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A LEAST-SQUARES APPR OXIMA TION METHOD FOR THE
TIME-HARMONIC MAXWELL EQUA TIONS

JAMES H. BRAMBLE, TZANIO V. KOLEV, AND JOSEPH E. PASCIAK

Abstra ct. In this paper we intro duce and analyzea new approach for the numerical
approximation of Maxwell's equationsin the frequencydomain. Our method belongsto
the recently proposedfamily of negative-norm least-squaresalgorithms for electromag-
netic problems which have already beenapplied to the electrostatic and magnetostatic
problems as well as the Maxwell eigenvalue problem (see[5, 4]). The schemeis based
on a natural weak variational formulation and does not employ potentials or \gauge
conditions". The discretization involves only simple, piecewisepolynomial, �nite el-
ement spaces,avoiding the use of the complicated N�ed�elec elements. An interesting
feature of this approach is that it leads to simultaneous approximation of the mag-
netic and electric �elds, in contrast to other methods where one of the unknowns is
eliminated and is later computed by di�eren tiation. More importantly , the resulting
discrete linear systemis well-conditioned, symmetric and positive de�nite. We demon-
strate that the overall numerical algorithm can be e�cien tly implemented and has an
optimal convergencerate, even for problems with low regularity.

1. Intr oduction

The numerical simulation of electromagneticphenomenais of critical importance in
many practical applications, including the designof various devicessuch as antennas,
radar, microwaves, waveguidesand particle accelerators,cf. [18, 28, 27]. Many of the
current discretization methods for these problems are basedon the complicated edge
elements introducedby N�ed�elecand result in a linear systemthat is di�cult to precon-
dition. In this paper we present a di�eren t approximation techniquewhich involvesonly
simple, piecewisepolynomial �nite elements and standard preconditioners for second
order elliptic problems.

Let 
 � R3 be a boundedopen set. We chooseto concentrate on three-dimensional
domains,but our results carry over to simpler, two-dimensionalproblems. Details illus-
trating this are given in Section4.
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Let n be the outward unit normal on @
 1. The time-harmonic Maxwell equations
are given by

(1.1)

8
>>><

>>>:

r� h = � " e + j in 
 ;

r� e = � � � h + m in 
 ;

� h � n = 0 on @
 ;

e� n = 0 on @
 ;

wherethe unknowns,h and e, arecomplexvector �elds de�ned on 
 and corresponding
to the magnetic and electric parts of the electromagnetic�eld. The �elds j and m are
givendata representing the sourceelectricand magneticcurrent densities.The functions
" and � describe the experimentally determined material properties, respectively, the
magnetic permeability and the electric permittivit y. We shall assumethat they are
real-valued and piecewiseconstant in this paper. In addition, � = � i! , where ! 2 R
is the �xed frequencyof propagation of the electromagneticwaves. We consideronly
the simplestboundary conditions which correspond to a regionsurroundedby a perfect
conductor.

There are a variety of methods for approximation of (1.1) and related problems,some
of which are discussedin [7, 8, 19, 20]. It is common to use a discretization based
on the curl-conforming N�ed�elec spacesintroduced in [21, 22]. Even though the use
of edge elements in unstructured computational codes is widespread,cf. [14], their
implementation, especially in the higher-ordercases,can be challenging. An additional
di�cult y associated with this approach is that the resulting matrix problemis inde�nite,
and therefore, the e�cien t solution of the discretesystempresents a seriouschallenge,
although much progresshasbeenmadein this direction, seee.g. [15, 17, 26, 16].

Recently, an interior penalty discontinuousGalerkin method was introducedand an-
alyzed in [23]. This method allows for di�eren t ordersof approximation in the di�eren t
regionsof the grid. The error estimatesin this paper were proven only in the caseof
smooth coe�cien ts. We alsonote that the resulting bilinear form is quite complicated.

A di�eren t approach, proposed in [13], is basedon decomposing the solution into
regular and singular components. The regular part can be approximated by nodal �nite
elements while the singularpart is treated by addingsingular functions to the space.The
implementation of this proceduremay bequite involvedsinceoneneedsto dealexplicitly
with the singular functions. Many other alternatives,such asmortar and FETI methods
applied to the Maxwell's equations[3, 29],havebeenproposed.Adaptivehp solvershave
alsobeeninvestigated,see[12].

The idea that we introduce in this paper is di�eren t from the above-mentioned algo-
rithms sinceits implementation requiresonly piecewisepolynomial �nite element spaces.
It is basedon a very weak variational formulation of the time-harmonic Maxwell equa-
tions, similar to the method for the electrostatic and magnetostatic div-curl systems
presented in [5]. There is alsoa natural connectionto the eigenvalueproblem which was
studied in [4]. Our approximation is basedin L 2(
) and is thereforeapplicableto many
practical problemswhere the solution �elds have low regularity. An additional advan-
tage of the method is that it directly and simultaneously approximates the variablesof
interest (the electric and magnetic �elds), avoiding potentials, \gauge conditions" and
numerical di�eren tiation. The discretization is basedon a negative-norm least-squares

1We employ the usual convention of using boldfacesymbols to denote vector quantities
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method which can be e�cien tly implemented using preconditionersfor standard second
order elliptic problems. The resulting discretesystemis uniformly equivalent (indepen-
dent of the meshsize) to the massmatrix in L 2(
) and thus further preconditioning is
not necessary.

The new method is introducedand analyzedin detail in the remainderof the paper.
In Section2, we de�ne the weak variational formulation and discussits solvabilit y and
relation to the original problem. Two di�eren t discreteleast-squaresalgorithms for the
approximation of the proposedweak formulation are consideredin Section 3. In both
cases,we usedi�eren t test and solution spacescomposedof piecewisepolynomial �nite
elements. We show how the discreteapproximation can be stabilized by an appropriate
modi�cation of the test space(in Section3.1) or the bilinear form (in Section3.2). An
optimal order error estimate for solutions with low regularity is proved in Section3.3.
We conclude the paper by discussingthe results of somenumerical computations in
Section4.

2. The weak f ormula tion

In this paper we restrict ourselvesto domains
 which are simply connectedpolyhe-
drons with Lipschitz continuous and connectedboundary. The functions " and � are
assumedto be uniformly bounded from above and bounded away from zero. We will
also assumethat � is not 0 since, when � is 0, the problem splits into independent
magnetostaticand electrostatic problemswhich have already beenanalyzedin [5].

Let L 2(
) be the spaceof square-integrable, complex valued functions with inner
product (u; v) =

R

 u � �v. The corresponding vector spaceis L 2(
) = (L 2(
)) 3, and

for conveniencewe use the same notation, (�; �), for its inner product. Let H 
 (
),

 2 (0; 1], be the Sobolev interpolation spaceand H � 
 (
) = H 
 (
) � be its dual (see,
e.g., [1]). We denote their norms with k � k
 and k � k� 
 respectively. Note that by the
dual of a complex Hilbert spaceY, we mean the spaceY � consisting of all bounded
conjugate-linear functionals `, i.e. `(�x + y) = �� `(x) + `(y) for any x, y in Y and � 2 C.

The vector �elds that we are interestedin belongto the following spaces(see[20] for
more details):

H (curl ) = f v 2 L 2(
) : r� v 2 L 2(
) g;

H 0(curl ) = f v 2 H (curl ) : v � n = 0 on @
 g;

H (div; ") = f v 2 L 2(
) : r � ("v) 2 L 2(
) g;

H 0(div; � ) = f v 2 H (div; � ) : (� v) � n = 0 on @
 g;

X 1(� ) = H (curl ) \ H 0(div; � ) ;

X 2(" ) = H 0(curl ) \ H (div; ") :

We will usethe samenotation to describe the real counterparts of the above spaces.
Considerthe problem (1.1). A formal application of the divergenceoperator leadsto

the following additional constraints:

(2.1)

(
r � (� h) = � � 1 r � m in 
 ;

r � ("e) = � � � 1 r � j in 
 :
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A standard interpretation of (1.1)-(2.1) is to assumethat j is in H (div) � H (div; 1)
and m is in H 0(div ) � H 0(div; 1) and to search for solutions h in X 1(� ) and e in
X 2(" ). In the remainderof the paper, we refer to this choiceas the original form of the
time-harmonic problem.

