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ABSTRACT. We investigate some simple finite element discretizations for the axisym-
metric Laplace equation and the azimuthal component of the axisymmetric Maxwell
equations as well as multigrid algorithms for these discretizations. Our analysis is tar-
geted at simple model problems and our main result is that the standard V-cycle with
point smoothing converges at a rate independent of the number of unknowns. This is
contrary to suggestions in the existing literature that line relaxations and semicoarsening
are needed in multigrid algorithms to overcome difficulties caused by the singularities
in the axisymmetric Maxwell problems [6]. Our multigrid analysis proceeds by apply-
ing the well known regularity based multigrid theory. In order to apply this theory, we
prove regularity results for the axisymmetric Laplace and Maxwell equations in certain
weighted Sobolev spaces. These, together with some new finite element error estimates
in certain weighted Sobolev norms, are the main ingredients of our analysis.

1. INTRODUCTION

In this paper, we prove the optimality of the standard multigrid V-cycle applied to
certain finite element discretizations of axisymmetric Laplace and Maxwell equations. In
particular, it follows from our results that it is not necessary to do line smoothing or semi-
coarsening to obtain optimal multigrid convergence, in spite of the singular coefficients in
the partial differential operators. This is contrary to suggestions in the existing literature
that line relaxations and semicoarsening are needed in multigrid algorithms to overcome
difficulties caused by the singularities in axisymmetric problems.

In the presence of axisymmetry, the three dimensional Laplace equation —Au = f
reduces to the following two dimensional partial differential equation:

(1.1) —lg( 8u) Ou = f, on D.

ror\ or 072
For simplicity, we shall only consider the case when the domain D is the unit square.
Note that the {r = 0} line intersects the boundary 0D, so the coefficients in (1.1) are
truly singular. Herein lies the difficulty in analysis of this problem. While the reduction
from three to two space dimensions obviously results in substantial computational savings,
the introduction of singular coefficients in the differential operator was thought to be a
problem, at least in the analysis of iterative solution by multigrid methods. But as we
shall show, a standard multigrid V-cycle with point smoothing converges uniformly at a
rate independent of the number of unknowns.
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When using multigrid algorithms for second order problems that are not uniformly
elliptic, it is well known that, in many cases, one needs to perform line smoothing to
obtain optimal algorithms [4, 8, 9, 10, 14, 15]. A rigorous proof of the optimality of the
V-cycle with line smoothing for a discretization of the operator

(12) e (aten ) = 5 (e ),

when a(z,y) > 0 is of unit size and b(z,y) > 0 is allowed to be arbitrarily close to zero, is
given in [8, 14]. Clearly, the partial differential operator in (1.1) is not a specific instance
of the operator considered in [8], although there are some similarities. Our contention is
that although line relaxation may be necessary to obtain uniform multigrid convergence
for (1.2) with degenerate b, it is not necessary for the operator in (1.1).

The paper [5] considers equations of the form (1.2) where the coefficients a and b are
given in tensor product form and have different types of singularities near x = 0. There
they suggest line smoothing and semicoarsening. While this may be necessary for some
examples considered in [5], as we shall see, neither is necessary for (1.1).

We also study the case of the axisymmetric Maxwell equations. In the presence of
axisymmetry, it is well known that the three dimensional vector Maxwell equations de-
couple into two systems of equations, one for the azimuthal component and another for
the meridian components [2, 6]. The equation for the azimuthal component is

2
(1.3) —82 (lﬁ(m)) - 6—2‘ =T
r \ror 0z

This scalar equation can be analyzed by techniques somewhat similar to the axisymmetric
Laplace equation (1.1). We will investigate two distinct finite element discretizations for
this equation, one using bilinear elements and another using a finite element space of linear
combinations of r,1/r,rz and z/r. Both discretizations yield systems for which we can
prove that the multigrid V-cycle converges uniformly at a rate independent of the mesh
size. Multigrid algorithms for the azimuthal Maxwell equation (1.3) have been studied
previously in [6]. However, the algorithm considered there resorts to line smoothing as
well as semicoarsening. As in the case of the axisymmetric Laplace equation, neither is
necessary.

While spectral discretizations of certain axisymmetric problems have been thoroughly
studied [3], finite element approximations seem to have been less studied. Before proceed-
ing to multigrid analyses, we therefore introduce the weak formulations of our problems
in certain weighted Sobolev spaces and prove new finite element approximation estimates.
In particular, our estimates bound the finite element error in weighted Sobolev spaces us-
ing norms of the data that are appropriate for multigrid analyses. Our multigrid analysis
proceeds by verifying the well known conditions of the regularity based multigrid theory.
In order to apply this theory, we prove regularity results for the axisymmetric Laplace
and Maxwell equations in certain weighted Sobolev spaces. While most of our regularity
estimates are consequences of the well known regularity results for the three dimensional
problems, one (Theorem 4.1) appears to be peculiar to the axisymmetric case.

Weighted Sobolev spaces have been used to obtain optimal multigrid convergence es-
timates. For example, [17] used weighted Sobolev spaces to analyze the behavior of
multigrid when applied to problems with point singularities such as those resulting from
second order problems with re-entrant corners.
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The outline of the remainder of the paper is as follows. We first introduce the weak set-
ting for the axisymmetric Laplace problem and prove finite element estimates (Section 2).
In Section 3, we introduce the weak formulation of the azimuthal Maxwell problem, prove
a regularity estimate, and prove finite element convergence. In Section 4, we continue
our investigation into azimuthal Maxwell problem by proving convergence of a different
finite element discretization. The multigrid convergence analysis is given in Section 5.
Numerical experiments illustrating the theoretical results are given in Section 6. Finally,
proofs of technical lemmas are gathered in Appendix A.

2. THE AXISYMMETRIC LAPLACE EQUATION

In this section, we consider the axisymmetric Laplace equation on the unit square D
in the r-z plane (so the {r = 0} line intersects 0D). Let I'y be the part of 9D along
the z-axis and I'y be the remainder of dD. We then formally have the following partial
differential equation:

Lu=f on D,
u =0 on Iy,

_ 1o o\ _ o
 ror r@r 022"

If the solution is smooth, the axial symmetry implies the boundary condition d,u = 0
on I'y. A weaker natural boundary condition is imposed in a subsequent variational
formulation. We shall approximate this problem using bilinear finite elements. More
general domains can be handled, e.g., by employing standard linear triangular elements
away from I'y and bilinear elements near I'g. Then the analysis can proceed by combining
the new estimates we shall develop near I'y with the standard finite element estimates for
triangular elements. We omit such generalizations in the interest of simplicity.

