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a b s t r a c t

The finite element method when applied to a second order partial differential equation in divergence
form can generate operators that are neither Hermitian nor definite when the coefficient function is com-
plex valued. For such problems, under a uniqueness assumption, we prove the continuous dependence of
the exact solution and its finite element approximations on data provided that the coefficients are
smooth and uniformly bounded away from zero. Then we show that a multigrid algorithm converges
once the coarse mesh size is smaller than some fixed number, providing an efficient solver for computing
discrete approximations. Numerical experiments, while confirming the theory, also reveal pronounced
sensitivity of Gauss–Seidel iterations on the ordering of the unknowns for certain problems.

� 2008 Elsevier B.V. All rights reserved.

1. Introduction

We consider the application of multigrid algorithms to second
order partial differential equations whose dominant coefficient is
complex valued. In particular, we have in mind complex valued
coefficients generating operators that may not be Hermitian or def-
inite. A study of problems with such coefficients is the first step to-
wards understanding the behavior of multigrid applied to
important problems with complex coefficients such as those aris-
ing from time harmonic scattering and radiation. In particular,
applications of the perfectly matched layer technique (PML) to
scattering problems and resonance problems lead to complex coef-
ficient problems, however, in this case, the problem is no longer in
divergence form and exhibits anisotropic behavior [4,5,13]. The
study of multigrid applied to the PML problem is a topic for future
research.

Let X be a polygonal domain in R2. We allow X to be non-con-
vex but require that its boundary be Lipschitz continuous. As a
model problem, we consider

�r � aðxÞru ¼ f in X;

u ¼ 0 on oX;
ð1Þ

where a is a complex valued non-vanishing function defined on X.
In the above equation and the rest of this paper, the dot denotes the
dot product without complex conjugation, i.e., for vectors v ¼
ðv1; v2Þ and w ¼ ðw1;w2Þ, we set v �w ¼ v1w1 þ v2w2. A variational
formulation of (2) is posed on the Sobolev space H1

0ðXÞ consisting
of those complex valued functions vanishing on oX which, along
with their first derivatives, are in L2ðXÞ (the space of complex val-
ued functions whose absolute values are square integrable).

We seek u 2 H1
0ðXÞ satisfying

aðu;/Þ ¼ ðf ;/Þ for all / 2 H1
0ðXÞ: ð2Þ

Here,

aðu; vÞ �
Z

X
aru � r�vdx
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and

ðf ; gÞ �
Z

X
f �g dx

(�v denotes the complex conjugate of v). Of course, ð�; �Þ is just the
Hermitian inner product on L2ðXÞ and we shall denote the corre-
sponding norm by k � k.

We shall assume uniqueness for (2), i.e., if v 2 H1
0ðXÞ satisfies

aðv;/Þ ¼ 0 for all / 2 H1
0ðXÞ ð3Þ

then v ¼ 0. It is not obvious when (3) holds in the case of general a.
However, a class of coefficients for which it is immediately verified
is given next.

Example 1.1. Assumption (3) holds if there is a complex number
b0 and positive constant c0 satisfying

c0 6 Reðb0aðxÞÞ for all x 2 X:

This condition implies a coercivity inequality of the form

jwj2H1ðXÞ 6 jaðw; �b0wÞj for all w 2 H1
0ðXÞ

from which uniqueness immediately follows. Here, j � jH1ðXÞ denotes
the H1ðXÞ-seminorm. Thus, there are many complex coefficient
problems satisfying our assumption.

Under Assumption (3), we shall show that the solution of prob-
lem (2) exists. By using a scaled test function, the problem (2) can
be related to a coercive problem with a low order perturbation and
classical arguments along the lines of Peetre [15] and Tartar [17]
can be applied. This perturbation approach will be carried out at
the discrete level as well to show that the discrete problem has
solutions for sufficiently fine meshes.

The stability of the discrete problem for fine enough h is the
starting point of the construction and analysis of the multigrid
algorithm. The multigrid algorithm that we shall consider is varia-
tional, i.e., built with nested spaces and inherited forms (see, e.g.,
[7]). Our analysis is based on perturbation arguments. Perturbation
arguments have been widely applied for the analysis of multigrid
algorithms corresponding to coercive differential operators per-
turbed by lower order terms [3,7,11,18]. While we continue to rely
on the basic perturbation idea, our point of departure in this paper
is that we perturb the dominant (highest order) term in the differ-
ential equation. It is interesting that multigrid perturbation tech-
niques can be made to work for this application where the
perturbation is not of low order.

We prove that once the coarse mesh size (in the multigrid algo-
rithm) is smaller than a fixed number depending on a, a standard
multigrid algorithm converges at a mesh independent rate. This
implies that as the mesh size goes to zero, the number of iterations
needed to reduce the initial error by a fixed tolerance factor is
asymptotically bounded by a fixed number C1. If N is the number
of unknowns, and if the number of flops required for one coarse
solve is at most C0, then the cost of one iteration is OðNÞ þ C0:

Hence the total cost before meeting the stopping criterion is
C1ðOðNÞ þ C0Þ. Thus, our theoretical result implies that the algo-
rithm yields a solver of asymptotically optimal complexity. Of
course both C0 and C1 can depend on the coefficient a. It is well
known that the performance of many multigrid algorithms deteri-
orates for difficult coefficients.

