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ABSTRACT. In our paper [3], we considered the acoustic and electromagnetic scat-
tering problems in three spatial dimensions. In particular, we studied a perfectly
matched layer (PML) approximation to an electromagnetic scattering problem. We
demonstrated both the solvability of the continuous PML approximations and the ex-
ponential convergence of the resulting solution to the solution of the original acoustic
or electromagnetic problem as the layer increased.

In this paper, we consider finite element approximation of the truncated PML elec-
tromagnetic scattering problem. Specifically, we consider approximations which result
from the use of Nédélec (edge) finite elements. We show that the resulting finite ele-
ment problem is stable and gives rise to quasi-optimal convergence when the mesh size
is sufficiently small.

1. INTRODUCTION

The purpose of this paper is to analyze a finite element approximation of a problem
which results when the time-harmonic electromagnetic scattering problem is approxi-
mated using a truncated PML approach. We shall demonstrate that the finite element
method is stable and convergent provided that the grid size is sufficiently fine.

There are several aspects of the time-harmonic electromagnetic scattering problem
which make it computationally challenging. First, the problem is not uniformly elliptic
since the gradient part of the field is not controlled by the form. In addition, because
of the time harmonic nature of the problem, the zeroth order term appears with a sign
opposite to that of the curl-curl term. This causes the problem to have an indefinite
character. The solvability of the continuous problem is, however, a consequence of
the Silver-Miiller radiation condition imposed at infinity. Unfortunately, the resulting
solutions decay very slowly necessitating the use of either some type of artificial boundary
condition or a boundary integral approach.

The so-called PML technique is perhaps one of the most effective of the artificial
boundary condition approaches. This is because accurate solutions on a domain near the
scatterer can be achieved by increasing the size of the computational region by a factor
of only around two. Moreover, implementation of the PML approach in a reasonably
general code developed for the bounded domain problem is quite simple since it involves
only a change in the coefficients.
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Although there are many variants of the PML approach, we consider a version which
coincides with a complex change of coordinates based on a spherical layer. This approach
allows us to define a new problem (the infinite PML Problem) on the complement of the
scatterer which satisfies:

(1) The solutions of the original and PML problems coincide on the interior of a ball
of radius rg.

(2) The solution of the infinite PML problem decays exponentially for large argu-
ment.

Because of the decay property, the solution of the infinite PML problem can be well
approximated by a truncated (bounded domain) PML problem (see, [2, 3]). In particular,
in [3] an inf-sup condition for the truncated domain problem is derived. This is a critical
estimate for the finite element analysis which we provide here.

In this paper, we consider approximating the truncated PML problem using curl-
conforming finite elements [5, 12, 13]. Our analysis uses many of the ideas developed for
curl-conforming finite element approximations to time-harmonic electromagnetic prob-
lems on bounded domains [7, 9, 10, [11]. We use a duality approach reminiscent of
the argument of Schatz [14] with modifications to handle the lack of uniform ellipticity
similar to those used in [6, 9].

The remainder of the paper is outlined as follows. In Section|2, we introduce the time-
harmonic electromagnetic scattering problem and the infinite PML problem. Section
defines the truncated PML problem and its Galerkin approximation. The main result
of the paper is stated and proved there.

2. THE SCATTERING PROBLEM AND INFINITE PML APPROXIMATION

Let Q (the scatterer) be a bounded domain in R? with Lipschitz continuous boundary.
We will consider the time-harmonic electromagnetic scattering problem. We seek vector
fields E and H defined on the complement ¢ satisfying

—tkuH+ VXE =0, in Q°,
—itkeE — VX H=0, in Q°,
nx E=mn xg, on 09,
,}Lrgop(uﬂxi—E)zﬂ.

(2.1)

Here g results from a given incidence field, p is the magnetic permeability, € is the
electric permittivity, and mn is the outward unit normal on 9€2. Also & is a unit vector in
the direction of @ and p = |x|. The last line corresponds to the Silver-Miiller condition
at infinity. We assume that the coefficients p and € are real and positve, bounded away
from zero and constant outside of some ball (of radius rg).

We note that €2° need not be simply connected and we do not assume that its boundary
is simply connected. We let I';, j = 1,...,p denote the connected components of 9€2°.