(2.1)

where

2.1. The weak solution. The variational formulation that we consider is selected so that
its solutions coincide with the meridian trace of the axisymmetric solutions of the weak
form of the three dimensional Laplace equation (2.1). Let L?(D) denote the weighted
Lebesgue space of all measurable functions on D for which ||ul|2(p) = [}, u* rdrdz < oc.
The weighted Sobolev space H*(D) consists of all functions in L2(D) whose distributional
derivatives of order k are also in L?(D). Sobolev seminorms and norms are denoted in
the standard way, e.g.,

vlEpy = / (|0,v]* + 10.v]*) r drdz
D

|U|%-13(D) = /D(|87“7"U|2 + |arzv|2 + |(92zv|2) r drdz.
The following properties of these weighted spaces will be useful:

Proposition 2.1.
(1) C>=(D) is dense in HF(D).
(2) For allv € HYD), on any horizontal edge E, = {(r,a) € D : 0 <r < 1},

1
(2. 3 [ vt < Pl + 10000,
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FIGURE 1. The computational domain and its revolution

(3) For allv € HYD) with v|g, =0 for some 0 < a < 1,
[0l z2(py < 110l z2(p)-

The first assertion of the proposition is a well known fact (see e.g. [13, Theorem 11.2]).
It is easy to verify (2.2) for all v € C*°(D), so the result follows by the density asserted
in the first part. Note that it follows from Proposition 2.1(2) that traces exist on z = 0
and z = 1 edges of D (in a one dimensional weighted L? space). Traces obviously exist
on the r = 1 edge as in a neighborhood of that edge the function is actually in a standard
Sobolev space. Note that traces of H!(D) functions do not exist, in general, on the r = 0
edge of 0D. The last inequality of Proposition 2.1 is a Poincaré inequality which also can
be easily established using the density of smooth functions.

Now we introduce the first variational problem that we shall study. Define

a,(v,w) = / r (0yv0,w + 0,v0,w) drdz,
D

(v,w)r:/rvwdrdz, and
D

(2.3) V ={ve H D) : vl =0}

By Proposition 2.1(2), V is well defined. We are interested in approximating u € V
satisfying

(2.4) a,(u,v) = (f,v),, foralwvelV,

for some f € L?(D). By Proposition 2.1(3), the conditions of the Lax-Milgram lemma
are verified so there is a unique weak solution « in V.

As is well known, the weak solution of (2.4) is related to the solution of a three dimen-
sional axisymmetric Dirichlet problem. Let Q = {(r,0,2) : 0 <r <1, 0<z< 1, 0 <
0 < 27}, where (r, 0, z) are cylindrical coordinates (so 2 is the revolution of D about the
z-axis — see Figure 1). We denote the subspace of axisymmetric elements of H*(2) by
H*(Q) and L2(Q) = H(Q) (for definitions of axisymmetric Sobolev spaces see [3]). The
restriction map g(r, 0, z) — gp(r, z) given by

(2.5) gp(r,z) = g(r,0,z), forall (r,z) € D,
is well defined for smooth functions and extends to an isometry from L*(Q) onto L2(D):

(2.6) 2mllgpll72p) = 1190172



AXISYMMETRIC PROBLEMS 5

The action of the inverse of the restriction map g — ¢gp will be denoted by superscripting
functions with Q, e.g., (gp)® = ¢g. Then, if U is the solution of the three dimensional
Dirichlet problem

(2.7) —AU = onQ, U=0 on 09,
it is easy to see that [3, Proposition I11.4.1]
(2.8) u? = U.

where u solves (2.4). The following regularity estimate will be useful in our subsequent
multigrid analysis.

Theorem 2.1. There is a constant Cyeg such that for all f € L%(D) the solution u of (2.4)
satisfies

|U|H3(D) < Creg||f||L72»(D)'

Proof. Since 2 is convex, by a standard regularity result, the solution U of (2.7) is in
H?*(Q) and there is a constant Ce such that

(2.9) HU“H?(Q) < Creg||fQHL2(Q)'
Thus,

U paggy = /(yagUP + 02U + 02U 2 + 2|0,0,U* + 210,0.U 2 + 2|0.0,U]?) dadydz
Q

2mpl pl o.U 9
(2.10) :/// r(|8§U\2+]83U\2+2\8T6ZU]2+] : |)drdzd0

0JoJo

2,12 2,12 2, (Orupe
:27r/ r(]@zu\ +02ul® + 210,0.ul* + | " | >d’rdz
D

(2.11) > 27| ul B2 ).
and the result follows by (2.6), (2.8) and (2.9). O

2.2. An approximation estimate. We use bilinear finite elements to discretize (2.4).
Let the domain D = (0,1)? be partitioned into squares with vertices (ih,jh),h = 1/n.
This forms the mesh 7). Let V;, C V denote the standard bilinear finite element space
with respect to mesh 7. The finite element approximation of u is the function u;, € Vj,
satisfying

(2.12) a,(up,vp) = (f,vp), for all v, € Vj,.

To obtain an error estimate, as well as for multigrid analysis later, we need to construct
an interpolation operator with approximation properties in the weighted norms. Define
0}, : H>(Q) — Vj, element by element as follows: On every element K whose boundary
does not intersect I'g, (II,v)|x is the unique bilinear function whose value at the four
vertices of K coincides with that of v. The remaining elements are of the form (0,ry) x
(20,21). On such an element K, (II,v)|x is defined to be the unique bilinear function
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satisfying
(pv)(r1, 20) (71, 20),

(ITpv)(ry, z1) = v(r1, 21),

/ P2 (0,11,v) (p, 20) dp = / p20,v(p, z) dp,
0 0

1 r
| o @ do= [0 o) dp
0 0

Note that ;v is defined for all v € H?(D) because each of the right hand sides above
define a continuous functional in H?(D), e.g., the functional v — [ p'/20,v(p, 2) dp,
is continuous on all H?(D) by Proposition 2.1(2), while the functional v — v(ry, 29) is
continuous because a Sobolev inequality holds away from r = 0. It is also easily seen
that the linear system defining II;, on each element is uniquely solvable and that II,v is
a continuous function on D. The change in the definition of II,v on elements with an
edge on the r = 0 axis is necessitated by the fact that v — v(0, z;) is not a continuous
functional on H?(D).