Our theory applies to multigrid algorithms utilizing classical
point Jacobi or Gauss–Seidel smoothers. In contrast to the symmet-
ric and positive definite case, these smoothers may, in fact, be
mildly unstable (i.e., their error reducing operators may be expan-
sive). It is known that multigrid smoothers can be mildly unstable
[1,3], even for problems with real coefficients when they have
lower order indefinite terms. The instability appears to be more

pronounced in the case of Gauss–Seidel smoothing for certain no-
dal orderings. In such cases, a smaller coarse mesh size plays a crit-
ical role. This is clearly illustrated in our numerical experiments
where finer coarse mesh sizes need to be used for Gauss–Seidel
smoothing and lexicographical ordering, while larger coarser
meshes work with Gauss–Seidel smoothers utilizing red/black
node ordering or the Jacobi smoother. Clearly, it is of practical
importance to be aware of strong dependence of algorithms on
the nodal orderings. Another finding of practical importance from
this work is the necessity of a fine enough coarse mesh for a stan-
dard multigrid algorithm applied to certain complex coefficient
problems. While this behavior for the stationary wave equation
is well known, it seems to be less known that it can arise for com-
plex coefficient problems as well.

The outline of the remainder of the paper is as follows: In Sec-
tion 2, we show the stability of (2) and its finite element approxi-
mation on sufficiently fine meshes. Section 3 introduces the
multigrid algorithm, including the definition of the Jacobi and
Gauss–Seidel smoothers in a notation which is appropriate for
our subsequent analysis. The convergence analysis of the multigrid
algorithm is given in Section 4. Finally, the results of numerical
experiments are given in Section 5.

2. Stability and finite element approximation

First, let us establish the continuous dependence of the solution
u on the data f. Then we will establish a similar result for a discrete
approximation.

Along with our uniqueness assumption (3), we shall require
that our coefficients are smooth and bounded away from zero in
absolute value, specifically, we assume that a : X 7! C is in C2ðXÞ
and that there is constant a0 > 0 such that

a0 6 jaðxÞj for all x 2 X: ð4Þ

This assumption implies that the characteristic variety of the partial
differential operator is empty and consequently the operator is
elliptic [10, p. 33]. Together with problem (2), we shall consider
the adjoint problem: find v 2 H1

0ðXÞ satisfying

að/; vÞ ¼ ð/; gÞ for all / 2 H1
0ðXÞ: ð5Þ

From now on, we will tacitly assume that (3) and (4) hold. The next
result gives a few consequences of these assumptions.

Proposition 2.1. Suppose that (3) and (4) hold. Then the following
existence and regularity results are valid:

(a) There is a unique u in H1
0ðXÞ solving problem (2).

(b) There is a unique v in H1
0ðXÞ solving the adjoint problem (5).

(c) There is an s > 1=2 and a constant Creg > 0 such that the solu-
tion v of the adjoint problem (5) is in H1þsðXÞ and satisfies

kvkH1þsðXÞ 6 Cregkgk:

Proof. We first note that we have uniqueness for the adjoint prob-
lem as well. Indeed if v 2 H1

0ðXÞ satisfies

að/; vÞ ¼ 0 for all / 2 H1
0ðXÞ

then taking / ¼ �w gives

að�v;wÞ ¼ 0 for all w 2 H1
0ðXÞ:

The uniqueness property (3) then implies that �v ¼ 0 and hence
v ¼ 0. To prove items (a) and (b), we start from the following
identity:Z

X
jaj2jrvj2 dx ¼ aðv;avÞ �

Z
X
aðrv � raÞ�vdx; ð6Þ
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which holds for any v 2 H1
0ðXÞ. Setting z ¼ av, we then haveZ

X
jaj2jrvj2 dx ¼ aðv; zÞ � ðarðz=aÞ � ra; vÞ

6 javjH1ðXÞ
jaðv; zÞj þ jðarðz=aÞ � ra; vÞj

jzjH1ðXÞ

 !

6 CkvkH1ðXÞ sup
w2H1

0ðXÞ

jaðv;wÞj
kwkH1ðXÞ

þ kvk
 !

:

Here, we have used the smoothness assumption on a and (4) for the
last inequality. Note that here and elsewhere in this paper, we will
use the letter C with or without subscripts to denote a generic con-
stant whose value may differ at different occurrences. These con-
stants may depend on a and X but will always remain
independent of the meshes and functions involved.

Now, using the non-degeneracy assumption

jvj2H1ðXÞ 6 a�2
0

Z
X
jaj2jrvj2 dx;

which when combined with the previous inequality and the Poin-
caré inequality shows that

kvkH1ðXÞ 6 C sup
w2H1

0ðXÞ

jaðv;wÞj
kwkH1ðXÞ

þ kvk
 !

; ð7Þ

for all v in H1
0ðXÞ.

