence follow for these operators as well.

Next we discuss the eigenvector and eigenvalue convergence rate. Using the general
results for spectral approximation of compact operators (see e.g. [11]) we get that there
is a constant C' = C(7) > 0, such that if V is the eigenspace corresponding to 72 and
Vi is the eigenspace corresponding to the eigenvalues of S} 1S5 in d, then for small
enough A

A

(41) 5(‘/, Vh) = sup diSt(U, Vh) S C ”SQSl — 2?1Sh71|

veV,|lvl|=1

The quantity b} (V,V4,) is called the “gap” between V' and V},. It is a measure for closeness
of subspaces, which in this case is related to the angle between them. Further details
and results concerning 4 can be found in [25]. Related estimates demonstrating that
each orthonormal basis of V' can be approximated by an orthonormal basis of V},, with
the same rate, are given in [11], pp. 532-533.

Combining (4.1) with Theorem 3.1 we obtain the following convergence result for the
eigenvectors.

Theorem 4.1. Let w > 0 be fized, such that A = iw is an eigenvalue of (2.1). Let
T=w"t, and V, V), are the eigenspaces defined above. Then, for small enough h, there
is a positive constant C' = C(w) independent of h such that,

~

5(V, Vi) < Ch*Y .

Regarding the eigenvalues; the general theory states (cf., [25]) that there exists a
constant C' = C'(1) > 0, such that if & is small enough

(4.2) 7 = 72(h)] < C'[|8281 = 8}, 1Snall,
for all ©+ = 1,...,k. Thus, in general, we get the following convergence result for the
eigenvalues.

Theorem 4.2. Let w > 0 be fized, such that A = iw is an eigenvalue of (2.1). Let
T =w", and {77 (h)};_, are the eigenvalues defined above. Then, for small enough h,
there is a positive constant C' = C(w) independent of h such that for all j =1,... k,

|7% — sz(h)\ < Ch*".

Our numerical results however, indicate that sometimes the rate of convergence of
the eigenvalues is significantly better than the rate of convergence of the eigenvectors.
Below we outline a proof of this fact in the case of “smooth” eigenvectors.

For the remainder of this section we assume that € is a convex polyhedron, e = u = 1,
T« corresponds to a direct solve (not a preconditioner) and the eigenvectors are such
that e-m € H3?(F) on each face F of 9S2. This is the case, for example, if the domain
is the unit cube. By Theorem 3.1 we have ||Sy — Syl < Ch, for k =1, 2.

Fix an eigenvector e of §,8; corresponding to an eigenvalue 72 and let 0 < ¢ < %
We will prove that the approximation of 72 converges at rate at least h?~¢.
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Consider the biharmonic problem

A% =0 in Q,
(43) a/w:O on 697
v
8_n_9 on 0f).

with data § = e - m. By our assumptions, § € H*2(F) and § = 0 on OF on every face
F of 99. By examination of the proof of the regularity result from [21], one can show
that this implies ¢ € H37¢(Q).

Set w = 772e + VA1 and consider the div-curl system

VXxv=w in (),

(4.4) V-v=0 inQ,
v-n =0 on J.
By construction, w is in H#(f2), the dual space of H¢ ()3, and satisfies the compatabil-
ity conditions, so the above problem is well-posed. Moreover, we show in the appendix
that the solution is in H'~¢(Q) and there exist C' > 0 such that ||v|;_. < C|lw]|..
Define T} : H'(Q) — H5(Q) by
(VT1¢,Vz)=((z) for all z € Hy(f2).
We claim that
(4.5) VxTVxv=Vxe.
Indeed, e — Vi € Hy(Q) by (4.3), and therefore
e— V=T (-Ale—Vy)) =T (t7% e+ VAY)).

The result follows by applying the curl operator to both sides.

Let 77 and ey, be the eigenvalue and eigenvector approximations to 72 and e respec-
tively. Set u = (e,77'S1e)! and w;, = (e, 7, 'Shien)!. We assume that u and wuy,
are scaled so that ||u|| = ||un|| = 1 where || - || denotes the square root of the sum of
the squares of the L*(©2)-norms on the two components. We then have Bu = Tu and
Bhuh = T, U, Where

(0 S, . _ (0 S
B = <Sl O> and Bh: (Sh’l 0 .

