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The finite element method when applied to a second order partial differential equation in divergence
form can generate operators that are neither Hermitian nor definite when the coefficient function is com-
plex valued. For such problems, under a uniqueness assumption, we prove the continuous dependence of
the exact solution and its finite element approximations on data provided that the coefficients are
smooth and uniformly bounded away from zero. Then we show that a multigrid algorithm converges
once the coarse mesh size is smaller than some fixed number, providing an efficient solver for computing
discrete approximations. Numerical experiments, while confirming the theory, also reveal pronounced
sensitivity of Gauss-Seidel iterations on the ordering of the unknowns for certain problems.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction

We consider the application of multigrid algorithms to second
order partial differential equations whose dominant coefficient is
complex valued. In particular, we have in mind complex valued
coefficients generating operators that may not be Hermitian or def-
inite. A study of problems with such coefficients is the first step to-
wards understanding the behavior of multigrid applied to
important problems with complex coefficients such as those aris-
ing from time harmonic scattering and radiation. In particular,
applications of the perfectly matched layer technique (PML) to
scattering problems and resonance problems lead to complex coef-
ficient problems, however, in this case, the problem is no longer in
divergence form and exhibits anisotropic behavior [4,5,13]. The
study of multigrid applied to the PML problem is a topic for future
research.

* This work was supported in part by the National Science Foundation (USA)
under Grants DMS-0713833, SCREMS-0619080, and DMS-0609544.
* Corresponding author. Tel.: +1 352 392 0281.
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edu (J.E. Pasciak).
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Let Q be a polygonal domain in R%. We allow Q to be non-con-
vex but require that its boundary be Lipschitz continuous. As a
model problem, we consider

-V-ax)Vu=f inQ,

(M
u=0 onoQ,
where « is a complex valued non-vanishing function defined on Q.
In the above equation and the rest of this paper, the dot denotes the
dot product without complex conjugation, i.e., for vectors v =
(v1,v2) and w = (wq,w,), we set v-w = viWw; + V,W,. A variational
formulation of (2) is posed on the Sobolev space Hj(€) consisting
of those complex valued functions vanishing on 8Q which, along
with their first derivatives, are in L?(€2) (the space of complex val-
ued functions whose absolute values are square integrable).

We seek u € Hy(Q) satisfying

a(u,¢) = (f,¢) forall ¢ € Hy(Q). 2)
Here,

a(u,v)z/ocVu-V\?dx
Q
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(v denotes the complex conjugate of v). Of course, (-,-) is just the
Hermitian inner product on L?(Q2) and we shall denote the corre-
sponding norm by || - ||.

We shall assume uniqueness for (2), i.e., if v € H)(Q) satisfies

a(v,¢) =0 forall ¢ € Hy(Q) 3)

then v = 0. It is not obvious when (3) holds in the case of general .
However, a class of coefficients for which it is immediately verified
is given next.

Example 1.1. Assumption (3) holds if there is a complex number
Bo and positive constant cq satisfying

Co < Re(Boa(x)) forall x € Q.

This condition implies a coercivity inequality of the form
Wi g < la(w, pow)| for all w € Hy(Q)

from which uniqueness immediately follows. Here, | - |1, denotes
the H'(Q)-seminorm. Thus, there are many complex coefficient
problems satisfying our assumption.

Under Assumption (3), we shall show that the solution of prob-
lem (2) exists. By using a scaled test function, the problem (2) can
be related to a coercive problem with a low order perturbation and
classical arguments along the lines of Peetre [15] and Tartar [17]
can be applied. This perturbation approach will be carried out at
the discrete level as well to show that the discrete problem has
solutions for sufficiently fine meshes.

The stability of the discrete problem for fine enough h is the
starting point of the construction and analysis of the multigrid
algorithm. The multigrid algorithm that we shall consider is varia-
tional, i.e., built with nested spaces and inherited forms (see, e.g.,
[71). Our analysis is based on perturbation arguments. Perturbation
arguments have been widely applied for the analysis of multigrid
algorithms corresponding to coercive differential operators per-
turbed by lower order terms [3,7,11,18]. While we continue to rely
on the basic perturbation idea, our point of departure in this paper
is that we perturb the dominant (highest order) term in the differ-
ential equation. It is interesting that multigrid perturbation tech-
niques can be made to work for this application where the
perturbation is not of low order.