Next, we apply a well known perturbation argument due to
Peetre [15] and Tartar [17]. This uses the compact imbedding of
H1ðXÞ into L2ðXÞ and an argument by contradiction to show that
the uniqueness assumption (3) and (7) imply that (7) holds
without the lower order term, i.e.,

kvkH1ðXÞ 6 C sup
w2H1

0ðXÞ

jaðv;wÞj
kwkH1ðXÞ

: ð8Þ

The adjoint inf–sup condition

kwkH1ðXÞ 6 C sup
v2H1

0ðXÞ

jaðv;wÞj
kvkH1ðXÞ

ð9Þ

follows from similar arguments and uniqueness for the adjoint
problem (proved above). The above two inf–sup conditions guaran-
tee [9, chapter II, p. 39] the existence of a (unique) solution to (2) as
well as the adjoint problem (5). This proves items (a) and (b) of the
proposition.

For part (3) of the proposition, note that the solution of the
adjoint problem satisfies

��aDw ¼ g þra � rw;

hence the required regularity follows from the well known regular-
ity of Laplace solutions on polygonal domains [12,14] h.

Next, we describe the finite element approximation of the exact
solution u of problem (2). Let Th denote a quasi-uniform triangu-
lation of X (with the usual geometrical conformity assumptions for
finite elements). The representative diameters of the mesh ele-
ments is denoted by h, e.g., h ¼maxfdiamðKÞ : K 2Thg. The
approximation space is

Vh ¼ fv 2 L2ðXÞ : v is continuous; vjK is linear for all K
2Th; and vjoX ¼ 0g: ð10Þ

To guarantee that the finite element method applied to our problem
is well defined, we must check that there is a unique uh in Vh

satisfying

aðuh; vhÞ ¼ ðf ; vhÞ for all vh 2 Vh: ð11Þ

This will follow as a consequence of the next lemma. The estimate
of the lemma is the discrete analogue of (7).

Lemma 2.1. There is a positive number h0 such that if h 6 h0,

kvkH1ðXÞ 6 C sup
w2Vh

jaðv;wÞj
kwkH1ðXÞ

þ kvk
 !

for all v 2 Vh: ð12Þ

Proof. Since a 2 C2ðXÞ, av is in H2ðsÞ for any triangle s 2Th and
any v in Vh. Moreover, since vjs is linear,

kavkH2ðsÞ 6 CkvkH1ðsÞkakW2
1ðsÞ
6 CkvkH1ðsÞ:

It follows that

kav� IhðavÞkH1ðsÞ 6 ChkvkH1ðsÞ ð13Þ

where Ih denotes the nodal interpolation operator associated with
Vh. In addition, by our assumptions on a, multiplication by a is a
bounded map of H1ðXÞ onto H1ðXÞ and so (13) implies that

kIhðavÞkH1ðsÞ 6 CkvkH1ðsÞ: ð14Þ

We will use these properties of the nodal interpolant to prove the
lemma.

By (6), for v 2 Vh,

kvk2
H1ðXÞ 6 a�2

0

Z
X
jaj2jrvj2 dx

¼ a�2
0 aðv; IhðavÞÞ þ

Z
X
arv � ðrðavÞ � rIhðavÞÞdx

�
�
Z

X
aðrv � raÞ�v dx:

�
:

Applying (13) and the Cauchy–Schwarz inequality, we obtain

kvkH1ðXÞ 6 C
jaðv; IhðavÞÞj
kvkH1ðXÞ

þ hkvkH1ðXÞ þ kvk
 !

: ð15Þ

Thus whenever h is so small that 1� Ch > 0, we have

ð1� ChÞkvkH1ðXÞ 6 C
jaðv; IhðavÞÞj
kvkH1ðXÞ

þ kvk
 !

6 C
jaðv; IhðavÞÞj
kIhðavÞkH1ðXÞ

þ kvk
 !

; ð16Þ

where we used (14). The lemma now follows from (16) by taking
the supremum. h

We can now address the solvability of finite element approxi-
mations and, in particular, the coarse grid problem for multigrid.
Specifically, we consider the problem: given v 2 V � H1

0ðXÞ, find
vh 2 Vh satisfying

aðvh; hÞ ¼ aðv; hÞ for all h 2 Vh: ð17Þ

The next theorem guarantees unique solvability for sufficiently
small h.

