ALMOST OPTIMAL INTERIOR PENALTY DISCONTINUOUS
APPROXIMATIONS OF SYMMETRIC ELLIPTIC PROBLEMS ON
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ABSTRACT. We consider an interior penalty discontinuous approximation for sym-
metric elliptic problems of second order on non-matching grids in this paper. The
main result is an almost optimal error estimate for the interior penalty approxi-
mation of the original problem based on partitioning of the domain into a finite
number of subdomains. Further, an error analysis for the finite element approxi-
mation of the penalty formulation is given. Finally, numerical experiments on a
series of model second order problems are presented.

1. INTRODUCTION

In this paper, we propose and analyze a simple strategy for constructing composite
discretizations of self-adjoint second order elliptic equations on non-matching grids.
The need for discretizations on non-matching grids is motivated partially from the
desire for parallel discretization methods (including adaptive) for PDEs, which is a
much easier task if non-matching grids are allowed across the subdomain boundaries.
Another situation may arise when different discretization techniques are utilized in
different parts of the domain.

Our method can be described as an interior penalty approximation based on
partially discontinuous elements. Our motivation for using the penalty approach
is that it eliminates the need for additional (Lagrange multiplier or mortar) spaces
used, e.g., in the popular mortar technique. There are a vast number of publications
devoted to the mortar finite element method as a general strategy for deriving
discretization methods on non-matching grids. We refer the interested reader to the
series of Proceedings of the International Conferences on Domain Decomposition
Methods (cf. [5], [11], [17] [for more information see, http://www.ddm.org]).

In the present paper, we assume a model situation when the domain is split into
a fixed number of non—overlapping subdomains and each subdomain is meshed in-
dependently. This is a non-conforming method and the functions are, in general,
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discontinuous across the subdomain interfaces. The jump in the values of the func-
tion along the interface is “penalized” in the variational formulation, a standard
approach in the interior penalty method (cf. [2], [4], [14], [22]). For a recent com-
prehensive survey on this subject, see [3]. An important feature of our approach
is that we omit the term in the weak formulation that involves the co-normal de-
rivative of the solution on the interface boundaries. Such terms often lead to a
non-symmetric discretization (cf. [22]) of the original symmetric positive definite
problem. An interior penalty finite element approximation with optimal condition
number was proposed, studied, and tested on various examples in [20]. The error
estimates derived in [20] were suboptimal with a loss of a factor h*/27% 0 < § < 1/2
for solutions in the Sobolev space H>~°(2). In this paper we present a refined anal-
ysis and get almost optimal error estimates for linear finite element and solutions in
H?*79(Q2). In addition, we extend the analysis to decompositions with cross points.
One can improve the accuracy somewhat for problems with smooth solutions by
increasing the weight in the penalty term with the expense of increased condition
number.

In the case of matching grids, the finite element Galerkin method with penalty
for a class of problems with discontinuous coefficients (interface problem) has been
studied in [4]. Similarly, in [10], the interface problem has been addressed by recast-
ing the problem as a first order system (by introducing the gradient of the solution
as a new vector variable) and applying the least-squares method to the system. In-
tegrals of the squared jump in the scalar and the normal component of the vector
functions on the interface are added as penalty terms in the least-squares functional.
In both cases, an optimal order method leads to discrete problem with non-optimal
condition number.

Other approaches for handling discretizations on non-matching grids involve dif-
ferent discretizations in the different subdomains, for example, a mixed finite ele-
ment method in one subdomain coupled with a standard Galerkin method in the
other (proposed in [25] and studied further in [18]), a mixed finite element method
coupled with a discontinuous Galerkin method (cf. [13]) or mixed finite element dis-
cretizations in both subdomains (cf. [1], [19]). Similarly, the coupling finite volume
method and the Galerkin methods was proposed and studied in [15].

The structure of the present paper is as follows. In Section 2, we formulate the
problem and its discretization. In Section 3, we introduce the primal and dual
penalty formulations of the problem split into subproblems on non-overlapping sub-
domains. To get an optimal error estimate, we introduce the mixed formulation of
the penalty problem and derive a fundamental a priori error estimate for its solu-
tion (in Section 4). In Section 5, we analyze the difference between the solution
of the original problem and the solution of the penalty formulation. The error is
shown to be of almost optimal order for u € H?7°(Q) for § > 0. For methods
without cross-points, the error is optimal for 1/2 > ¢ > 0. Finally, the finite ele-
ment discretization and its error analysis is presented in Section 6. Numerical tests
illustrating the accuracy of the method for two model problems are given there as
well.
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2. NOTATIONS AND PROBLEM FORMULATION