We prove that once the coarse mesh size (in the multigrid algo-
rithm) is smaller than a fixed number depending on «, a standard
multigrid algorithm converges at a mesh independent rate. This
implies that as the mesh size goes to zero, the number of iterations
needed to reduce the initial error by a fixed tolerance factor is
asymptotically bounded by a fixed number C;. If N is the number
of unknowns, and if the number of flops required for one coarse
solve is at most Co, then the cost of one iteration is O(N) + Co.
Hence the total cost before meeting the stopping criterion is
C1(O(N) + Cp). Thus, our theoretical result implies that the algo-
rithm yields a solver of asymptotically optimal complexity. Of
course both Cy and C; can depend on the coefficient a. It is well
known that the performance of many multigrid algorithms deteri-
orates for difficult coefficients.

Our theory applies to multigrid algorithms utilizing classical
point Jacobi or Gauss—Seidel smoothers. In contrast to the symmet-
ric and positive definite case, these smoothers may, in fact, be
mildly unstable (i.e., their error reducing operators may be expan-
sive). It is known that multigrid smoothers can be mildly unstable
[1,3], even for problems with real coefficients when they have
lower order indefinite terms. The instability appears to be more

pronounced in the case of Gauss-Seidel smoothing for certain no-
dal orderings. In such cases, a smaller coarse mesh size plays a crit-
ical role. This is clearly illustrated in our numerical experiments
where finer coarse mesh sizes need to be used for Gauss-Seidel
smoothing and lexicographical ordering, while larger coarser
meshes work with Gauss-Seidel smoothers utilizing red/black
node ordering or the Jacobi smoother. Clearly, it is of practical
importance to be aware of strong dependence of algorithms on
the nodal orderings. Another finding of practical importance from
this work is the necessity of a fine enough coarse mesh for a stan-
dard multigrid algorithm applied to certain complex coefficient
problems. While this behavior for the stationary wave equation
is well known, it seems to be less known that it can arise for com-
plex coefficient problems as well.

The outline of the remainder of the paper is as follows: In Sec-
tion 2, we show the stability of (2) and its finite element approxi-
mation on sufficiently fine meshes. Section 3 introduces the
multigrid algorithm, including the definition of the Jacobi and
Gauss-Seidel smoothers in a notation which is appropriate for
our subsequent analysis. The convergence analysis of the multigrid
algorithm is given in Section 4. Finally, the results of numerical
experiments are given in Section 5.

2. Stability and finite element approximation

First, let us establish the continuous dependence of the solution
u on the data f. Then we will establish a similar result for a discrete
approximation.

Along with our uniqueness assumption (3), we shall require
that our coefficients are smooth and bounded away from zero in
absolute value, specifically, we assume that «: Q — C is in C*(Q)

and that there is constant oy > 0 such that
o < |o(x)| forall x € Q. (4)

This assumption implies that the characteristic variety of the partial
differential operator is empty and consequently the operator is
elliptic [10, p. 33]. Together with problem (2), we shall consider
the adjoint problem: find v € H}(Q) satisfying

a(p,v) = (¢,g) forall ¢ € HY(Q). (5)

From now on, we will tacitly assume that (3) and (4) hold. The next
result gives a few consequences of these assumptions.

Proposition 2.1. Suppose that (3) and (4) hold. Then the following
existence and regularity results are valid:

(a) There is a unique u in H})(Q) solving problem (2).

(b) There is a unique v in Hy(Q) solving the adjoint problem (5).

(c) Thereis ans > 1/2 and a constant Crg > 0 such that the solu-
tion v of the adjoint problem (5) is in H'**(Q) and satisfies

[Vll1450) < Cregligll-

Proof. We first note that we have uniqueness for the adjoint prob-
lem as well. Indeed if v € H)(Q) satisfies

a(¢,v) =0 forall ¢ € Hy(Q)
then taking ¢ = w gives
a(v,w) =0 for all w e Hy(Q).

The uniqueness property (3) then implies that v =0 and hence
v=0. To prove items (a) and (b), we start from the following
identity:

/|o<‘2|vv\2dx:a(v, cxv)f/oc(Vv-W)\?dx, (6)
Q Q
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which holds for any v € Hy (). Setting z = av, we then have

/ lo* (Vv dx = a(v,z) — (aV (z/) - Vat, V)

la(v,2)| + |(2V (z/01) - Vo, v))

< Oclel(.Q)( 12l o)

a(v,w
< C|v||Hl<g>< sup 12w, ||v|>.

weH}(Q) HWHW @)

Here, we have used the smoothness assumption on o and (4) for the
last inequality. Note that here and elsewhere in this paper, we will
use the letter C with or without subscripts to denote a generic con-
stant whose value may differ at different occurrences. These con-
stants may depend on o and Q but will always remain
independent of the meshes and functions involved.

