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Abstract

This paper considers the problem of consistent model specification tests using series
estimation methods. The null models we consider in this paper all contain some nonpara-
metric components. A leading case we consider is to test for an additive partially linear
model. The null distribution of the test statistic is derived using a central limit theorem
for Hilbert valued random arrays. The test statistic is shown to be able to detect local
alternatives that approach the null models at the order of Op(n_l/ 2). We suggest to use
the wild bootstrap method to approximate the critical values of the test. A small Monte
Carlo simulation is reported to examine the finite sample performance of the proposed test.
We also show that the proposed test can be easily modified to obtain series-based consistent
tests for other semiparametric/nonparametric models.
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1 Introduction

Semiparametric/nonparametric methods have become increasingly popular because they avoid
imposing many strong a priori assumptions associated with a parametric approach. Nevertheless,
most applications of semiparametric/nonparametric methods have been limited to cases involv-
ing only a small number of variables because of the issue of “curse of dimensionality”. Stone
(1985,1986), Andrews and Whang (1990), Tjostheim and Auestad (1994), Newey (1994, 1995),

Linton and Nielsen (1995), etc., have proposed estimating an additive model of the form,

to get around the issue of “curse of dimensionality”, where Xj;’s are scalar variables, [ =1, ..., L.
Model (1.1) has the advantage that it only involves one-dimensional nonparametric functions
my(.) and hence the “curse of dimensionality” is greatly reduced. However, one restrictive as-
sumption of model (1.1) is that it does not allow any interaction terms among the Xj;’s.

To maintain the simplicity of the additive model while allowing for the presence of interaction
terms and different my(.) functions to have some common overlapping variables,; the following

more general model has been suggested:

where Xj; is of dimension ¢ (¢ > 1), v is an s x 1 unknown parameter, z,(X;) is an s x 1 known
function of X;, X; is a ¢ x 1 non-overlapping variables of Xj;, Xo;, ..., Xz;. Model (1.2) is an
additive partially linear model and it allows interaction terms among Xj; to enter as the linear
part of the model. For instance, consider the simple case of L = 2, where Xj;, Xo; and zy(X})
are all scalars, we can let z(X;) = X1; Xo;.

Both kernel and series methods have been proposed to estimate models (1.2), e.g., Fan, Hardle
and Mammen (1998), Fan and Li (1996a), Li (2000), and Sperlich, Tjostheim and Yang (2002),’
among others. The kernel marginal integration method is to first estimate a nonparametric
model with high dimension (ignoring the additive structure) and then to use the method of
marginal averaging to obtain an estimator of a function with low dimension (utilizing the additive
structure). This approach may lead to some finite sample efficiency loss due to the use of
inefficient estimation procedure in the first stage. This is because we estimate a high dimensional

model less accurately compared with estimating a low dimensional model. If the sample size is

L Although Sperlich, Tjostheim and Yang (2002) did not consider the parametric component zo(X;), they
allow the additive functions to contain second order pairwise interactions, i.e., allowing X;; contain overlapping
variables. Sperlich et al (2002) proposed several tests for testing zero interaction terms.



not sufficiently large, this first step efficiency loss may not totally recovered by the second step
marginal integration computation in finite sample applications. The kernel marginal integration
method is also computationally costly. The computation time of estimating an additive partially
linear model is about n (n is the sample size) times that of estimating a non-additive partially
linear model. Also, the asymptotic analysis (of estimating an additive partially linear model)
using kernel methods is quite complex as can be seen from the works of Fan, Hardle and Mammen
(1998), and Fan and Li (1996).2 On the other hand, the series method is less costly in computation
because it only involves least squares. Furthermore, the series method can estimate ~ efficiently
in the sense that the asymptotic variance of a series estimator of v attains the semiparametric
efficiency bound, while the existing kernel marginal integration based method does not (e.g., Fan,
Hérdle and Mammen (1998), Fan and Li (1996a)). It is also fairly straightforward to impose
restrictions such as additive separability or shape preserving by using series method (e.g., Chen
and Shen (1998), Dechevsky and Penez (1997)).

Because the relative ease of implementing series method in nonparametric estimation, in this
paper we consider constructing test statistics based on series estimation method, in particular,
the problem of testing the adequacy of model (1.2) using the series method as an alternative to
the kernel method. We will also show that our testing procedure can be easily generalized to
testing other semiparametric econometric models.

There is an abundance of literature on constructing consistent model specification tests using
various estimation techniques, see Andrews (1997), Bierens (1982,1990), Bierens and Ploberger
(1996), De John (1996), Delgado (1993), Delgado and Manteiga (1998), Delgado and Stengos
(1994), Donald (1997), Eubank and Spiegelman (1990), Chen and Fan (1999), Hardle and Mam-
men (1993), Hong and White (1995), Horowitz and Hérdle (1994), Lavergne and Vuong (1996),
Lewbel (1995), Li and Wang (1998), Robinson (1989,1991), Stute (1997), Wooldridge (1992),
Yatchew (1992), and Zheng (1996), among others. Most authors consider the problem of test-
ing a parametric null model, except Delgado and Manteiga (1998) and Chen and Fan (1999),
who consider the case of testing nonparametric/semiparametric null models. They use nonpara-
metric kernel methods to estimate the null models. We use nonparametric series methods to
estimate the null model (1.2). Both their test statistics and ours are nuisance parameter de-
pendent. Some bootstrap methods are therefore needed to compute the critical values of the
test statistics. However, estimating the additive model (1.2) by kernel methods in conjunction

with the use of bootstrap methods to evaluate the critical values of the test statistics could be

2Note that Fan, Hirdle and Mammen (1998), and Fan and Li (1996) did not consider the case of nonparametric
additive interaction terms. Allowing additive interaction terms will make the theoretical analysis more complex.



computationally more burdensome than by the series method.

The test statistic considered in this paper has the properties that: (i) it avoids estimating the
alternative model nonparametrically so as to partially circumvent the “curse of dimensionality”
problem, (ii) it can detect local alternatives of the order of O,(n~1/2), and (iii) it is computational
simple. We note that the test statistics of Delgado and Manteiga (1998) and Chen and Fan (1999)
also share properties (i) and (ii), but as discussed above, kernel methods are computationally
costly when estimating additive models.

In section 2 we develop a consistent model specification test for additive partially linear models
based on series estimation method. Section 3 reports simulation results to examine the finite
sample performance of the proposed test. Generalizations are discussed in section 4. Conclusions

are in section 5. The proofs are given in Appendices A and B.

2 A Consistent Test for An Additive Partially Linear
Model

In this section we propose a consistent test for the additive partially linear model (1.2). The null

hypothesis is:

L
Hy: E(Y{|X;) = 20(X;)'y +)_mu(Xy;)  as. for some v € B, Y1, my(.) € G, (2.1)
=1

where B is a compact subset of R" and G is the class of additive functions defined below.

Definition 1.

We say that a function £(z) belongs to an additive class of function G (£ € G) if (i) £(z) =
SE L &(2), &(%) is continuous in its support S, where S; is a compact subset of R% (I =1, ..., L;
L > 2 is a finite positive integer); (ii) i, E[&(2))? < oo and (iii) &(0) =0 for =2, ..., L.

When &(z) is a vector-valued function, we say & € G if each component of & belongs to G.

The alternative hypothesis H; is the negation of Hy, i.e.

Hy : BE(Yi|X;) # 20(Xi)'y + D mu(Xe) (2.2)

=1

on a set with positive measure for any v € B, and any >©, my(.) € G.
The null hypothesis Hy is equivalent to F(U;]|X;) = 0 almost surely (a.s.), where U; is defined
in (1.2). Note that E(U;|X;) = 0 a.s. if and only if E[U; M (X;)] = 0 for all M(-) € M, the class

of bounded o(X;)-measurable functions. Instead of considering the conditional moment test of



(2.1), following Bierens and Ploberger (1997), Stinchcombe and White (1997), and Stute (1997),

in this paper we consider the following unconditional moment test?
E[UH(X;,x)] = 0 for almost all z € S C R? , (2.3)

where H(.,.) is a proper choice of a weight function so as to make (2.3) equivalent to (2.1), see
Assumption (A4) (i) and (ii) below on the specific conditions on H.

We assume that the weight function H(.,.) is bounded on § x S. Stinchcombe and White
(1998) have shown that there exists a wide class of weight functions H(.,.) that makes (2.3)
equivalent to E(U;|X;) = 0 a.s. Choices of weight functions include the exponential function
H(X;,x) = exp(Xx), the logistic function H(X;,z) = 1/[1 + exp(c — X/x)] with ¢ # 0, and
H(X;, x) = cos(X[x) + sin(X[z), see Stinchcombe and White (1998), and Bierens and Ploberger
(1997) for more discussion on this. By switching a conditional moment test (2.1) to an uncondi-
tional moment test of (2.3), we avoid having to estimate the alternative model nonparametrically,
as in Chen and Fan (1999), and Delgado and Manteiga (1998).