The system (1.1)-(2.1) is generally inde�nite, i.e. the homogeneousproblem with
j = m = 0 may have nontrivial solutions. In fact, the casej = m = 0 is known as
the eigenvalueproblem, whereone solves for the eigenvalues� 6= 0 with corresponding
nonzeroeigenfunctionsh 2 X 1(� ), e 2 X 2(" ) satisfying

(2.2)
�

r� h = � " e in 
 ;

r� e = � � � h in 
 :

Problem (2.2) is important on its own, but clearly someknowledgeof the eigenvaluesis
essential for the solvabilit y of the time-harmonic problem. The computation of Maxwell
eigenvalueshas already beenextensively investigated,and there are several stable dis-
cretization algorithms, see[9, 11, 20]. Oneapproach that is closelyrelated to the present
paper is the least-squaresmethod from [4], which is basedon the solution operators for
two div-curl systemsassociated with each of the �elds h and e.

Remark 2.1. Usually, in practice, m = 0. Then, a popular choice is to reduce the
problem to a curl-curl equation for one of the �elds. For example,by eliminating the
magnetic �eld, we get

(2.3) r� � � 1 r� e = ! 2 " e + ~j ;

where ~j = � � j and e� n = 0 on the boundary. The weak formulation of (2.3) reads:
Find e 2 H 0(curl ) such that

(2.4) (� � 1 r� e; r� w ) = ! 2 (" e; w ) + (~j ; w ) for all w 2 H 0(curl ) :

The case~j = 0 corresponds to the eigenvalue problem.
The solvabilit y of the above weakformulation is characterizedby the following result,

given as Corollary 4.19 in [20].

Theorem 2.1. Supposethat ! 2 6= 0 is not a real Maxwell eigenvaluein the sensethat
it is not a solution to (2.4) with ~j = 0 and nonzero real e. Then the curl-curl problem
(2.4) hasa uniquesolution e for any data ~j 2 L 2(
) , and wehavethe stability estimate

(2.5) kekH 0 (curl ) � C k~j k :

The next remark shows that in this paper (where" and � are real) we can restrict our
attention to a problem involving only real quantities.

Remark 2.2. Note that (h ; e; j ; m ) is a solution to (1.1) with � = � i ! , ! 2 R if, and
only if, (< (h); = (e); < (j ); = (m )) and (�= (h); < (e); �= (j ); < (m )) satisfy the related
real problem

(2.6)

8
>>><

>>>:

r� h = ! " e + j in 
 ;

r� e = ! � h + m in 
 ;

� h � n = 0 on @
 ;

e� n = 0 on @
 ;
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with corresponding divergenceequations

(2.7)

(
r � (� h) = � ! � 1 r � m in 
 ;

r � ("e) = � ! � 1 r � j in 
 :

In the implementation, one may prefer to restrict to real �elds and consider(2.6)-(2.7)
instead of (1.1)-(2.1). This avoids the useof complexarithmetic.

We next proceedto the main task of this section;the introduction of the weak varia-
tional formulation. Our motivation is that we have to allow for discontinuoussolutions,
and in fact, we will only assumethat h and e are in L 2(
). A standard way to relax
the regularity requirements h 2 X 1(� ), e 2 X 2(" ) is to integrate by parts, choosing
test spaceswhich eliminate the boundary terms. Alternativ ely, this can be viewed as
replacing the di�eren tial operators in (1.1)-(2.1) with weaker operators cur l 1, cur l 2,
div1;� and div2;" . Theseoperatorsmap L 2(
) into the duals of the following test spaces

(2.8) V 1 = H 1
0(
) ; V 2 = H 1(
) ; H1 = H 1(
) ; and H2 = H 1

0 (
) :

Speci�cally, cur l 1 : L 2(
) 7! V �
1 and div1;� : L 2(
) 7! H �

1 are de�ned by

(2.9)
hcur l 1h; � i = (h; r� � ) for all h 2 L 2(
) ; � 2 V 1;

hdiv1;� h;  i = � (� h ; r  ) for all h 2 L 2(
) ;  2 H1 :

Similarly, cur l 2 : L 2(
) 7! V �
2 and div2;" : L 2(
) 7! H �

2 satisfy

(2.10)
hcur l 2e; � i = (e; r� � ) for all e 2 L 2(
) ; � 2 V 2;

hdiv2;" e;  i = � ("e; r  ) for all e 2 L 2(
) ;  2 H2 :

Given j 2 V �
1, m 2 V �

2, q 2 H �
1 and � 2 H �

2 , consider the problem of �nding
h; e 2 L 2(
) such that

(2.11) B� (h ; e) �

0

B
B
@

cur l 1h � �" e
cur l 2e + �� h

div1;� h
div2;" e

1

C
C
A =

0

B
B
@

j
m
q
�

1

C
C
A :

Set
X = L 2(
) � L 2(
) and Y = V 1 � V 2 � H1 � H2 :

Then B� is a bounded linear operator from X into Y � . We say that X is the solution
spaceand Y is the test space.

First, we note that any solution to the original time-harmonic problem satis�es (2.11)
with q = � � 1r � m and � = � � � 1r � j . Indeed, the �rst equationsof (1.1) and (2.1)
imply

(2.12)
(h; r� � ) � (�" e; � ) = (j ; � ) for all � 2 V 1 ;

� (� h ; r  ) = (q;  ) for all  2 H1 ;

whereq = � � 1r � m . Theseare exactly the �rst and the third equationsin (2.11), and
the rest follows similarly.

On the other hand, supposethat j ; m 2 L 2(
), q; � 2 L 2(
) and the pair (h ; e) 2 X
satis�es (2.11). Then (2.12) implies h 2 X 1(� ) and therefore (h; e) satis�es the �rst
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equation of the original time-harmonic system. Analogously, we get e 2 X 2(" ), and
therefore(h; e) satis�es (1.1). Furthermore, it follows that j 2 H (div), m 2 H 0(div ),
and thus(h; e) alsosatis�es (2.1). Note that in this caseq = � � 1r �m and � = � � � 1r �j .

The above considerationsimply, in particular,

(2.13) B� (h ; e) = 0 if and only if (h ; e; � ) satis�es (2:2) :

It follows that, if � is not a Maxwell eigenvalue, the kernel of B� is trivial. In fact, a
stronger result holds.

Lemma 2.1. Assumethat � 6= 0 is not a Maxwell eigenvalue,i.e., it does not satisfy
(2.2). Then the operator B� is bounded from below, i.e. there existsa positive constant
C suchthat

(2.14) khk + kek � C kB� (h ; e)kY �

for all (h ; e) 2 X .

Proof. First, since" and � are piecewisesmooth, the operators of multiplication by "
and � are boundedfrom H 
 (
) to H 
 (
) for all 
 2 [0; 1

2) (see,e.g., [4]). Second,we
recall that, as shown in [5], there exists a constant C = C(�; " ) > 0 such that, for all
x 2 L 2(
)

(2.15) C kx k2
L 2 (
) � kcur l 1x k2

V �
1

+ kdiv1;� x k2
H �

1

and

(2.16) C kx k2
L 2 (
) � kcur l 2x k2

V �
2

+ kdiv2;" x k2
H �

2
:

Here, and in the rest of the paper, we use the symbol C to denote a genericpositive
constant which may be di�eren t in the di�eren t occurrences.