We prove an approximation estimate for I, using a few intermediate lemmas. In these
lemmas, K C D is the square given by

(2.13) K={(r,z): rno<r<mr, z0<z<z}
where z; = 29 + h and r; = ry + h. Proofs of all lemmas are in Appendix A.

Lemma 2.1. Let v € H}(K) satisfy any one of the following conditions:

(2.14) / o, ¢) dC = 0.
20

(2.15) /T1 v(p,29) dp =0 and ry > 0.
0

(2.16) /T1 p*0(p, 20) dp = 0 and ry = 0.
0

(2.17) /T1 pv(p,z9) dp =0.

Then O

10122 0x) < 3R%[0l5xc)-

Lemma 2.2. For allv € H?(K),

3
19 (Wa0) 720y < 5 10m20 11220

Theorem 2.2. For allv € H*(D)
|’U — Hh'U|HT1(D) S V 15h|'U|HT2(D)'
As a consequence, the discrete solution uy, approzimates the exact solution u of (2.4):

|u — un|mpy < Ch|fllLzp)-
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Proof. Since 0,(v — II,v) satisfies (2.14) and 0,(v — II,v) satisfies (2.15) or (2.16), by
Lemma 2.1 we have

0 = Ty ey < 312010 (0 = T00) B3y + 10— ) )
+307([10p2 (u — Tpw) | Za ey + 1022 (u — ) |72 1c))-
Since 0,.-(I1pv) = 0., (I1xv) = 0, this implies
(2.18) v = Il x) < 3020wl 20y + 30210201 Ta ey + 617]|0rs (v — T10) |72
By Lemma 2.2,
10r2 (v = Tl Z2() < 20100112 s0) + 201002 () 220
< 5HarzUHL,%(K)'

The interpolation error estimate of the theorem follows by using this estimate in (2.18).
The second estimate of the theorem follows from the first and the regularity estimate of
Theorem 2.1. U

3. THE AZIMUTHAL MAXWELL PROBLEM

In this section, we shall study a finite element discretization for the azimuthal compo-
nent of the axisymmetric Maxwell equations. Formally, the governing partial differential
equation is

(3.1)

where

We investigate two approaches to a finite element discretization of this equation, one
using standard bilinear elements, and another using a finite element space built using
linear combinations of r,1/r,rz and z/r. In this section, we will investigate the latter.
The next section is devoted to the former. Just as linear functions are in the kernel of the
standard Laplace operator 0, + 0.., the span of r,1/r,rz and z/r is in the kernel of Ly.
Hence considering finite elements built using the span of r, 1/r,rz and z/r is as natural as
considering linear finite elements for Laplace equation. We begin by specifying the weak
problem and associated spaces.

3.1. A weak formulation. To give a variational formulation of (3.1) together with ap-

propriate boundary conditions, we start with an appropriate Sobolev space. Let f[ﬁ(D)
denote H}(D) N L} 1/»(D) where L1/T<D) is the set of all measurable v for which

HvHLz (D) = /Dr_lv2d7’dz < 0.

1/r

H}(D) is a Hilbert space with the norm

1/2
oty = (Wllor + 101 )

Lemma 3.1. The set of C>(D) functions which vanish in a neighborhood of I'g (the
{r =0} line segment) is dense in H'(D).
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As before, proofs of all lemmas are in Appendix A. In order to clarify the nature of
traces of H!(D) as well as for later arguments, the following lemma will be useful.

Lemma 3.2. Let K be a square contained in D with vertices as in (2.13). For all

v € HY(K), the trace of v on a vertical line segment S, = {(a,2) € K : 20 < z < z}
ezists for any a € [ro,r1] and

T + h
HUH%Q(SE) < ||8TU||%2(K) + THU||L§/T(K)-

The lemma shows that unlike H2(D), functions in H'(D) have traces in L? even on the
r = 0 edge. Moreover, since functions in C°(D) which vanish in a neighborhood of T'g
have zero traces on this edge, by the density given by Lemma 3.1, traces of all functions
in H}(D) must vanish on that edge. Traces on the remainder of D obviously exist by
Proposition 2.1.

Proposition 3.1. For all v € HY(D), 8,(rv) is in L},,.(D) and satisfies
001+ 101y oy < 10023 ) < 21001500y + 2001y

Proof. The upper inequality is obvious for smooth functions so by Lemma 3.1, 0,.(rv)
exists in L? /(D) (and satisfies the same inequality).

For the other direction, note that if v € C°°(D) and vanishes in a neighborhood of Ty,

1,1 1
/ 200,vdrdz = // 0,(v?)drdz = / v*(1,2)dz > 0.
D 0Jo 0

Hence,
o, (rv) |? 2
/ T (rv) drdz = / r<|8,,v|2 + v_2 + 22&1}) drdz
D r D r r
02
> / T(|&,v|2 + —2) drdz.

D r

Using Lemma 3.1, we get the lower inequality for all v € ]TIT} (D). 0

Now we can state a well posed weak problem for the azimuthal Maxwell equation with
electric boundary conditions. Defining

(3.2) V' ={ve H(D):v=0ondD},

the weak problem can be stated as follows for any given f € L2(D): Find u € V? satisfying
(3.3) ag(u,v) = (f,v), forallveV?

where

ag(v,w) = 1a,n(m)&n(rw) drdz + /DT(GZU)(GZ@U) drdz.

pT
This bilinear form is continuous by Proposition 3.1 and coercive by Proposition 2.1(3).
Hence by the Lax-Milgram lemma, there is a unique u € V? satisfying (3.3).
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Now we give a regularity result for the weak solution. Let

— 2
(3.4) |U|§§2(D) =|r lar(rv){H}(D) +10:0[f10),

2 2 2 2
H2(D) — v H2(D) + HUHI}}(D) + HaZUHL%/T(D)J

H}(D) = {v € H}(D): ||v

o]

H%E(D) < 00}

The following regularity theorem is a straightforward consequence of the well known
regularity estimates for static Maxwell equations in three dimensions. It will be useful to
recall that if v = v, e, + vg ey + v, e, in cylindrical coordinates then

[ 10v,  Ovy Jdv, Ouv, 1/ 0 ov,
(3.5) curlv = (; 50 E)er + (6’2 ~ 5 )ee + ;(E(rvg) — %)ez.