Multiplying by +/n the sample analogue of E[U;H(X;, z)], we have

1 1
Tale) = VAl S UHX 0] =
Stute (1997) uses H(X;,z) = 1(X; < z) and the Skorohod topology to study the weak

convergence of JU(.). Since J? is a random element in the Skorohod space D(S), Stute shows

Z UH(X;, ). (2.4)

that J2(.) converges to a Gaussian process in D(S). Central limit theorems for goodness-of-fit
tests, like Stute (1997), are usually based on weak convergence of empirical process interpreted
as random elements taking values in the space of continuous functions endowed with uniform
topology. When a test statistic involves nonparametric estimations, establishing its weak conver-
gence with uniform topology can be quite challenging. However, there is a natural way to study
the asymptotic properties of statistics of Cramer-von Mises type. J° can be viewed as a random
element taking values in the separable space L5(S, V) of all real, Borel measurable functions f on
S such that [s f(z)?v(dz) < oo, which is endowed with the Ly-norm ||f||2 = [s f(z)?v(dz). The
theory of probability on Banach (or Hilbert) spaces, developed in the 1960’s and 1970’s, turned
the problem of studying the asymptotic distribution of statistics like |[.J}||1,() in an easier task,
because central limit theorems for random elements taking values in £,(S,v). For example,
Araujo and Gine (1980, pp205), or Van der Vaart and Wellner (1996, pp.50) assert that for a
sequence {Z,(.)}, of iid. L£3(S,v)-valued elements that n=1/2 37" | Z;(.) converges to Z(.) in

3Similar approaches were used by Chen and Fan (1999), and Delgado and Manteiga (1998) to construct
kernel-based consistent model specification tests when the null models contain nonparametric components.



the topology of (La(S, V), ||.||L.w)) if and only if [¢ E[Z;(z)*|v(dx) < oo, where Z is a Gaussian
element with the same covariance function as Z;, we will formally summarize this result in a
lemma below for ease of reference.

We assume v(S) < oo. Since we will only consider the case that S is a bounded subset of
R?, we will choose v(.) to be the Lebesgue measure on S. Then JO(-) is a Hilbert-valued random

element in £9(S,v). We present a H-valued central limit theorem in a lemma below.

Lemma 2.1 Let Zi(.), ..., Z,(.) be H-valued, independent and identically distributed zero mean
random elements on Ly(S,v) such that E[||Z;()||?] < oco. Then n™ 2", Zi(-) converges

weakly® to a zero mean Gaussian process with the covariance (kernel) function given by Q(z,z') =
E[Zi(x)Zi(x")]

Proof: See Theorem 2.1 of Politis and Romano (1994), or van der Vaart and Wellner (1996,
ex. 1.8.5, pp50). Note that E[||Z;(.)]|?] < oo is a sufficient condition that ensures the process
n~Y23n ) Zi(.) is tight.

It is straightforward to check that JO(-) is tight using lemma 2.1. Letting Z;(-) = U/H(X;, -),

we have

ENZOIE = E{[ U, 2)Pv(do)}

= B{o*(X) [[H(X;,2)Pu(dr)} < Bl (X)HC [ vlda)} < o0,
where 0%(X;) = E(U?|X;).
Thus by lemma 2.1, we know that

JY(.) converges weakly to JO(.) in Lo(S, v, ||.]], ),
where J2 is a Gaussian process centered at zero and with covariance function {2 given by

Qx,2') = E[Z;(2) Z;(2))] = E[o*(Xs)H( X3, 2)H(X;, 2], (2.5)

where z, 2’ € S.
Since U; is unobservable, we need to replace U; by some estimate of it, say Ui, (the definition

of U; is given in (2.12) below) and construct a feasible version of (2.4) as

A

Jo(@) = % > UH(X, 1), (2.6)

4A sequence of H-valued random element Z,, converges weakly to Z if E[h(Z,)] — E[h(Z)] for all real-valued
bounded continuous function h.



We will use series estimation method to construct a consistent test based on (2.6). Obviously
the individual functions my(-) (I = 1,..., L) are not identified without some identification condi-
tions. In the kernel estimation literature, a convenient identification condition is E[my(X};)] = 0
when Xj;’s are all scalars (I = 2,...,L). When the arguments in the additive functions con-
tain pairwise interaction terms of Xj;, some additional identification conditions are required, see
Sperlich et al (2002) for the detailed marginal-integration-based identification conditions in this
case. In practice the kernel marginal integration method is to first estimate a high dimensional
nonparametric function: E(Y;|Xy;, ..., X,;) (without imposing additive structure). In the second
stage, the marginal integration method is used to obtain estimated additive functions.

When using series estimation methods, the additive structure can be imposed on the series
approximating base functions. Therefore, one does not need to estimate a high dimensional
nonparametric model. Only the one-step least squares estimation method is needed to obtain all
the estimated additive functions. The identification conditions for series estimation methods can
be obtained by choosing some normalization rules that are easy to impose on series approximating

base functions. For instance, in the case of an additive model without interaction terms,
g(z1,...,xq) = c+my(z1) + ... + my(z,), (2.7)

where z; € R, we can use mj(z; = 0) = m;(0) = 0 as the identification condition. When
estimating (2.7) by the series method, one simply chooses approximating base functions that
are zero at x; = 0. For example, if one uses power series as the base function, one should use
{2} }ien, to approximate my(z;), where Ny = {1,2, ...} is the set of positive integers.

One can also use power series functions to define identification conditions. We assume that
m;(x;) can be approximated arbitrarily well by {2} ;cn;y in the sense that, for all € > 0, there
exists Ko € M and (aq, ..., ax)" € R¥ such that E{[m;(X;) — L5, v X]*} < e for all K > K,
then our identification conditions require that m;(z; =0) =0 for all j =1,...,q.

Note that the above power series only serves as a formal statement for an identification
condition. We do not assume that the unknown additive function m;(z;) has a power series
expansion, i.e., we do not assume that m;(z;) = >;2, ozlxé» for some constants {a}32,, but rather
we only assume that the additive function can be approximated arbitrarily well, in the mean
squares error sense, by the power series functions. Indeed the smoothness conditions we impose
on m;(.)’s are much weaker than a power series function of the form Y7° cya}, the later is
differentiable up to any finite order, while when x;’s are scalars, we only require that m;(.)’s
are twice differentiable when one uses the spline series or the power series in the nonparametric

estimations, see assumption (A5) (iii) below on the specific smoothness conditions imposed on



m;(.)’s ( =1,...,¢) on a general setting.
Similarly for the case of an additive model with second order interactions,
q q q
9(@1, ey xg) = co+ D mylag) + Y Y mal(zy, m). (2.8)
Jj=1 J=11>j,

In addition to the condition that m;(z; = 0) = 0, we assume that m;;(x;, 2;) can be approximated
arbitrarily well by {x%x}};scn;, in terms of the above mean-square-error sense. This also implies
that m;;(x;,0) = 0 and m;(0,2;) =0forall 1 <j <l <gq.

In practice one dose not have to use power series to estimate additive models. If one uses
{pt(z) }reny, 7 =1, ..., ¢, as the base function to approximate the additive function m;(z;), the
above identification condition implies that one should let {¢:(x;)}ien, to approximate m;(z;)
with ¢i(x; = 0) = 0 for all ¢ € N, and use {¢¢(x;)ds(x1)}esens to approximate mj(z;, x;).
These conditions can be generalized straightforwardly for the identification of additive models
with higher order interaction terms.

Obviously the above identification conditions rule out an intercept term in the additive func-
tions. Therefore, an intercept term should be included in the parametric part of the model.
We can assume the first element of z(X;) to be one, then the first element of v is the inter-
cept term. Note that using series estimation method, the additive structure is automatically
imposed in the one-step least squares estimation procedure. While the kernel marginal integra-
tion method ignores the additive structure in the initial estimation stage. Therefore, a second
stage of marginal integration method is needed to obtain additive function estimations. We also
need an identification condition for the other components of +. For example we cannot allow
20(X;) to have an additive structure like z(X;) = 3K, 201(Xu), because then my(x;) and 2z ()
cannot be identified separately since the functional form of my(z;) is not specified. In order for
the parameter 7 to be identified, we need to assume that z(.) does not belong to the class of
additive functions G as defined in assumption (A1) (iii) below using the definition of projection
matrix.

For any random variable (vector) A;, let Eg(.A;) denote the projection of A; onto the linear
additive functional space G. Then Eg(A;) is the closest function to (in the mean square error
sense) A; among all functions in the class of additive functions G, i.e.,

L
E{[Ai — Eg(A)P"} = _ inf  E{[A - > &(Xu))} (2.9)
Do i()eg =1
Remark 2.1 Let V;, = A; — Eg(A;), then Eg(V;) = 0. That is, for any random variable (vector)
A;, we have the orthogonal decomposition of A; = FEg(A;) + V; with Eg(A;) € G and V; L G.
When V; L G, we also write V; € G*+.