We will prove (2.14) by contradiction, using a standard compactnessargument. Now,
assumethat (2.14) doesnot hold. Then there existsa sequencef xng = f (h n ; en )g � X
such that kxnk2 � kh nk2 + kenk2 = 1, while kB� xnk2

Y � � 1
n . Using the fact that L 2(
)

is compactly embeddedin H � 
 (
), and passingto a subsequence,we get h n
H � 


� ! h and

en
H � 


� ! e for someh; e 2 H � 
 (
). Since
 < 1
2, we alsohave the continuousembeddings

kvkV �
k

� C kvk� 
 for k = 1; 2. In particular, h 2 V �
1 and e 2 V �

2. Note that the choice
of 
 implies

(2.17) k� h nkV �
1

� C sup
w 2 H 


j(h n ; � w )j
kwk


� C sup
v 2 H 


j(h n ; v)j
kvk


= kh nk� 


for any h n 2 L 2(
). By (2.15) and (2.16),

kxnk2 � C
n

kcur l 1h nk2
V �

1
+ kdiv1;� hnk2

H �
1

+ kcur l 2enk2
V �

2
+ kdiv2;" enk2

H �
2

o
:

Therefore,for m; n 2 N,

kxm � xnk2 � C
n

kB� (xm � xn )k2
Y � + ! 2k� hm � � h nk2

V �
1

+ ! 2k"em � "enk2
V �

2

o
:

Using (2.17) and the above inequality, we get that f xng is a Cauchy sequencein X .

Therefore,we can concludethat x = (h; e) 2 X and xn
X� ! x.

After passingto a limit, we get kxk = 1, while B� x = 0. Since� is not an eigenvalue,
(2.13) implies x = 0, which is a contradiction. �
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Remark 2.3. The terms involving div1;� and div2;" cannot be omitted from the right
hand sideof (2.14). For example,that the div2;" term is necessarycan easilybe seenby
taking h = 0 and e = r � with � 2 C1

0 (
).

The fact that B� satis�es (2.14) implies that its range is closedand therefore, (2.11)
has a unique solution if and only if the right-hand side is in the rangeof B� . Our next
task is to characterizethis subspace.We �rst note that the rangeof B� coincideswith

(K er(B�
� ))? = f y� 2 Y � : hy� ; yi = 0 for all y 2 K er(B�

� )g:

Here

K er(B�
� ) = f (v1; v2; h1; h2) 2 Y : b� (h ; e; v1; v2; h1; h2) = 0 for all (h ; e) 2 X g

and b� (�; �) is the bilinear form corresponding to B� , i.e.,

(2.18)
b� (h ; e; v1; v2; h1; h2) = b1(h ; v1; h1) � � ("e; v1)

+ b2(e; v2; h2) + � (� h ; v2)

wherethe forms bk(�; �) are given by

b1(h ; (v1; h1)) = (h; r� v1) � (� h ; r h1) and b2(e; (v2; h2)) = (e; r� v2) � ("e; r h2):

Now, if (v1; v2; h1; h2) is in K er(B�
� ) then

�
r� v1 + � � v2 � � r h1 = 0;

r� v2 � � " v1 � " r h2 = 0:

Set ~v1 = v1 + � � 1 r h2 and ~v2 = v2 � � � 1 r h1. It follows that ~v1 2 X 2(" ) and
~v2 2 X 1(� ) satisfy the eigenvalue problem (2.2). This implies, assumingthat � is not
an eigenvalue,

(2.19) v1 = � � � 1 r h2 and v2 = � � 1 r h1 :

Conversely, if (2.19) holds with (v 1; v2; h1; h2) 2 Y, then clearly (v 1; v2; h1; h2) is in
K er(B�

� ). The next result follows easily.

Lemma 2.2. Assumethat � is not a Maxwell eigenvalue.Then the compatibility space
for (2.11) is given by

(2.20) V �; 0 � K er(B�
� ) = f (� r h2; r h1; � h1; � h2) : h1 2 H 2(
) ; h2 2 H 2

0 (
) g :

Consequently, the data (j ; m ; q; � ) are compatible if, and only if,

(2.21) h�; h2i = � � 1hj ; r h2i ; hq; h1i = � � � 1hm ; r h1i ;

for all h2 2 H 2
0 (
) , h1 2 H 2(
) . When j is in H (div) and m is in H 0(div ), the above

conditions simplify to

(2.22) � = � � � 1r � j ; q = � � 1r � m :

Wecombine the resultsof Lemma2.1and Lemma2.2in the main result of this section.

Theorem 2.2. Assumethat � 6= 0 is not a Maxwell eigenvalue.Then the weak formu-
lation (2.11) has a unique solution for any data satisfying the compatibility conditions
(2.21). The following stability estimateholds

C (khk + kek) � kj kV �
1

+ km kV �
2

+ kqkH �
1

+ k� kH �
2

:
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When j 2 H (div), m 2 H 0(div ) and � and q are de�ned by (2.22), the weak solution
coincideswith the solution of the original time-harmonic problem(1.1), and we have

(2.23) C (khkX 1 (� ) + kekX 2 (" )) � kj kH (div ) + km kH (div ) :

Note that Theorem 2.1 is a special caseof the above result.

Proof. The �rst estimate is identical to the result of Lemma 2.1.
If j 2 H (div), m 2 H 0(div ) and � and q are de�ned by (2.22), then � and q are

in L 2(
), and earlier arguments show that the weak formulation has a unique solution
which satis�es the original time-harmonic problem (1.1)-(2.1). The �rst part of the
theoremshows that

C (khk + kek) � kj kH (div ) + km kH (div ) :

The bounds for the remaining terms in (2.23) follow from this, (1.1), (2.1) and the
triangle inequality. �

Remark 2.4. The weak form of the real problem (2.6)-(2.7) is basedon the operator

(2.24) B! (h ; e) = (cur l 1h � ! "e; cur l 2e � ! � h ; div1;� h; div2;" e) ;

whereall �elds, spacesand operators are real. The corresponding bilinear form is given
by

b! (�; �) = b1(h ; v1; h1) � ! ("e; v1) + b2(e; v2; h2) � ! (� h ; v2) :

The compatibilit y spacein this caseis

(2.25) V ! ;0 � K er(B�
! ) = f (r h2; r h1; ! h1; ! h2) : h1 2 H 2(
) ; h2 2 H 2

0 (
) g :

3. Least-squares appr oximation

Next we considerthe discreteapproximation to the weakvariational formulation pre-
sented in Section2. We assumethat � = � i ! is not a Maxwell eigenvalue and that the
domain 
 is a polyhedron(or a polygon in 2D) that is partitioned in a shape regular and
locally quasi-uniform meshTh = f Tg. The diameter of an element T 2 Th is denoted
with hT . We assumethat the coe�cien ts " and � are constants on each element T. We
alsoconcentrate on the caseof real �elds, i.e. we approximate (2.6)-(2.7).

Let f = (j ; m ; q; � ) 2 Y � . Then the problem (2.6)-(2.7) canbe rewritten (seeRemark
2.4) equivalently as follows: Find (h; e) 2 X such that

(3.1) b! (h ; e; v1; v2; h1; h2) = hf ; v1; v2; h1; h2i for all (v1; v2; h1; h2) 2 Y :

In what follows, we discusstwo methods for the discrete approximation of (3.1). The
�rst requiresa discreteinf-sup condition, while the secondis basedon form modi�cation.