We introduce some notation that will be used in the remainder of the paper. For a
domain D, let L?(D) be the space of (complex valued) square integrable functions on D
and L*(D) = (L*(D))? be the space of vector valued L?-functions. We shall use (-, -)q to
denote the (vector or scalar Hermitian) L*(€2) inner product and < -, >r to denote the
(vector or scalar Hermitian) L?(T") boundary inner product. For a real number s, the
scalar and vector Sobolev spaces on D will be denoted H*(D) and H¥(D) respectively.
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Let H(curl; D) be the set of vector valued functions which, along with their curls, are
in L*(D). Hy(curl; D) denotes the functions f in H(curl; D) satisfying n x f = 0
on 09). We assume that n x g above is the trace n x g of a function g € H(curl; Q°)
supported close to 0f).

For a subdomain D contained in our computational domain €2, by extension by zero,
we identify H}(D) with

fve HI() + supp(v) C D}
and H(curl; D) with
{v € Hy(curl; Q%)) : supp(v) C D}.

For convenience, we shall take p = ¢ = 1 in (2.1) as all of our results extend to the
more general case as long as the coefficients are constant outside of a ball of radius 7.
We can reduce (2.1) to a single equation involving E by eliminating H. This gives

~ VX VXE+EE=0in Q"
(2.2) n x E=mn xgon 0,
lim p((VXE) x ¢ —ikE) = 0.

p—00

As in [3], we introduce bounded subdomains of Q¢ with spherical outer boundaries.
Let 0 < 19 < r; < ry be real numbers and let €2; denote (the interior of ) the open ball B;
of radius r; excluding 2. We assume that r( is large enough so that the corresponding
ball contains (2 and that the origin is contained in 2. We denote the outer boundary of
Q; by I';, The domain €25 is contained in our computational domain which we denote
by Q.. The outer boundary of 2., is denoted by I'.

As discussed in [4], the PML problem can be viewed as a complex coordinate transfor-
mation. Following [8], a transitional layer based on spherical geometry is defined which
results in a constant coefficient problem outside the transition. Given og, r1, and o, we
start with a function o € C?(R™) satisfying

alp)=0 for0<p<mr,
a(p) =09 for p>ro,
c(p) increasing for p € (rq,79).
We define
p=p(1+i5) = pd.
One obvious construction of such a function ¢ in the transition layer r; < p < ry with
the above properties is given by the fifth degree polynomial,

5(p) = UO(/p(t — r)¥(rg — t)?dt) (/m(t )2 — t)?dt) T brm<p<r

T1 T1
A smoother ¢ can be constructed by increasing the exponents in the above formula.
Each component, u, of the solution E of (2.2) satisfies the Helmholtz equation with
Sommerfeld radiation condition, i.e.,
Au+ku=0 forp>ry,
lim p(Vu - & —iku) = 0.

p—00

(2.3)
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It follows that the solution of can be expanded

(2.4) E=>Y Y ayuh),(kp)Y;"(0,¢), for p>rg.

n=0 m=—n

Here h)(r) are spherical Bessel functions of the third kind (Hankel functions), Y, are
spherical harmonics (see, e.g., [10] for details) and a,, ,, are vector valued constants.
The (infinite domain) PML solution is defined by

E(x), for|x| <,

o0

E — n
Z Z an:mhi(kﬁ)ynm(€7¢)a for p= |.’D‘ 2 .

n=1m=-—n

By construction E and E coincide on €. Furthermore, the complex shift in the argu-
ment of hl above (kp replaced by kp) guarantees exponential decay of E as p tends to
infinity.
The PML solution defined above satisfies a differential equation involving p and j—ﬁ.
A simple computation shows that
j—g =(1+i0(p)) =d
where
o(p) = (p) + pd'(p)-
It follows that o is in C*(R") and satisfies
olp)=0 for0<p<mr,

a(p) > G(p) for p € (rir2),
o(p) =09 for p>ry

The solution E satisfies Maxwell’s equations using the spherical coordinates (p, 0, ¢)
[10]. More precisely,

~V XV XE+KE=0inQ°
(2.5) nx E=mnxgondQ,
E bounded at oo.