Theorem 2.1. There is an h0 > 0 such that for h 6 h0, there is a
unique solution vh to (17) for any v 2 V and

kvhkH1ðXÞ 6 CkvkH1ðXÞ: ð18Þ

Proof. We follow the duality approach of Schatz [16]. If vh is any
solution to (17) then eh ¼ v� vh satisfies the Galerkin orthogonal-
ity equation

aðeh;whÞ ¼ 0 for all wh 2 Vh: ð19Þ

By Proposition 2.1(b), there is a unique e in H1
0ðXÞ satisfying

aðw; eÞ ¼ ðw; ehÞ for all w in H1
0ðXÞ. Hence

J. Gopalakrishnan, J.E. Pasciak / Comput. Methods Appl. Mech. Engrg. 197 (2008) 4411–4418 4413
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kehk2 ¼ aðeh; eÞ ¼ aðeh; e� IheÞ;
6 ChskekH1þsðXÞkehkH1ðXÞ:

Applying Proposition 2.1(c), we find that the estimate

kv� vhk 6 Chskv� vhkH1ðXÞ ð20Þ

holds whenever vh satisfies (17).
Now, suppose that vh satisfies (17) with v ¼ 0. Lemma 2.1

applied to vh and (20) gives

kvhkH1ðXÞ 6 Ckvhk 6 ChskvhkH1ðXÞ

for sufficiently small h. It follows that vh must vanish for sufficiently
small h. This means that the only solution of (the square system)
(17) is vh � 0. Existence and uniqueness of the solutions to (17)
for such h follow for non-zero v.

Finally, to prove the estimate (18), observe that Lemma 2.1 and
(20) give

kvhkH1ðXÞ 6 C sup
w2Vh

jaðvh;wÞj
kwkH1ðXÞ

þ kvhk
 !

¼ C sup
w2Vh

jaðv;wÞj
kwkH1ðXÞ

þ kvhk
 !

6 CðkvkH1ðXÞ þ kv� vhk þ kvkÞ 6 CðkvkH1ðXÞ þ hskvhkH1ðXÞÞ:

The stability inequality (18) follows taking h sufficiently small. h

Remark 2.1. By virtue of Theorem 2.1, once the mesh size h is
small enough for vh to exist, we can define the projector
Ph : V ! Vh by Phv ¼ vh where vh solves (17). This projector is an
important ingredient of our subsequent multigrid analysis.

Remark 2.2. Theorem 2.1 obviously also implies the unique solv-
ability of the finite element method (11) once h is small enough.
Moreover, the finite element error is quasi-optimal. Indeed, if u
solves (2) and uh solves (11), then for any wh in Vh, by Lemma 2.1

kuh �whkH1ðXÞ 6 C sup
zh2Vh

jaðuh �wh; zhÞj
kzhkH1ðXÞ

þ kuh �whk
 !

6 C sup
zh2Vh

jaðu�wh; zhÞj
kzhkH1ðXÞ

þ ku� uhk þ ku�whk
 !

6 C ku�whkH1ðXÞ þ ku� uhk
� �

:

Hence, using the triangle inequality and (20), we find that for suffi-
ciently small h

ku� uhkH1ðXÞ 6 C inf
wh2Vh

ku�whkH1ðXÞ:

Therefore, the discretization error of the finite element method ap-
plied to our problem converges to zero in H1ðXÞ at the optimal rate
as h tends to zero.

3. A multigrid algorithm

The basis for geometrical multigrid algorithms is a coarse grid
and a sequence of its refinements. We start with a coarse triangu-
lation of X, namely T1 ¼ fsi

1 : i ¼ 1; . . . ;N0g. This coarse mesh size
is the basis of our refined grids, but may not be the coarse mesh
size used in the multigrid algorithm. As this coarse mesh is fixed,
it is quasi-uniform with mesh size h1 ¼maxfdiamðKÞ : K 2T1g.
A nested sequence of quasi-uniform meshes Tk; k ¼ 2;3; . . ., of
mesh size hk ¼ h1=2k�1 is obtained by successively refining T1,
namely the mesh Tk is obtained by connecting the midpoints of
the edges of Tk�1. Let Vk be the space obtained by replacing Th

with Tk in (10). These spaces form our sequence of nested multi-
level spaces.

We want to efficiently solve the Galerkin approximation to (2)
associated with the finest mesh TJ (or the largest space VJ). Specif-
ically, we want a multigrid scheme to use in an iteration for com-
puting uJ in VJ solving

aðuJ; vÞ ¼ ðf ; vÞ for all v 2 VJ : ð21Þ

Our goal is to study the behavior of the so called ‘‘multigrid V-cycle”
for this complex coefficient discrete problem.

Before we state the multigrid algorithm, we need to define
‘‘smoothers”. Our smoothers are linear maps Rk : Vk ! Vk. We shall
start with the map associated with the point Gauss–Seidel itera-
tion. First let Dk;i denote the domain formed by all the mesh trian-
gles connected to the ith vertex xk;i ði ¼ 1;2; . . . ;NkÞ of the kth level
mesh Tk. Let Vk;i denote the set of functions in Vk which are sup-
ported on Dk;i (this is just the one dimensional space spanned by
the nodal basis function for the subspace Vk at the node xk;i). Define
Ak;i : Vk;i 7!Vk;i, by

ðAk;iw;/Þ ¼ aðw;/Þ for all /;w 2 Vk;i: ð22Þ

Algorithm 3.1. Point Gauss–Seidel smoother For any b in Vk, we
define Gkb as follows. First, we set v0 to be the zero function in Vk

and set Gkb ¼ vNk
where for i ¼ 1;2; . . . ;Nk

vi ¼ vi�1 þ ðAk;iÞ�1Qk;iðb� Akvi�1Þ:

The above algorithm is just the approximate inverse corre-
sponding to the classical Gauss–Seidel iterative method in disguise.
We present it in terms of subspaces since it is more convenient for
our subsequent analysis. We shall also consider the point Gauss–
Seidel smoother which results from visiting the above subspaces
in reverse order, which we denote by G0k. Another standard
smoother that can be used in our multigrid algorithm is the classi-
cal Jacobi smoother, which is the additive version of the above
algorithm. It can be written as

Jkv ¼ b
XNk

i¼1

ðAk;iÞ�1Q k;iðb� AkvÞ:

The constant b is a damping parameter.
We require some additional notation to define the multigrid

algorithm. Specifically, we define Ak : Vk 7!Vk by

ðAkw;/Þ ¼ aðw;/Þ
for all / and w in Vk and set Qk to be the L2ðXÞ orthogonal projection
onto Vk. Finally, we introduce an integer k0 2 f1;2; . . . ; J � 1g which
sets the coarse grid size for the multigrid algorithm. Then the V-
cycle multigrid algorithm is defined inductively and is denoted by
MGkðv;wÞ where k is the level number and v;w are in Vk. The
smoother Rk in the algorithm below can be set to either the
Gauss–Seidel smoother Gk or the Jacobi smoother Jk and R0k can be
set to either G0k or Jk.

Algorithm 3.2. V-cycle Set MGk0
ðv;wÞ ¼ A�1

k0
w. Let k > k0 and

v;w 2 Vk. Assuming that MGk�1ð�; �Þ has been defined, we define
MGkðv;wÞ as follows:

(a) Set x ¼ vþ Rkðw� AkvÞ.
(b) Set y ¼ xþ MG k�1ð0;Q k�1ðw� AkxÞÞ.
(c) Define MGkðv;wÞ ¼ yþ R0kðw� AkyÞ.

The multigrid iterative scheme for obtaining the solution uJ of
(21) is as follows. With some initial iterate uð0ÞJ , we define a se-
quence of further iterates by

uðiþ1Þ
J ¼ MGJðuðiÞJ ;Q Jf Þ; i ¼ 1;2; . . . ð23Þ

4414 J. Gopalakrishnan, J.E. Pasciak / Comput. Methods Appl. Mech. Engrg. 197 (2008) 4411–4418
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Our analysis in the next section will show that once k0 is larger than
some fixed number, the above iterates uðiÞJ converge to uJ as i in-
creases, at a rate independent of J.

It is important to note that for Algorithm 3.2 to be well defined,
the coarse grid problem and all of the smoothers must be well de-
fined. This can be achieved by taking the coarse grid in the multi-
grid algorithm to be sufficiently fine (i.e., taking k0 large enough),
as we now show. By making k0 large enough, the mesh size hk0

be-
comes small enough to apply Theorem 2.1 with Vh ¼ Vk0 . This
shows that Ak0 is invertible whenever k0 is large enough. To show
that the smoothers are also well defined under the same condition,
it suffices to show that the invertibility of Ak;i, or equivalently

kvkH1ðDk;iÞ
6 C sup

w2Vk;i

jaðv;wÞj
kwkH1ðDk;iÞ

for all v 2 Vk;i: ð24Þ

To show this, first observe that an inequality analogous to that of
Lemma 2.1 holds for Vk;i. Indeed, reviewing the proof of Lemma
2.1, we obtain

kvkH1ðDk;iÞ
6 C sup

w2Vk;i

jaðv;wÞj
kwkH1ðDk;iÞ

þ kvk
 !

for all v 2 Vk;i: ð25Þ

Since diamðDk;iÞ 6 Chk, the Poincaré inequality yields

kvk 6 ChkkvkH1ðDk;iÞ
; for all v 2 Vk;i:

Using this in (25), we have

ð1� ChkÞkvkH1ðDk;iÞ
6 C sup

w2Vk;i

jaðv;wÞj
kwkH1ðDk;iÞ

for all v 2 Vk;i;

from which (24) follows once hk is small enough.
Finally, note that it is equally appropriate to consider other mul-

tigrid algorithms, e.g., those involving smoothing only in step (1) or
only in step (3) above. In fact, for simplicity, in the next section we
shall analyze the algorithm obtained from Algorithm 3.2 by elimi-
nating step (3), or more precisely, we define another algorithm by
replacing step (3) of Algorithm 3.2 by

MG
n
kðv;wÞ ¼ y:

The new algorithm, MG nkð�; �Þ, is often known as the ‘‘backslash mul-
tigrid cycle” or simply the n-cycle.

4. Multigrid analysis

We will now give an analysis of the n-cycle algorithm (involving
only pre-smoothing) applied to the sesquilinear form (2). The anal-
ysis for the ‘‘more symmetric” V-cycle algorithm is essentially
identical, save more notation.