We use a linear combination of K; functions: p/'(z;) = (pfi'(x1), ...,pﬁél (x;)) to approxi-
mate my(z;) (I = 1,...,L). That is, we use a linear combination of K = Y}, K; functions
(pi (1), ..., pi 2 (21)") = p™ () to approximate an additive function SF | my(x;).

We will use ||.|| to denote the usual Euclidean norm (||.||, denotes the Ly norm). We assume
that:

(A1). (i) (Y1,X1),...,(Ys, X,) are independent and identically distributed as (Y1, X1), S, the
support of X, is a compact subset of RY; F(.), the distribution function of Xy, is absolutely
continuous with respect to the Lebesque measure.’

(i1) var(Y;| X; = x) is a bounded function on the support of X;; (iii) zo(X;) ¢ G in the sense
that E(e;€) is positive definite, where €; = zo(X;) — Eglzo(X5)].

(A2). (i) For every K there is a mnonsingular matriz B such that for PX(X;) = Bp®(X;):
the smallest eigenvalue of E[PX(X;)PX(X;)'] is bounded away from zero uniformly in K € N;
(ii) there is a sequence of constants Co(K) satisfying sup.cs||P%(2)|] < (o(K) and K = K,, such
that (Co(K))*(K/n) — 0 as n — oo, where S is the support of X.

(A8). (i) For any f € G, there exist some positive 6, (> 1) (I = 1,...,L), By = Brx =
Bk - Bric,) s supwes| f(x)—=PX (x) B¢ = O(X[, K7 asmin{K,, ..., K.} — oo; (i) /(K /n+
YELKT) =0 as n — oo.

(A4) (i) The weight function H(X;, ) = w(X/x) with w(.) being an analytic, non-polynomial
function.% (ii) H(.,.) is bounded on S x S and satisfies a Lipschitz condition, for all z1,15 € S,
|H(X:, x1) — H(X;, x0)| < G(Xi)||lz1 — x| with E[G*(X;)] < oo; (1) v(.) is the Lebesgue
measure.

Remark 2.2 We give some remarks on the regularity conditions above.
(A1) (i) and (ii) are standard conditions in the literature of estimating additive models. (A1)
(i) rules out discrete random variables.” The bounded conditional variance assumption (A1)
(ii) is restrictive, however, it still allows a wide range of conditional heteroskedasticity of the
form: U; = U;h(X;), where U; is i.i.d. with mean zero and has a finite second moment (say
0?), U; and X; are independent for all ¢ and j, h(z) is a continous (or bounded) function on
S, then var(U;|X;) = o?[h(X;)]? is a bounded function in (the compact set) S. (A1) (iii) is an

identification condition for v, requiring that zy(.) should not lie in G because otherwise z(.) and

°F is said to be absolutely continuous with respect to a measure v if for any set 4, [1(z € A)v(dzx) = 0
implies that [1(z € A)F(dz) =0, 1(z € A) =1 if 2 € A, 0 otherwise.

6 An analytic function is one locally equal to its Taylor expansion at each point of its point of its domain, such
as exp(.), the logistic, the hyperbolic tangent, the sine and cosine, etc.

7If a discrete variable X takes only finitely many different values, it becomes a parametric problem since only
finitely many series based functions are needed to estimate an unknown function 6(.).



> my(.) cannot be identified separately.

(A2) (i) ensures that (P'P) is asymptotically nonsingular. Note that in (A2) (i) we do not
assume that p(z) is an orthogonal base function since the density function of X; is unknown,
therefore it is not feasible to orthogonalize the base function in practice. (A2) (ii) is a standard
condition for the consistency of the series estimator.

We can write f(x) = S1, fi(z;) for any f € G. Hence (A3) (i) is implied by the following:
for all [ = 1,..., L, there exists some & > 0, By = Bk, (Bp is the Ith component of 3f), such
that supyes,|fi(x) — lel(xl)’Bﬂ] = O(Kl_él), as K; — oo, where §; is the support of x;. It is
possible to weaken (A3) (i) to [s[f(z) — PX(z) 3s?v(dz) = O(XE, K; ") since we only work
with the Ls-norm (the ||.||, norm), but this will require many more new notations and a much
longer proof with little practical implications. Therefore, we will not pursue this generality.

(A4) imply that P[E(U;|X;) = 0) < 1 if and only if P[E(U/H(X;,x)) = 0) < 1 (or
J{E[UH(X;,x)|]}*F(dz)} > 0). Thus, testing E(U;|X;) = 0 almost everywhere is equivalent
to test E[U;H(X;,x)] = 0 for almost all z € S.

We require the approximation function p* (x) to have the properties that: (a) p’(z) € G and
(b) as K; grows (for all [ = 1,..., L), there is a linear combination of p¥(z) that can approximate
any f € G arbitrarily well in the mean square error sense. While (A2) and (A3) are not primitive
conditions, it is known that many series functions satisfy these conditions. Newey (1997) gives
primitive conditions for power series and splines such that (A2) and (A3) hold (see assumptions
(A5) and (A6) below).

(A4) (i) is similar to the assumption of Chen and Fan (1999), it allows H (X, z) = exp(X|z)
(Bierens (1990)), or H(X;,x) = 1/[1 + exp(c — X[z)] with ¢ # 0, or H(X;,z) = cos(X[z) +
sin(X!x), (Stichcombe and White (1997)). (A4) (i) to (iii) are very mild conditions on the
weight function H(.,.). They imply that [ H(y, z)v(dz) < C [sv(dx) = Cv(S) < 0.

Let

po= (X)), p (X)) (I=1,..,L), and
P = (pla"pr)‘ (210)

Note that p; is of dimension n x K; and P is of dimension n x K. Let Z; be the n x r matrix

with ith row given by 2,(X;)’. Then in vector-matrix notation, we can write (1.2) as

Y = Zogy+mi+me+..+mp+U=Zyy+m+U

. Zw+P5+(m—Pﬁ)+U:(ZO,P)(g)+(m—Pﬁ)+U

= Xa+ (m—Pp)+U, (2.11)



where X = (Zy, P), a = (7/,3")', Y and U are both n x 1 vectors with the ith component given

by Y; and Uj;, respectively, m is n x 1 with the 7th component given by m; = Zle my(Xy). Pis

of dimension n X K and = f3,, is a K x 1 vector that satisfies assumption (A3) (with f = m).
We estimate a = (7, )" by the least squares method of regressing ¥ on X

b= (g) — (XX) XY, (2.12)

where (X’X)~ is a generalized inverse of (X’X). Li (2000) showed that 4 — v = O,(n~/2). Also
m(x) —m(z) = O,((K/n)"? + SE, K;%) by the results of Andrews and Whang (1990) and
Newey (1995, 1997), where m(z) = pK(x)’B. Hence, we estimate U; by

Our test statistic for Hy is based on

Jo(z) = % > H(X 1) (2.14)

where U; is given in (2.12). With .J,(z) we can construct a Cramer-von Mises (CM) type statistic
for testing H,.

€M, = [Un(@)P Fidn) = 5 S (X

where F,(.) is the empirical distribution of Xj, ..., X,.

The next theorem establishes the weak convergence of jn() and C'M,, under H,.

THEOREM 2.2 Suppose that assumptions (A1) to (A4) hold, then under Hy,
(i) Ju(.) converges weakly to Juo(.) in Lao(S, v, ||.|],),

where Jo 1s a Gaussian process with zero mean and covariance function given by
Yi(z,2') = Elo*(X)n(x)n;(2")], where ni(x) = H(X;,x) — ¢3(x) — (), with ¢i(x) =
Eg[H(X;, )], ¥i(z) = E[H(X;, x)e){ Elei€l]} te; and ¢; = 2o(X;) — Eg(20(X;)).

(i1) CM,, converges to /[Joo(x)]2F(da:) in distribution,

where F(.) is the distribution function of X;.

10



The proof of Theorem 2.2 (i) is given in the Appendix A. Theorem 2.2 (ii) follows from
Theorem 2.3 (i), the continuous mapping theorem, and the fact that £,(.) is close to F(.) (F,(.)
is the empirical distribution of {X;}! ;). The idea underlying the proof of Theorem 2.3 (i) is
very simple. First we write J,(.) = J,(.) + [Ju(.) = Jo(.)], where J,(z) = n= /2 Y, Ui[H(X;, x) —
¢i(z) — Wi(z)]. Ju(.) converges weakly to the Gaussian process Jy(.) by lemma 2.1 (because
E[||J,()|]}] < oc). Next, we show that ||[J,(.) — Ju(.)|[, = o,(1). This implies that J,(.)
and J,(.) have the same limiting distribution. Therefore, .J,(.) converges weakly to J(.) in
£2(S,m, L) A

Next we study the asymptotic distribution of J,, and C'M,, under the Pitman local alternative
and the fixed alternative. The Pitman local alternative is given by
L .
where g(.) € G+ and 0 < F{[g(X;)]*} < oo. Note that since m(z) = >, my(z;) € G and the

functional forms of my(.)’s are not specified, only g(.) € G+ should be considered in the local

Hy : B(Y)| X)) = 20(Xi)y + m(X;) + (2.15)

alternative H.