In this paper we use the standard notation for Sobolev spaces of functions defined
in a bounded domain Q C RY, d = 2,3. For example, H*(Q2) for s integer denotes
the Hilbert space of functions u defined on 2 and having generalized derivatives
up to order s that are square integrable in €2. For non-integer s > 0, the spaces
are obtained by the real method of interpolation (cf. [21]). Hj(Q) is the space of
functions in H'(), which vanish on dQ. The norm of u € H*(Q) is denoted by
||ul|s.o. We also use the notation |ulsq for the s-order semi-norm. For the traces
of functions in HJ(2) on a manifold I of dimension d — 1 (curves and surfaces)
and OI' C 0, we will sometimes use the fractional order Sobolev spaces commonly
denoted by Héé ?(T"), which is defined to be the interpolation space halfway between
H}(T) and L*(T).

For a given Hilbert space H with an inner product (-, )y and corresponding norm
|||z, we denote H* to be the dual, i.e., the space of all continuous linear functionals
on H. We use the fact that (He>(I'))* = H=Y2(T).

For a given bounded polygon (polytope) €2, a source term f € L*(2) and a
symmetric and uniformly positive definite and bounded coefficient matrix a(z) on
), we consider the following model boundary value problem in a weak form: find
u € H(Q) such that:

(2.1) A(u,v) = f(v) for all v € Hy(S).
Here

A(u,v) = /QaVu -Vudr and f(v) = (f,v)oq:= /va dx.

3. INTERIOR PENALTY FORMULATION

We shall study a discretization of this problem by the finite element method using
meshes that generally do not align along certain interfaces. This situation arises
when the domain €2 is split into p non-overlapping subdomains €);, ¢ = 1,...,p, and
each subdomain is meshed (triangulated) independently of the others. We assume
that the number of subdomains is fixed and each subdomain is a shape regular
polyhedron. A model situation of this type for d = 2 is shown in Figure 1. We
denote by «;; the interface between two subdomains {} and 2; and by I' the union
of all interfaces ;;.
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FIGURE 1. A domain €2 partitioned into four subdomains §; i =
1,2, 3,4 with interfaces 7;;; each subdomain is partitioned into quadri-
lateral finite elements independently; P is a cross point.

We define
Vo= {v € Ly(Q) :v|g, € H() N Hy ()},

Q = L2(UaQZ‘),

a(u,v) = Z(&Vu, Vv)oa, ::Zai(u,v),

% %

cp,q) = (p,Qor :z/pq ds,
T

(pa q)O,'yij = / pq dS, and
Vi

iJ

Au = [u]p.

Here the jump [u] is defined as the difference of the traces of a function v on I'. We
specify a “master” side of each interface 7;; so on v;; the jump is defined always as
[u],,, = ula, — ulg,, where €); is the domain from the master side of ;.

We approximate the original problem (2.1) by the following problem (which we
subsequently call the interior penalty formulation): Find u. € V such that

(3.1) A(ue, ) = alue, ) + € e(Aue, Ap) = f(p), forallpe V.
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Here € is a small parameter that later will be chosen as the mesh size of the finite
element partition of 2. The problem (3.1) is also called the primal formulation to
distinguish it from the the mixed formulation introduced in the next section.

The formulation (3.1) allows discontinuous solutions along the interface I'. We
have introduced a penalty term with a large parameter ¢! to control the size of the
jump [u]r. Our goal is to estimate the difference u — u, assuming that u € H?>79(Q)
for 0 <0 < 1/2.

The bilinear form A€(-,-) defined in (3.1) is symmetric and positive definite. It
is related to, but much simpler than, the corresponding discontinuous Galerkin
method used in [2], [22]. The simplification comes from the fact that we do not have
a term involving the co-normal derivative aVu - n along the interface I' (here n is
the unit normal vector along I'). This simplification comes at a cost: the proposed
approximation will have almost optimal order of convergence for linear elements
only. In contrast,the non-symmetric interior penalty Galerkin method studied in [22]
has optimal order estimates for continuous finite elements of any degree. However,
our formulation leads to a symmetric and positive definite problem, which is more
convenient for computational purposes.