Simple algebraic manipulations show that
=1 =((rI — B)(u — up), u — up) — (B — Bp)(u+up), u — up)
+((B - Bp)u,u).
Note that eigenvector convergence implies that
|lu — upl| < Ch.

In addition, || B — B,|| < Ch so it will be enough to get a higher order bound for the
term ((B — Bj)u, u).

Let 3 = Sye and x,; = Sy e. Then ((B — Bh)u,u) = 2(x — :ch,l,iz) where
h=7"1Se=71V x e.

2
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Introduce Bxl as the map of X, into V7, ; defined by
<B,‘£1w,vh) = (x,V xwvy) forallv, € V.
Similarly, let TKI : Vi1 Vi be defined by
(4.6) (VT 0, Vvy) = ((,v)  forallv, € Vi,
We assume that Txl is used to define the V5, ; component in the definition of S}, ;. It

follows that for any vy, € Xj,, T, 1B}, 1v), consists of two components Txlelvh and
T By vy, where T)l', is the Hy part of T,; and B}, is the Hy part or By 1, i.e.,

(Bi @, hy,) = (@, Vhy)  for all hy, € Hy.
The definition of xj; states that
(4.7) (@1, VXTy By o)+ (w1, VI B vy) = (e, Ty 1By vy),  for all vy, € X,

Note that we used the fact that Q) ;e = 0 above.
Using (4.7), the definition of &; and (4.5) gives

(x) — :ch,l,ﬁ) =7(x1 —xp1, VXTIV X0-VX TXlBX,Wh)
—7(x1 — Xh1, VTXIBXIUh),
for any v;, € Xj,. The first term in (4.8) can be estimated by
Chlle|{|ITy, (Vxv—Bjv) L+ (T1—Ty,)V xvl:}.
We then have

(4.8)

V x v — BY vy, — v,V X
1T}, (Vxv—By v) [l < sup < p1Vn $) = sup (v = . ?)
PEV 1 H(Nll PEV 1 H‘»le
< inf ||Jv—w] < ORY S|l

v eXp,
and
(T, — TV x olly < CHI7V x o] . < Ch[o]]; .
Finally, the second term in (4.8) is the same as

V-v— B, vy),
T(x1 — 2y, VIY (Vv — B/ v;,)) < Ch sup ( n1Vh); @)
’ ' ¢EH} 1 ||¢H1

—Ch sup (U _'Uh,VQb)

< Ch*F|v]1—.
oetn, 19l )

Combining the above results we conclude that |(zy — @1, k)] < C(7)h* € for any
D<e< %, and therefore we proved the following improved convergence estimate.

Theorem 4.3. Assume that ) is a convexr polyhedron, e = p = 1, T, is defined in
terms of the direct solve (4.6), and the eigenvectors are such that e -m € H*?(T) for
each face T' of 02.

Let \ = iw be a fived eigenvalue of (2.1), 7> = w2, and {77(h)}_, be the eigenvalues
of 8},1Sh1 that are approzimation of 2. Fiz0<e< % Then, there exists a positive
constant C' = C(X) independent of h such that for alli=1,... k,

|72 — 72(h)| < Ch**.
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5. THE GENERAL DOMAIN CASE.

In this section, we discuss the modifications necessary to deal with non-simply con-
nected domains and domains with multiply connected boundary components. The only
essential difference is that we shall have to increase the spaces H; and H, used above
with an analogous increase in their discrete counterparts.

Our assumptions on the topology of the domains are identical to those in [2] (see,
Hypothesis 3.3 there). This allows the introduction of cutting surfaces ¥;, j =1,...,J
so that the domain Qy = Q\ (UX;) is simply connected. We also denote the connected
components of 9Q by I';, i =0, ..., I with Iy being the outermost boundary. There are
two finite dimensional spaces associated with the above.