Here e,, ey and e, denote unit vectors in the r, # and z directions, respectively.

Theorem 3.1. If u solves (3.3) for an f € L2(D), then u € H2(D) and
sy < I Bsco

Proof. Let D(D) denote the space of compactly supported infinitely differentiable func-
tions on D. If u solves (3.3) with an f € L?(D), then the distribution Lyu satisfies

(Lou,r¢) = ag(u, ¢) = (f,7¢)

for all ¢ € D(D). Since D(D) is dense in L?(D), this implies that Lyu and f coincide
as functions in L2(D). Now note that (Lyu)® is the f-component of curl curl uy where
uy = u'ley. Since the equality Lou = f holds in L3(D), a corresponding identity holds in
the isometric space L?():

(3.6) curl curlug = f%ey.
Moreover,

(3.7) divug =0 on 2,
(3.8) ugxn =0 on 0f).

Hence by standard regularity estimates for vector potentials on convex domains [1],
leurlwg |5 o) + uollzn o) < CllfIIZ20)-

By (3.5), curluy = —(0,u)e, + r‘lgr(ru) e.. Since the r, ¢, and 2 components of
H'(Q) are isometrically equivalent to H'(D), H!(D), and H}(D), respectively [2, Propo-
sition 3.17],

1
g(chrle?p(m + HIU’@H%-P(Q)) =

2

1
A e I ey

H}(D)

This completes the proof of the theorem. O
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3.2. A finite element space. As mentioned earlier, we will consider two suitable finite
element spaces for discretizing the weak problem, one in this section, and another in the
next. The space we consider in this section is

VY ={v e V?: |k is in the span of r,1/r,rz and z/r for all K € T},

where, as before, T} is the mesh of square elements that partition D. Note that locally
constant functions are not in this space, yet we shall prove approximation properties by
direct_arguments. The finite element approximation is defined as the unique function
up, € VY satisfying

(3.9) ag(up,vp) = (f,vp)r, forall v, € ‘72

To prove that u;, approximates u, we first prove an approximation property of 172 using
a nodal interpolation operator

ﬁz : ﬁf(D) — ‘N/Z
On every element K, (ﬁzv)] K 1s defined as the unique function in the span of r,1/r, z,
and z/r satisfying

(3.10) (I10) (rs, z;) = v(ry, 2j), i,7=0,1,

where the notation for coordinates of vertices of K is as in (2.13). The following propo-
sition shows that I1¢ is well defined on all functions in H2(D).

Proposition 3.2. For all w € H2(D) and any point (r,z) € D,
jw(r, 2)| < Cllwll g2p)

Proof. For any vertical edge E containing (r,z) we apply Lemma 3.2 with K = D and
v = 0,w to get that

||8zw||%2(3) < C(H(?szi;/T(D) + ||aTZw||%2(D)) < CH“’”?EI;(D)-
Now by a standard Sobolev inequality for H!(FE),
w(r, 2)| < CUI0:wlzaE) + llwlZaE)

Applying Lemma 3.2 again to bound |Jw||3. () @nd combining these inequalities completes
the proof of the proposition. O

It is easy to see that ﬁ,elw is a continuous function on D and vanishes on dD. We will
now prove an approximation estimate for 119 using the following lemma.

Lemma 3.3. For all v € H3(D),

Z ’ﬁzvlgﬁ(l{) < 12fv %rg(D)'
KeTy

Theorem 3.2. Let ||v||o, = ag(v,v)"?. For all v € H(D),
v = vlle, < Chlv| gz py-

Consequently, if u satisfies (3.3) and uy, satisfies (3.9), then
lu = unllay < ChflL2(D)-
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Proof. Let ¢ = v — ﬁZU. Since 10, (re) satisfies (2.17) and 9, (re) satisfies (2.14), by
Lemma 2.1, we have

Ir=0(re)llZaxey < CR*|r="0,(re) 2 i)
101172 < Ch*|0:¢1 % x)-
Summing over all elements we have

o~ o2, < 3 2 — ol
KeTy

)

Using Lemma 3.3 we finish the proof of the first inequality of the theorem. The second
follows from the first by the orthogonality property of the Galerkin method and the
regularity estimate of Theorem 3.1. O

4. THE AZIMUTHAL MAXWELL PROBLEM: BILINEAR ELEMENTS

In this section, we consider the same Maxwell problem and the same weak formulation
as the one in the previous section. However, we study a different discretization. We
discretize (3.3) using the standard bilinear finite element space

(4.1) Vi = {v € V¥ : v|g is bilinear in r and z for all K € T;,},

instead of \N/i Now, instead of (3.9), the finite element solution is defined as the unique
function uy, € V) satisfying

(4.2) ag(up,vp) = (f,vp), forall vy, € Vhe.

Considering that bilinear elements are standard and may be easier to implement than the
elements of the previous section, this discretization may be preferred over (3.9).

To analyze the bilinear element, we shall need a stronger regularity result. This is
because it is not possible to control the error in nodal bilinear interpolation of u using
the norm |u[ gz . Indeed, if uw = 1/r on an element K away from I'o, then |u[gz g =0,
but the error in the bilinear interpolation is not zero. Such a problem did not arise in the
previous sections. We will overcome this problem by controlling the interpolation error
using an additional derivative of u, namely 0,,u. In order to do this, we first prove a
regularity result stronger than Theorem 3.1 whereby such derivatives can be controlled
by data.

4.1. A regularity estimate. To prove an improvement of Theorem 3.1, we begin by
showing that solutions of (3.3) can be approximated by smooth functions. Smooth ap-
proximating functions are particularly easy to construct in the case of our simple geometry.
Let J,(r) denote the Bessel function of the first kind of order v. Define

V2

Jm(r) = mh(ﬁm'f’),

where (3, denotes the m-th positive zero of J;. Define
sn(2) = V2sin(nmz).