To begin, observe that MG nJ ð�; �Þ is a linear map from VJ � VJ into
VJ . Moreover, it is a consistent iteration in the sense that
v ¼ MG

n
J ðv;AJvÞ for all v 2 VJ . It easily follows that the linear oper-

ator E � EJ ¼ MG
n
J ð�;0Þ is the error reduction operator for (23), i.e.,

if uiþ1 ¼ MG
n
J ðui;QJf Þ, then

u� uiþ1 ¼ Eðu� uiÞ:

There is a well known [6] product representation for multigrid error
reduction operators. Let Tk ¼ RkAkPk for k > k0 and set Tk0 ¼ Pk0 . We
will assume throughout this section that hk0 < h0 (where h0 is the
number of Theorem 2.1) so that Pk is well defined for k ¼ k0; . . . ; J.
Let Eku ¼ u� MG nkð0;AkPkuÞ and Ek0�1 � I, the identity operator.
Then

Ek ¼ Ek�1ðI � TkÞ for k ¼ k0; . . . ; J

and

E ¼ ðI � Tk0ÞðI � Tk0þ1Þ � � � ðI � TJÞ: ð26Þ

This product representation of the error reducing operator will be
the starting point of our convergence analysis.

Suppose we apply the n-cycle version of algorithm (Algorithm
3.2) to solve the standard Laplace’s equation, i.e., using Ak;Rk and
R0k in the algorithm defined from the bilinear form

âðu; vÞ ¼ ðru;rvÞ:
Then the identity analogous to identity (26) holds for the corre-
sponding operators as this is only a special case of the variable coef-
ficient case. To distinguish it from the general case, we use
notations with ‘‘^”, i.e., any previously defined notation superscript-
ed with ^ indicates that it is defined as before but by replacing
aðu; vÞ with âðu; vÞ. Thus,bE ¼ ðI � bT k0

ÞðI � bT k0þ1Þ � � � ðI � bT JÞ; ð27Þ

where bT k ¼ bRk
bAk
bPk for k > k0, bT k0 ¼ bPk0 , etc.

Our analysis proceeds by a perturbation argument bounding the
difference between E and bE. To simplify notation, let

kukK ¼ âðu;uÞ1=2
:

The operator norm induced by this norm is also denoted by k � kK.
Let Zk ¼ Tk � bT k and suppose we have

kZk0
kK 6 �; ð28Þ

and

kZkkK 6 C1hk; for k ¼ k0 þ 1; . . . ; J: ð29Þ

Then, it can be shown that the difference between the operator
norms of Ek and bEk is small by an argument of [3] (see also [7, Lem-
ma 11.1] and [[11, Theorem 4.2]). We state this result in the follow-
ing lemma.

Lemma 4.1 (Multigrid perturbation). Let E satisfy (26) and bE
satisfy (27). Assume that (28) and (29) holds. Then

kE� bEkK 6 Cðhk0 þ �Þ:

The proofs of our main result proceeds by verifying (28) and
(29). We treat the case of Gauss–Seidel smoothing. That of Jacobi
smoothing is similar. Define Pk;i : Vk 7!Vk;i by

aðPk;iu; viÞ ¼ aðu; viÞ for all u 2 Vk; vi 2 Vk;i; ð30Þ

and bPk;i similarly using the â-form. Note that while the stability ofbPk;i in K-norm is obvious, the solvability and stability of (30) follows
from (24) for sufficiently small hk. Indeed, by (24),

kPk;iukK 6 CkrukL2ðDk;iÞ
: ð31Þ

In the remainder, we shall tacitly assume that the coarse mesh is
fine enough for Pk;i to exist and satisfy (31) for smoothing subspaces
on all refinements.

A well known technique for verifying (29) for the Gauss–Seidel
(or Jacobi) smoother is by combining the above stability estimate
with a perturbation argument. To apply this technique, we need
the next lemma [3,7,11]. The mesh T1 is fixed and determines
the angles of all triangles in all of the refined meshes. Thus, all
meshes are quasi-uniform with constants of uniformity that are
independent of mesh level. Consequently the smoothing subspaces
Vk;i satisfy the so-called limited interaction property, i.e., for every
k and i, the number of domains Dk;‘ such that measðDk;i \ Dk;‘Þ > 0 is
uniformly bounded by some constant ‘0 independent of J.

Lemma 4.2 (Perturbation for smoothers). If there is a constant
C0 > 0 such that the operators Zk;i ¼ Pk;i � bPk;i satisfy

kZk;ikK 6 C0hk; ð32Þ

for all k and i, then there is a constant c depending only on the limited
interaction constant ‘0 such that the estimate (29) holds for Zk with
C1 ¼ cC0 whenever h1 6 h0 for h0 sufficiently small.
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With these preparations, we are able to prove a theorem on the
convergence of Algorithm 3.2 applied to the complex coefficient
problem (2).

Theorem 4.1. There exist constants C� > 0 and H > 0 such that
whenever the coarsest mesh size hk0

is less than H,

kE� bEkK 6 C�h
s=2
k0

The constants C� and H are independent of J, the number of refinement
levels in the multigrid algorithm.

Remark 4.1. One might consider the multigrid algorithm applied
to âð�; �Þ as a ‘‘classical” or ‘‘textbook” multigrid application
[2,7,8]. The above theorem shows that convergence rate for multi-
grid applied to the complex coefficient problem tends to the con-
vergence rate for the classical multigrid application. This
behavior is also illustrated by the computational examples of the
next section.