For any (vector) random variable A;, we use Eg+(A;) to denote the projection of A; onto
the space G7 = {f(X;) = 2{(Xi)v + g(X;) : v € B, g € G}. More specifically Eg+(A;) is the
optimal predictor of A; (in the mean square sense) in the class of of functions G*, i.e.,

L

E{[A; — Eg+ (A;))*} = s andirgL - E{[A; — 20(Xy)'y — ;f(Xzz‘)P}- (2.16)

Let Y; = 6(X;) + U; under H,, then 6(.) does not belong to G*. Using similar arguments
as in the proof of Theorem 2.3 (i), one can show that, under Hi, z(X;)'4 + pX(X,)f is a
consistent estimator of Eg+ (Y;) = Eg+(0(X;)) because Eg+(U;) = 0. Hence, U; = 0(X;) + U; —
20(X,)'5 — pX(X,)'6 = 0(X;) — Eg+ ((X;)) 4+ U; + 0,(1) under H;. The following theorem gives

the asymptotic distribution of jn() under the local alternative Hj, and the fixed alternative H;.

THEOREM 2.3 Suppose that (A1) to (A4) hold,

(i) Under the local alternative Hy, defined in (2.15),

Jn(.) converges weakly to Joo () + po(.) = Jpeo() i La(S, v, [|.]]),
where po(x) = Elg(Xi)H(X;, )]

(i1) Under the fized alternative Hy defined in (2.2),

n~V2 ], (z) converges to puy(.) in probability in Lo(S, v, ||.||.),
where pn () = E{[0(X;) — Eg+(6(X:))/H (X, 2)}.

11



The proof of Theorem 2.3 is given in the Appendix A.

A consequence of Theorem 2.3 is that our statistic CM,, can detect local alternatives that
reach the null model at rate n'/? and that CM, is a consistent test. This is because by the
continuous mapping theorem and the arguments similar to the proof of Theorem 2.2, we know
that C'M,, converges to [[Jo(z) + po(x)]*F(dz) under Hy, and CM,, = n [[u1(z)]*F(dx) + 0,(n)
under Hy, which diverges to +co at the rate of n under H;.

Similar to Bierens and Ploberger (1997), and Chen and Fan (1999), one can show that
[[Jso(x)]?F(dz) can be written as an infinite sum of weighted (independent) x? random variables
with weights depending on the unknown distribution of (X;, Y;). Therefore it is difficult to obtain
critical values. We suggest using the residual-based wild bootstrap method to approximate
the critical values for the null limiting distribution of C'M,. The wild bootstrap error U is
generated via a two point distribution: U* = [(1 — v/5)/2]U; with probability (1 + v/5)/[2v/5]
and Ur = [(v/5 + 1)/2|U; with probability (v/5 — 1)/[2v/5]. Note that U satisfies

E*Uf)=0, E"(U?) = UE: and  E*(U;°) = Uy

where E*(.) = E(|W,) and W,, = {Y;, X;}",. From {U;}",, we generate Y;* according to the

null model
Y7 = 2(X))'y 4 p™ (X)) 6+ UY, i=1,...n (2.17)
Then using the bootstrap sample {(Y;*, X;)}" ,, we obtain

(1) = ey -
g

where X = (Z, P) and Y* is an nx 1 vector with jth element given by Y;*. The bootstrap residual
is given by Ur = Y* — 2(X;)'4* — p™(X;)'3* and the bootstrap statistic J*(z) is obtained by
replacing U; in J,(x) by U7, that is

o 1 N
1w) = 5 SO )
Using j,*L() we can compute a bootstrap version of the C'M,, statistic, i.e.,

OM; = = S (XP

)

To show that the bootstrap statistic C'M,; can be used to approximate the null distribution

of C'M,,, we first give a definition of convergence in distribution in probability.
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Definition 2.

Let &, denote a statistic that depends on the random sample {Z;}" ,, we say that (£,|Z1, Zo, ...)
converges to (£|Z1, Za, ...) in distribution in probability if for any subsequence &, there exists
a further subsequence &, such that (§,#|Zy, Zs, ...) converges to (§|Z1, Zs,...) for almost every
sequence (21, Zs, ...).

Many authors show that some bootstrap method works using the concept of (&,|Z1, Za, ...)
converges to (§|Zy, Zs, ...) in distribution with probability one (e.g., Stute et al (1998)). The
‘with probability one’ result is difficult to establish with the series nonparametric estimation
method we adopted here. We choose to work with the concept of convergence in distribution
in probability in this paper. See Gine and Zinn (1990) on more detailed discussions on these
concepts.

The next theorem shows that the wild bootstrap works.
THEOREM 2.4 Under the same conditions as in Theorem 2.3, we have under Hy,
CM: converges to [[J* (z)]?F (dz) in distribution in probability,
where J% (.) has the same distribution as Joo(.).

Theorem 2.4 is proved in Appendix A.

Assumptions (A2) and (A3) used in Theorems 2.2 to 2.4 are not primitive conditions. Newey
(1997) gives primitive conditions for power series and regression spline (B-splines) such that the
above assumptions (A2) and (A3) hold. For readers’ convenience we re-state these primitive
conditions below. For the construction of B-spline functions, see Schumaker (1981).

(A5). (i) The support of X; is a Cartesian product of compact connected intervals on which
X, has an absolutely continuous probability density function that is bounded above by a positive
constant and bounded away from zero; (ii) for [ = 1, ..., L, fi(x;) is continuously differentiable of
order ¢; on the the support of X;;, where fi(-) = my(-) or fi(.) = ly(.) (Il =1,..., L), where hy(.)
is defined from Eg[zo(X;)] = Sof, hu(my); (iil) v/n Xf, K~/ = o(1), where r; is the dimension
of z; (i.e., z; € R™).

(A6). The support of X; is [—1, 1]7.

When the support of X; is known and assumption (A5) (i) is satisfied, X; can always be
rescaled so that assumption (A6) holds.

(Ab) is restrictive because it rules out random regressors with unbounded support (e.g.,
gaussian X;) or discrete regressors. It may be possible to relax the bounded support assump-

tion in (A5) (i) by introducing some bounded transformation of the regressors (e.g., Bierens
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(1982), Newey (1994)), provided some additional regularity conditions hold. Newey (1997,
p.167) has shown that for power series, assumption (A5) (i) implies that the smallest eigen-
value of E[PX(Z;)PX(Z;)'] is bounded for all K (PX(z) = Bp’(2), see assumption 2) and that
C(o(K) = O(K). Also it follows from assumption (Ab5) (ii) and Lorentz (1966) that assumption
(A3) (i) holds with & = ¢;/r, l = 1,..., L. Thus assumption (A5) gives primitive conditions for
assumptions (A2) and (A3) for power series. Newey (1997) has also shown that assumptions
(A5) and (A6) imply that assumptions (A2) and (A3) hold for B-splines with ¢ (K) = O(VK).

We summarize the above results in the two corollaries below.

Corollary 2.5 For power series, if assumption (A1) and assumption (A5) are satisfied and
K3/n — 0, then Theorem 2.2, Theorem 2.3 and Theorem 2./ hold.

Corollary 2.6 For B-splines, if assumptions (A1), (A5) and (A6) are satisfied and K?/n — 0,
then Theorem 2.2, Theorem 2.3 and Theorem 2.4 hold.

3 Monte Carlo Experiments

In this section we report a small Monte Carlo experiment to examine the finite sample perfor-

mance of the proposed test. We consider the following null data generating process (DGP):

where my(z1) = @1 + 2% — .52®, ma(xs) = x9 + sin(zem), Xj; is uniformly distributed on the
interval [0,2] (I =1,2), U; is i.i.d. N(0,0?) with o = 0.5.
The alternative DGP is

We use piece-wise linear splines as base functions to estimate the additive functions my(.)
and mso(.). The number of replications is 2000, and within each replication 1000 bootstrap
test statistics (C'M}) are computed to yield the bootstrap critical values for the C'M,, test. The
sample sizes are n = 100, 200, 500 for size estimation, and n = 100 and 200 for power estimation.
We choose K1 = K5 and use K = K; + K5 spline functions to approximate the additive function
ma(.) + ma(.).