Now, using the non-degeneracy assumption

2 _ 2 2
Ve < %° [ 121V dx,
Q

which when combined with the previous inequality and the Poin-
caré inequality shows that

Wl < C< sup 1AW |v||>, @)
weH)(©) Wiy )
for all v in H(Q).

Next, we apply a well known perturbation argument due to
Peetre [15] and Tartar [17]. This uses the compact imbedding of
H'(Q) into L?(©) and an argument by contradiction to show that
the uniqueness assumption (3) and (7) imply that (7) holds
without the lower order term, i.e.,
Wl <€ sup 120

weH}(Q) ”W”Hl(sz)

8)
The adjoint inf-sup condition
la(v, w)|

Wl () < € sup
@ veH) (Q) ”VHHl(Q)

9

follows from similar arguments and uniqueness for the adjoint
problem (proved above). The above two inf-sup conditions guaran-
tee [9, chapter II, p. 39] the existence of a (unique) solution to (2) as
well as the adjoint problem (5). This proves items (a) and (b) of the
proposition.

For part (3) of the proposition, note that the solution of the
adjoint problem satisfies

—aAy =g+ Va-Vy,

hence the required regularity follows from the well known regular-
ity of Laplace solutions on polygonal domains [12,14] .

Next, we describe the finite element approximation of the exact
solution u of problem (2). Let .7, denote a quasi-uniform triangu-
lation of Q (with the usual geometrical conformity assumptions for
finite elements). The representative diameters of the mesh ele-
ments is denoted by h, e.g., h=max{diam(K):K € 7,}. The
approximation space is

Vi = {ve*(Q):v is continuous, v|, is linear for all K
€ 7y, and v|,, = 0}. (10)
To guarantee that the finite element method applied to our problem

is well defined, we must check that there is a unique u; in V,
satisfying

a(up,vp) = (f,vy) forall vy € V. 11

This will follow as a consequence of the next lemma. The estimate
of the lemma is the discrete analogue of (7).

Lemma 2.1. There is a positive number hg such that if h < hy,

la(v, w)|

Vil g < C(sup + v||> for all v e V. (12)

weVy ||WHH1(Q)

Proof. Since o € C*(Q), av is in H*(7) for any triangle T € 77, and
any v in V. Moreover, since v/, is linear,

llotvllp2 2y < ClIVIr oy lllwz o) < ClIVIIg -

It follows that

llow = T (0V) |1y < CIIVI[jpr oy (13)
where I, denotes the nodal interpolation operator associated with

Vi. In addition, by our assumptions on «, multiplication by o is a
bounded map of H'(2) onto H'(2) and so (13) implies that

Tn (@)l ) < ClIVIIg o) - (14)

We will use these properties of the nodal interpolant to prove the
lemma.
By (6), for v € Vy,

2 _ 2 2
VI g < %2 / o2V dx

— 052 (av. @)+ [ 29y (V) ~ V(s

- /!2 o(Vv-Va)v dx.) .

Applying (13) and the Cauchy-Schwarz inequality, we obtain

V]l 0 < C[ a2
e (V[

+h([Vllg g + V||)~ (15)
H'(Q)

Thus whenever h is so small that 1 — Ch > 0, we have

(1= Ch) [Vl 0y < C('“(”’W”H ||v>

VIl @)

< C(M+ ||v>, (16)

1 (V)] 1 0

where we used (14). The lemma now follows from (16) by taking
the supremum. O

We can now address the solvability of finite element approxi-
mations and, in particular, the coarse grid problem for multigrid.
Specifically, we consider the problem: given v e V = H}(Q), find

vy, € V), satisfying
a(vy,0) =a(v,0) forall 6 €V, 17)

The next theorem guarantees unique solvability for sufficiently
small h.

Theorem 2.1. There is an hy > 0 such that for h < hg, there is a
unique solution vy, to (17) for any v € V and

IVl @) < CllVIlg g)- (18)
Proof. We follow the duality approach of Schatz [16]. If v, is any
solution to (17) then e, = v — v;, satisfies the Galerkin orthogonal-
ity equation

alep,wy) =0 for all w, € V. (19)

By Proposition 2.1(b), there is a unique ¢ in Hj(Q) satisfying
a(w, &) = (w,e) for all w in H} (Q). Hence
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lenll* = alen, &) = alen, e — Ire),
< ChS”gHH”S(Q)”eh”Hl(Q)'
Applying Proposition 2.1(c), we find that the estimate
HV_Vh” < ChSHV_VhHHl(Q) (20)

holds whenever v, satisfies (17).
Now, suppose that v, satisfies (17) with v=0. Lemma 2.1
applied to v, and (20) gives

[Vhll g) < Cllvall < CthVh”H‘(Q)

for sufficiently small h. It follows that v, must vanish for sufficiently
small h. This means that the only solution of (the square system)
(17) is v, = 0. Existence and uniqueness of the solutions to (17)
for such h follow for non-zero v.