Then by classical completeness results for Bessel functions (see [12, Ch. 8], cf. [16, § 18.5])
the set of functions e, (7, 2) = Jm(r)s,(z) for all m,n € N forms a complete orthonormal
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basis for L?(D). These functions are eigenfunctions of Ly. Indeed, letting A, = (2 +
(nm)? we have Loemn = A\mn€mn. Consequently, expanding u and f in terms of e,,,,

U= E Cmn€mn and f = E dmnemn7

m,neN m,neN

we observe that Leu = f implies ¢,y = din/Amn. Now consider the partial sums

J4 J4
Uy = E Cmn€mn and fZ = E dmnemn-

m,n=0 m,n=0

The functions u, are smooth approximations to u as shown below:
Proposition 4.1. The sequence uy converges to u in ﬁf(D)

Proof. Clearly u — uy, satisfies
Lo(u—ug) = f—fi, onD,
u—up =0, on 0D,
By Theorem 3.1,
Ju— WHﬁIg(D) < Clf = fellzzoy-
Since f, — f in L?(D), we have the result. O

We can now give the improvement of Theorem 3.1.

Theorem 4.1. If u satisfies (3.3) for some f € L2(D) then
u
lullz2(py + [lull g2(py + H&(;)HL%(D) < Cl[fllr2p)-

Proof. Let u, be as in Proposition 4.1 and g, = 9,719, (ru,). Our proof is based on the
identity

1 T
(4.3) 8,,(%) = ——/ s*gu(s, z) ds.
0
This identity follows by integration by parts:

1 [ 1 T
_ﬁ/o s%ge(s, 2) dS:_r_?’(raT(rW)_/o 20, (rug) (s, 2) ds)

= —rig(rar(r?u) — QTUZ) = aT<Ug/7’).

The operations above are justified because wu, is smooth. Now we apply the Hardy in-

equality [11],
/1r°‘ 1/TF(s)ds ar < L/lraw(r)\? dr
0 rJo T (1=a) )

with @ = —3 and F(s) = s2g,(s, 2) to bound the right hand side of (4.3). This yields

2

Uy 2 1 2
||ar(7)HLg(D) < lgellzz o).
Since f; = —g¢ — 0..uy and since Theorem 3.1 gives ||0..u¢| r2(py < C|| fellL2(p), we have

(4.4) 18- 1200y < ClF 0
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Now, by standard arguments using Proposition 4.1, it follows that the distributional
derivative 9, (u/r) exists in L?(D) and

U

(4.5) ||3r(;)||2Lz(D) < Cllf72m)-
It now only remains to prove that

(4.6) 10rull 2oy < Cllf |2y

This follows from (4.5) and the identity
Oppt = 0,710, (ru) — 0, (u/7)
since ||0,77 10, (ru)||r2(py < C||f|lz2(py by Theorem 3.1. O

Remark 4.1. Note that although Theorem 4.1 shows that the second derivatives %u, Or 2l
and 0.,u are in L2(D), it is not true in general that u® € H?(Q). This is because H?(Q) is
not isomorphic to H7(D) (see [3] for more results in this direction). Indeed, as indicated
by (2.10), one would also need d,u € L3,,.(D) for u® to be in H*(Q), a condition not given
by Theorem 4.1.

4.2. An approximation estimate. Now consider the finite element approximation de-
fined by (4.2) using the bilinear space V! defined in (4.1). First we prove approximation

properties of V? in the required norms using the nodal interpolant 19 : ﬁf(D) — V. On
every element K, (I1,v)|x is defined as the unique function in the span of 1,7, 2z, and rz
satisfying

(I190) (74, 2) = v(r4, ), i, =0,1,
where the notation for coordinates of vertices of K are as in (2.13). Proposition 3.2 shows

that 19 is a well defined operator on ﬁf(D) Error estimates for this interpolant and the
resulting finite element error estimates are given by the next theorem.

Theorem 4.2. For allv € H2(D) N H2(D) we have
lv = Thvlla, < Ch (Jvlmzo) + [v]72(1))-
Consequently, if u satisfies (3.3) and uy, satisfies (4.2), then
lu = unllay < ChflL2D)-

Proof. Let e = u—I1%u. First let us estimate ¢ on elements K with an edge on the {r = 0}
axis. A simple calculation shows that

(o)l = (Ij) i

on all such elements (where ﬁZ is as defined in (3.10)). Consequently, by the same
arguments as in the proof of Theorem 3.2, we have

\€|ﬁzg(K) < Ch\v‘f{g(m-
Now consider the remaining elements. By Proposition 3.1,
Cllellag < lelmrpy + ”€||Lf/r(D)‘
On the elements under consideration,

() |k = ()| k
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where IIj is as defined in Section 2. Consequently, by the same arguments as in Theo-
rem 2.2, we obtain that

elmr o) < Chlelmzo)-
Therefore it only remains to estimate ||| L3, (D) If K has coordinates as in (2.13), by
standard estimates (in non-weighted Sobolev spaces) for the interpolant, we have

1 1 h?
2 < C— 2 < C—h4 2 < Oh2 v 2 ]
||5||L§/T(K) > r0||€||L2(K) = |U|H2(K) > (T8)|U|H3(K)

Since h/ry < 1 for the elements under consideration now, the interpolation error estimate
of the theorem follows. The finite element error estimate follows as a corollary using also
Theorem 4.1. 0

5. MULTIGRID ANALYSIS

All the discretizations that we considered in the previous sections were based on the
mesh T,. Now we assume the standard geometric multigrid setting: The mesh on which
solution is sought, namely T, = T, is obtained by successive refinements of a coarse mesh
T1. We assume that T7 is a mesh of congruent square elements, and T} is obtained from
Te—1 (k > 2) by dividing each square element of Tj_; into four congruent squares. We
will analyze the convergence of the multigrid V-cycle algorithm in this setting for all of
the previous applications. _

Let Vj, denote one of the previously defined finite element spaces V;,, V)7, or V% on the
mesh T;. Then V}, is a subspace of the Sobolev space V' which we take to be as defined
by (2.3) for the Laplace application, and as defined by (3.2) for the Maxwell application.
Then

wcWCc---CcV;CV.