We choose some add hoc values of K in the simulations and allow three different values of K
for each sample size. We can also justify these choices of K by the formula K = C[n®], where

[.] denotes the integer part of ., C' and a are some positive constants. If we choose C' = 3 and
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o = 1/4, we will get 3[n'/4] =9, 11, and 14 for n = 100, 200 and 500, respectively. Obviously
other choices of C and « can also lead to the K values we used in Table 1.

The estimated sizes and powers are reported in Table 1 and Table 2, respectively.

Table 1: Estimated Sizes

K =38 K =10 K =12
1% | 5% | 10% | 1% | 5% | 10% | 1% | 5% | 10%
n =100 |.011 |.071 | .167 | .012 | .068 | .160 | .015 | .087 | .165
K =10 K =12 K =14
1% | 5% | 10% | 1% | 5% | 10% | 1% | 5% | 10%
n =200 |.006 | .056 | .121 | .012 | .063 | .131 | .009 |.057 | .139
K =12 K =14 K =16
1% | 5% | 10% | 1% | 5% | 10% | 1% | 5% | 10%
n =500 | .010 | .058 | .102 | .006 | .054 | .116 | .012 | .056 | .108

Table 2: Estimated Powers

K =38 K =10 K =12
1% | 5% | 10% | 1% | 5% | 10% | 1% | 5% | 10%
n =100 | .270 | .620 | .746 | .298 | .602 | .742 | .318 | .662 | .T74
K =10 K =12 K =14
1% | 5% | 10% | 1% | 5% | 10% | 1% | 5% | 10%
n =200 |.812|.934 | .964 | .828 | .951 | .975 | .821 | .950 | .982

From Table 1 we can see that for n = 100, the test is over sized. However, we observe that the
estimated sizes improve as sample size increases although the estimated sizes are still somewhat
oversized for n=200. For n = 500, the estimated sizes are quite close to their nominal sizes.

Table 2 shows that our test is quite powerful in detecting the derivation from the null additive
partially linear model as given in DGP1. This is expected since our test is consistent against all
deviations from the null model. Also the power increases drastically as the sample size increases
from n = 100 to n = 200. For n = 500, the power of our test equal to one for all cases.

Further efforts are needed to investigate the sensitivity of our test to different choices of base
functions such as piece-wise higher order polynomial splines, the possibilities of using different
bootstrap methods to approximate the null distribution of the test statistic, and using data

driven method to choose series expansion term K. We leave all these to future research.
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4 Some Generalizations

In this section we show that the result of section 2 can be easily generalized to provide series-based

consistent model specification tests for other types of semiparametric models.

4.1 A Consistent Test For An Additive Model

When v = 0 model (1.2) reduces to an additive model without the linear component:

The null hypothesis for testing an additive model is
Hg : E(K’Xz) = ml(Xli) + ...+ mL(XLi) a.s.
and the alternative hypothesis H? is the negation of H¢. From Theorem 2.2 we immediately have

the following corollary.

Corollary 4.1 Under the same conditions as in Theorem 2.3 but with v = 0, define jg(x) =
7= 2 Uy H(X;, z) and CME = n=VS,[J2(X,))2, where Uy; = Yi—pX (X,) By and 3, = (P'P)~P'Y.
Then

(i) Jb(.) converges weakly to J.(.), and

(i) CM? converges to [[J° (x)]2F(dz) in distribution,
where J° is a Gaussian process with zero mean and the covariance function given by

Sowr = Elo(Xi)mi(x)mi(2')] with myi(x) = H(X;, 2) — ¢i(z) (¢i(x) is the same as defined
in Theorem 2.2).

Proof: (i) is the same as the proof of Theorem 2.2 (i) except that one needs to use A = 0 and
remove the part related to 4, this amounts to remove the ¢ (.) term in Theorem 2.2 (i). (ii) follows
from (i), the continuous mapping theorem, and similar arguments as in the proof of Theorem
2.2 (ii).

Similar to the bootstrap statistic J*(.), one can define a bootstrap statistic J**(.): J(z) =
== i U H(XG, @), where Uyy = Yy, — (X)) By, By = (P'P)"PYy, Yy = p(X0) By + U,
By = (P'P)~P'Y and Uy, is the two point wild bootstrap error obtained from Uj;. Similar to
the proof of Theorem 2.4, one can show that J*(.) converges weakly to J*(.) (J%*(.) has the
same distribution as J?_(.)). With J”*(.) one gets the bootstrap version of the CM-type statistic:
CM:* = n='3,[J:(X;)]?] which can be used to approximate the finite sample null distribution
of OMP = n=' Y, [J2(X;)]2.
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Gozalo and Linton (2001) propose a consistent test for an additive model in which they
estimate both the null and the alternative models nonparametrically by the kernel method.
In contrast our jf; statistic only estimates the null model nonparametrically, hence it partially
circumvents the “curse of dimensionality” problem. Also our test can detect Pitman local alter-
natives that approach the null at a rate of O,(n~'/2), while the test in Gozalo and Linton (2001)
can only detect such local alternatives that are O,((n'/2h%/*)~1) apart from the null model, where
h is the smoothing parameter, h — 0 as n — oo. Thus our test is asymptotically more powerful
than that of Gozalo and Linton (2001) against Pitman local alternatives. One advantage of
Gozalo and Linton’s (2001) test is that it has a simple asymptotic limiting distribution (stan-
dard normal), while in our case, the test statistic has a complicated asymptotic distribution (an
infinite sum of weighted x? random variables), therefore some bootstrap methods are required to
approximate the finite sample critical values of the null distribution. On the other hand, boot-
strap tests usually give better estimated sizes than the asymptotic tests. The bootstrap method
can also be used to approximate the finite sample null distribution of Gozalo and Linton’s (2001)
test. However, using bootstrap method combined with the kernel marginal integration method
to estimate and test for an additive model is computationally costly. In this respect, series-based

testing is computationally much less costly.

4.2 A Test for Partially Linear Models

The result of section 2 can be used to obtain a consistent test for a partially linear model (without
imposing additive structure). Consider the following partially linear model (e.g., Robinson (1988)
and Stock (1989)).

where W; € RP, Z; € RTP (1 < p < g—1), and the functional form of g(.) is not specified.
Note that since ¢(.) may not have an additive structure, we cannot allow Z; to be a deterministic
function of X;. Define V; = X; — E(X;|Z;), we need to assume that F(V;V/) is positive definite.
The null hypothesis is

Hg - E(Yi|X;) = Ziy + g(Wi) a.s.,
and the alternative HY is the negation of H.

Estimating partially linear model by series methods are discussed in Donald and Newey
(1994), and Newey (1997) among others. Let pX(w) denote a K x 1 series approximating func-
tions. Note that p&(w) does not have an additive structure since g(w) may not be an additive

separable function. Define an n x K matrix P, = (pX (W), ..., pX(W,,))". Also let Z be the n x r
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matrix with its ith row given by Z!. Finally define an n x (r + K) matrix X, by X, = (Z, P.).
Then we estimate U; by

Uei = Yi = Z{e = pE(X) B (4.3)

where 4. and ﬂc are given by ( 3 ) = (X.X.)" XY, Y is an n x 1 vector with a typical element
given by Y;. ’

From Theorem 2.2 we immediately have the following Theorem.

THEOREM 4.2 Assume that g(.) satisfies the same conditions as m1(.). Let X; = (Z!,W!)
and z = (2',w') and H(X;, ) = H(Z;, 2)1(W; < w). Define JS(x) = Z (
Then J<(.) converges weakly to JC(.) under HE,

iy T).

where jgo 15 a Gaussian process with zero mean and the covariance function given by
E;,x/ = COU(J&(I), ‘]go(x/)) = E[02(Xi)nc,x(Xi)nc,m’(Xi)]f

with nc,x(Xz> = H(XZ,.T) - ¢c,z(Xz) - wc,x(Xi); where ¢c,x(Xz> = E[H<X17$)‘VVZ]7 wc,z(Xz> =
E[H(XZ, .ﬁL’)EC’i]{E[GC’Z‘EIC’i]}_160’1' and €ci = Zz — E(ZZ‘WZ)

Proof: The proof is the same as that of Theorem 2.2 (i) except that one needs to replace z(X;)
and Eg(X;) by Z; and E(X;|W;) respectively, whenever they occur.

A test statistic for HS can be based on CM¢ = n~'¥,[J¢(X;)]? and the bootstrap critical
values can be obtained from CM* = n~'S,[J*(X;)]2, where J:(z) = n~'/2 Y, U* (Xi,x)
Uz, = Y2, = pK(X0)'B:, B = (P'P)"P'Y;, Y2, = pK(Xi)'B. + UZ,, Be = (PLP)~PY and U},
the two point wild bootstrap error obtained from {Uc,i}?zl (U.; is given in (4.3)).