First, we define W,, to be the space spanned by the functions {(;} satisfying

~V - uV¢ =0 on Oy,
¢

Hoy = 0 on 012,
o¢;
[¢j]i = 05 and [Ma—,’i]l =0 on X,

Here [-]; denotes the jump across X; and d;; denotes the Kronecker Delta. Let
O ={pe H'(Q) : [#]; = constant,j =1,...J}.

The solution ¢; (up to an additive constant) of the above problem is uniquely determined
in ©. Indeed, if ¢} satisfies [(]]; = d;; then ¢; = ¢} + (j where (] solves

for all ¢ € H'(Q). Let %Qj denote the distributional gradient of (; with respect to
Q. It follows from [(;] = &;; on ¥; that V(; is in H(curl) (cf., [2], Lemma 3.11) and
(e, h) = (0, V() satisfies (2.1) with A = 0.

The second finite dimensional space is defined as follows. For each ¢+ = 1,...,1, we
define v; to be the function in H'(Q) satisfying

-V -eVy; =0, inQ,
Yi =0;, onljy

and set Wy to be the span of {¢;}. We note that V¢ is in Hy(curl) and (e, h) = (V;,0)
satisfies (2.1) with A = 0.

As discussed in [12], for the inf-sup condition (2.9) to hold in the case of non-simply
connected domains, we need to increase the space Hy, specifically, we set H; = H'(Q) ®
W,, and replace Vh in the definition of b; with Vh. In the case of multiply connected
boundary components, we set Hy = H}(Q) & Wj.

The analysis in Section 2 still goes through with these definitions. Let (e, h) satisfy
(2.1) with nonzero A. Then, by (2.3),

0=(VxeVG)=—-Auh, V().
Similarly,

0= (V x h,Vi,;) = Aee, V).
Thus, the eigenvectors of (2.1) with nonzero eigenvalues still satisfy (2.11) with S
defined with H; as above and Theorem 2.1 holds as well.
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We next consider discretization. Without loss of generality, we may assume that the
cuts {3;} align with the mesh. It is easy to see that H; and © coincide. Thus, to define
Hy1, we start with the usual approximation space for H'(2) and append functions
which are discontinuous on the cuts. Specifically, we add basis functions which are one
on the nodes on one side of ¥; and vanish on all remaining nodes (including those on
the opposite side of %;).

The discrete inf-sup condition still holds. Indeed, the strategy employed in [12] pro-
ceeds as follows. The continuous inf-sup condition implies that for @ € Xj,, there is a
(v, h) € Y] satisfying

bl (wa (’U, h))
|l L2 < C————=.
L (v, h)lIv:
One then constructs a pair (vy, hy) € Yy, satisfying
(5.1) bi(x, (vp, hy) = bi(x, (v, h))

and
[(vr, ha)llv: < Cll(w, h)lIvi-
The construction proceeds by first using a stable approximation operator I, as an initial
approximation and using the bubble functions to enforce (5.1) on the remainder (see
[12]). We simply use a modified approximation operator for Hy. Specifically, let I, be
a stable approximation operator into the subspace of piecewise linear functions with
arbitrary discontinuities across the cuts and define I h equal to I,h on the nodes not on
the cut and by a boundary averaging operator (on each side of the cut) such as that given
in [37] to define the nodes on the cut. This results in a stable approximation operator.
Moreover, since h differs by a constant on each side of the cut and the boundary averaging
operator preserves constants, I,h is in Hy, ; and has the same jumps as h. Using [}, the
remainder of the proof in [12] goes through.
We note that
Hy,={¢ € H(Q) : ¢|r, = constant}.

In this case, we start with the finite element approximation to H}(€2) and append basis
functions which are one on a given connected component of the boundary and vanish
at all remaining nodes. To prove the discrete inf-sup condition, we are again left with
the construction of a suitable stable approximation operator. If I, denotes a stable
approximation operator into the finite element subspace with arbitrary boundary values,
we set I,h to be fhh at the interior nodes and interpolate h at the boundary nodes. It is
easy to prove that [} is a stable interpolation operator which reproduces h on 0€2. With
this operator, the proof in [12] carries over.

6. NUMERICAL EXPERIMENTS.

In this section, we report results from some numerical experiments with the least-
squares method for the problem (2.15). We concentrate on the case of a simply connected
polyhedral domain in R3.