4. STUDY OF THE PRIMAL AND MIXED FORMULATIONS

In this section, we shall study the solution of (3.1). This problem fits into a
general abstract class of parameter dependent problems which we now describe. Let
Vol - v, Gy -)v) and (@, || - ||e, c(+, -)) be Hilbert spaces with their respective norms
and inner products. We assume that we are given a continuous symmetric positive
semi-definite bilinear form a(-,-) on V' x V and a continuous linear map A : V' — Q
so that

a(v,w) 2 ||v||lv||w|ly and ||Av|. < ||v]|v, forall v,w € V.

Here, and in the rest of the paper, we use the signs < and > to denote inequalities
with a constant that might depend on various parameters but is independent of e.
Next, we define

Af(v,w) = a(v,w) + e c(Av, Aw), for all v, w € V.

We assume that the range of A is dense in ) but not necessarily closed. The
parameter € € (0,1] is typically small. We further assume that A'(-,-) gives rise to
an equivalent norm on V', i.e.,

(4.1) |v][Z < Al(v,v) < ||v]|%, forallv € V.
It easily follows that A¢(,-) is coercive on V and satisfies
|||} = A%(v,v) < e v||?, forallv e V.

Our approach is to reformulate (3.1) as a mixed problem following [24]. Let u. be
the solution of (3.1) and define the dual variable p. € @ by

(4.2) pe =€ 'Au,.
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We get the mixed system for u. and p.:
(4.3) a(ue,v) + c(Av, pe) = f(v) for all ve V.
(4.4) c(Aue, q) — €c(pe,q) =0 for all ¢ € Q.

Combining equations (4.3) and (4.4), and introducing the product space X =V x @,
we obtain the mixed variational problem: Find (u,p.) € X satisfying

(4.5) B((ue,pe), (v,q)) = f(v) for all (v,q) € X,
with the block bilinear form

(4.6) B ((ue,pe), (v,q)) := alue,v) + ¢(Aue, q) + ¢(Av, pe) — € c(pe, q)-

The mixed bilinear form is well defined for the limit € = 0.
Any solution (u.,p.) of (4.5) is in the space

(4.7) Xo={(v,q) € X : Av =€q}.

This space will play an essential role in the analysis of the proposed interior penalty
method.
On the space X, we define the norm

(48) I )l = (el + ellpl2)

This norm degenerates to a semi-norm for ¢ = 0. The bilinear form B(-,-) is
continuous with parameter dependent bounds for that norm, namely, for (u,p) € X
and (v,q) € X

B((u,p), (v,q)) = a(u,v) + c(Au, q) + c(Av,p) — ec(p, q)

1/2
= (alu, w) + [[Au]l + [plI2 + €[lplI2)

(4.9) 1
/2
x (a(v,v) + [AV][Z + llqllz + € llqll?)

=< eI, )l (v, @)l
On the other hand, B¢(-,) provides a uniformly continuous mapping from the dual

of X (with respect to the norm ||(+,)||¢) into X. This is formulated in the following
theorem:

Theorem 4.1. Let f and g be continuous linear functionals on V' and @), respec-
tively. Then the extended mized problem:

(4.10) B((u,p), (v,q)) = f(v) + g(q) for all (v,q) €V xQ
has a unique solution (u,p) € X. Moreover,

(4.11) lulli + € Aull? + ellpll? = NI~ + € Hlglle--

Here || f|lv+ and ||g||o« denote the norms of the linear functionals.

Proof. First, we construct a solution by means of the primal problem. Since A :
V — @ is continuous, and ¢(-) is in @*, the functional g(A-) is continuous on V:

lg(Av)| < lgllq-[|Av]|e = (9]

Q* Q* U||v'
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Let u € V' be the solution of
a(u,v) + e te(Au, Av) = f(v) + e 1g(Av) for all v e V.
We use (4.1) to get

lully + €[ A2

A

a(u,u) + e c(Au, Au)

F(u) + ¢ g(Au)

1 llv-llully + €2 gllg- €2 Aull.

< (11 + e HlglB) " (lull? + e HlAu)?)
= v+ 9llo+ ully, + €| u”c) :

Dividing by (||u||?+e1||Au||?)!/? gives the bound for u. By the Riesz Representation
Theorem, we define g € () such that

c(g,q) =g(q) forall g€ @

A

and find that
p=c'(Au—3).
Clearly,
ellpllZ = e HAullZ + e Hlglige 2 NAIT + e lgllg--
We verify that (u,p) is a solution of (4.10). Indeed, for all (v,q) € X,
B((u,p), (v,q)) = a(u,v)+c(Au,q) + c(Av, e ' (Au— §)) — ecle (Au— §), q)
= a(u,v) + e Te(Au, Av) — e te(g, Av) + ¢(3, q)
= f(v) +g(q)
Finally, we prove that the solution is unique. Any solution (u,p) of the homoge-
neous problem satisfies

0 = Be((u7p)a (u7 Au — p))
= a(u,u) + c(Au, Au) + ec(p,p) — e c(p, Au)

> a(u,u)+ (1 — %) c(Au, Au) + gc(p,p).