For E expanded in spherical coordinates,

FE = E’pep + E,geg + E¢e¢,

we have
- 1 o, .~ aEQ)
V X FE == —(sin 0 Ey) — — |e
dpsin 0 (8‘9( 2 dp )"
1/ 1 0E, 10 ~~
2.6 —_ p_ -2
(2.6) dp<sin 0 0¢ d@p(dpE¢))ee

1 /10 ~~ OFE
— (== (dpEy) — ==L e,
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3. THE TRUNCATED PML PROBLEM AND ITS GALERKIN APPROXIMATION

Since the solution of (2.5) coincides with that of (2.2) on ; while rapidly decaying
as p tends to infinity, it is natural to truncate to a finite computational domain €2, and
impose convenient boundary conditions on the outer boundary I'y,. We shall always
require that the transitional region is contained in Q, i.e., Qs C Qe. N

The truncated PML approximation is then given as the vector function E; defined on
Qs satisfying

VXV XE;+kE;,=0in Q,
(3.1) nx By =mn x g on 09,
n x Et =0on .
We shall assume that €2, is sufficiently large so that we can apply the results of [3] to
conclude existence and uniqueness of solutions of (3.1).
We can write the derivatives in (3.1) in terms of cartesian coordinates. Following [10],
we define the diagonal matrices (in spherical coordinates)
Av = d 2v,e, + (dd) " (vpes + voey)

and

Bv = dv,e, + d(vges + vyey).

Then, V x E = AV X (BE) The matrices A and B have simple representations in
cartesian coordinates, e.g.,

- ~ 2

. d=2 — (dd)! Ty T1T2 T1X3

A= (dd)'T + # ToTi X5 Tax3
P T3T] T3Ty  Th

Here I denotes the 3 x 3 identity matrix.
Following [10], we first define a weak form of the PML problem (3.1) by setting

E; = g — w and setting up a variational problem for E = Bw € H(curl; Q.), i.e.,
(3.2) A(E, W) = A(Bg,¥) forall ¥ € Hy(curl; Q).
Here the sesquilinear form A is given by

AO,0) = (' VX O, VX¥) - k*(u®,¥) for all ©, ¥ € H(curl; Q)

and pu = (AB)~!. For convenience, we have used the notation (,-) above to denote the
inner product on €2, as inner products on €2, will be used extensively in the remainder
of the paper.

We consider the Nédélec finite element approximation to Problem which we
restate as

(3.3) AE,¥) = F(¥) forall ¥ € Hy(curl; Q).

Here F' denotes the functional corresponding to the right hand side of (3.2).
For convenience, let (), denote the curl conforming approximation subspace of Nédélec
elements on tetrahedra shaped elements consisting of piecewise polynomials of maximum
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degree r [5, 10, 12, 13]). Our results extend to the brick shaped elements. The finite
element approximation to (3.3) is: Find E; € @)}, satisfying

(3.4) A(E, @) = F(®) forall ® € Q.

The main result of this paper is contained in the following theorem. Its proof will be
given in the remainder of this section.

Theorem 3.1. There exists hg > 0 such that if h < hgy, Problem (3.4) has a unique
solution Zj, which satisfies

||Eh - E”H(curl;Qoo) S CV%ICgh ||V_ EHH(curl;Qoo)-

The proof of the above theorem is based on a perturbation argument and duality.
Such arguments have been applied to uniformly elliptic problems [14] as well as time
harmonic Maxwell problems on bounded domains [9, 10].

In spherical coordinates, the matrix function p is represented by multiplication by a
diagonal matrix with complex diagonal entries { D1y, Doy, D33} = {d?/d, d,d}. Because
of the assumptions on ¢ it follows that there are constants ¢, ¢; satisfying

(3.5) ¢o < Re(Dy;) < ¢y and ¢y < Re(D;}') < c1.
Setting

AW, V)= E2(uW, V) + (' VX W,V xV)
for W,V € H(curl; ),), it follows that

(36) ||WH%-I(curl,Qoo) < ORQ(A(Wv W))
and
(3.7) 101711 ..y < CRe(uV6,V0) for all 0 € Hy(Qu).

We will first prove the inf-sup condition corresponding to Problem (3.2), namely that
for V€ Hy(curl; Q.),

AV, 0
(3.8) [V E(curion) < C sup A )

O®cHy(curl;) H S HH(curl;Qoo) .