Let a(-,-) denote one of the previously defined bilinear forms on V' x V' (a is either a, or
ag). To state the multigrid V-cycle in a form suitable for both the applications, define
Qr: L2(D)— Vi, Py : V=V, and Ay, : Vi, — Vj, by

(Qrw, @), = (w, ¢),, forall ¢ €V} and w € L2(D),
a(Pyw, ¢) = a(w,d), forall p € V} and w €V,
(Arw, @), = a(w, @), for all ¢ and w € V.
We want to compute the finite element solution u, = A;'Q, f efficiently using the stan-

dard V-cycle multigrid algorithm. For any ¢ € V;, the V-cycle iterates v approximating
v = Ajlg satisfy the linear iteration

(5.1) D) = @ 4 Bj(g — Ayg),
where B : V; — V; is the operator defined recursively below:
(1) Bl = Al_l

(2) If k > 1, define By, : Vj — Vi by Brg = v! where v! is computed as follows:
(a) Pre-smoothing: v'/3 = Rig.
(b) Coarse grid correction:

U2/3 = U1/3 + Bk—le—l(g — Akvl/?’).
(¢) Post-smoothing: v = v*3 + Ry(g — Apv?®/3).
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In the above algorithm, the operator Rj represents a point Gauss-Seidel or Jacobi
smoother and R! denotes its adjoint with respect to (-,-),. Specifically, Ry is defined
using a splitting of the finite element space as follows: Let N, = dim(V}) and let x;,
1=1,2,..., N, be any enumeration of the vertices of the mesh T, which are degrees of
freedom. Let Dy ; denote the domain formed by the four or two elements connected to the
vertex x;. Let Vj; denote the set of functions in V;, which are supported on Dy ;. Define
le : L%(Dk,i) = Vk,iu Pk,i Vo Vk,iu and Ak,i : Vk,i = ‘/k,ia by

(Qriw, d)r = (w, @), forall ¢ €V, and w e L?(Dkﬂ-),
a(Pyw,¢) = a(w,¢), forall p € Vy,; andw eV,
(Apw, @), = a(w, ¢), for all ¢ and w € V.

Define the the additive Jacobi smoother by

Ny
e = ZA];;’QIC,]'7
j=1
and the multiplicative Gauss-Seidel smoother by

(5.2) G, = (I — (I —Pen)I = Pen—1)--- (I — Pk,l))Akl.
We can set Ry in the V-cycle to either aJ; for some scaling factor a, or G.

Remark 5.1. In the above presentation of the multigrid algorithm, it appears that one is
required to compute the action of (J,_;. The mass matrix inversion associated with this
can be avoided in implementation due to the special form of the smoothers. In addition,
the action of G is not implemented as presented in (5.2). In fact, its implementation
avoids the computation of A,;l. For details on these implementation issues, see, e.g., [7].

Local estimates enable us to prove the following basic two sided bound on the additive
operator. This will be an important ingredient in the multigrid analysis. Similar estimates
are well known for standard applications in non-weighted Sobolev spaces.

Lemma 5.1. There is a constant C'y independent of k such that for all v € Vy,

1 1
—G(U,’U) < (81211)7@)7" < CH_Q(U’U)M
1 02

where hy is the mesh size of Ty.

With the help of this lemma, we can now prove the uniform convergence of V-cycle for
the axisymmetric Laplace and Maxwell equations.

Theorem 5.1. The multigrid V-cycle with the smoother Ry set to either the scaled Jacobi
smoother ady, with 0 < a < 1/2 or the Gauss-Seidel smoother Gy converges at a rate
independent of h: There is a 6 < 1 independent of k such that

(5.3) 0 < a((I — BpAg)v,v) < da(v,v), for all v € V.

Proof. The case of the Jacobi smoother: According to [8, Lemma 2.1], once we prove that
the spectrum

(5.4) o(I — RyAx) C[-6,1), forall k,



AXISYMMETRIC PROBLEMS 16

and
(5.5) (RMI — Po1)v,(I — Poy)v), < Cpllv — Py, forall v € V4,
then (5.3) follows with
’}/Op . 1 92
: 0= —71H th v = - — ]
(5.6) R with ~ max(Q,l_e

To verify (5.4), note that by Lemma 5.1, o(adrAx) C (0,4a], so
o(I —adrAx) C [1 —4a,1).

If we choose 0 < av < 1/2, then (5.4) holds with § = 4a — 1.
To verify the second condition (5.5), we first use a duality argument. Let w € V satisfy

a(w,8) = (v = Py_1v,6),, forall g€ V.
Then, using Theorems 2.2, 3.2, or 4.2, as appropriate,

|w — Pr_ywlla < Chgllv — Pe_1v|12(p)-

Hence,
(v — Pr_qv,v — Py_1v), = a(w,v — Py_1v)

= a(w — Py_jw,v — P,_1v)
< Jlw = Pewllallo = Pravlla
< Chljv — Pe1v| 2oy ||v — Pr—19|fa-

Thus,

(5.7) lv = Pr_1v|| 20y < Chillv — Peo1v]|q.

The proof of (5.5) can now be completed using (5.7). Indeed,

('3, (I — Poy)v, (I = P_1)v), < aghginv — Pk—ﬂ”%g(p), by Lemma 5.1,
< Cllv = Pryolfz, by (5.7),

so (5.5) holds.
The case of the Gauss-Seidel smoother: According to [8, Lemma 2.2], once we verify
that

(5.8) 11 — Ry Aklla < 1,

and

(5.9) (R, (I = Po_y)v,v — Pooyv)y < Coyll(1 = Posy)||2, for all v € VA,

where Ry, = R, + Rt — Rt Ay Ry, the convergence estimate (5.3) follows with
Cur

5.10 = .

(5.10) 14+ Cy

Inequality (5.8) follows from the product representation

I —GpAy = (1= Pyn) (I — Pra),
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so it suffices to prove (5.9). Using standard arguments [7] utilizing the fact that a basis
function “interacts” with at most eight other basis functions, it is easy to see that

Ny
(5.11) Z a(Pyv,v) < 9% a(Gr Az, v).
i=1
Since (5.11) implies that a(d,Axv,v) < 9%a(SpArv,v), by Lemma 5.1, we obtain

2
= (w,w), < (Jpw,w), <9*(Gpw,w),, foral we V.

Cy
Consequently,
—1 C 92
(i (v = Perv).v = Pet)r < S0 = Pl
< CHU_Pk—lUHza by (57)7
so (5.9) follows. O

6. NUMERICAL RESULTS

In this section, we give the results of numerical experiments illustrating the convergence
rates of the V-cycle multigrid algorithm. We report three numerical experiments, one for
the axisymmetric Laplace problem and two for the azimuthal Maxwell problem. In all
cases, we divide the unit square into n x n square elements with n = 2¥ and use the finite
element discretizations which we have previously discussed. The boundary conditions are
as described in the previous sections.