Finally, to prove the estimate (18), observe that Lemma 2.1 and
(20) give

a(vp,w av,w
Wil ) < c<sup la(vn, W) , m) - C<sup lalv, W)l | |vh||>

weVy (Wl o) wevy Wi )

< VIl gy + IV = vall + VI < CUVIg1 g + B 1Va 1 0)-
The stability inequality (18) follows taking h sufficiently small. O

Remark 2.1. By virtue of Theorem 2.1, once the mesh size h is
small enough for v, to exist, we can define the projector
P, :V — V, by P,v = v, where v, solves (17). This projector is an
important ingredient of our subsequent multigrid analysis.

Remark 2.2. Theorem 2.1 obviously also implies the unique solv-
ability of the finite element method (11) once h is small enough.
Moreover, the finite element error is quasi-optimal. Indeed, if u
solves (2) and uj, solves (11), then for any wj, in V,,, by Lemma 2.1

la(up, — Wy, zp)|

+ llup — Wh||>

ltn — Wil ) < C<5UP

aevy 120l g
au — Wy, zy
< sup 1A= W2y —
aevy |2l g

< C(llu = Willyr gy + = ).

Hence, using the triangle inequality and (20), we find that for suffi-
ciently small h

lu — Ul g < Cw'flgh lu — Wallg -

Therefore, the discretization error of the finite element method ap-
plied to our problem converges to zero in H' () at the optimal rate
as h tends to zero.

3. A multigrid algorithm

The basis for geometrical multigrid algorithms is a coarse grid
and a sequence of its refinements. We start with a coarse triangu-
lation of Q, namely 71 = {1t} :i = 1,...,No}. This coarse mesh size
is the basis of our refined grids, but may not be the coarse mesh
size used in the multigrid algorithm. As this coarse mesh is fixed,
it is quasi-uniform with mesh size h; = max{diam(K): K € 7}.
A nested sequence of quasi-uniform meshes 77, k=2,3,..., of
mesh size hy, = h1/2’H is obtained by successively refining 7,
namely the mesh .7 is obtained by connecting the midpoints of
the edges of 77,_;. Let V|, be the space obtained by replacing .7,
with 7 in (10). These spaces form our sequence of nested multi-
level spaces.

We want to efficiently solve the Galerkin approximation to (2)
associated with the finest mesh .7 (or the largest space V). Specif-
ically, we want a multigrid scheme to use in an iteration for com-
puting u; in V; solving

a(u,v)=(f,v) forallveV,. (21)

Our goal is to study the behavior of the so called “multigrid V-cycle”
for this complex coefficient discrete problem.

Before we state the multigrid algorithm, we need to define
“smoothers”. Our smoothers are linear maps Ry, : V, — V. We shall
start with the map associated with the point Gauss-Seidel itera-
tion. First let D,; denote the domain formed by all the mesh trian-
gles connected to the ith vertex x,; (i=1,2,...,Ny) of the kth level
mesh 7. Let V,; denote the set of functions in Vi which are sup-
ported on Dy; (this is just the one dimensional space spanned by
the nodal basis function for the subspace V,, at the node x,;). Define
Aii - Viim— Vi, by

(Ak,iw> 4)) = a(W7 d)) for all (pa we Vk,i~ (22)

Algorithm 3.1. Point Gauss—Seidel smoother For any b in V, we
define Gyb as follows. First, we set vy to be the zero function in V
and set Gyb = vy, where fori=1,2,... Ny

Vi =Vig + (ki) Quilb — Avig).

The above algorithm is just the approximate inverse corre-
sponding to the classical Gauss-Seidel iterative method in disguise.
We present it in terms of subspaces since it is more convenient for
our subsequent analysis. We shall also consider the point Gauss—
Seidel smoother which results from visiting the above subspaces
in reverse order, which we denote by G,. Another standard
smoother that can be used in our multigrid algorithm is the classi-
cal Jacobi smoother, which is the additive version of the above
algorithm. It can be written as

N
Jov =B (Au) " Quilb — Aw).
=

The constant 8 is a damping parameter.
We require some additional notation to define the multigrid
algorithm. Specifically, we define Ay : V—V, by

(Aw, ¢) = a(w, ¢)

for all ¢ and w in V,, and set Q, to be the L?(Q) orthogonal projection
onto V. Finally, we introduce an integer ko € {1,2,...,] — 1} which
sets the coarse grid size for the multigrid algorithm. Then the V-
cycle multigrid algorithm is defined inductively and is denoted by
MGy (v,w) where k is the level number and v,w are in V. The
smoother R, in the algorithm below can be set to either the
Gauss-Seidel smoother G or the Jacobi smoother J, and R, can be
set to either G, or J,.