5 Conclusion

In this paper we propose to use a series method to construct consistent model specification
tests when null models have nonparametric components. The series method is convenient in
imposing restrictions such as additive separability. The series method is also convenient to test
such restrictions. A leading case we consider is to test for an additive partially linear model. The
asymptotic distribution of the test statistic is obtained using a central limit theorem for Hilbert-
valued random arrays. We suggest using wild bootstrap methods to approximate the finite sample
null distribution of the test statistic. A small Monte Carlo simulation is reported to examine the
finite sample performances of the proposed test. We also show that the proposed test can be
easily modified to obtain series-based consistent tests for other semiparametric/nonparametric

models.
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APPENDIX A: PROOFS OF THE MAIN RESULTS

In Appendices A and B, we use (usually capital) letters without subscript i to denote vectors
or matrices. For example, H(X,z), U, U, m and ¢(r) are n x 1 vectors with the ith element
given by H(X;, x), U;, U;, m(X;) and ¢;(z), respectively. Also for an n x 1 (or d x 1) vector A,

we use ||A|| to denote its Euclidean norm.

Proof of Theorem 2.2 (i).

Note that U; = Y; — 2(X,)'5 — pX (X)) = U; — 2(X,)' (5 — 7) + m(X;) — m(X;) and
m(X;) = px(X;)' 8 = pX(X;)(P'P)~P'(Y — Zy¥). Hence we have, in vector-matrix notation,
i = P(P'P)"P'(Y — Zoi)) = My(Y — Zo) = Mo[U — Zo(5 — ) +m] and

U=U— MU — (I, — M) Zo(¥ —~) + (I, — My)m. (A1)
Using equation (A.1), we get
Jo(x) = VS H(X, @)U = 0 A(H(X, @) T
- n’l/Q(;-l(X, o))U —n V2(H(X, x)) MU

—n T (H(X, @) (L — My) Zo(3 — ) + 0~ V2(H(X, 2)) (1 — My)m
= Jnl(l') — Jng(l‘) — Jng(x) + Jn4(l’) (AQ)
Lemma A.1 of Appendix A shows that, ||Jua(.) — n7Y2¢(.)'Ul|, = 0,(1), where ¢(x) is an
n x 1 vector with the ith component given by ¢;(z) = Eg[H(X;, z)]. Lemma A.3 establishes that
[ Jna(.) = n~Y2()U||, = 0,(1), where 1(x) is an n x 1 vector with the ith component given
by ¥;(z) = E[H(X;,z)e)]{Ele€l]} 'e; and ¢ = 20(X;) — FEglz0(X;)]. Lemma A.2 proves that

[ Jn3 ()]l = 0p(1)
Define J,(x) = n= 2 ¥, [H(X;, 2) — ¢s(x) — i(2)]U; = n~/2 Y, Zi(x). Then by lemmas A.1

to A.3, we have
[172() = Ja(ll = 0,(1). (A.3)

It is easy to see that E[||J,(.)||2] < oo, i.e., J,(.) is tight. Hence, by the central limit theorem

for Hilbert-valued random arrays (lemma 2.1) we have that
Jn(.) converges weakly to Joo(.) in Lo(S, v, ||.]],), (A.4)
where J(.) is a Gaussian process with mean zero and covariance function given by

Y(z,2") = Cov(Jp(x), J,(2") = E[Z;(x)Z;(x)]
= B{o*(X)[H(X;, x) — di(2) — i(@)][H( Xy, 2') = dil2) — i)}
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(A.3) implies that .J,(.) and .J,(.) have the same limiting distribution, this and (A.4) imply
that J,(.) converges weakly to J(.). This completes the proof of Theorem 2.2 (i).

Proof of Theorem 2.2 (ii).
Obviously A(J) wf [[J(2)]?F(dz) is a continuous function in Ly(S, F). Given that F is

absolutely continuous with respect to the Lebesgue measure v, h(J) is also continuous in £,(.S, v).
Therefore, by Theorem 2.2 (i) and the continuous mapping theorem, we have [[J,(z)]2F (dz)
converges to [[J(x)]>F(dx) in distribution.

Now, define A, = CM, — h(J?). Then

A

Au = CMy=h(32) = [La@)*Falde) — [Lu(@)F(de)
= 0?3 S GO, X H(X;, Xo) = BIH(XG, X H(X, Xe) X, X))

n72ZZZUZ’Uj%]’k, (A5)
i 7k

where Vi = H(Xi, Xp)H(X;, Xp,)—E[H(Xi, XY H(X;, X3)| X0, X)), Let g; = g(X,) = 20(X0)' 7+
m(X;) (m(X;) is an additive function), and §; = zo(X;)'¥ +pK(Xi)’B. then, UZ =Y, —qg =
U; + (9; — §;). Substituting this into (A.5), yields

A, = n7? ;;;[Uz + (9 — 9)][U; + (95 — 9)]Vijn
= 2 > zk: U;U;Vigre + 2072 > %: Ui(gi — 95)Viji
i i
+n 2 Z Z zk:(gz - ﬁi)(gj - ﬁj)vijk
= A, + ;A;n + As,, (A.6)

where the definitions of Aj, (j = 1,2, 3) should be apparent.
Using E(U;|X;) = 0 and E(V;;,|X;, X;) = 0, it is easy to see that
A =023 3" N UUVige + Op(n7Y?) = Ajy + O,(n713), (A7)
i gFIFL kAT
where Ay = 1723024 Sprinzi UiUjVij. 1t is easy to see that
1
E[A}, 1] = T2 2 X ) EUUVRUUp Vil = —
i kEikA i A KA R A
(A.7) and (A.8) imply that A;, = O,(n~2) = 0,(1).
Next, we show that Ay, = 0,(1). Let § = [; satisfy assumption (A3) (i) with f = m (the

additive function). Then we have
gi — §i = 20(Xi) (v = 4) + m(X;) — p(z:)' B+ p(X,) (B = B). (A.9)
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Substituting (A.9) into Ay, we get

Ay, = n7? 22 2 Udao(X5) (v = 4) + (m(X5) — p(X5)'8) + p(X5) (8 — B)}Vign

~

= Agui(y—7) + Asna + Ao s(B8— 0), (A.10)

where Ag, 1 = 1723 305 Yk Uizo(X;) Vige, Aane = n72 3 05 Xk Us(m(X;) — p(X;)'3)Vijr, and
Aogp g = n=?y, 25 2k Uip(X;)'Vijk.-

E[|Agn1|[?] = 0 32 305 0k X2 E[UF 20(X;) 20( X0 ) Vije Vi) = O(1). Hence, Agni(y —4) =
Op(l)op(nilﬂ) = Op(l)'

El|AgnalP] < 0732525 20 Xy Blo(Xa)(m(X;) — p(X;)'B)*VijeViji] < C supges|m(z) —
p(z) B = O(X, K~2%) = o(1). Thus, Ag, 2 = 0,(1).

El|Azns|lP] = n7* i 5 Sk 2y Elo*(Xa)p(X;) p(Xj) Vi Vige] < CEp(X:)'p(X3)]
= Ctr E[p(X;)'p(X;)] = CE{tr[p(Xi)p(Xi)']} = C K.

This implies that Ay, 3 = Op(Kl/Q). Hence, Ay, 3(6—0) = Op(Kl/Q)O]D(KI/Q/nl/?—i—ZlL:1 K‘5l) =
op(1).

Summarizing the above we have shown that As, = 0,(1).

Using (A.9) As, can be written as
Ay = 0 Y Yl = A)20(X) + (8 = BYP(XG) + (m(X0) — p(X:) B) Vi

x[20(X;)' (v = 7) +p(X;) (8 = B) + (m(X;) = p(X;)'B)]
= (v =) A301(y =) + Aszna + Az, 3 + other terms, (A.11)

where Agn1 = 17230320, 2k 20(Xi) 20(X;) Vijk, Asnz =172 355 S
hat3 = BYp(X)p(X;)' (B = B)Vign, Asnis =02 52 525 T(m(X,) = p(X)'8) (m(X;) = p(X;)'5) Vi

E[||Asnall] = n71 55 555 3% X0 X Elzo(Xi)20(X;) 20(Xir) Zo(X) Vi Vije] = O(n). Hence,
Asp1 = O0,(n'?) and (v — 4)Azn1 (v — %) = O,(n~Y2) because vy — 4 = O,(n~1/2).

|Agna| = [n72 52, (8 = 8)p(X)p(X,)' (5 = B) [~ 2 Ty, Vigal |

<n'/? Zz[(B - ﬁ)lp(Xi)p(Xi)/(B — D[ supsares | n=1/2 >k Ve x| |

< {n!2(B = Y (P'P/n)(5 = 5)}0,(1)

=n2(3 = B) Ik + op(D)(B = B)0y(1)

= 2020, (K /n+ i, K72%) = 0,(1).
where in the above V, v x, = H(x, Xp)H (', X) — E[H(x, Xp)H(2', X))], and we used
sUPy ares|n Y2 Ve x, | = Op(1) by lemma A 4.