The eigenvalues {\;} of (2.1) are purely imaginary and {|\;|*} = {w?} where {w?} are
the eigenvalues of the curl-curl operator, which are customarily reported in the literature.
Specifically, {w?} are real, nonnegative and satisfy V x u~'V x e = w?ce, V- ce = 0,

with boundary conditions e x i = 0. Our analysis implies that w? = 7, 2.
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We report computations involving both tetrahedral and hexahedral meshes. Although
there are many analyses available for tetrahedral meshes using methods based on curl
conforming finite element approximations [6, 29, 32, 31], very little has been done for
general hexahedral meshes. In contrast, the analysis presented in this paper easily
extends to general hexahedral meshes.

The outline of our computational approach is as follows: we start with a coarse mesh
and apply few levels of uniform refinement. We use piecewise constant vector functions
for the space X} and piecewise linear plus face bubble vector functions for each com-
ponent of Y}, ;. These are described in more detail in [12], where it is shown that such
a pair of spaces satisfy the inf-sup condition (3.1). On each mesh level we compute a
number of the largest eigenvalues and corresponding eigenfunctions of S} ;S5 using a
slightly modified version of the Locally Optimal Block Preconditioned Conjugate Gra-
dient Method (LOBPCG), (see [28]). The actions of T, for k = 1,2, are implemented
using a two level algorithm involving a Gauss-Seidel sweep over the bubble functions
and V-cycle multigrid preconditioner for the remaining piecewise linear functions. We
take e = p = 1.

The first test problem is posed on the unit cube partitioned into a uniform tetrahedral
mesh. The eigenvalues and eigenfunctions of this problem can be computed exactly.
The eigenfunctions are tensor products of trigonometric functions. Eigenvalues are of
the form {77} = {}, where k = k{ + k3 + k3 and {k;}}_, are non-negative integers
satisfying kiko + koks + ksky > 0. Triplets with kikoks > 0 generate two linearly
independent eigenfunctions.

Figure 1 gives the eigenvalues of Sj, ;S5 (approximating those of §351) as a function
of the number of mesh refinement levels. Observe that the method performs well with
multiple eigenvalues. In addition, the eigenvalue convergence appears to be monotone.

0.055 T .
— exact
0.05; -v- level 1 ||
-=- level 2
0.045 - - level 3 ||
s -¢ - level 4
B L
£ 0.04
)
5 0.035F
Qo
©
g 0.03r
©
g
$ 0.025F
(=2}
©
0.02r === ===
\gf———l}———ﬂ——»f
e Va
0.015¢ Rk
001 L L L L L L L
1 2 3 4 5 6 7 8 9

eigenvalue number

FiGURE 1. Unit cube: eigenvalue convergence.

Figure 2 presents the same results in different formats. On the left side we show the
approximation in the error for each {7?}. We note that the approximation becomes
slightly worse with the increase of the eigenvalue number. This is further examined on

the right, where we are looking at the error in three representative eigenvalues, 72, 72
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F1GURE 2. Unit cube: approximation error.

and 72, on the different levels of approximation. As expected, (see Section 4) we have
almost quadratic convergence for the eigenvalues.

Our second example is the computation of the eigenmodes of the unit sphere. The
eigenvalues and eigenfunctions are known, but they are not as simple as in the previous
test.

Specifically, the eigenvalues {w?} = {w
groups:

2 Wi imyn = 1,2,..} are split in two

mn’ mn

e Transverse Electric (TE), which satisfy

jm (wran) = 07
and
e Transverse Magnetic (TM), which satisfy
Jn(@mn) + G o (G) = 0.
Here j,, is the m-th order spherical Bessel function and j/ is its derivative. The numer-

ical values for the first few of them (without accounting for their multiplicity) are given
in Table 6.1.

w? type

7.5279e+00 | TM (w0,
1.4979e+01 | TM (@3,
2.0191e+01 | TE (w?,

)
)
)
2.4735¢+01 | TM (&%)
)
)
)

3.3217e401 | TE (w3
3.6747e+01 | TM (0,
3.7415e401 | TM (&2,

I O TR W N | .