Algorithm 3.2. V-cycle Set MGy, (v,w) :A,Zolw. Let k > ko and
v,w € V}. Assuming that MG,_;(-,-) has been defined, we define
MGy (v, w) as follows:

(a) Set x = v + Re(w — Arv).
(b) Set Y =X+ MG 1 (01 Qk—l (W - Akx))'
(c) Define MGy (v,w) =y + R, (W — Ay).

The multigrid iterative scheme for obtaining the solution u; of
(21) is as follows. With some initial iterate u|”, we define a se-
quence of further iterates by

u™ =ug ), Qf), i=1.2,... (23)
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Our analysis in the next section will show that once kg is larger than
some fixed number, the above iterates u;i) converge to u; as i in-
creases, at a rate independent of J.

It is important to note that for Algorithm 3.2 to be well defined,
the coarse grid problem and all of the smoothers must be well de-
fined. This can be achieved by taking the coarse grid in the multi-
grid algorithm to be sufficiently fine (i.e., taking ko large enough),
as we now show. By making ko large enough, the mesh size hy, be-
comes small enough to apply Theorem 2.1 with V;, =V,,. This
shows that Ay, is invertible whenever kj is large enough. To show
that the smoothers are also well defined under the same condition,
it suffices to show that the invertibility of Ay;, or equivalently

la(v, w)|

VIl p, o < C sup
H (Dyj) weVy, ||WHH1(D“)

for all v e Vy;. (24)

To show this, first observe that an inequality analogous to that of
Lemma 2.1 holds for V,;. Indeed, reviewing the proof of Lemma
2.1, we obtain

la(v,w)|

VI, < C(sup + |v|> for all v € Vy;. (25)

weVes Wl o,
Since diam(Dy;) < Chy, the Poincaré inequality yields

vl < Chi|vlly o, ), for all v e V.

Using this in (25), we have

ja(v,w)|

(1= Ch) |Vl p,,) < C sup for all v e Vi,

weVi Wl o,

from which (24) follows once h, is small enough.

Finally, note that it is equally appropriate to consider other mul-
tigrid algorithms, e.g., those involving smoothing only in step (1) or
only in step (3) above. In fact, for simplicity, in the next section we
shall analyze the algorithm obtained from Algorithm 3.2 by elimi-
nating step (3), or more precisely, we define another algorithm by
replacing step (3) of Algorithm 3.2 by

MG, (v, W) =Y.

The new algorithm, MG (-, -), is often known as the “backslash mul-
tigrid cycle” or simply the \-cycle.

4. Multigrid analysis

We will now give an analysis of the \-cycle algorithm (involving
only pre-smoothing) applied to the sesquilinear form (2). The anal-
ysis for the “more symmetric” V-cycle algorithm is essentially
identical, save more notation.

To begin, observe that MG ]\( -) is a linear map from V; x V; into
V;. Moreover, it is a consistent iteration in the sense that
vV =MG ]\(V,Ajv) for all v € V,. It easily follows that the linear oper-
ator & = &; = MG ]\(-, 0) is the error reduction operator for (23), i.e.,
if U1 = MG ) (u;, Qf), then

U— Uy = EU— ).

There is a well known [6] product representation for multigrid error
reduction operators. Let Ty = R APy for k > ko and set Ty, = Py,. We
will assume throughout this section that hy, < ho (where hy is the
number of Theorem 2.1) so that P, is well defined for k = ko, .. .,J.
Let &xu=u— MG E(O,AkPku) and &y, =1, the identity operator.
Then

= é”kq(l— Tk) for k = k07...7_]
and
6= =Ti)I=Tigs1)--- (I =T)). (26)

This product representation of the error reducing operator will be
the starting point of our convergence analysis.

Suppose we apply the \-cycle version of algorithm (Algorithm

3.2) to solve the standard Laplace’s equation, i.e., using Ay, R, and
R, in the algorithm defined from the bilinear form
a(u,v) = (Vu,Vv).
Then the identity analogous to identity (26) holds for the corre-
sponding operators as this is only a special case of the variable coef-
ficient case. To distinguish it from the general case, we use
notations with “A”, i.e., any previously defined notation superscript-
ed with A indicates that it is defined as before but by replacing
a(u,v) with a(u, v). Thus,

& =TI —-Ti)---(I-T), (27)

where Ty = ﬁ,ﬁkﬁk for k > ko, Tku = IA’kO, etc.
Our analysis proceeds by a perturbation argument bounding the
difference between & and &. To simplify notation, let

lull, = a(u,u)'.