Thus, zero is the only solution of the homogeneous equation and the proof is com-
plete. 0

We will now demonstrate the benefit in using the mixed form. Namely, in Theorem
4.3 we will show an a priori estimate of the solution to the problem (4.10) that is
uniform in € > 0.

Define the norm ||p||go for p € @ by

(4.12) Ipllq = sup B2

vev  vllv
This is a norm since AV is dense in (). Further, denote by )y the closure of AV in
the norm || - ||g,0. In general, ||.||g,0 is a weaker norm than ||.||.. By definition, A has
a closed range in Q. In the limit case (¢ = 0) the bilinear form B*((u, p), (v,q)) is
continuous and stable on V' x Qy:
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Theorem 4.2 (Brezzi, e.g., [9], Proposition 1.3). The bilinear form
B((u,p), (v, q)) = alu,v) + c(Au, q) + c(Av, p)

18 continuous, 1.e.,

(4.13) B°((u, p), (v,)) = ([ully + [lll.0) 2 (01T + llall0 >,
and stable, i.e.,

B%((u,p), (v, 9))
(4.14) sup = ([vlIF + llallg.0) ',

wev, peQo (Nully + IplG0)" 2 ~
on the space V x Q.

For the case € > 0, we need a norm that is e-dependent. Namely, we define

1/2
(4.15) Iplle = lIpllge = (lIpllgo + ellpllz) -

This norm is equivalent to ||.||. for fixed € > 0, but not necessarily uniformly with
respect to e since obviously €|[p[l2 < [|p[|3,. We define the product space

X=VxQ
with the norm

(4.16) 1w, )l = (lfull + [Ipl17)"2.
The following theorem states that B¢(-,-) is bounded in X and satisfies an inf-sup
condition with a constant independent of e:

Theorem 4.3. Assume that (4.1) is satisfied. Let B(-,-) and || - ||x» be defined by
(4.5) and (4.16), respectively. Then:

e The bilinear form B(-,-) is uniformly continuous on X, i.e.,

4.17)  B((u,p), (v,0)) 2 [l(w, p)llx (v, Q)llx for all (u,p), (v,q) € X;

o The bilinear form B¢(-,-) is uniformly stable on X, i.e.,

(4.18) sup B((w.p), (v, 9)) = (v, 9)|lx for all (v,q) € X;

(u,p)EX H(U,p)HX
e the mized problem B*((u,p), (v,q)) = f(v)+g(q) for all (v,q) € V x Q has
unique solution for any f € V* and g € Q* and the solution satisfies the a
priori estimate:

(4.19) [1(w, )| 2 llve + llgl

Proof. The proof of the continuity follows the steps of the proof of estimate (4.9) but
because of the new stronger norm in @) (see (4.15)), we have an improved estimate
for the mixed term:

Q*-

c(Av,
c(Au, q) < ||ul|y sup (Av, q)

—— = ||lu q 7
e HUHV H HVH HQO

Thus, we get uniform continuity.
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We need only to verify (4.18). To this end, fix (v,q) € X. By definition of the
norm ||.||¢g0, there exists a ¥ € V such that
c(Av, q)
9]}y

We are free to scale © in such a way that

= llallqo-

I5llv = llallgo  and  c(AD,q) = [l4llg-
Let (@, p) be the unique solution (by Theorem 4.1) of
(4.20)  B((a,p), (w,r)) = (v,w)y + c(Av,7) +€ec(q,r) forall (w,r)e X.
We will use (@, p) to verify (4.18). First, we see that

(4.21) B((@,p), (v,q)) = (v,0)v +c(AD,q) +€eclq, q)
= ol + lallgo +ellall
= [l(v, )%

so that

wp Blwp), (0,9)  B((@,p), (v:4)  [[(v,9)lI%
ooy ol = l@ple = l@plx
Thus, we need only to show that
(@, D)l = [[(v, @) |-
By the definition of B(-,-) and (4.20), for all (w,r) € X,
Be((ﬂ - @7]5)7 (wv T)) - BE((aaﬁ)’ (w7 T)) - BE((@v O)? (w7 T))
= (v,w)y + c(Av,7) +eclq,r) — [a(D,w) + c(Av, )]

= (v,w)y —a(0,w) +ec(q,r).

