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On the volume of the intersection of two hm balls
by
G. Schechtman * and J. Zinn**

1. Introduction

This note deals with the following problem, the case p =1, ¢ = 2 of which was introduced
to us by Vitali Milman: What is the volume left in the L} ball after removing a t-mulfiple of
the L ball? Recall that the L} ball is the set {(¢1,t2,...,t,); t; € R, n™' 300 8" < 1}
and note that for 0 < p < ¢ < co the Ly ball is contained in the L} ball.

In Corollary 4 below we show that, after normalizing Lebesgue measure so that the

—ctPpPla £

volume of the L} ball is one, the answer to the problem above is of order e or

T<t< w:w w“ where ¢ and T depend on p and g but not on n.

The main theorem, Theorem 3, deals with the corresponding question for the surface
measure of the L7 sphere. Theorem 3 and Corollary 4 together with some other remarks
form Section 3. In Section 2 we introduce a class of random variables to be used in the

proof of the main theorem. These random variables are related to L, in the same way that

Gaussian variables are related to L.
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2. Preliminaries

Here we introduce a class of random variables to be used in the proof of the main theorem
and summarize some of their properties. Fix a 0 < p < oo and let z,z1,29,...,2,
be independent random variables each with density function cpe_tp, t > 0. Note that

necessarily ¢, = p/, (1/p). The first claim is known, though we could not locate a reference.

Lemma 1. Put S = (E?:l xf)l/p, then <%, e, %) is uniformly distributed over

the positive quadrant of the sphere of 1}, i.e., over the set

Ay ={(t1,t2,...,tn); ti > 0, >t =1} equipped with the (n—1)-dimensional normalized

Lebesgue measure. Moreover, <%, e, %) is independent of S.

Proof. For any Borel subset A of A,

P<<x—1 L2 x—") EA‘S:a>:

STS’ S
~ lim P((z1,...,20) ERy A& a—e< S<a+e)
e—0 Pla—e< S<a+e)
N - t? — t?
B 11_I>I(l) (t1,-. in)ERY A € E dt// (t1,tn)ERT e Z dt
(a—e)P<th<(a+e)P (a—e)P<Z tP<(ate)p
<1 —(a—e)P+(a—e)? P dt dt
- IIEIlj(I)lpe (t1,-) tn)ER A (t1,---, tn)eRi
(a=P < iF <(aterr (a=P <Y i <(atorr
= /\(A)v

where A is the normalized Lebesgue measure on A. Similarly,

T1 X2 Tn

P<<§,§,...,§> e A‘S: a> > \(A).

This proves that P<<%, Z, %) € A> = AMA) and that <%, 2., %) is indepen-

dent of S. [ |



In the next claim we gather some more properties of the random variables z;.

Lemma 2. Let x,xq,...,x, be as above, then

1. ¢y is bounded away from zero and infinity when p — oo.

v 1/p
2. Forallh >0 and all 0 < p < co, Ee™"" = <1—+h> . In particular,

Ec ™" > ¢ P for all h>0 and Ee ™" <" for all 0 <h <1.

3. Fora]]0<u<ooanda]]0<p<oo,P(:1;p>u)2;—26_2”. Ifp>1andu > 1, then

also P(z? > u) < %Q—U/Z. In particular, for p > 1 and all u, P(a? > u) < Ce=1/2 for

some universal C'.
1/q
4. For all 1 < p < ¢q < o0, E<E?:1 x?) is equivalent, with universal constants, to

q'/Pn1/e, if ¢ <logn, and to (logn)'/P otherwise.

Proof. 1. Follows easily from the fact that ¢, = p/, (1/p) =, (]l) + 1)L

2. is a simple computation.
3. is also simple, here is a sketch of the proof.
>0

Pzt > u) = cp/ e~ dt

ul/P

(ut1)/7 +(p—1) )
> cp/ P et dt
ul/p p(u + ]_)(P_l)/]?

_ Cp

= plut 1)-D/p (1- é)e_u

> ‘r e 2u

The other inequality in 3 is proved in a similar way.

4. First note that for all 0 < p, ¢ < oo

i 1
Exz? = cp/ e dt = c—p, <i>
0 p p
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so that, by the triangle inequality and 1,if 1 <p < ¢ < o0
n

(3e1) " < (D) " = (5 (1)) < ot

i=1 p p

for some universal C. For the lower bound in the case ¢ < logn, divide {1,2,...,n} into

approximately n/e? disjoint sets of cardinality approximately e? each, then

p(y) " =n(S(x )"

i=1 j  i€oy

> E< (:réaxxi>q>l/q
j (3 U]

> <Z (E max :L'i>q>1/q

iEa'j
J

> ¢!(log ¢4)!/7 (n/c!)! /9

> c”ql/Pnl/q‘

Now, for the case ¢ > logn we note first that, by 3,

C _2P n
P(lrél%xnxi >t)21—<1—ﬁe t) )

For n smaller than an absolute multiple of p, the lower bound follows easily from the fact

that Exq is larger that a universal positive constant, so assume that n > 20p/c, and put

t/p
t=2"1/» <log n;;) .Then, for some universal ¢,

‘ /py >
P(lrél%xn x; > c(logn)/P) > 1/2.

In particular, Emaxi<;<n z; > c(log n)l/p, which implies the lower bound in this case

1/q
since <E?:1 x?) is universally equivalent to max;<;<n ;. The upper bound in this

case, though a bit harder, is also standard and since we don’t use it in the sequel we shall

leave it to the reader. [ ]



The statement in 4, for the case p = 2, was noticed by the first named author several
years ago while seeking a precise estimate for the dimension of the Euclidean sections of [}
spaces (see [MS] p.145 Remark 5.7). The original proof was more complicated. The proof

presented here is an adaptation of a proof of the case p = 2 shown to us by J. Bourgain.