The operator norm induced by this norm is also denoted by | - || ;.
Let Z, = Ty — T, and suppose we have

[1Zko 114 < €, (28)
and
|Zll, < Cihy, fork=ko+1,...,]. (29)

Then, it can be shown that the difference between the operator
norms of & and &, is small by an argument of [3] (see also [7, Lem-
ma 11.1] and [[11, Theorem 4.2]). We state this result in the follow-
ing lemma.

Lemma 4.1 (Multigrid perturbation). Let & satisfy (26) and &
satisfy (27). Assume that (28) and (29) holds. Then

|6 = &1, < Clhy, +€).

The proofs of our main result proceeds by verifying (28) and
(29). We treat the case of Gauss-Seidel smoothing. That of Jacobi
smoothing is similar. Define Py; : V,—V,; by

a(Pyu,vi) = a(u,v;) forall u e Vy, v; € Vy,, (30)

and Py; similarly using the a-form. Note that while the stability of
P,; in A-norm is obvious, the solvability and stability of (30) follows
from (24) for sufficiently small h;. Indeed, by (24),

1Peiulls < ClIVUll2p, - 1)

In the remainder, we shall tacitly assume that the coarse mesh is
fine enough for P,; to exist and satisfy (31) for smoothing subspaces
on all refinements.

A well known technique for verifying (29) for the Gauss-Seidel
(or Jacobi) smoother is by combining the above stability estimate
with a perturbation argument. To apply this technique, we need
the next lemma [3,7,11]. The mesh 7 is fixed and determines
the angles of all triangles in all of the refined meshes. Thus, all
meshes are quasi-uniform with constants of uniformity that are
independent of mesh level. Consequently the smoothing subspaces
V. satisfy the so-called limited interaction property, i.e., for every
k and i, the number of domains Dy, such that meas(Dy; N Dy,) > 01is
uniformly bounded by some constant ¢, independent of J.

Lemma 4.2 (Perturbation for smoothers). If there is a constant

Co > 0 such that the operators Zy; = Py; — ﬁk,,- satisfy

I Zkill 4 < Coh, (32)
for all k and i, then there is a constant c depending only on the limited

interaction constant {, such that the estimate (29) holds for Z, with
Cy = cCy whenever hy < hg for hq sufficiently small.
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With these preparations, we are able to prove a theorem on the
convergence of Algorithm 3.2 applied to the complex coefficient
problem (2).

Theorem 4.1. There exist constants C. >0 and H > 0 such that
whenever the coarsest mesh size hy is less than H,

o B 2
6 = &ll4 < C.h,
The constants C, and H are independent of ], the number of refinement

levels in the multigrid algorithm.

Remark 4.1. One might consider the multigrid algorithm applied
to a(-,-) as a “classical” or “textbook” multigrid application
[2,7,8]. The above theorem shows that convergence rate for multi-
grid applied to the complex coefficient problem tends to the con-
vergence rate for the classical multigrid application. This
behavior is also illustrated by the computational examples of the
next section.

Proof of Theorem 4.1. By Lemmas 4.1 and 4.2, it suffices to verify
(32) and (28) with € = Ch”.
To verify (32), we start by defining the form

die(u,v) = / (%)Vu -Vvdxdy,
Q

where k is any complex constant. Then
Ka(u,v) —a(u,v) = kd(u,v). (33)
Moreover, for any v; in Vy;,

KQ(Zyitt, vi) = KA(Pyitt, v;) — Ka(Py i, vy)
= a(Pyu, vi) + Kd (Pt v;) — Ka(Pyiu,vi), by (33)

=a(u,v;) + kdi(Priu, vi) — ka(u,v;), by (30)
= —Kdy (U, vi) + Kdy (Py i, vi).
Thus,
(Al(ijl,l7 V,’) = dK(Pk‘,-u — U,V,‘) for all Vi € Vk','. (34)

Now, if we choose Kk = o; := o(x,;), using the fact that the support of
functions in V,; extend only a distance O(hy), we find that for any v;
in Vy;,

|da, (U, vi)| = /2 <w> Vu- Vv,-dxdy(
J LDy i) i
Ve,
< ChkT"HVuH,_z(Dk_i)HVi”A' (35)