Let X h = X h;1 � X h;2 � X and Yh = V h;1 � V h;2 � Hh;1 � Hh;2 � Y be piecewise
polynomial �nite element spacesde�ned on Th. Onesimplechoiceis X h;1 = X h;2 = ( bSh)3

and Yh = (Sh;0)3 � (Sh)3 � Sh � Sh;0, where bSh is a discontinuoussolution space,while Sh

and Sh;0 = Sh \ H 1
0 (
) arecontinuoustest spaces.Approximation with spacesof varying

polynomial degreeis also possible. We assumethe existenceof a stable approximation
operator I h, such that I h : H 1(
) 7! Sh, I h : H 1

0 (
) 7! Sh;0 and

(3.2)
X

T 2 Th

n
h� 2

T ku � I huk2
L 2 (T ) + kI huk2

H 1 (T )

o
� Ckuk2

H 1 (
) :
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Such operators are known to exist when Sh is the spaceof standard Lagrangian �nite
elements, see[6, 25].

3.1. Appro ximation based on a discrete inf-sup condition. In this subsection,we
are interested in pairs of approximation spaces(X h; Yh) satisfying the discrete inf-sup
condition,

(3.3) kxkX � C sup
y2 Yh

b! (x; y)
kykY

; for all x 2 X h;

with a constant C > 0 independent of h. The condition (3.3) is equivalent to the
condition that the discreteanalogof B! , the operator Bh;! : X h ! Y �

h , de�ned by

hBh;! x; yi = b! (x; y); for all x 2 X h; y 2 Yh ;

hasa uniformly (independent of h) boundedinverseon its range.
Assuming (3.3), one can consideran approximation to (3.1) obtained by restricting

the form to the discretesubspaces.The resulting problem is Bh;! (h h; eh) = f h wheref h

is the restriction of f to Y �
h . Unfortunately, even though Bh;! is invertible on its range,

this problem is not likely to be solvable sincethe discretecompatibilit y of f h doesnot
follow from the compatibilit y of f .

A natural way to avoid this obstacle is to consider a least-squaresapproximation,
which always hasa uniquesolution, regardlessof the data. Speci�cally, the least-squares
approximate solution (h h; eh) = xh is the unique element of X h satisfying

(3.4) hBh;! xh; TYh Bh;! ~xh i = hf ; TYh Bh;! ~xh i ; for all ~xh 2 X h;

whereTYh : Y �
h ! Yh is the solution operator de�ned by

(TYh l ; yh)Y = hl; yh i for all yh 2 Yh :

As discussedin [5], the problem (3.4) reducesto inverting a symmetric and positive
de�nite matrix which is spectrally equivalent to the massmatrix in X . The resulting
approximation is quasi-optimal, i.e. if x 2 X satis�es B! x = f , then there exists
C = C("; �; ! ) independent of h, such that

(3.5) kx � xhkX � C inf
� h 2 X h

kx � � hkX ;

where xh is the solution of (3.4). In the implementation, one can replace TYh by a
preconditioner eTYh : Y �

h ! Yh, preservingthe above properties.

Remark 3.1. We note that eTYh and TYh provide representations of the inner product on
Y �

h , i.e.,
(x; y)Y �

h
= hx; eTYh yi

or
(x; y)Y �

h
= hx; TYh yi :

These,in turn, de�ne inner products on the component subspaceswhich we shall denote
by (�; �)V �

h; 1
, (�; �)V �

h; 2
, (�; �)H �

h; 1
and (�; �)H �

h; 2
.

The remainderof this subsectionis devoted to the construction of subspacesX h and
Yh satisfying (3.3). For simplicity, we assumethat Th is a tetrahedral or triangular
partitioning of 
. The extensionto quadrilateral and hexahedralmeshesis routine.
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Let Pp(T) bethe spaceof polynomialson T of degreep 2 N0. Wewill usethe following
standard �nite element spaces

bSh(p) = f vh 2 L 2(
) : vh jT 2 Pp(T) ; for all T 2 Thg;

Sh(p) = bSh(p) \ H 1(
) ; Sh;0(p) = Sh(p) \ H 1
0 (
) :

Additionally , we need spacesof \bubble" functions associated with the facesand the
elements, which we introducebelow.

Let Fh be the set of all facesof Th. Fix F 2 Fh, and let TF be the union of the
elements T 2 Th which have F as a face. Let hF be the diameter of F . Let Pp(F ) be
the spaceof polynomials of degreep on a �xed faceF . Let dp be the dimensionof this
spaceand f � j

F gdp
j =1 be the usualnodal basis. Each function � F 2 Pp(F ) can be extended

to a polynomial �̂ F of degreep on R3 by setting it to be constant in the direction normal
to F . The basisfor the face-bubblefunction spaceis de�ned by

(3.6) � j
F

�
�
T

(x) = �̂ j
F (x)

NFY

i =1

` i (x) for all T 2 TF ;

for each 1 � j � dp. Here, NF is the number of vertices of F and f ` i (x)gNF
i =1 are the

barycentric coordinatesfor x 2 T corresponding to thosevertices. Note that � j
F vanishes

on all other facesin Fh. The linear spanof all thesefunctions forms the spaceB p
Fh

. The
spaceB p

Fh ;0 is de�ned, similarly, using only the interior faces.
A typical element of B 0

Fh
on a triangular mesh and the bubbles for each face of a

tetrahedron are shown in Figure 1.

Figure 1. Facebubble functions: element of B 0
Fh

in 2D and the bubbles
for each faceof a tetrahedron in 3D.

The spacesB p
Th

of bubble functions of order p associated with the elements can be
de�ned similarly to (3.6). In fact, the sameformula can be used to de�ne the basis
element-bubble functions, if the product is taken over the barycentric coordinatescorre-
sponding to all verticesof T and �̂ j

F is replacedby a polynomial � j
T 2 Pp(T). Note that

� j
T vanisheson all other elements (by de�nition). For p < 0, B p

Th
is de�ned to be empty.

The next result shows how onecanusethe faceand element bubble functions in order
to obtain a stable approximation pair of spacesof �xed polynomial degreep.
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Theorem 3.1. Let p be in N0. Then the least-squares method (3.4) for the time-
harmonic problembased on the spaces X h;1 = X h;2 = ( bSh(p))3 and

V h;1 = (Sh;0(1) � B p
Fh ;0 � B p

Th
)3 ; Hh;1 = Sh(1) � B p

Fh
� B p� 1

Th
;

V h;2 = (Sh(1) � B p
Fh

� B p
Th

)3 ; Hh;2 = Sh;0(1) � B p
Fh ;0 � B p� 1

Th

is stable,i.e., the discrete inf-sup condition for the form b! (�; �) holds.
In particular, the discrete problem(3.4) has a unique solution for any data f . The

resulting approximation is quasi-optimal(in the senseof estimate(3.5)).