We implemented the V-cycle multigrid algorithm with one sweep of point Gauss-Seidel
smoothing as described in Section 5 for all cases. One can use the V-cycle multigrid
operator B in two ways. One obvious way to use it is in the linear iteration (5.1). By
Theorem 5.1, this iteration will converge at a rate independent of the number of unknowns.
The rate of convergence in the energy norm is at most 6; = ||I — B;A||.. Another way
to use the V-cycle is to use B, as a preconditioner for A; in a preconditioned conjugate
gradient iteration. In this case the convergence is determined by the condition number of
the preconditioned system x(BjA;). Note that by Theorem 5.1,

(1—=465)a(v,v) < a(BAv,v) < a(v,v),

so k(BjAy;) < 1/(1 —dy). Since §; is bounded away from one independently of J, the
condition number is bounded from above independently of J.

In Table 6.1, we report the values of k(B;A;) and the convergence rate || — ByA||q.
These values were computed using estimates of the largest and smallest eigenvalues of
BjAj; provided by a few iterations of the Lanczos method. As we see from the tables,
the observed convergence rates are almost identical and clearly demonstrate a rate of
convergence independent of the number of levels.

APPENDIX A. PROOFS OF THE LEMMAS

Proof of Lemma 2.1. In view of Proposition 2.1, it suffices to prove the required estimate
for smooth functions v.
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Bilinear elements (r,1/r, z, z/r)-elements
Laplace equation Maxwell equation Maxwell equation
J | k(BjAg) | L — BiAslla, | 6(BsAs) | I — BjAjlla, | K(BsAS) | [ — BsAjlla,
2 1.13 0.12 1.08 0.08 1.08 0.08
3 1.19 0.16 1.17 0.14 1.17 0.14
4 1.20 0.17 1.20 0.17 1.20 0.17
5 1.21 0.17 1.21 0.17 1.21 0.17
6 1.21 0.17 1.21 0.17 1.21 0.17
7 1.21 0.17 1.21 0.17 1.21 0.17
8 1.21 0.17 1.21 0.17 1.21 0.17
9 1.21 0.17 1.21 0.17 1.21 0.17
10 1.21 0.17 1.21 0.17 1.21 0.17

TABLE 6.1. V-cycle convergence rates

(i) Suppose (2.14) holds. Integrating the equation

U(Ta Z) - U<T1>Z) = _/‘r1 8,,11(,0, Z)dp+ /ZZ 8ZU(7“7 C) dC

over Z € (2o, 21) and using (2.14) we obtain

ho(r, z) = —/ ov(p, Z) dpdZ + // 0.v(r,()d¢dZ, so
2z zod Z

oY T

B2 o(r, 2| < 2mn(ﬂ)/
T

20

/ p\aw<p,z>!2dp\d2+h2 [ [ oatror acaz.
T zod Z
Hence

T1 r
ol < 20000 ([ rin ar) + ntjounlge,
o

1 71 :h2/4 if’f’ozo,
/ rln — dr ) )
ro r < h®/2 ifry>0,
so the result follows.

(ii) Suppose (2.15) holds. Then, since

It is easy to show that

(A.1) v(r,z) =v(R, 20) + /z d.v(R,C)d( + /Rr Oyv(p, 2) dp,

integrating over R € (ro,r1) and utilizing (2.15), we find that

v(r, 2) //8URCdeC+//8'Up, 2)0pdR,  so

h2|v<m>12s2mn<—>uazv||%z<m+2( [ fuglam) ([] [ soteto e onfar)
To " ro o R

In —
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Since In(ry/r9) = In(1 + (h/ro)) < h/ro and

1,71
(A2) //
roJ ro

we obtain after further integration that

, 1., poo 1IR3
ln— dRdr = rorih + —h —1In (r )(rd 5(3r0h+7"0h ) < TR
0

3
PP vlza) < 501001z + 208100l 2,

from which the needed estimate follows.
(iii) Suppose (2.16) holds. Multiplying (A.1) by R'/? and integrating over R gives

§h3/2v(r,z): / / RY20,v(R,¢) d¢dR + / / RY20,v(p, z) dpdR.
0 Jz 0JR

Proceeding as before, we find that

4 1 LT1
Sl < W0l + R0l [ 7
0J0

The integral can be evaluated by taking the limit as 7y — 0 in the equality of (A.2). Then
we get the required inequality.
(iv) Proof of the last case is similar to the one above. O

In %’der.

Proof of Lemma 2.2. 1t is easy to verify that

h
2h5/2 // 1/28rzv pa )dpdC if To = 07

/ Or,0(p, ¢)dpd¢  if 7o > 0.
roY 20

8TZ(Hhv) =

The estimate of the lemma follows taking norms on both sides and applying the Cauchy-
Schwarz inequality. OJ

Proof of Lemma 3.1. Let u € H'(D). First, we extend u to a function @ on the right half
plane R% = {(r, z) : » > 0} such that

(A.3) HaHﬁ;(Ri) < Cllull gy n)-

This can be done as follows: (i) Reflect u about the {z = 0} line to get a function
in the rectangle {0 < r < 1,—1 < z < 1}. It can be easily seen that the standard
arguments that prove that reflection gives bounded extensions apply to our weighted
Sobolev space as well. (ii) Next, reflect the combined function about the {z = 1} line to
get a function in {0 < r < 1,—1 < z < 3}. (iii) Now reflect about the {r = 1} line to
get a function in {0 < r < 3/2,—1 < z < 3}. Note that this reflection does not reflect
the values of u near the {r = 0} line to the r > 1 side. (iv) Finally, @ is obtained by
multiplying the function resulting from the previous steps with a smooth cut off function
that is identically one in a neighborhood of D and has compact support in the extended
rectangle {0 < r < 3/2,—1 < z < 3}. This function satisfies (A.3).
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Next we cut off the function @ to zero smoothly near the {r = 0} line. Let y.(r) €
C*(R2) be a cutoff function satisfying

(A4) 0<y.<1

1 ifr>e,
(A5) 0 ={y gz
(A.6) |0, x:(r)| < CJe  for all
and define

Ue = xe(r) u(r, ).
Then, if S. denotes the strip {(r,2) : 0 < r < €}, we have

| — m'%?/r(Ri) < WH%@T(SE)’

1
100 @ - D) = [

+

~ ~ 2
< 20104725,y + C /7725y »
10- (u: — ﬂ)”%%(Ri) < )0. (@ — )| 725,

Since ||t g1(s.) — 0 as € — 0, we find that given any € > 0 we can find € > 0 for which