Using this in (34), we can finish the proof of (32):

a(Zyu, v;
Zuill, = sup Skt
ueVy,vieVy; ||uHAHViHA

< Chy|lI = Pyl , < Chy,

where we have used (31). This proves (32). ~
It now only remains to prove (28) for Z; = P; — P;. There is an

identity analogous to (34) for Z;:
a(Ziu,vy) = de(Piu—u,vq) forall v; € V. (36)

Its proof follows from (33) along the lines of the derivation of (34).
Now, let {¢; :i =1,...N;} be the nodal basis for V;. Clearly, ¢; is in
V1. Then, for any u € Vj, expanding

Ny
Ziu=> cd,
i=1

we have, by (36),

Ny

Ny
1Zyull’ =" caZiu, ¢) = iy, (P —u, ¢y),
i=1

i=1

where o, as before, equals «(x;;). Now, using (35), and an inverse
inequality,

Ny
1Zyu? < CZ |Gl [V (Pru — W) |25, IV il 2p,

i=1

Ny
< CZ ICillpill 2p, o IV (P1U — U)|l12p,
-1

12

Nq ) ) 1/2 Ny 5
< C(Zl |Ci| ||¢i||L2(Dk_i>> (z]: ”v(Plu - u)|L2(Dk.x)>
1= =

Since c; are the coefficients of Z,u, by quasi-uniformity, the term in-
side the first parenthesis is bounded by C|Z,u||,. The term in the
second parenthesis can be controlled by the limited interaction
property, so we obtain

1Zaul% < ClZyull[IPyu —ull, < ClZyullul 1 37)

We used Theorem 2.1 for the last inequality above.

Now, by the finite element duality argument applied to the
forms a(-,-) and a(,-) (cf. proof of (20) in Theorem 2.1),
|Pyu — ul

| < CH*|[Pyu —ull,,
IPyu — ul|

Ch*||Pyu — ul .

NN

Hence, Theorem 2.1 and the obvious stability property of P, give
|1Zyull < [|(Pru—w)|| + [[(u = Pru)|| < Ch°|ul ;-
This together with (37) gives (28).

Remark 4.2. The techniques of the above proof immediately
generalize to the V-cycle multigrid algorithm Mg(-,-). Note that
the corresponding algorithm for a(-,-) results in a symmetric error
reduction operator in the A-inner product even with smoothers
based on Gauss-Seidel. This is a consequence of the use of R in the
third step. This seems to be a natural strategy as the problem
corresponding to a(-,-) on V; is symmetric and positive definite.

5. Numerical experiments

In this section, we report the results of numerical experiments
illustrating the convergence of the multigrid algorithm on the
model problem (1). We consider two examples for the complex
coefficient « in (1) and report the results for each.

In both cases, the domain Q is taken to be the unit square. The
coarse mesh .71 consists of triangles obtained by dividing Q into
4 x 4 congruent squares and connecting the positively sloped diag-
onals. We obtain multilevel meshes 7, as described previously
and define h; to be the distance between two adjacent mesh points
of 77, on any horizontal or vertical line. To iterate for the solution
to (21), we apply V-cycle iterations, i.e., we apply (23) with Algo-
rithm 3.2 using the point Gauss-Seidel smoother based on the lex-
icographical like ordering and an arbitrary initial iterate to solve
the system Aju = 0. As the error reduction operator for the process
is linear, this is the same as taking f = —Ajuo with a zero starting
iterate. We computed the stiffness matrices at all levels using the
mid point quadrature rule applied at the finest grid.

To report the results, we start with our first example of o,
namely

a(x,y) = 1 +iKsin(m(2y — 1)/2) (38)
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where K is a real constant and i denotes the imaginary unit. The spe-
cific form of the coefficient in (38) falls into the category of coeffi-
cients in Example 1.1, hence (3) and (4) hold. Therefore, from
Theorem 4.1, we find that if we choose the coarse mesh in the mul-
tigrid algorithm sufficiently fine then the V-cycle convergence rate
is bounded independently of the mesh size.

The results that we obtain for ko = 1 (in other words, with the
coarse mesh size h. = 1/4) and K = 0, 1,20, 100 are given in Table
1, where we report the number of iterations required to reduce the
A-norm of the error by a factor of 107, The appearance of a star
(%) indicates that the algorithm failed to converge. The divergence
in the case of K = 100 clearly indicates that the coarse grid is not
fine enough for this coefficient. Note that K = 0 corresponds to
multigrid algorithm applied to A and results in the reduction oper-
ator &. The theory developed in the earlier sections shows that &
converges to & as the coarse grid becomes finer. This is seen for
K =1 as the corresponding iteration numbers already coincide
with those for K = 0. The number of iterations for K = 20 decrease
as the fine grid mesh size becomes smaller. Of course, the iteration
counts for K = 20 need not converge to that of K = 0 unless the
coarse grid is fine enough.