Proof. Fix x = (x 1; x 2) 2 X h,  k 2 Hk , and v k 2 V k for k 2 f 1; 2g. First, we note that,
by a straightforward extensionof the proofsof Lemmas6.3 and 6.4 in [5], we can choose
 h;k 2 Hh;k such that (� x 1; r  1) = (� x 1; r  h;1) and ("x 2; r  2) = ("x 2; r  h;2) with
k h;k k1 � C k kk1, whereC > 0 is independent of h. In order to satisfy the equalities,
the construction usesthe stable approximation operator with faceand element bubble
functions. For the time-harmonicproblem,weadditionally needto construct v h;k 2 V h;k

satisfying

(3.7) (x 1; r� v1) � ! ("x 2; v1) = (x 1; r� vh;1) � ! ("x 2; vh;1)

and

(3.8) (x 2; r� v2) � ! (� x 1; v2) = (x 2; r� vh;2) � ! ("x 1; vh;2)

with
kv k;hk1 � Ckv kk1; k = 1; 2:

The discreteinf-sup condition then follows from the above constructionsand (2.14).
We illustrate the constructions in the caseof (3.7). The caseof (3.8) is similar. Let

v1 = (vc)3
c=1 and vh;1 = (vc

h)3
c=1 . Setvc

h = I hvc + vc
Fh

+ vc
Th

, whereI h is an approximation
operator satisfying (3.2) and

(3.9)
(vc

Fh
; q)L 2 (F ) = (vc � I hvc; q)L 2 (F ) for all F 2 Fh ; q 2 Pp(F ) ;

(vc
Th

; p)L 2 (T ) = (vc � I hvc � vc
Fh

; p)L 2 (T ) for all T 2 Th ; p 2 Pp(T) :

Note that (3.9) uniquely determinesvc
Fh

and vc
Th

. For example,if q 2 Pp(F ) with q 6= 0,
let q̂ = � j

F where� j
F is de�ned by (3.6) with �̂ j

F replacedby q. Then

(q̂; q)L 2 (F ) =
Z

F

 
NFY

i =1

` i

!

q2 dx

and the unique solvabilit y easily follows.
The de�nitions in (3.9) imply that

(r� x 1 � ! " x 2; v1)L 2 (T ) = (r� x 1 � ! " x 2; vh;1)L 2 (T ) for all T 2 Th ;

(x 1� n ; v1)L 2 (F ) = (x 1� n ; vh;1)L 2 (F ) for all F 2 Fh ;

and therefore(3.7) follows. The rest of the proof proceedsas in [5]. �

Remark 3.2. Note that, comparedto the stable approximation pairs from Section6 in
[5], our theory requires vector test spaceshaving one degreehigher element bubbles.
However, the numerical experiments in Section4 seemto suggestthat this is not really
necessary.



12 JAMES H. BRAMBLE, TZANIO V. KOLEV, AND JOSEPH E. PASCIAK

3.2. Appro ximation based on form mo di�cation. Next we consider the least-
squaresapproach basedon form modi�cation aspresented at the end of Section6 in [5].
This approach leadsto a stableapproximation, even whenthe discreteinf-sup condition
doesnot hold. The idea is to start with the lower bound for B! ,

(3.10) khk2 + kek2 � C kB! (h ; e)k2
Y �

and useintegration by parts on the elements and approximation to get a stable discrete
form.

We only consider the casewhen each component of X h is piecewiseconstant while
the components of V h;k and Hh;k arecontinuouspiecewiselinear functions satisfying the
appropriate boundary conditions.

Let divh
1;� : X h;1 7! Hh;1 and cur l h

1;! : X h;1 � X h;2 7! V h;1 satisfy

(divh
1;� x h;  h) = � (� x h; r  h) for all  h 2 Hh;1 ;

(cur l h
1;! (x h;1; x h;2); w h) = (x h;1; r� w h) � ! ("x h;2; w h) for all w h 2 V h;1 :

Theseoperatorsarewell de�ned by the RieszRepresentation Theorem,and their compu-
tation canbe reducedto simplevector operationsand the inversionof the massmatrices
in Hh;1 and V h;1. However, the massmatrix inversionsare avoided in the actual imple-
mentation, becauseof the way that the preconditioner is de�ned. One introducesthe
discrete operators divh

2;" : X h;2 7! Hh;2 and cur l h
2;! : X h;1 � X h;2 7! V h;2 in a similar

manner,

(divh
2;" x h;  h) = � (" x h; r  h) for all  h 2 Hh;2 ;

(cur l h
2;! (x h;1; x h;2); w h) = (x h;2; r� w h) � ! (� x h;1; w h) for all w h 2 V h;2 :

The following inequalities hold for any (h h; eh) 2 X h and result from integration by
parts on the elements and (3.2):

(3.11)

C kdiv1;� h hk2
H �

1
� kdivh

1;� h hk2
H �

h; 1
+

X

F 2 Fh

hF kJ� h h � n Kk2
L 2 (F ) ;

C kcur l 1h h � ! "ehk2
V �

1
� kcur l h

1;! (h h; eh)k2
V �

h; 1

+
X

F 2 Fh

hF kJh h � n Kk2
L 2 (F ) + ! 2

X

T 2 Th

h2
T k" ehk2

L 2 (T ) ;

C kdiv2;" ehk2
H �

2
� kdivh

2;" ehk2
H �

h; 2
+

X

F 2 Fh

hF kJ" eh � n Kk2
L 2 (F ) ;

C kcur l 2eh � ! � h hk2
V �

2
� kcur l h

2;! (h h; eh)k2
V �

h; 2

+
X

F 2 Fh

hF kJeh � n Kk2
L 2 (F ) + ! 2

X

T 2 Th

h2
T k� h hk2

L 2 (T ) :

Here J�Kdenotesthe jump acrossF 2 Fh. Inequalities of thesetypeswere discussedin
detail in [5]. For example,integration by parts, using the fact that r � h h = 0 in each
element, and the boundednessof I h give

kdiv1;� hhkH �
1

� C kdivh
1;� h hkH �

h; 1
+ sup

� 2 H 1

P
T 2 Th

(� h h � n ; � � I h � )L 2 (@T )

k� kH 1
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The �rst inequality of (3.11) easily follows from this and (3.2). Similarly, we get

kcur l 1h h � ! "ehkV �
1

� C kcur l h
1;! (h h; eh)kV �

h; 1

+ sup
� 2 V 1

P
T 2 Th

(h h � n ; � � I h � )@T

k� kV 1

+ sup
� 2 V 1

(! "eh; � � I h � )
k� kV 1

;

which implies the secondinequality of (3.11).
We then get the least-squaresproblem: Find (h; e) 2 X h satisfying

(3.12)
bh;! (h ; e; eh; ee) = (j ; cur l h

1;! (eh; ee))V �
h; 1

+ (m ; cur l h
2;! (eh; ee))V �

h; 2

+ (q; divh
1;�

eh)H �
h; 1

+ (�; divh
2;" ee)H �

h; 2
for all (eh ; ee) 2 X h :

The bilinear form on the left is given by

bh;! (h ; e; eh; ee) = (cur l h
1;! (h ; e); cur l h

1;! (eh; ee))V �
h; 1

+ (divh
1;� h; divh

1;�
eh)H �

h; 1

+ (cur l h
2;! (h ; e); cur l h

2;! (eh; ee))V �
h; 2

+ (divh
2;" e; divh

2;" ee)H �
h; 2

+ ! 2
X

T 2 Th

h2
T

�
(� h ; � eh)L 2 (T ) + (" e; " ee)L 2 (T )

	

+
X

F 2 Fh

hF
�

(Jh � n K; Jeh� n K)L 2 (F ) + (J� h � n K; J� eh � n K)L 2 (F )

+ (Je� n K; Jee� n K)L 2 (F ) + (J"e � n K; J"ee � n K)L 2 (F )

	
:

The form is obviously symmetric and the above inequalities imply that

khk + kek � C bh;! (h ; e; h ; e) :

Hence(3.12) hasa unique solution, provided that � = � i! is not a Maxwell eigenvalue.

3.3. Error estimates. Let f 
 i g be a non-overlapping decomposition of 
 correspond-
ing to the di�eren t materials (i.e. " and � are constants on each 
 i ). The space
cH s(
) =

L
H s(
 i ) consistsof vector �elds v 2 L 2(
) such that v i = vj 
 i

2 H s(
 i ).
This is a Hilbert spacewith a norm

jjjv jjj2s =
X

kv i k2
H s (
 i ) :

In this subsection,we assumethat X h is an approximation of X in the sensethat

(3.13) inf
xh 2 X h

kx � xhk � C hs jjjxjjjs for all x 2 cH s(
) � cH s(
) ;

and any s 2 (0; 1]. Here,h is the maximal diameter of an element in Th.
Additionally , we assumethe following continuousembeddings

(3.14) X 1(� ) ; X 2(" ) ,! cH s(
) :

The embeddingof X 1(� ) andX 2(" ) in H s(
) havebeendiscussedin [24, 2, 10]. However,
we prefer the regularity assumption (3.14), since for s > 1

2 , we have X 1(� ) ; X 2(" ) ,!
H s(
) only when " and � are continuous.