Applying Theorem 4.1 gives

1@ =Bl + €llpllz = [lvlly + 19115 + ellalle-
Thus,

lally +ellplle = ol + lallgo + € llqlle

= [I(v, @)%
Finally, we need to estimate ||p|/go. Using (w,0) in (4.20) gives
B((a,p), (w,0)) = a(t,w) + c(Aw,p) = (w,v)y, for all we V.

Consequently,

IPllgo = sup c(Aw, p) = sup (w,v)v — a(t, w)
) weV H’LUHV weV HwHV

= ellv + llallv = lI(v, @)l

Combining the above estimates completes the proof. 0]
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5. ANALYSIS OF THE INTERIOR PENALTY APPROXIMATION

In this section, we derive the basic error estimates for the proposed interior penalty
method (3.1). We present the estimate for the general case when the partition of €
into subdomains €2; has “cross-points” (see Figure 1). For d = 2, the cross-points
are the end points of the edges «;; that are in the interior of 2. For d = 3, the
cross-points are the edges of 7;; that are in the interior of 2. The analysis of the
case without cross-points is somewhat simpler and is discussed at the end of this
section.

We use some fundamental results from the domain decomposition literature (see
[6, 7]). Since all subdomains €2; are shape regular, the estimate

(5.1) [v

Vi W H? (i) = “vHHl(Qi)

holds for functions v € H'(£2;) which vanish on € \ 7;;. Here, v|,,, is the trace

of v on v;;. We note also that given any o;; € Hé({Q(’yij), there is an extension v
satisfying the above estimates. The following proposition plays a key role in the
proof of the error estimate for the interior penalty method.

Proposition 5.1. For any € > 0 and A € L*(T) with A|,,, € H'*(v;), the following

estimate is valid:
B 1/2
o~ < cloge 1(2 H)\Hip/z(%» )

Vij

(5:2) [IA]

The constant ¢ s independent of € but depends on the shape and the number of
subdomains.

The proof of this estimate is given at the end of this section. Using it, we now
prove the main result in this section:

Theorem 5.1. Assume that the solution u of (2.1) is H?*~°(Q)-regular for some
d €[0,1/2). Then

(53) = wlly +llp = pello < e~ (log ™) |jul 50y, 0 <0< 1/2
Here, the norm in Q) is defined as in (4.15) and the constant c is independent of e.
Proof. We first note that the solution u of the problem (2.1) satisfies the identity,
(5.4) A(u, ¢) = f(e) + c(aVu-n,Ap), forall p €V,

where the normal vector n is always pointing outward from the master side of ;.
Here, we have used the fact that the exact solution has continuous normal flux, i.e.,
in particular, [aVu - n]|r = 0. To simplify the notations, we define the function

0 =aVu-n on I
Subtracting (3.1) and (5.4) gives the following equation for the error e = u — w,:

Af(e, ¢) =c(0,Ap) forall p € V.
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To use the a prior: estimates of the mixed setting, we shall put this problem
again in a mixed form. Namely, we introduce a new dependent variable E :=
aVu-n — e 'Ae =0 — e *Ae defined on T so that the pair (e, F) satisfies:

B((e, E), (v,q)) = ec(f,q) forall (v,q) €V x Q.

The estimate (4.19) will provide a basis for the analysis of the error (e, E'), namely,

0,
(5.5) lelly + [1Zlg < esup 02
acQ llallq

1/2

Because ||¢||lo > €'/%||q]|., we easily get

(5.6) lellv + 11Ellq = Vellb]lor-

The above estimate is an easy corollary of the set up of the problem but it yields
an error for the interior penalty method of order at most O(¢'/2). We can improve
it when 6 is a smoother function. To accomplish this, we first apply estimate (5.2)
for A = 0 to get:

) 1/2
o X clog (Y I0lc)

Yij

(5.7) llellv +[|Ellq < €llf]

Second, we interpolate between the spaces L?(7y;;) and HY?(v;;) to get

(P 1 e N

Next, we observe that interpolated norm with § € [0, 1/2] between
1/2 1/2 1/2
(D21608,,) " and (X N005gr,y) i bounded by (310 sry)
Vij Vij Vij

This fact follows from the definition of the real interpolation method [21].
Finally, for u € H>7°(2), 0 < § < 1/2, one can show that

1611075502 = 070 0113750, = llrs-s(c,.