E|[Aznall?] = 0~ 320 325 3k X Xy El(mi—pji3) (myj — 05 8) (mis — piy B) (myje — 0l B) Vg Viejor] <
Cn supges|m(x) — p(z)B|* = O(n)O(%, K746l) = o(1), where m; = m(X;) and p; = p(X;).
Hence, Az, 3 = 0,(1).
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Similarly, one can show that all the other terms in As, are 0,(1). Thus, we have shown that
A, = Ay, + 249, + A3, = 0,(1). Therefore, we have

M, / F(de) + A, = / [ (2)2F (dz) + 0,(1) — / oo (2)]2F (d), (A.12)

in distribution by the result of Theorem 2.2 (i) and the continuous mapping theorem. This

completes the proof of Theorem 2.2 (ii).

Proof of Theorem 2.3.

Proof of (i): Following the same proof as that of Theorem 2.2 (i), one can show that, under Hy,
[ Jn ()= [Tn()+n71 325 g(X)H(XG, ][l = 0p(1). Also, [[n32; g(Xa)H(Xi, )= Elg(Xa)H(Xi, )] ], =
0p(1). These imply that
[ Jn () = [Jn() + o]l = 0p(1).
Hence, by the same arguments as in the proof of Theorem 2.2 (i) we have that (the tightness
of J,(.) + po(.) follows from lemma 2.1)
Jo(.) converges weakly to Jo(.) + pio(.) in Lo(S, v, ||-||).

Proof of (ii): Using the similar arguments as in the proof of Theorem 2.2 (i), one can show that,
under Hy,

In=2J, () — n~ ' S0(X;) — Eg+ (0(X:)H(Xi, )|, = 0,(1), and that

[[n=t 325,[0(X5) — Eg+ (0(Xi)H(X:, ©) — pa ()], = 0p(1). These imply that

[ 720(.) = i (] = 0p(1).
Proof of Theorem 2.4.

The idea underlying the proof of Theorem 2.4 is very simple. In order to show that a statistic
converges to a limiting distribution in distribution in probability, we verify that certain conditions
hold in probability. Hence, for any subsequence, there is a further subsequence that those condi-
tions hold almost surely. For our J*(.) statistic, we write it in two parts, a leading term converges
to a zero mean Gaussian process, and a remainder term that converges to zero in probability.
Say, J(.) = J5 () + A%(.), and we show that (J*(.)|Z1, Za, ...) — JZ%(.) in distribution in prob-
ability, and that E*[||A,()*]|2] = 0,(1). Then [[J}(z)]?dF(z) — [[J%(x)]*dF (z) in distribution
by the continuous mapping theorem. Finally, we show that CM} — [[J}(x)]?dF (z) = o0,(1).
Thus, CM} — [[J% (x)]?dF(x) in distribution in probability.

Now we turn to the proof of Theorem 2.4.

Ur = Y7 — 20(X)4* — pM(X,)'5* = Ur — 20(X,)' (5 — 4) — p"(X3)(5* — 3). Similar to the
derivation of equation (A.1), we have p™(X,)'3* = p¥(X;) (P'P)"*P'(Y* — Zy¥*), and in matrix
notation, P3* = P(P'P)"'P'(U* — Zy(3* —4) + Pf3) = M, (U* — Zo(3* — %) + P3). Hence,

U =U* — M,U* — (I, — M) Zo(5" — A). (A.13)
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Using equation (A.13) we have
Jix) = n VA H(XG, 2)UF =0T VA(H(X, 2) U

= n_1/2(7z-£(X, ) U* —n Y2(H(X,z)) M, U*
_n_l/Q(H(Xv x»,(]n — M) Zo(¥" — ")
= J(@) = Joo(x) — Jos(a).

Similar to the proofs of lemma A.1 and lemma A.2, one can show that (i), ||J5(.) —
n~2p(VU*||2 = 0,(1), and (ii) ||JF5(.) — n~ Y2 (.)'U*||? = 0,(1). Here, for any two random ele-
ments A% (.) and B (), || A% () — B (.)||2 = 0p(1) means that plim,..{E*[||A%()—B:()|2]} =
We provide a proof for (i) below. (ii) can be proved similarly.

Define an n x n diagonal matrix D(U/?) with the ith diagonal element given by U2. Also let
Vi(z) be defined as in the proof of lemma A.1, i.e., Vi(z) = H(X;,z) — ¢s(x). Define ¢(z) =
M,¢(x) and V() = M,V (x). Then we have

E{||5a(x) = =2 (@) U*(15} = E{[[J3a(x) — n~'2¢(x) U Pv(dx)}

= E{[[n"?[(H(X, 2)) M, U* = ¢(z) U*]JPv(d) }

="' [{IM H(X, 2) = () E*[UU”|[MH(X, 2) — ¢(2)]}v(dx)

= 0! [{{Ma(6(x) + V() = (@) D(U)[Ma((2) + V() = $(a)]}v(dz)

= 0" [{[o() + V(2) — ¢(«)] D(U?)[(x) + V () — ¢(x)]}v(dz)

=07t 5, U7 [[0i(x) + Vi(x) — () Pr(de).

Now we consider the case that n is large, it is easy to see that

0t 55 U [16i(x) + Vi) — il2)]v(dx)

=07t 5, U7 [[(i(2) + Vi) — ¢il@)]v(dz) + 0,(1)

=" 5 0%(X) [[(di) + Vi(z) — di(x)]Pv(dz) + o,(1)

< On™' 55 [[(i) + Vi) — ¢il@)Pv(dz) + 0,(1)

= C [[16() = dOIE+ VIR +0p(1)

=0 (Zl 1 K %l + K/n) +0p(1) = 0,(1),
by lemma B.1 and B.2.

Therefore we have shown that J(.) = n= /2 3, [H(X;, ) — ()= ()|UF +0,(1) = J(.)+0,(1),
where J*(.) = n V2 [H(X;, ) — () =0 ()]UF =n~ /2%, Z#(.). Lemma 2.1 gives the tightness
of J¥(.), i.e.,

E*(||J;()I[2] = nt 5 U7 JIR(X, ) = ¢() = ¢ ()Pr(de) < Cln™' 5 U?].

When n is large we can replace U; by U;, and applying a weak law of large numbers gives
that

Cln™' Y, U2 = Cln~' S, U?] + 0,(1) & CE[0*(X)] < 0.

The conditional covariance function of J¥(.) is
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o' (2 (@), Z1(a")) = 07 S H(X;, ) — 6(x) — ()M 21) = (2) — Y07,

For n large, we can replace U; by U; and by a weak law of large numbder, we get

cov*(Z7(x), Z7 () = ™" Ti[H(Xi, x) — ¢(x) — P()][H(XG, 2') — o) — ()] UZ

— B{oX(X)[H(X:,7) — 6lx) — w(@)][H(Xi, 2") — 6(a") — w(@)]} + 0p(1) = B, a’) + 0y(1).

Next, we consider the finite dimensional distribution of J(z). Let f(.) € L*(S,]|.||.), and <
,. > denote the inner product. Define B(X;, z) = [H(X;, x)—¢(z)—¢(x)]. Then < J*(.), f(.) >=
[T () f(z)v(de) = n~ V2, Ur [ B(Xi,2) f(z)v(de) = n~ Y2, W;UF. W; only depends on the
original data. The U; are conditional independent and have zero means, we only need to verify
the Lindeberg’s condition. Exactly the same arguments as in Stute et al (1998, pp148-149)
shows that the Linderberg’s condition indeed holds. Thus, < Ji(.), f(.) > converges to a normal
variable with zero mean and variance E[0*(X;) [ B(X;, z)? f*(z)v(dx)]. By Cramer-Wold device
we obtain the finite dimensional convergence result.

Summarizing the above we have shown that J(.) converges weakly to J% (.), where J% (.) is
a zero mean Gaussian process, with covariance function identical to that of J(.).

Define A* = CM* — [[J*(z)]2dF ().