Below we prove an estimate for the approximation error of each of the methods from
the previoustwo subsections.
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Theorem 3.2. Let s 2 [0; 1] be such that (3.13) and (3.14) hold. Assumethat � =
� i! 6= 0 is not an eigenvalue,and let (h ; e) be the solution of the time-harmonic problem
with data j 2 H (div), m 2 H 0(div ) and � and q de�ned by (2.22). Let (h h; eh) be the
least-squares approximation obtained by either of the methods presented in the previous
two subsections (for the method based on form modi�c ation assumes 6= 1

2). Then we
havethe error estimate

kh � h hk + ke � ehk � C hs
�
kj kH (div ) + km kH (div )

�
;

where C > 0 dependson � , " , and ! , but is independentof h.

Proof. The result for the method using discrete inf-sup condition is a straightforward
corollary from the quasi-optimality property (3.5) and the stabilit y estimate (2.23) in
Theorem2.2. Indeed,combining (3.13) and (3.5), we get

kh � h hk + ke � ehk � C hs (jjjh jjjs + jjjejjjs) :

On the other hand, (3.14) and (2.23) imply

jjjh jjjs + jjjejjjs � C (khkX 1 (� ) + kekX 2 (" )) � C (kj kH (div ) + km kH (div )) :

The error estimate in the theoremfollows from the above two results.
Wenext considerthe method basedon form modi�cation in the cases < 1

2. The result
follows by interpolation similar to the one in [5]. Speci�cally, for any x = (h; e) 2 X ,
let xh = (h h; eh) 2 X h be the solution of (3.12) with j ; m ; q and � de�ned by (2.11).
Then,

C kxhk2 � bh;! (xh; xh)

= (cur l 1h � ! "e; cur l h
1;! xh)V �

h; 1
+ (cur l 2e � ! � h ; cur l h

2;! xh)V �
h; 2

+ (div1;� h; divh
1;� h h)H �

h; 1
+ (div2;" e; divh

2;" eh)H �
h; 2

� C kxhk kxk :

Therefore,

(3.15) kx � xhk � C kxk for all x 2 X :

Let x be in dH 1
0(
) � dH 1

0(
) where dH 1
0(
) =

L
H 1

0(
 i ) and set � h = (ehh; eeh) to be
its L 2(
)-pro jection onto X h. Then

(3.16)

C kxh � � hk2 � bh;! (xh; xh � � h) � bh;! (� h; xh � � h)

= (cur l 1 � h � ! " � e; cur l h
1;! � xh)V �

h; 1

+ (cur l 2 � e � ! � � h ; cur l h
2;! � xh)V �

h; 2

+ (div1;� � h ; divh
1;� � h h)H �

h; 1
+ (div2;" � e; divh

2;" � eh)H �
h; 2

� ! 2
X

T 2 Th

h2
T

�
(� eh h; � � h h)L 2 (T ) + (" eeh; " � eh)L 2 (T )

	

+
X

F 2 Fh

hF
�

(J� h � n K; J� h h � n K)L 2 (F ) + (J� � h � n K; J� � h h � n K)L 2 (F )

+ (J� e� n K; J� eh � n K)L 2 (F ) + (J" � e � n K; J" � eh � n K)L 2 (F )

	
;

where� x = (� h ; � e) = x � � h and � xh = (� h h; � eh) = xh � � h.
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Using standard inequalitiesand the special choiceof � h, we get

C kxh � � hk � kx � � hk + hjjjxjjj1;

which, together with (3.13), implies

(3.17) kx � xhk � C h jjjxjjj1 for all x 2 dH 1
0(
) :

By interpolation between (3.15) and (3.17), we get that kx � xhk � C hs jjjxjjjs for all
x 2 dH s

0(
) � dH s
0(
), wheredH s

0(
) =
L

H s
0(
 i ). SincedH s

0(
) = cH s(
) when s < 1
2 ,

this is enoughto prove the desirederror estimate.
The proof can be extendedto the cases > 1

2 if we estimatethe boundary jump terms
more carefully. Let bT denote the referenceelement. The trace operator extends from
smooth functions to a boundedoperator from H s( bT) to L 2(@bT) from which we have

(3.18) C hT

�
kv � n k2

L 2 (@T ) + kv� n k2
L 2 (@T )

�
� kvk2

L 2 (T ) + h2s
T jv j2H s (T )

for any v 2 H s(T), s > 1
2 and T 2 Th.

Let x = (h; e) be in X 1(� ) � X 2(" ) and assumethat (3.14) holdswith s > 1=2. Then,

Jh� n KL 2 (F ) = Je� n KL 2 (F ) = J� h � n KL 2 (F ) = J"e � n KL 2 (F ) = 0

for any faceF . Thus, (3.16) holds for x. We can estimatethe terms in the sum over the
facesusing (3.18). The remaining terms are boundedas beforeand we get

C kxh � � hk � kx � � hk +
X

T 2 Th

�
hs

T jxjH s (T ) + hT kxkL 2 (T )

�
;

wherewe usedthe fact that j� h jH s (T ) = 0. The result of the theorem follows from this
estimate and (3.13). �

4. Numerical experiments

In this section,we report the results of somenumerical experiments which illustrate
the theory developed in the rest of the paper. For easeof implementation, we assume
that the �elds are real, i.e. we are solving the problem described in Remark 2.2. We
alsoconcentrate on the least-squaresmethod from Section3.1.

In all of our examples,we partition the domain 
 into a shape regular mesh. For
the components of X h, we usedpiecewiseconstant vectors. The spacescomposing Yh

are de�ned as piecewiselinear and continuous functions enriched by face and element
bubble functions as discussedearlier. The preconditioner for TYh is implemented by
a multiplicativ e, two-level algorithm involving Gauss-Seidelsmoothing on the bubble
nodesand an exact solve or multigrid V-cycle on the piecewiselinear subspace.

We �rst report computations on two-dimensionalproblems. Speci�cally, we consider
a transverseelectric (TE) mode where the geometry of the device is in�nite along the
z-axis, with an electric �eld pointing parallel to it. The magnitude of the electric �eld,
e3d, is denotedby e and the magnetic�eld vector h 3d is assumedto be orthogonal to the
z-axis, i.e., e3d = (0; 0; e) and h 3d = (h1; h2; 0). Due to the symmetry, the systems(2.6)
and (2.7) reduceto problems in the cross-sectiondomain 
 in the xy-plane involving
the unknowns h(x; y) = (h1(x; y); h2(x; y)) and e(x; y). The right-hand side is given by
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j 3d = (0; 0; j ) and m 3d = (m1; m2; 0), wherej 2 L 2(
) and m = (m1; m2) 2 H 0(div ; 
).
After integration by parts we get
8
<

:

hcur l 1h � ! "e; wi � (h ; r� w) � ! ("e; w) = (j ; w) for all w 2 V1 � H 1
0 (
) ;

hcurl2e� ! � h ; v i � (e;r � v) � ! (� h ; v) = (m ; v) for all v 2 V2 � H 1(
) ;
hdiv1;� h;  i � � (� h ; r  ) = ! � 1(r � m ;  ) for all  2 H1 � H 1(
) :

Here, r � v = @xv2 � @yv1 and r� w = (@yw; � @xw). Note that

r� h 3d = (0; 0; r � h) ; r� e3d = (r� e;0) ; r � h 3d = r � h ; and r � e3d = 0:

Often, in the literature, the magnetic �eld h is eliminated from the original system,
which leads to a secondorder problem for e 2 H 1

0 (
). Assuming that " and � are
constants, this problem is the Helmholtz equation

(4.1) � � e � "�! 2e = ! �j + r � m :

The development in Sections2 and 3 extendsnaturally to the present situation. In
particular, we have the above weak formulation which is basedon the operator

kB2d;! (h ; e)k2 = kcur l 1h � ! "ek2
V1

� + kcurl2e� ! � hk2
V �

2
+ kdiv1;� hk2

H �
1

:

As in the three-dimensionalcase,we seethat both least-squaresmethods from Section
3 are well posed,provided that ! is not an eigenvalue.