Interpolating estimates (5.6) and (5.7) gives the desired result (5.3). This completes
the proof of the theorem. O

In the rest of this section, we give a proof of Proposition 5.1. This follows im-
mediately from the three lemmas below. The first lemma follows easily from the
extension noted at the beginning of this section.

Lemma 5.1. Given o;; € H(%Q(%j) for vi; C T, there exists a v € V such that

[U] vz = Oij

1/2
2
ol = (3 llowile, )

and
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Next, for u € L?(v;;) we define the norm

1/2
H:u’ Qij = <HMH§{—1/2(VU) + EH'qumj)

and its dual

()\a M)O,'ﬁj

lellgy, == sup :
Qij

AEL2(vi5) H)“

Recall that the space () and its dual have been defined in Section 4. We then have
the following lemma.

Lemma 5.2. For all A € Q*,

1/2
2
(5.8) IA b))

Qr = (Z Al

Yij
Proof. Let u € @ be non-zero. First, we verify that
2 2
M, 05 iy , |V
(5.9) Z sup ( J)O,%J < su (1, [ ])o,r

|12
v o €HM (i) HUZ]HHS(42(’WJ')

vev vl

Set 6;; = ao;;, where ais chosen such that ||7;; H?{l/? = (K, 745)0,,;- By Lemma 5.1,
00

(i)
there exists an extension v € V such that

[y, =75 and [l = Z ||5z‘j||230/2(%,)~
Yij
Then,

Z H(M’UM - Z(“’@j)o,m = (i, [v])or = (u, [v])o,r vlli

|12 2
"y UZ]HHSSZ(W) o lvll3 (i, [v])or
9 Z HO"L]HH(%Q(%J_)

(1, M)o,r Vi _ (1, [U])(Q),F
R I A P NN I
Yij

The inequality (5.9) follows.
It immediately follows from (5.9) that

(5.10) > llul

Yij
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We continue with

(Aau>0,r = ZOMM)O,W < Z H)" :u‘

Q:j Qij
Vij Vij
2 \1/2 2 \1/2
< (ZH)“Q;}) (ZHMQU)
Vij Vij
1/2
< (T INB) e
Yij
The lemma follows dividing by ||¢||q and taking the supremum. O
Lemma 5.3. For A € L*(v;;),
(5.11) Nz, = loge™ 1Ml r1/2(s,)-

Proof. The proof of this lemma is based on techniques from the analysis of domain
decomposition preconditioners. We illustrate the proof in the case of three spatial
dimensions. The two dimensional case is similar.

Let A be in L?(v;;) and S, be a finite element subspace of H'(;;) of quasi-
uniform mesh-size e. The L?-orthogonal projection operator Q onto S, is bounded
on H'/2(v;;) and satisfies

(5.12) A= QMo + QM1 261y < ellMlar26s, -
We first split A = (A — Q\) + Q) and further decompose the finite element part
QA=A+ Ay

such that \; = QA on 0v;; and A\; = 0 on all interior nodes of v;; (A2 being the
remainder vanishing at 0v;;).
A simple transformation argument and Lemma 4.2 of [7] gives

Alloqs; < €Ml 2@y = €72 (log e )Y [ QA gsas, -
Lemma 4.3 of [7] gives
||/\2HH30/2(%) < loge! Al r1/2(s,,)-
Now, we use the above splitting to get

()‘a u)O:’Yij o ()‘ - Q>‘7 /L)O:’Yij + (>‘17 /’L)O,’Yij + (>‘27 M)O:’Yij

= sup
Qij HEL2(vij) HMHH*U?('W) + 61/2‘ MHO,’YU

Al

Qr = Ssup
T per2(y

Further, using the estimate (5.12) we have
(A = QA oy,
sup

HEL?(vij) HM“H—”Q(W) + €2 allo,

IA = QAo [l 1#ll0,
Y2 ulloq,

< sup
preL?(vij) H““H‘W(%’j) t+e
= A2

Similarly, using the estimates for A\; and Ay we get

()\17 M)O,%’j < H)\l HOﬂ/z‘j

plloss, = €72 (log ™) 2 [ \ll /250 el
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and

()\27/‘L)07’Yij < ||/\2||H30/2(%j)||M||H—1/2(%~j) = log e ||Q/\||H1/2(%~j) |M||H—1/2(%j).