TABLE 6.1. Unit sphere: exact eigenvalues.
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F1GURE 3. Unit sphere: initial mesh.

We used a set of hexahedral meshes starting with the coarse mesh shown in Figure 3.

Their characteristics together with the number of iterations of the eigensolver are given
in Table 6.2.

level Rnin ooz #vertices | # faces | #elements | ny
1 10.109665 | 0.255241 976 2700 875 22
2 10.046295 | 0.124278 9736 28314 9317 13
3 10.023515 | 0.066545 66256 195804 64827 13

TABLE 6.2. Unit sphere: test meshes and number of LOBPCG iterations.

We proceeded to compute the first ten eigenfunctions. The approximation errors for
the eigenvalues of (2.1) and S}, ;S),1 are presented in Figure 4. The results are similar
to the previous test problem.

24 : ; ‘ ‘ 102
— exact s A
2ol -+ - level 1 ooy oA
-e- level 2 el )\5
Zo,fefleveIS ST _e- g
c ARSI 4
S SN
g 18} S S
= @ e
S 16t 5 Saoe il
g g10°¢ ST
L 14 = RN
S <) > R
> =% - RSN
5 12f = NN
> <
g -
10
8,
-4
6 ‘ ‘ ‘ ‘ 10
0 2 4 8 10 1 3

eigenvalue number level

FI1GURE 4. Unit sphere: eigenvalue convergence.

Our third example is the computation of the eigenvalues in the Fichera corner [—1, 1]3\
[—1,0]%. The exact eigenfunctions are not known, but some of them have singularities
at the origin which makes the problem difficult to approximate. We will compare our
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results with the ones from Table 6.3 which are taken from M. Dauge’s benchmark website
[16].

i w? reliable digits | conjectured eigenvalue
11]3.31381e+00 1 3.2777e+00
2 | 5.88635e+00 3 5.8877e+4-00
3 | 5.88635e+00 3 5.8877e+400
4 11.06945e+-01 4 1.0694e+01
5 | 1.06945e+01 4 1.0694e+01
6 | 1.07006e+01 2 1.0777e+01
7 11.23345e+01 3 1.2327e+01
8 | 1.23345e+01 3 1.2327e+01

TABLE 6.3. Fichera corner, benchmark results from [16]

Two tests were performed for this problem using unstructured tetrahedral and uni-
form hexahedral meshes. The initial meshes are shown in Figure 5. The computations

. |

FIGURE 5. Fichera corner: initial meshes.

were performed on refined grids consisting of 28489 vertices, 323072 faces and 159744
tetrahedra and 31841 vertices, 89088 faces and 28672 hexahedra respectively.

The results of the eigenvalue approximations for the first eight eigenfunctions in each
case are reported on Table 6.4.

We note that the hexahedral mesh offers comparable approximation with significantly
less memory usage. This can be explained by the fact that the mesh is uniform and that
the dimensions of X} and Y} are balanced better in this case.

Our final problem involves complicated geometry modeled with fine hexahedral mesh.
It is a linear accelerator induction cell taken from Lawrence Livermore National Labo-
ratory’s EMSolve project, see [1]. The mesh has 46382 vertices, 128992 faces and 41344
elements and comes form a real-world application.

Our code successfully computed the first ten eigenvalues of this difficult problem.
Some of the computed eigenfunctions are shown in Figure 6.
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wf2m wi — Wf2u| wi — W}2u|
3.23432e+00 | 7.94855¢e-02 | 2.63062¢-02
5.88267e+00 | 3.67742¢-03 | 1.69117e-02
5.88371e+00 | 2.64462e-03 | 1.69511e-02
1.06789e+-01 | 1.55709e-02 | 6.22111e-02
1.06832e+-01 | 1.12777e-02 | 6.22377e-02
1.06945e+-01 | 6.08114e-03 | 1.03244e-01
1.23653e+01 | 3.07189¢-02 | 1.20678e-01
1.23723e+01 | 3.77137e-02 | 1.22141e-01

0 J O UL i W N | .

TABLE 6.4. Fichera corner: results for tetrahedral mesh (Columns 2 and
3) and hexahedral mesh (Column 4).