As a �rst illustration, we consideran example involving a known smooth solution.
We let 
 be the unit squareand take constant � , " and ! . We set m and j so that the
solution is given by

(4.2) h = r (cos(� x) cos(� y)) ; e = x(1 � x) sin(� y):

We usea regular meshof triangles obtained by �rst partitioning the squareinto n � n
equalsmallersquaresand then dividing each smallersquarein two by the positivesloping
diagonal. This initial meshis uniformly re�ned, and on each level we usea diagonally
preconditioned conjugate gradient algorithm (CG) to solve (3.4). The iterations are
stopped when the residual norm is reducedby six ordersof magnitude.

h k(h; e)k0 % nit N time
0.125 0.57762 9 384 0.01
0.0625 0.29090 1.9856 9 1536 0.06
0.03125 0.14571 1.9964 9 6144 0.21
0.015625 0.07289 1.9992 9 24576 0.92
0.0078125 0.03645 1.9998 9 98304 4.88
0.00390625 0.01822 2.0000 9 393216 24.8

Table 4.1. Numerical results for a two-dimensionalproblem with known
smooth solution, � = " = ! = 1. Exact subspacesolver.

We�rst set� = " = ! = 1. The numericalresultsfor the two di�eren t subspacesolvers
aregiven in Table4.1and Table4.2. We report the meshsizeh, the approximation error
in L 2(
) � L 2(
), the ratio %to the error on the previousgrid, the number of conjugate
gradient iterations nit , the sizeof the systemN and the computational time time (on a
Dell Precision650workstation).
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h k(h; e)k0 % nit N time
0.125 0.57762 9 384 0.01
0.0625 0.29091 1.9855 11 1536 0.02
0.03125 0.14572 1.9965 12 6144 0.09
0.015625 0.07289 1.9992 12 24576 0.37
0.0078125 0.03645 1.9998 12 98304 1.97
0.00390625 0.01822 2.0000 12 393216 10.2

Table 4.2. Numerical results for a two-dimensionalproblem with known
smooth solution, � = " = ! = 1. Subspacesolver using multigrid.

Our �rst observation is that the error behavior in L 2(
) � L 2(
) clearly illustrates
the expected�rst order convergencerate. In all cases,the number of iterations required
to reducethe residualby a factor of 10� 6 remainsboundedindependently of the number
of unknowns. Note also, that using the multigrid preconditioner, instead of the exact
solver, leadsto a modest increaseof the number of iterations while signi�cantly reducing
the overall solution time.

We alsopresent results for the multigrid subspacesolver whenno element bubblesare
usedin the vector test spaceV 2 (i.e.we usethe test spacefrom [5]) in Table 4.3.

h k(h; e)k0 % nit N time
0.125 0.57812 9 384 0.01
0.0625 0.29134 1.9843 11 1536 0.02
0.03125 0.14599 1.9956 12 6144 0.07
0.015625 0.07302 1.9993 12 24576 0.31
0.0078125 0.03645 1.9999 12 98304 1.61
0.00390625 0.01826 2.0000 12 393216 8.25

Table 4.3. Numerical results for a two-dimensionalproblem with known
smooth solution, � = " = ! = 1. Subspacesolver using multigrid. No
element bubblesin V 2.

The increasein the approximation error is very small, especially compared to the
reduction in the running time and the memory use. Thus, it seemsthat the element
bubblesare an unnecessaryoverheadfor this problem. In fact, this is typical for all the
experiments that we conducted. Currently, we do not have a theoretical explanation for
this behavior.

Next we investigate the behavior of our method in a neighborhood of an eigenvalue.
This is donein Figure 2, wherewe set � = " = 1 and let ! take valuescloseto the �rst
Maxwell eigenvalue

p
2� . For each such value of ! , on the left we report the number

of iterations, and on the right we plot the approximation error on each level. Di�eren t
re�nement levelsare plotted consecutively, from coarseto �ne, using the di�eren t colors
given in the legend.

From thesegraphsonecanobservethat the changein ! a�ects the number of iterations
in a greater degreethan the approximation error. It is alsoevident that when ! = 4:4,
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Figure 2. Convergencebehavior and approximation error in a neighbor-
hood of the eigenvalue ! =

p
2� � 4:4. Here � = " = 1.

parts of the eigenfunctionsenter the computations on the last two levels and, even
though the CG iterations converge fast, the approximation error increases. This is a
numerical con�rmation that valuesof ! closeto an eigenvalue should be avoided. We
alsonote that the method works well for valuesof ! in the interval [4:6; 4:9], wherethe
secondorder problem (4.1) is inde�nite.

We concludethe experiments on the unit squareby further investigating the e�ect
of changing the parameters! , " and � . This is motivated by someapplications, e.g.
mixed digital andanalogsignalpackages,whereoneneedsan algorithm with convergence
estimatesthat are independent of the frequency! . In [12], such resultswereobtainedfor
the caseof ! in a neighborhood of zero. The approach there usesa mixed formulation
with a \dummy" Lagrangemultiplier (one that is identically zero). Further results in
this direction aregiven in [19], wherea FOSLSmethod is applied to the scalarHelmholtz
equation with exterior radiation boundary conditions. The convergenceof the resulting
multigrid algorithm is uniform with respect to the wavenumber ! , under the assumption
that the domain is convex or hasa smooth boundary.
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Figure 3. Convergencebehavior and approximation error for a rangeof
values! 2 f 0:01; 0:1; 1; 10; 100g. Here � = " = 1.
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Results illustrating the dependenceon the electromagneticcoe�cien ts are given in
Figures4 and 5.
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Figure 4. Convergencebehavior and approximation error for a rangeof
values� 2 f 0:01; 0:1; 1; 10; 100g. Here ! = " = 1.
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Figure 5. Convergencebehavior and approximation error for a rangeof
values" 2 f 0:01; 0:1; 1; 10; 100g. Here � = ! = 1.

Our secondexampleis posedon the �-shap ed domain 
 = [� 1; 1]2 n ([0; 1] � [� 1; 0]).
We let " = � = ! = 1 and set the problem such that the solution in polar coordinates
is given by

e(�; � ) = � � cos(� � ) and h = r� e; with � =
2
3

:

Note that, while e is in H 1(
), h is only in H s(
) for s < 2
3.

In Table 4.4, we present the results obtained with the least-squaressolver basedon
multigrid and using no element bubblesin the vector test space.We report the level of
uniform re�nement `, the L 2(
) error for h with the ratio to the error on the previous
grid, the L 2(
) error for e with the sameratio, the number of iterations n it , and the size
of the problem N .