Finally, combining the estimates for all three parts, we complete the proof:

(Avl'L)O,i-
Mlg;, = sup

j log 6_1 ||)\HH1/2(
BEL2(vij) HMHQU

Yij)*
O

In the case without cross-points, we can get a slightly better result. In this case,
7i; = I'. The following theorem provides an error estimate in this case.

Theorem 5.2. In the case of absence of “cross-points,” the following estimate holds
(5.13) lellv + 1Bl = € °[Jul[2-50)
forue H>°(Q),0< 5 < 1/2.

Proof. Because there are no “cross-points” for v € V, the jump [v] = Av is in
H)!*(T'). Therefore, there is an extension, which satisfies (5.1) so that
c(Av, q)

qllq = sup =l =172y
|| ||Q e ||UHV || ||H 1/2(T)

This implies

c(0, c(0,
sup (6,9) = Supi = H9HH1/2(F)
@ gl q€Q HCIHH%/?(F) 00
so that
(5.14) llellv +11Elle = €llfll a2
Interpolating (5.6) and (5.14) we get

llellv + 1Ellq = € °110]] ma2-sr).-

The result then follows from the trace estimate

100 r1/2-s(ry 2 Mlull r2-5(0)
which holds for polygonal interface I' (cf. [16]). 0

6. FINITE ELEMENT APPROXIMATION OF THE PENALTY FORMULATION

6.1. Finite element formulation and error analysis. Now, we discretize the
problem (3.1) by the finite element method. Each subdomain € is meshed inde-
pendently by a quasi-uniform and shape-regular triangulation 7;, and consequently,
the whole domain has a finite element splitting 7 = U;7;. Quasi-uniformity of the
mesh means that for 7 € 7 and h, = diam(7), |7| = meas(r) we have |r| ~ h,
where d = 2, 3 is the dimension of the space. We shall use also the global mesh-size
parameter

h = maxh,.
TeT
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Our analysis uses the condition that the mesh 7 is globally quasi-uniform, i.e.,
h ~ h, for all 7 € 7. We stress again, there is no assumption that along an
interface ;;, the triangulations 7; and 7; produce the same mesh.

Let V5 be the conforming (see [12]) finite element space of piecewise linear
functions associated with the triangulation 7;. Further, let V}, : Vj|q, = Vi, for
1 = 1,...,p, be the finite element space on 7. The functions in V}, are, in gen-
eral, discontinuous across 7,;;. However, their traces on «;; from €2; and ; are
well-defined.

Let I, : V — V}, be an operator such that for u € H2_ﬂ(Q) and 0 < 5 < 1:

ht | — Ihul|r2) + ||v — Ihul|m) + h*1/2||u—lhu||Lz(p)
(6.1) s
= h HUHH%ﬂ(Q)-

Now, the interior penalty finite element method reads as: Find v, € V}, such that
(6.2) A(us, @) = a(us, @) + e te(Aus, Ag) = f(¢) for all ¢ € V.

Obviously, the bilinear form A®(-,-) is symmetric and positive definite on V}, x
V. Therefore, the corresponding finite element “stiffness” matrix is symmetric and
positive definite, and the finite element system has a unique solution.

Now, we derive an error estimate for the finite element interior penalty method.
According to our construction V =Y H'(Q;) N H}(Q) and

(w,v)y = Z/ﬂi(Vw -Vu+wv) dx.

Because the number of subdomains p is finite and all €); are shape-regular, it follows
that A'(v,v) is uniformly equivalent to the norm |[v|f},, and the inequality (4.1)
holds. Therefore, the results of the previous sections are valid, and we can apply
Theorem 5.1.

The error estimate is almost an immediate consequence of Theorem 5.1 and the
approximation property (6.1) of the space Vj,. Indeed, the error u. — uj, satisfies the
orthogonality property

A (ue — uj,, ¢) = 0 for all ¢ € V.
Using the coercivity of A(-,-), we get

Hue - U;LH%/ = Ae(ue — Uj, Ue — u;z)

=< inf A%(ue — v, u. — v)
veV),
< A(ue — u,ue — u) + A(u — Iy, u — Iyu).

Now the estimates (5.3) and (6.1) produce the following result:

2w = uely + [Jue = uj[lv
< (6176|10g€|1726+h176+671/2h3/27é—)||u||H275(Q)

for u € H>9(2),0< 6 < 1/2.