This will be a consequence of an inf-sup condition proved in [3].
We follow [3] and set

Xy (Qs0) = Ho(curl; Q) N H(div; p, Qo)

where H°(div; u, Q) = {U € L*(Q) : V- (uU) = 0}. It was shown in [3] that for
v E XN(Qoo>,

A,
(39) [l <C  sup AL
PEXN (Qoo) H q’)”H(curl;Qoo)

Let V be in Hy(curl; Q) and set V = v + V¢ where v € H}(Q) solves
(uV Y,V 0) = (uV,V ) forall € Hy(Qp),
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so that v is in Xy (2s). Thus,

AV, ¢
[ollsreurton) <€ sup 2 T,
(3 10) PEX(Qoo) ||¢||H(curl;ﬂoo)
' AV, 0
<c s YO L ooy,
OcHy(curl;Qs) ||@||H(curl;ﬂoo)
Now

IVl 320 < CIAVY, Vi) = CLA(V, V)],
from which it follows easily that
AV, 0
610 [Vélmemno = Voo, <€ sp  AVOL
OcHy(curl;Qs) H@HH(curl;Qm)

The inf-sup condition (3.8) then follows from the triangle inequality, and .

Because of (3.6), we can define a Galerkin projector: P, : H(curl; Q) — Q) satis-
fying
(3.12) A(®, P, V)= A(®,V), forall ®c Q.
Clearly, P, is bounded and gives rise to quasi-optimal convergence. We then have the
following lemma which we shall prove at the end of this section.

Lemma 3.1. Let P, be defined by (3.12). Then, for Vi, € Qu, © € H(curl;Q,), and
for some s > 1/2,

(3.13) (1Vh, © = F1©)| < C1*[|O| m(eurt:o) | Vil Erteurtion)-

Using the above lemma, we can now prove Theorem 3.1.
Proof of Theorem|3.1. Tt is clear that the theorem will follow if we verify the discrete
inf-sup condition: For V}, € Qp,,

AV, 0
(3.14) HVhHH(curl;Qoo) < C sup H—h”
OcQy HG)HH(curl;Qoo)

Applying (3.8) with V =V, € Q,, we have

AV, ©
ClIVill Hcurtom) < sup M

©€cHy(curleo) ||®||H(Curl;Qoo)

< sup ‘ ( i h )| -+ sup M
OcHy(curl;Q) ||®HH(curl;Qoo) ©c Hy(curl;o) ||®HH(CUI‘1;QO°)

— 2]{2’(/1"/]1, ® — ph("))‘ ‘A(Vh’ ph@)’

N Sup + sup AT PRI
©cH(curl;Q) H@“H(Curl;Qoo) ©cH(curl;Q2) H@HH(Curl;Qm)

Applying the lemma and stability of P, in H, (curl; €.,), we have that

. A(Vy,, P,©
OHVhHH(curl;Qoo) < h ”VhHH(curl;Qoo) + ‘A ( o )|
OcHy(curl;o) ||Ph@HH(curl;Qoo)
‘A<Vh7 G)h)‘

= thVhHH(curl;Qoo) + sup )
©,cQn |l Fr(curtion)

Thus, (3.14) follows for h sufficiently small. U
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We need an additional result for the proof of the lemma. To this end, we introduce
Xr(Qs) = H(curl; Q) N HS(div; p, Qs),

where HS(div; p, Qo) = {U € Hy(div; Q) : V-(uU) = 0}. The following proposition
was proved in [3] for Xy (2w ). The proof for X7 () is similar.

Proposition 3.1. Xy (Q.) and Xr(Qs) are contained in H*(Qs) for some s > 1/2.
Moreover,

(3.15) V]

(0. < OV HCeuso.)  for all Ve Xy(Qo) U Xp(2s0).

We will now prove the lemma.
Proof of Lemma 3.1. For ¢ =1,...,p, define 1@ to be the function in H'(Q,) satisfying
—AY; =0, in O,

~

Y; =0, onl;(j=1,...,p,00, j#1),

~

wi: 1, on Fz

Let T, be the p-dimensional space spanned by {¢;} for i = 1,...,p and set H} (Qs) =
H(Qu0) + Wy. Tt is an easy consequence of Theorem 3.17 and Corollary 3.16 of [1] that
the sequence
HY Q) —— Hy(curl; Qo) —2 Hy(div; Qo).

is exact. 3

On the discrete level, we introduce the space Sj, which is defined to be the H'(Q)
conforming space consisting of functions which are piecewise polynomials of degree r,
are constant on I';, 7 = 1,...,p and vanish on I'.. It is an easy consequence of Lemma
5.3 (Chapter 3) of [5] that if g € @}, satisfies V X g = 0, then g = Vp for some p € S},.