The number of iterations in Table 4.4 is constant acrossthe levelsof re�nement as in
the previousexample. We alsoget the expectedconvergencerates|�rst order for e and
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` khk0 % kek0 % nit N
0 0.78533 0.88500 9 12
1 0.51683 1.5195 0.44849 1.9733 12 48
2 0.33881 1.5254 0.22619 1.9828 12 192
3 0.21854 1.5503 0.11351 1.9927 12 768
4 0.13981 1.5631 0.05684 1.9969 12 3072
5 0.08901 1.5708 0.02844 1.9987 12 12288
6 0.05649 1.5756 0.01423 1.9994 12 49152
7 0.03579 1.5787 0.00711 1.9996 12 196608
8 0.02264 1.5806 0.00356 1.9996 12 786432

Table 4.4. Numerical results for the two-dimensional�-shap ed domain.
Subspacesolver using multigrid. No element bubblesin V 2.

order 2
3 for h (which corresponds to a reduction factor of 22=3 � 1:587). Theseresults

illustrate two properties of our method. First, we observe the optimal convergencerate
for the low-regularity solution h, and second,weallow for di�eren t ordersof convergence
for the electric and the magnetic �eld, depending on their smoothness. The latter is
interesting, sinceit is not an obvious corollary from the estimate in Theorem3.1.

The initial meshtogether with the level lines of the computedapproximations to the
electric and magnetic �elds are shown in Figure 6.

Figure 6. Two-dimensionalproblem in a �-shap ed domain. The initial
meshand the approximations to e, h1 and h2.

Next we report computational examplesin three dimensions. The implementation
in this caseis basedon the form B� , i.e. we are solving simultaneously the two real
problemsmentioned in Remark 2.4.

For our �rst 3D test we let 
 = [0; 1]3 and set " = � = ! = 1. We discretizewith
a sequenceof uniformly re�ned tetrahedral meshes. In this example, we choose the
right-hand sidedata corresponding to the following smooth solution vectors:

h = (f 3; � f 1; f 2) + i (3f 3; 4f 1; 5f 2) and e = (2f 1; � f 2; f 3) + i (� f 1; 4f 2; f 3) :

Here the scalar functions f k are given by

f 1 = cos(� x) sin(� y) sin(� z) ;

f 2 = sin(� x) cos(� y) sin(� z) ;

f 3 = sin(� x) sin(� y) cos(� z) :



LEAST-SQUARES METHOD FOR THE TIME-HARMONIC MAXWELL EQUATIONS 21

The rest of the setup is the sameas in two dimensions.

` k< (h)k0 % k=(h)k0 % k<(e)k0 % k=(e)k0 % nit N
1 0.30672 1.01236 0.38454 0.59629 21 1152
2 0.14402 2.13 0.55816 1.81 0.19970 1.93 0.33269 1.79 23 9216
3 0.06945 2.08 0.27983 1.99 0.09764 2.05 0.16744 1.98 22 73728
4 0.03438 2.02 0.13990 2.00 0.04852 2.01 0.08384 2.00 22 589824
5 0.01714 2.01 0.06993 2.00 0.02422 2.00 0.04193 2.00 22 4718592

Table 4.5. Numerical results for the unit cube. Subspacesolver using multigrid.

The results obtained with the least-squaressolver basedon multigrid and using el-
ement bubbles in the vector test spaceare presented in Table 4.6. Employing similar
notation as before, we report the level of uniform re�nement, the L 2(
) error for the
real and imaginary part of both h and e together with the ratio to the error on the
previousgrid. We observe the expected �rst order convergencefor each of the solution
components. As in the previous test, we get a constant number of conjugate gradient
iterations acrossthe re�nement levels.

` k< (h)k0 % k=(h)k0 % k<(e)k0 % k=(e)k0 % nit N
1 0.30942 1.01940 0.39290 0.60185 21 1152
2 0.14473 2.14 0.56018 1.82 0.20087 1.96 0.33381 1.80 23 9216
3 0.06965 2.08 0.28060 1.99 0.09801 2.05 0.16794 1.99 22 73728
4 0.03447 2.02 0.14026 2.00 0.04867 2.01 0.08407 2.00 22 589824
5 0.01719 2.01 0.07012 2.00 0.02429 2.00 0.04205 2.00 22 4718592

Table 4.6. Numerical results for the unit cube. Subspacesolver using
multigrid. No element bubblesin V 1 and V 2.

In Table 4.6 we repeat the sameexperiments using multigrid solver without element
bubbles. The resultsare very similar to thosein Table4.5, with only a slight increasein
the approximation error. Thus we con�rm the observation madein 2D, that the element
bubblescan be omitted without compromisingthe performanceof the solver.

In contrast to the above results, we claim that the facebubblesare essential for good
convergence. To demonstrate this, we again solve on the third and forth level, but
this time using test spaceswith no bubble functions at all. When ` = 3, this method
convergesafter 136 iterations and results in the following approximation errors: 0:116,
0:413,0:151and 0:247. For ` = 4, we need263 iterations and the approximation errors
are 0:055,0:193,0:076and 0:124. Theseresultsare enoughto concludethat the number
of iterations increasessigni�cantly with the re�nement level.

The next numerical illustration is posedon the three hexahedralapproximations of
the unit ball given in Figure 7. The samemesheswereusedin [4] for Maxwell eigenvalue
computations. Even though thesemeshesare non-nested, their meshsizesare related
in a manner closeto the oneobtained through uniform re�nement. Thus, we can think
of them as three consecutive levels, ` = 1; 2; 3, of discretization of the unit ball. This is
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further supported by the results in Figure 4 from [4], which suggestthat the eigenvalues
computed on the meshesin Figure 7 convergeto the eigenvaluesof the unit ball. For
example,the minimal eigenvaluesfor each of the three mesheswere found to be 2:826,
2:761, and 2:748, while the minimal eigenvalue of the ball is approximately 2:744 (see
Table 6.1 in [4]).

Figure 7. The sequenceof meshesusedfor discretization of the unit ball.

To investigate the convergencebehavior, we set up a problem with � = " = ! = 1
and right-hand sidecorresponding to the following exact solutions on the unit ball

h = (� y; x; 0) + i (0; � z; y) and e = (x; y; z) � i (x; y; z) :

We apply the least-squaresalgorithm and report the results in Table4.7. For simplicity,
we usedexact subspacesolver insteadof multigrid in the de�nition of TYh . The notation
is similar to before,but note that herethe approximation error is computedagainst the
above solutions and not against the (unknown) exact solution on the given level.

` k< (h)k0 % k=(h)k0 % k<(e)k0 % k=(e)k0 % nit N
1 0.16674 0.16676 0.20461 0.20459 30 10500
2 0.07807 2.14 0.07807 2.14 0.09566 2.14 0.09566 2.14 36 111804
3 0.04112 1.90 0.04112 1.90 0.05037 1.90 0.05037 1.90 39 777924

Table 4.7. Numerical results for the unit ball. Exact subspacesolver.
No element bubblesin V 1 and V 2.

The factor %is in good agreement with the averagedmeshsizeratios betweendi�eren t
levels,which are2:21 and 1:92. We canconcludethat we get �rst order convergenceand
boundednumber of iterations even in this somewhatunusual situation.

Finally, we usethe samesetup to investigatethe behavior of the method in a neigh-
borhood of an eigenvalue. We �x � = " = 1 and let ! take valuescloseto 2:744. For
each such value in Figure 8, we graph the number of CG iterations (left plot) and the
approximation error (right plot). As before, the di�eren t levels (corresponding to the
meshesin Figure 7) are grouped together, from coarseto �ne, using the colors in the
legend.
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Figure 8. Convergencebehavior and approximation error in a neighbor-
hood of the eigenvalue ! � 2:744. Here � = " = 1.

Theseresults are similar to the two-dimensionalcasepresented in Figure 2. Again,
when! 2 f 2:7; 2:8g the in
uence of the eigenfunctionsleadsto increasedapproximation
error and the loss of �rst order convergence. This time, however, it also leads to an
increasednumber of iterations. As before,the method works well for ! 2 f 2:9; 3g when
the corresponding curl-curl problem (2.3) is inde�nite.
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