To see the dependence on the coarse grid size, we fixed the fine
grid mesh size at hj = 1/256 and varied ko (or the coarse mesh size
h¢). The results are in Table 2. Again, we see that the iteration num-
bers for K =1 are the same as the K =0 case, while those for
K =20 are clearly converging to those of K =0 as h. becomes
small. The case of K = 100 remains unstable for coarse grid mesh
sizes up to 1/8 but converges for 1/16. Again, we see the iteration
numbers tending to those of K = 0, as expected from the theory.

By considering large values of K in (38), we found the condition
that the coarse grid be sufficiently fine is unavoidable in practice
when using Algorithm 3.2. Hence, it seems that a theoretical con-
vergence proof without this condition is not possible for general
complex coefficients. Such behavior of multigrid algorithms is well
known when applied to the Helmholtz equation [11]. As the wave
number in the lower order term of the Helmholtz equation in-
creases, the coarse grid must be made progressively finer to “re-
solve the wave”. Our study shows that this behavior is not
restricted to the stationary wave equation but can also arise when
a coefficient is complex, even in the absence of a negative lower or-
der term.

Finally, we present our second example to illustrate that the
proposed multigrid algorithms work even when the problem is

Table 1

Iteration counts as a function of K and h; for ko =1 (or h. = 1/4)

he=1/4 V-cycles V-cycles V-cycles V-cycles
hy (K =0) (K=1) (K = 20) (K = 100)
1/8 7 7 20 Y

1/16 7 7 15 e

1/32 7 7 13 ¥

1/64 7 7 12 ¥

1/128 7 7 12 ¥

Table 2

Iteration counts as a function of K and h for h; = 1/256

hy =1/256 V-cycles V-cycles V-cycles V-cycles
he (K =0) (K=1) (K = 20) (K = 100)
1/4 7 7 11 *

1/8 7 7 9 s

1/16 7 7 8 16

1/32 7 7 7 10

1/64 7 7 7 8

1/128 7 7 7 7

Table 3
Iteration counts for (39) and Gauss-Seidel (lexicographical ordering)
hy V-cycles V-cycles V-cycles V-cycles
(he = 1/4) (he =1/32) (he = 1/64) (he = 1/128)
1/64 Yo Yo
1/128 g g 43
1/256 is is 7 7
1/512 Y Y 7 7
Table 4
Iteration counts for (39) and damped Jacobi
hy V-cycles V-cycles V-cycles V-cycles
(he =1/4) (he =1/8) (he = 1/64) (he = 1/128)
1/64 26 24
1/128 27 24 19
1/256 27 24 20 19
1/512 25 23 20 20

not coercive in the sense of Example 1.1. Specifically, we consider
the coefficient given by

a(x,y) = (1 = r)* + r* exp(4i0), (39)

where r, 0 are the polar coordinates of (x,y). Even though we cannot
show that this problem satisfies (3), we shall compute with it any-
way (of course, (4) holds). The iteration numbers for this problem
are given in Table 3 as a function of the coarse and fine grid sizes
used in the multigrid algorithm. (The algorithm and parameters
used to obtain Table 3 are the same as in the first example of «.)

It turned out that convergence was particularly troublesome for
this problem with these settings. As seen from Table 3, we had to
use a coarse grid of mesh size h. = 1/64 to get a convergent mul-
tigrid algorithm. In accordance with the theory, the number of iter-
ations tends to that for A once the coarse grid mesh size is small
enough to obtain convergence. We did not anticipate needing such
small coarse grid mesh sizes.

Further experiments revealed that if we change the smoother
from the Gauss-Seidel smoother with lexicographical ordering to
Gauss-Seidel with the red-black ordering, we obtained conver-
gence with a mesh size as coarse as h. = 1/4. Thus, the lexico-
graphical ordering seems to be not very stable for the
Gauss-Seidel iteration applied to this problem. Also, we obtained
convergence for any coarse grid with damped Jacobi smoothing
with a damping factor of 1/2 (see Table 4). In this case, the iteration
numbers for & with this smoother and h. = 1/16 were 19, 20, 20,
20 for fine grids of size 1/32, 1/64, 1/128 and 1/256, respectively.
Again, as suggested by the theory, we see the iteration numbers
for & converging to those of & for small h.. We made no attempt
at optimizing the damping factor so, quite possibly, better error
counts could be achieved with other damping factors.
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