2
Oru(l —xe) +u0r(1 — xe)| rdrdz

(A7) e — ﬂ”ﬁ},(Ri) <e
Finally, we mollify the function u. obtained above. Let
52
ba(r. ) = | €63 e =) i 4 2% < 82
0 otherwise,

where the constant ¢, is chosen such that fRz ¢s(r, z) drdz = 1. Define
ﬁz—:zS = 775 * (bé-
If we choose § < /4 then

4

lhes = Tellzz, 2y < Zllies = Uellz2es-

1/r

Moreover, by the well known properties of mollifiers, ||tes — e || g1 g2y — 0 as 6 — 0. Now
choosing 0 > 0 further smaller if necessary, we can ensure that

||ﬂ€5 — ﬂEHLQ(RJ,_) < cee and Hﬂas — ﬂ€‘|H1(R+) < €,
so that
[tes — ﬂa”ﬁg(m) < €.

Combining this with (A.7) we conclude that for the arbitrarily given e, there exist € and
0 such that

[tes — ull g1 (py < Ge

and @.; € C*(D) N L2, (D). 0
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Proof of Lemma 3.2. Because of Lemma 3.1, it suffices to prove the stated inequality for
ve C>®(D)N L2 (D). For such v,

1/r
v(r, 2)* —v(a, 2)* = / o,v%(p, z) dp.

Integrating with respect to z we get

21 21 zZ1 [T
/ v(a,z)*dz = / v(r,z)?dz — / / 2v(p, 2)0v(p, 2) dpdz.
20 20 zoJa

Applying the Cauchy-Schwarz inequality and integrating both sides with respect to r,
hH’U”LQ(Sa) < HUH%Z(K) + 2hHUHL§/T(K)HarUHL,%(K)
< 7"1||UH%§/T(K) + h“””%fﬁ(m + h[|9:v] 72

Hence the lemma is proved. O

Proof of Lemma 3.3. On any element K (with coordinates as in (2.13)), the following
identities hold:

(A8) 8r%8r(rﬁ,91u) 0,

1 w2
(A.9) az;ﬁr(rﬂhu) = T2y o) /K@m(ru) drdz,
(A.10) 9..110u = 0,

T1T0

(A.11) 01100 = 1+ — &Z (ru) drdz

h2(r1 +79) [
- h—° " (Bulr, ) + Brulro, ) dC |

20

These identities hold even when 7o = 0. Taking L?(K)-norms on both sides of (A.9) and
applying the Cauchy—Schwarz inequality gives

10- 3 (Il Zax) < H Or=(ru)l 2z sy < lulf )

For (A.11), we take L%(K )-norms on both sades, apply triangle inequality, and estimate
the line integrals using Lemma 3.2:

T1 —|— h 1 h
10,115 ul| 72 ) < 4||— Orz(ru)ll72 () + o el ullZa () + 4 o 10rs | T2 -
Summing over all elements and applying Propositlon 3.1 completes the proof of the lemma.
0J

Proof of Lemma 5.1. Since

N, Ni,
a(JrAgv, v) Za (Pyiv,v) Z (P v, Py v) < Z |U‘12LI}(Dk,i) < da(v,v),
j=1 j=1

the lower inequality is proved.
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To prove the upper inequality, we apply a well known characterization of additive
operators [7]. Specifically, for any v € V}, decomposed as v = ﬁl v; with v; € Vi, we

have
Ny

(35 v, v) = Za(vi,vi).
i=1
Hence it suffices to show that
Ny c
(A.12) > alvi,v) < h—zllvllig(p)-
i=1
This inequality will follow (by summing) once we prove the local inequality

C
(A.13) a® (v;,v;) < h—zHUH%z(K),

for all K and i such that v; is nonzero on K. Here a®(-,-) denotes the restriction of the
integrals appearing in a(-, -) to K. We split the proof of (A.13) into several cases (wherein
we omit the multilevel subscript &k for convenience).

We first consider elements K which intersect I'g, i.e., K = [ro,71] X [20, 21] with 79 = 0.
The analysis proceeds by mapping to the unit square and using the equivalence of norms
on a fixed finite dimensional subspace of bilinear functions defined on the unit square.
For example, if a = a,,

1 1

a® (vi,v;) = h/ / #(|0:0: + |0:04]%) did2
0 0

< Chllol 20,2y = Ch™2 [0l Lago) -

Here 7 = r/h and 2 = (2 — 2)/h. The above argument also works for a = a, with the
bilinear approximation space V}Y. It also works for the approximation space V9, because
on the elements under consideration, the span of r,1/r,rz and z/r reduces to bilinear
functions.

For rq > 0, bilinear elements with a = a, and a = ay are treated using the analogous
well known results for bilinear finite elements in unweighted norms. For example, if a = a,.,

a® (v, v;) < rl/ (|0,v5]* + |0,v:]%) drdz
K

Cry Crq
< <

> WHUH%Q(K) > WH”“%&(K)-
The estimates for a = ay are similar. B

Finally, we need to consider the case of ry > 0 and V9. We begin by observing that for
any function w in V¢, the function q(r, 2) = rw(r, 2)| i is a linear combination of 72, 1, zr,
and z. Let 7 = (r —rg)/h, 2 = (2 — 29)/h, and §(7, 2) = q(r, z). Let V denote the span of
72,7,72, 2,1 on the unit square. We clearly have § € V. Because V is finite dimensional,
scaling arguments show that there are constants C'; and C5 independent of h and ¢ such
that

12

A1) Cillala <0230 S alro+ /2,20 + i) < Collalaqe,
i=0 j=0
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Without loss of generality, let x; = (rg, 21) be the vertex corresponding to v;. Then,
letting p(r, z) = rv;(r, z), we have by (A.14),

lrvillZa ey = Pl Z2(c) < Ch*rgu(ro, z1)*

1 2
< CR?Y Y (ro+ jh/2)% v(ro + jh/2, 2 + ih)

i=0 j=0

To prove (A.13), we use inverse inequalities for quadratic functions. Since rv; is qua-
dratic on K,

1
alf (vi,v;) < - /K (10 (rvg) | + 18- (rv)|?) drdz

< L rulZage < s rollZaue
S ol )= ()

C’f’l 2
< ;ﬁﬁMUHL%Ky

This completes the proof of the lemma. U
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