Proof of Theorem 4.1. By Lemmas 4.1 and 4.2, it suffices to verify
(32) and (28) with � ¼ Chs=2

k0
.

To verify (32), we start by defining the form

djðu; vÞ ¼
Z

X

j� aðx; yÞ
j

� �
ru � rvdxdy;

where j is any complex constant. Then

jâðu; vÞ � aðu; vÞ ¼ jdjðu; vÞ: ð33Þ

Moreover, for any vi in Vk;i,

jâðZk;iu; viÞ ¼ jâðPk;iu; viÞ � jâðbPk;iu; viÞ
¼ aðPk;iu; viÞ þ jdjðPk;iu; viÞ � jâðbPk;iu; viÞ; by ð33Þ
¼ aðu; viÞ þ jdjðPk;iu; viÞ � jâðu; viÞ; by ð30Þ
¼ �jdjðu; viÞ þ jdjðPk;iu; viÞ:

Thus,

âðZk;iu; viÞ ¼ djðPk;iu� u; viÞ for all vi 2 Vk;i: ð34Þ

Now, if we choose j ¼ ai :¼ aðxk;iÞ, using the fact that the support of
functions in Vk;i extend only a distance OðhkÞ, we find that for any vi

in Vk;i,

jdai
ðu; viÞj ¼

Z
L2ðDk;iÞ

ai � aðx; yÞ
ai

� �
ru � rvi dxdy

�����
�����

6 Chk

krakL1ðDk;iÞ

jaij
krukL2ðDk;iÞ

kvikK: ð35Þ

Using this in (34), we can finish the proof of (32):

kZk;ikK ¼ sup
u2Vk ;vi2Vk;i

âðZk;iu; viÞ
kukKkvikK

6 ChkkI � Pk;ikK 6 Chk;

where we have used (31). This proves (32).
It now only remains to prove (28) for Z1 ¼ P1 � bP1. There is an

identity analogous to (34) for Z1:

âðZ1u; v1Þ ¼ djðP1u� u; v1Þ for all v1 2 V1: ð36Þ

Its proof follows from (33) along the lines of the derivation of (34).
Now, let f/i : i ¼ 1; . . . N1g be the nodal basis for V1. Clearly, /i is in
V1;i. Then, for any u 2 VJ , expanding

Z1u ¼
XN1

i¼1

ci/i;

we have, by (36),

kZ1uk2
K ¼

XN1

i¼1

�ciâðZ1u;/iÞ ¼
XN1

i¼1

�cidai
ðP1u� u;/iÞ;

where ai, as before, equals aðx1;iÞ. Now, using (35), and an inverse
inequality,

kZ1uk2
K 6 C

XN1

i¼1

j�cijh1krðP1u� uÞkL2ðDk;iÞ
kr/ikL2ðDk;iÞ

6 C
XN1

i¼1

j�cijj/ikL2ðDk;iÞ
krðP1 u� uÞkL2ðDk;iÞ

6 C
XN1

i¼1

jcij2k/ik
2
L2ðDk;iÞ

 !1=2 XN1

i¼1

krðP1u� uÞk2
L2ðDk;iÞ

 !1=2

:

Since ci are the coefficients of Z1u, by quasi-uniformity, the term in-
side the first parenthesis is bounded by CkZ1ukX. The term in the
second parenthesis can be controlled by the limited interaction
property, so we obtain

kZ1uk2
K 6 CkZ1ukkP1u� ukK 6 CkZ1ukkukK: ð37Þ

We used Theorem 2.1 for the last inequality above.
Now, by the finite element duality argument applied to the

forms âð�; �Þ and að�; �Þ (cf. proof of (20) in Theorem 2.1),

kbP1u� uk 6 ChskbP1u� ukK;
kP1u� uk 6 ChskP1u� ukK:

Hence, Theorem 2.1 and the obvious stability property of bP1 give

kZ1uk 6 kðP1u� uÞk þ kðu� bP1uÞk 6 ChskukK:

This together with (37) gives (28).

Remark 4.2. The techniques of the above proof immediately
generalize to the V-cycle multigrid algorithm MGJð�; �Þ. Note that
the corresponding algorithm for âð�; �Þ results in a symmetric error
reduction operator in the K-inner product even with smoothers
based on Gauss–Seidel. This is a consequence of the use of R0k in the
third step. This seems to be a natural strategy as the problem
corresponding to âð�; �Þ on VJ is symmetric and positive definite.

5. Numerical experiments

In this section, we report the results of numerical experiments
illustrating the convergence of the multigrid algorithm on the
model problem (1). We consider two examples for the complex
coefficient a in (1) and report the results for each.