[ = g llv
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The above estimates suggest that for the penalty parameter ¢ ~ h we get an
almost optimal convergence rate. Thus, we shall use ¢ = gh with 3, a real number.
The following theorem is a corollary of the above estimate:

Theorem 6.1. Assume that the solution u of the problem (2.1) belongs to H*>=°()
for some 0 < § < 1/2. Then the solution uy, € V}, of the interior penalty finite
element method

an(un, @) + Bh™" c(Aup, Ap) = f(9)

exists and satisfies the a priori error estimate

for all p € V},

lu = unlly = B[ log h['™||ull 2-5(0)-

Moreover, the condition number of the corresponding finite element “stiffness” ma-
trix 1s the same as in the case of standard Galerkin method with linear elements,

namely, O(h™2).

6.2. Numerical tests. In this subsection, the performance of the proposed penalty
method is reported on two model examples for the Poisson equation on the unit
square with Dirichlet boundary conditions. Our finite element implementation han-
dles arbitrary triangulations of the domain and linear finite elements.

In the table below, we present the error u — u;, measured in discrete L? and H'-
norms for two test problems for the Poisson equation. For both examples we have
set 4 = 1. The domain is split into four equal subdomains that are triangulated
independently so that the meshes do not match along the interface I'. The test
problems are designed to check the accuracy of the interior penalty method. The
first example has exact solution u(zy, z5) = sin?(272;) sin?(27w2,) so that the normal
derivative along the interfaces 7;; is zero. This means that the interior penalty
method should have the same accuracy as the standard Galerkin method in both
L?- and H'-norms. This is readily observed in Table 1. The second test problem
has exact solution u(zy, ) = 2% + x3. We have observed from our computations
that the interface is the main contributor to the error.

exact solution exact solution u
sin?(27xy ) sin? (2mr,) xt + 23
level | # nodes | L?-error | H'-error | ratio | L?-error | H'-error | ratio | cond. #
1 96 | 0.05536 | 1.09488 0.00471 | 0.06638 30
2 2251 0.01567 | 0.58970 | 1.85 | 0.00295 | 0.03764 | 1.76 105
3 833 | 0.00401 | 0.30059 | 1.96 | 0.00105 | 0.02085 | 1.80 439
4 3201 | 0.00101 | 0.15108 | 1.99 | 0.00054 | 0.01145 | 1.81 1829
5} 12545 | 0.00025 | 0.07564 | 2.00 | 0.00028 | 0.00639 | 1.80 7385
6 52695 | 0.00006 | 0.03783 | 2.00 | 0.00014 | 0.00353 | 1.81 29438
order ~ 2 ~ 1 ~ 1| ~ 0091

TABLE 1. Numerical results for four subdomains with non-matching grids
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Note that the convergence in L?-norm is of first order, while the convergence in
H'-norm is approximately first order. In the discrete L?- and H'-norms, the relative
error on the finest (6th) level is 0.03% and 1.95% for the exact solution u(zy,xs) =
sin?(27x ) sin’(27z2) and 0.08% and 0.72% for the exact solution u(zy, z9) = 23 +23.

In addition, we ran numerical experiments which involved changing the weight
0B in the penalty term. The number of nodes were kept fixed at about 820 and
830, correspondingly, for matching and non-matching grids, which gives rise to h ~
0.04. In both cases the exact solution was u(z;,z3) = z3 — 3. The computations,
presented in Tables 2 and 3, show that by increasing # we put more weight on
the penalty term, and as expected, this leads to decreasing the error in all norms.
However, for 3 larger than h~'/2, there is no significant improvement in the accuracy.
Moreover, in the case of non-matching grids very large 3 causes deterioration of the
error in maximum and H'-norm, and as expected, increases the condition number.

B3| L>®-error | L2-error | H'-error | condition #

0.1 0.26508 | 0.06434 | 0.36322 440

1] 0.03589 | 0.00915 | 0.07158 440

h='2 =~ 5| 0.00798 | 0.00191 | 0.03802 615
10 | 0.00411 | 0.00101 | 0.03574 1162

1000 | 0.00004 | 0.00027 | 0.03485 42261

TABLE 2. Varying [ for matching grids with 820 points

3| L>-error | L?-error | H'-error | condition #

0.1] 0.86032 | 0.36833 | 1.14018 420

1] 0.13809 | 0.04873 | 0.26776 420

h=Y2 25| 0.03429 | 0.01038 | 0.16705 1190
10| 0.01859 | 0.00586 | 0.15974 2273

1000 | 0.02523 | 0.00486 | 0.16925 88288

TABLE 3. Varying (3 for non-matching grids with 833 points

More examples and computational results, including condition number and errors
in various norms, are reported in [20].
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