FIGURE 6. Accelerator induction cell: eigenfunctions 1,2, 4 and 8.

Finally, we want to mention that further numerical experiments seem to suggest that
the use of the projectors @), , and the stabilizing face bubble functions are essential for
the convergence and cannot be avoided.

In conclusion, the experiments show that the new method performs quite well in a
variety of applications. Let us stress again that spurious eigenmodes are completely
avoided. We also conclude that LOBPCG seems to be a good choice for eigensolver,
yielding a constant number of iterations in the tests presented.

7. APPENDIX

In this appendix, we will provide a regularity estimate for the solution of (4.4). Assume
that the domain € is convex. Let f € H (), and V- f = 0 in the sense of distributions.
As discussed earlier, the div-curl system

Vxax=f in(,

(7.1) V.-x=0 in Q,
x-n=0 on 0,

has a unique “weak” solution = € L*(Q) satisfying

(7.2) bi(x, (v,h)) = (f,v) forall (v,h) €Y.
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For ¢ € [0, 1], define H5(Q2) = [Lo(Q), H}(2)].—the interpolation space between Lo((2)
and H}(Q). Recall that H¢(Q) is the dual of H§(Q), and H () = (H=(2))3.

For g € (H®(2))*, consider the problem of finding ¢ € Hy °(£2) such that
(7.3) (—A0,v) = (g,V0) for all 0 € Hy(2) N H'™(Q).
This problem has a unique solution since the operator —A defines an isomorphism of
Hi () N H'™#(Q) onto H~'*2(Q). Additionally, we have

VYl () < [0l gr-20) < Cllgllr=@)-
and therefore by setting Q,g9 = V1) we get the unique continuous extension of Q; as an
operator from (H¢(Q2))* to H (). Thus, in particular,
HQlQHH—l(Q) <C HQH(Hl(ﬂ))*-

Analogous to the definition in §2, let S be the solution operator defined as S,1g = «,

where @ solves (7.2) with data f = (I — Q,)g.

Lemma 7.1. For anye € [0,1], S, : (H*(2))* — H'"°(Q) is a bounded linear operator.

Proof. For any g € (H*(£2))* we have that (I — Q,)g € H '(Q) and

(7.4) (I -@Q,)g,V0) =0

for arbitrary 6 € D(Q2). Therefore, the compatability condition (2.8) is satisfied, and
S1g is well defined. Moreover, the convexity of 2 and the inf-sup condition (2.9) imply
that

1S1gli < CI(T = Qy)gllo, and |[Siglo < C (I - Q1)glla—,
for g € L*(Q) and g € (H'(Q))* respectively. Using the boundedness of Q, we get

1519/l < Cligllo, and [[Sigllo < Cllgll e 0y -
Thus, by interpolation,
1519l1- < Cllgllae)-, forall g € (H*())".
O

Corollary 7.1. Let € € (O, %) There exists C = C(e) > 0, such that for data f €
H=(Q), with V- f =0, the solution of (7.2) is in H¢(Q) and we have the stability
estimate

(7.5) ]l < Clfll—<-

Proof. Since € < 1, we have H°(Q) = (H*(Q2))*. By (7.3) and the fact that D(Q) is
dense in H}(Q) N H*(Q), it follows that Q,f = 0 when f € H(Q) and V- f = 0.
For such f, S;f coincides with the solution & of (7.2). The corollary follows from

Lemma 7.1. U
Remark 7.1. When f € (HF(Q))* with ¢ € [4,1], the condition Q,f = 0 implies

2

V- f =0 by (7.4). The converse is false. Indeed, for example let ¢ = 1 and ¢ € L?*(2)
be a non-constant harmonic function. Define f € (H'(Q))* by

(f,v) = —(¢,V-v) forallve H(Q).



22

JAMES H. BRAMBLE, TZANIO V. KOLEV, AND JOSEPH E. PASCIAK

Clearly V- f = 0. On the other hand, (7.3) implies that Q,f = f|5z . = V¢ # 0.
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