In both cases, the domain X is taken to be the unit square. The
coarse mesh T1 consists of triangles obtained by dividing X into
4� 4 congruent squares and connecting the positively sloped diag-
onals. We obtain multilevel meshes Tk as described previously
and define hk to be the distance between two adjacent mesh points
of Tk on any horizontal or vertical line. To iterate for the solution
to (21), we apply V-cycle iterations, i.e., we apply (23) with Algo-
rithm 3.2 using the point Gauss–Seidel smoother based on the lex-
icographical like ordering and an arbitrary initial iterate to solve
the system AJu ¼ 0. As the error reduction operator for the process
is linear, this is the same as taking f ¼ �AJu0 with a zero starting
iterate. We computed the stiffness matrices at all levels using the
mid point quadrature rule applied at the finest grid.

To report the results, we start with our first example of a,
namely

aðx; yÞ ¼ 1þ ı̂K sinðpð2y� 1Þ=2Þ ð38Þ
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where K is a real constant and ı̂ denotes the imaginary unit. The spe-
cific form of the coefficient in (38) falls into the category of coeffi-
cients in Example 1.1, hence (3) and (4) hold. Therefore, from
Theorem 4.1, we find that if we choose the coarse mesh in the mul-
tigrid algorithm sufficiently fine then the V-cycle convergence rate
is bounded independently of the mesh size.

The results that we obtain for k0 ¼ 1 (in other words, with the
coarse mesh size hc ¼ 1=4) and K ¼ 0;1;20;100 are given in Table
1, where we report the number of iterations required to reduce the
K-norm of the error by a factor of 10�5. The appearance of a star
ðIÞ indicates that the algorithm failed to converge. The divergence
in the case of K ¼ 100 clearly indicates that the coarse grid is not
fine enough for this coefficient. Note that K ¼ 0 corresponds to
multigrid algorithm applied to bA and results in the reduction oper-
ator bE. The theory developed in the earlier sections shows that E

converges to bE as the coarse grid becomes finer. This is seen for
K ¼ 1 as the corresponding iteration numbers already coincide
with those for K ¼ 0. The number of iterations for K ¼ 20 decrease
as the fine grid mesh size becomes smaller. Of course, the iteration
counts for K ¼ 20 need not converge to that of K ¼ 0 unless the
coarse grid is fine enough.

To see the dependence on the coarse grid size, we fixed the fine
grid mesh size at hJ ¼ 1=256 and varied k0 (or the coarse mesh size
hc). The results are in Table 2. Again, we see that the iteration num-
bers for K ¼ 1 are the same as the K ¼ 0 case, while those for
K ¼ 20 are clearly converging to those of K ¼ 0 as hc becomes
small. The case of K ¼ 100 remains unstable for coarse grid mesh
sizes up to 1/8 but converges for 1/16. Again, we see the iteration
numbers tending to those of K ¼ 0, as expected from the theory.

By considering large values of K in (38), we found the condition
that the coarse grid be sufficiently fine is unavoidable in practice
when using Algorithm 3.2. Hence, it seems that a theoretical con-
vergence proof without this condition is not possible for general
complex coefficients. Such behavior of multigrid algorithms is well
known when applied to the Helmholtz equation [11]. As the wave
number in the lower order term of the Helmholtz equation in-
creases, the coarse grid must be made progressively finer to ‘‘re-
solve the wave”. Our study shows that this behavior is not
restricted to the stationary wave equation but can also arise when
a coefficient is complex, even in the absence of a negative lower or-
der term.

Finally, we present our second example to illustrate that the
proposed multigrid algorithms work even when the problem is

not coercive in the sense of Example 1.1. Specifically, we consider
the coefficient given by

aðx; yÞ ¼ ð1� rÞ2 þ r4 expð4̂ıhÞ; ð39Þ

where r; h are the polar coordinates of ðx; yÞ. Even though we cannot
show that this problem satisfies (3), we shall compute with it any-
way (of course, (4) holds). The iteration numbers for this problem
are given in Table 3 as a function of the coarse and fine grid sizes
used in the multigrid algorithm. (The algorithm and parameters
used to obtain Table 3 are the same as in the first example of a.)

It turned out that convergence was particularly troublesome for
this problem with these settings. As seen from Table 3, we had to
use a coarse grid of mesh size hc ¼ 1=64 to get a convergent mul-
tigrid algorithm. In accordance with the theory, the number of iter-
ations tends to that for bA once the coarse grid mesh size is small
enough to obtain convergence. We did not anticipate needing such
small coarse grid mesh sizes.

Further experiments revealed that if we change the smoother
from the Gauss–Seidel smoother with lexicographical ordering to
Gauss–Seidel with the red–black ordering, we obtained conver-
gence with a mesh size as coarse as hc ¼ 1=4. Thus, the lexico-
graphical ordering seems to be not very stable for the
Gauss–Seidel iteration applied to this problem. Also, we obtained
convergence for any coarse grid with damped Jacobi smoothing
with a damping factor of 1/2 (see Table 4). In this case, the iteration
numbers for bE with this smoother and hc ¼ 1=16 were 19, 20, 20,
20 for fine grids of size 1/32, 1/64, 1/128 and 1/256, respectively.
Again, as suggested by the theory, we see the iteration numbers
for E converging to those of bE for small hc. We made no attempt
at optimizing the damping factor so, quite possibly, better error
counts could be achieved with other damping factors.
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