Then by similar arguments as we did in the proof of Theorem 2.2, one can show that A* =
0p(1). We provide a skechy proof below. Note that A’ can be obtained from A, given in (A.5)
with U;U; replaced by UZ*U]* Also note that Ur = Y;* — 2(X;)/4* — p(X,)' 3" = Ur + 20(X;) (5 —
5 + p(X.Y (B — ), we have

A, = ”_QZZZ@*UJWM
= n’QZZZU*U* i+ (7 20202 20(Xa)20(X) Vi (F = 47)
i 3 k
+n- QZZZ 3 — 3% p(X)p(X)'Vi z]k(ﬁA 3*) + other terms
i j k
= By, + B, + Bs, + other terms. (A.14)

We will consider Bs, first. Similar to the analysis of the As, term, we have

| B <0725, 5 [(B* — %) p(Xa)p(X;) (5 = B[ n~2 S Vigsl |

<n 287 = ) p(X)p(X) (5 — B2 Hsupearesn ™/ Sy Ve x, |

< nl2(B* = B)(P'P/n)(3* — B)O,(1)

= n"V2[U¥ P(P'P)~Y(P'P)(P'P)"'P'U*0,(1)

= n!2[n=tU* P|(P'P/n) " [n "t P'U*|0,(1)

= n'2O,((K/n) + 3 K72)0,(1) = 0,(1),

where we have used n~!P'U* = O,((K/n)"?+ Y, K~%) and P'P/n = O,(1). This is because
E*[|[n~'P'U*|]?] = n2E*[U* PP'U*] = n~2[U' PP'U]

=n2 Y, %, Uil P(X,)'P(X;) = n7? %, ¥, UU; P(X;) P(X;)
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=n"? Y 555 [UiU; + 2Ui(g; — 95) + (9 — 9:) (95 — 9;)]

= 0p(n7") + Op(n™V2[(K/n)' /2 + 35 K=0)) + Op((K/n) + £ K—2%)

= Op((K/n) + ¥, K72).

Hence, n ' P'U* = O,((K/n)Y? + ¥, K~%).

Using the fact that E*(U;) = 0 and (3" —4) = O,(n~1/?), it is easy to show that By, and
By, are 0,(1). Similarly one can show all the other terms are o,(1). Therefore, A* = 0,(1).

Thus, we have

oM = [@PdF.@) = [ @PF@) + 4, = [@)dP(@) +o,(1)
— [Va(@)dF()
in distribution by the continuous mapping theorem.

Below we give some lemmas that are used in the proofs of Theorem 2.2 and Theorem 2.3.
For an n x d matrix A, we denote A = M, A and A; is the ith component of A. For example
m = M,m and ZO =M, Z,.

Lemma A.1 ||J,2(.) — n7Y2¢(.)U||2 = 0,(1).
where ¢(x) is a n x 1 vector with the ith element given by ¢;(x) = Eg[H(X;, z)].

Proof: Define V;(z) = H(X;, z) — ¢i(x). Then Eg(Vi(x)) = 0 and Eg(V;*(z)) is bounded for any
r € S. We have,

Bl Jua(.) — m/26( YUI2|X]

=n" [[(H(X, 2)) M, — ¢(2) ] E(UV'| X)[M H(X, x) — ¢(x)]v(d)

< On7 [[MyH(X, z) = ()] [MH(X, 2) — ¢(a)]v(dx)

= 7| My H(X, 2) = ¢(x) [} = Cn™| Mu(¢(2) + V(2) = ¢(2) [[7

<200 {|| Mg () — ¢(x) [[7] + | My V () |7}

= 0,(SF, K7 4+ K/n) = 0,(1) by lemma B.1 and lemma B.2.

Lemma A.2 ||J,3(.) — n 20U = 0,(1).

Proof: Note that zo(X;) — Zo(X;) estimates €; = 2o(X;) — Eg[z0(X;)], or in matrix notation Z, —
M, Z, estimates e. From lemma B.3 we know that (§ — ) = {Elg€l]} 'n ™t S, U] + 0,(n~1?).
Using lemmas B.1 and B.2 we have ||n""H(X,.) (I, — M,)Zo — E[H(X;,.)'&]||2 = 0,(1). Hence,
Juz(:) = n7VPH(X, ) (In = Ma) Zo(§ — ) = B[H(X3, )e][n'2 (5 = 7)] + 0,(1)
= E[H(X;, Je{Elee]]} " n™ 2 X eUi] + 0p(1) = n= 24 ()U + 0,(1).

Lemma A.3 ||J,4(.)]]2 = 0,(1).
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Proof: [|[Jna()|[Z < n7' 35,3, fH(Xul’) (X, ) (ms — my)(my — my)v(de) < C% [{(mi —
mg)2v(dz) = C|lm — m|[2] = nO, (k. 251) 0,(1) by lemma B.1.

Lemma A.4 Denotesz = (x,2') € SXS and define V, x, = H(z, X;)H(2', X;)—E[H(x, X;)H(2', X;)].
Then
SupzeSx$|n_1/2 i Vex,| = O,(1).

Proof: By Theorem 3.1 of Ossiander (1987), or a more general result from Anderson et al (1988),
we know that n—1/2 >i Vex, is tight in 2 € § x S under the sup-norm if |V, x, — Vi, x,| <
A(X)||z1 — 22|, with E(A?(X;)) < oo. By the assumption that H(.,.) is bounded and satisfies
a Lipschitz condition (see Assumption A.4), it is easy to check that the above conditions hold.
Hence, we know that n= /2y, V. x, is tight under the sup-norm. The finite dimensional conver-

gence of n=1/2%,V, x, is trivial to check. Thus, n~'/2

>.; V. x, converges weakly to a zero mean
Gaussian process (say, Vo)) with covariance structure given by E|[V. x,V. x,|. Consequently,
sup,esxs[nY? 3, V. x,] converges weakly to sup,csxsVoo(2) = O,(1), which in turn implies that

SUPZQSXS[nil/Q Zz Vz,Xz] = Op(l)'

APPENDIX B: SOME USEFUL LEMMAS

Following the same arguments as in Newey (1997), we will assume B = [ in assumption
(A2). Hence p¥(-) = PX(.), This is because all nonparametric series estimators are invariant to
non-singular transformations of p™(-). Also we will assume Q “E [pE(X)p™(X;)'] = I. This is
because, for a symmetric square root Q=2 of @', Q~/?p®(.) is a non-singular transformation
of pX(-), and using (A2) (i), it is easy to show that Co(K) 2 supees||Q~Y2pK (|| < CCo(K).
Also if we change p™(-) to pX(-) = Q7/?pX(-) and define 3 = Q'/?3, assumption (A3) (i) is
satisfied since |g(-) — p®(:)'8] = |f(-) — p(-)’B|. Thus all the assumptions still hold when p¥(-)
is changed to Q~Y/2pf(.).

Lemma B.1 Let fi(x) = fo(z, X;) € G (the class of additive functions), fo(z,X;) is of dimen-
sion d X 1 (d is a finite positive integer). Let fx(x) denote the n x d matriz with the ith row
giwen by fi(x)'. Define fX(x) = M, fx(x). Then

07| fx (@) = M fx (@) = Op(S0 K7*) = 0,(1).

Proof: n™' Bl| fx () =M, fx (2)|[}] = 07 B|| fx (2)= fx (@)[[2] = 07" [ Ellfx (2) = fx ()| PJv(de) =
O(3, K1) by the result of Andrews and Whang (1990) and Newey (1995,1997), or see lemma
A4 of Li (2000) for a proof of this result.

26



Lemma B.2 Denotes v;(x) = V(z, X;) with Eg(v;(x)) = 0 and Eg([vi(x)]?) uniformly bounded
inx €8. Define V(z) = (vi(x),...,vn(2)) and V(z) = M,V (z). Then we have

n MLV OIIE = nHIVOIR = Op(K/n) = 0,(1).

Proof: Without loss of generality we can assume E[p* (X;)p®(X;)] = Ik (see the arguments in
the beginning of Appendix B). First we show that E[||P'V(.)/n||?] = O((K/n)"/?). Note that
pX(X;) € G and v;(.) L G imply that E[p*(X;)v;(.)] = 0. We have

E[[P'V()/nll}] = n={X; | Elvi(z)*p™ (X:)'p" (Xy)]v(de)

+ 30 g [ Elvi(@)p" (Xo) 1 Ev; (2)p" (Xj)v(da)} = n=" [ Bluy (2)p" (X1)'p" (X1)]v(dz)

< Cn 'E[p"(X1)'p"(X1)] = O(K/n). This implies that

1PV (@) /nll; = Op(K/n) = 0,(1). (B.1)

nTHIMV O =07t [ V(@) M V(x)v(de) = [(V(x) P/n)(P'P/n)~(P'V(x)/n)v(dx)

= J(V(x)P/n)ll + (P'P/n)~ = I](P'V(x)/n)v(dz) = [[[P'V(x)/n|[*[1 + op(1)]v(dx)

= [ Op(K/n)[1 + 0,(1)]v(dz) = Oy(K/n) = 0,(1)
by equation (B.1) and the fact that ||(P'P/n)~ —I|| = O,({(K)V'K /v/n) = 0,(1) (see the proof
of Theorem 1 of Newey (1997, pp161-162)).

Lemma B.3 (5 1) = {Elae]} " {n™! S5l + 0,72,
where €; = z0(X;) — Eg(20(X;))-

This was proved in Theorem 2.1 of Li (2000). Note that lemma B.3 implies that 4—v = O,(n~%/2).
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