For ©® € H(curl; Qm),get e =0 — P,0 and let V}, be in Q). We decompose e as
e =ey+ V1, where v € H}(Q,) satisfies
(3.16) (LV ¢,V ) = (ue, V&) forall ® e Hl(Qy).
Note that eg is in Xy (Qs)- )

We then decompose V), as Vi, = Vi, + V 9y, where 9, € S}, satisfies
(3.17) (uV 1, VO) = (uV,,, V) forall d e Sy

Thus, since V ¢, € Qp,

(BVi,€) = (BVon, €) + (1Y ¥n, €) = (uVon, €) + k2A(V ¢y, €) = (uVo, ).
Hence
(3.18) (LVh,€) = (kVon, €) + (Vo V ).

We will estimate the two terms in (3.18) separately. To estimate (pVj 1, €9) note that
(tVon, Vor) = (BVon, Vi). Thus, it follows from (3.5) that

IVorllzz 0. < ClIVallz2u)-

Hence

(3.19) (Vo €0)| < Cl[Vall 20 lleoll z2o.0)-
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To estimate the right hand side above, we will use a duality argument. The bound
for (3.19) is similar to an argument in [10] modified to take into account a multiply
connected boundary and complex coefficients appearing from the PML operator.

Let z € Hy(curl; 2,) satisfy

A

(3.20) A(z, ®) = (ney, ®) for all ® € Hy(curl; Q).
Because of (3.6)), this problem is well posed. In addition, the solution satisfies (uz, V 6) =
0 for all # in H}(Qw) and thus z is in Xy () so the proposition implies that it is in
H:(Q,) for some s > 1/2. Also, v = p~' VX z is in X7(Q) and the proposition
implies that it, too, is in H*(Q2). As p is smooth, this implies that VX z is in H*({2)
and
(3.21) 12][ 020y + | VX 2] 10 (00) < Cllenll 2o

For any z;, € Q,
(3.22) HeoHiQ(Qw) < Cl(peo, e0)| = ClA(z, e0)| = C|A(z,e)| = C|A(z — z, €)].
By the approximation properties of the Nédélec spaces,

inf flz—z,e <C inf ||z—=z2 curl. ell Beurt.
(3.23) thQh’ ( me)l < zhth” nll B(curt.oo) |l €] B(curton.)

< CP’|leoll 2 (o) el Fieurtan)-
Combining the above gives a bound for the first term of (3.18), i.e.,
(Vo €0)| < CP*|le]| acurion) [ Vall 2 (a.)-
We finally bound the last term in (3.18). Let ¥ € HE () solve
(VY U, V0) = (uVy,, V) forall 0 € H Q)
and set Vy = Vi, — V W, Then,
(3.24) (WVon, V) = (u(Vos — Vo), Vo) for all ¢ € Hi(Qw0).

The above proposition shows that Vj is in H*(€y,). Moreover, its curl is contained
in Ry, the corresponding conforming H(div;€),,) approximation subspace appearing
in the discrete De Rham sequence, and so is piecewise polynomial. It follows that the
natural interpolation operator 7, (onto Q) is well defined on Vj and satisfies

Vo = Vol 2 an) < C°[[Voll e auy + 2 VX Vol 2(0.))

(see, e.g. Theorem 5.41 in [10]).
The natural interpolation operators 7, and 7, for ), and Ry, respectively, along with
the curl operator satisfy a commuting diagram property. It follows from this that

VX(T’hVO — V07h) = 0.

The above discussion implies that r, Vo — Vy, = V ¢, for some ¢, € S,,. Tt follows that
(u(Vo — Vo), rnVo — Vo) = 0. Hence
(3.25) ((Vo = Vou), Vo — Vor) = (Vo — Vi), Vo — m Vo).
The estimate
Vo = Voullzan) < CliVo = 1 Voll 2.y < CR°|| Vol Hicurion)
< CW°|| Vil H(curtow)
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follows easily. Combining the above gives
(Vo V) < CP° (Vi meuron |V ¥l 22 o)
< CP°|| Vil B(eurton) €] 2o -

This gives the desired bound for the second term of (3.18) and completes the proof of
the lemma. O
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