3. The main result

Theorem 3. For all 1 < p < g < oo there are constants ¢ = ¢(p,q) , C = C(p,q)
and T = T(p,q) such that if y denotes the normalized Lebesgue measure on the positive

quadrant of the unit sphere of L} then
plllllzy > 1) < exp(—ctPn?/?) (1)

for allt > T, and

plllullry > 1) > exp(=Ctn?/?) (2)

;11
forall2 <t < gnr 9.
Moreover, for ¢ > 2p (or any other universal positive multiple of p), one can take ¢(p,q) =
1 C(p,q) = % and T(p,q) = Tmin{q,logn}'/? < ¢'/?. Here v ,, and 7 are universal

constants.

Proof. By Lemma 1 above,

7

plllully > 1) = Pnr=a (3" a1 /(3 ab) e > 1)
=1

=1

—1" Assume, for the

where z; are independent random variables each with density cpe
simplicity of the presentation, that n is even. Put § = (3.1, eYP and let p;, o=

1,2,...,n/2 be positive numbers with sum < 1/2. Then

n n

P(nr=a (3 a3 al)r > ) =



(e B,
—P<;x?> 1 >

ny 1
n/2 n
< ZP(Q?: > tp}/qS/nF_E) + P( Z it > thq/Qn%_1> (3)
=1 =241

where {27} denotes the nonincreasing rearrangement of {|z;|}.

Since
n 9 n/2
w0 N oxg N2 *D\q/p
Z L §2$g§2(nzxi)
j=241 i=1

< oE-igup el

we get that, if t > 2!/P, the second term in (3) is zero.
To evaluate the first term in (3), fix 1 < 7 < n/2. Then,
n

P(at > tp}/1S/nv 1) < (j)P(:z;l,...,xj > tp/ 1S ny )

< (7?)]3(:1;]1’,...,:1;? >tpp§/q Z xf/nl_p/‘]>.

J i=t1

From Lemma 2 (first 3 and then 2) we get that the last expression is dominated by

(@)CjEeXp<—jp§/qtp Z xf/nl_p/‘])

J i=j+1

n\ . . _

< (J) 7 exp(—jpt/ 1t (n — j)/2pn' ~P/9)

for some universal C'. Note that the last inequality holds if jnp/q_lp?;/qtp < 1. If this is

not the case the probability we are trying to evaluate is zero. Finally, the last term is
dominated by

P/a4pp/a

exp(g log—,—l—C—7>. 4

(109" - @
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Now, for « to be chosen momentarily, let p;, 7 =1,...,n/2, be such that

p/q /
tPpp/a
(log@ C— L) = —anP/ %P
J 4p
le.,
log<t 4C 4
_ J p 2Pyq/p
Py = <4ptpnp/q tPnp/a —|—on, ) '

We thus get that,for some universal constant C',

(Cp)q/p(gogﬂ)q/p (4 )q/p
) 21 J -1 _q/p\ZP
pj <2 tin +2 @ ga/p (5)
It is easy to see that, for 1 < p < g < oo,
n/2
Z(log—)q/p < An mm{qq/p (logn)q/p}
: J
J=1

for some universal A. Thus the sum over j of the first terms in (5) is smaller than 1/4 if,
for some universal v, t > ymin{q'/?, (logn)'/?}. The sum over j of the second terms in

(5) is bounded by 1/4 if o < B%(% — 1)P/4, for some universal B. Choosing o to satisfy

this inequality and using (3),(4) and (5) we get that, for t > v min{q'/?, (logn)*/?},

n _anp/qtp

pllully >1) < 5

M

Under the conditions on ¢, the factor n/2 can be absorbed in the second term (changing o
to another constant of the same order of magnitude as a function of p), thus proving (1).
We now turn to the proof of the lower bound (2) which is simpler. Using Claim 1

again,

3
3

pllull Ly > 1) = Pnr = (3" ah)l1/(3 " a?)/e > 1)

/
- P<:1;1 - (n(l p/q) — tP) 1/p Z:z; 1 P>

1=2
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Since tP < %n(l_p/‘]), this dominates

21/Pt -
P<:1:1> :1; 1/p>.

z=2

Now, by Claim 2.3.,

21/pt n n
P<:1;1> 2:1; )" ;—;EeXp(_wag/n(l—p/q))

AV

z: Z:2

(E exp(—4 tpx]f/n(l_p/q))>n_l

M|<‘:
3

B < 1 (n=1)/p
O 2p N1 A

nl—rlq

(by Claim 2.2.)

v
|
D
¥

p p<_4tp(n — 1)>

pn(l_P/q)

Ep 4tPn?/4/p
2p

AV

Finally observe that, since ¢, is bounded away from zero and ¢ > 2, the factor ;—; can be

absorbed in the second term (changing 4 to another universal constant). [ |

Remarks:

1. It follows from the proof that, for n large enough and ¢ close to p, one can take

c(p,q) = %(% — 1> for some universal constant c.

2. It follows from the statement of the theorem that, for ¢ = oo
plllulloe > ) < e7/7

for all t > 7(logn)'/?, and
plllullss > 1) = e/

forall 2 <t < %n%, where ~, , and 7 are universal constants.

3. Note that it follows from Claim 1 and Claim 2.4. that the order of magnitude of T

is the correct one.



4. The restriction p > 1 in Theorem 3 above and in Corollary 4 below can be replaced
by p > 0 if one replaces the inequality ¢ > 2 with ¢ > d, for some d depending only on p
and ¢, and removes the “moreover” part. We didn’t check the dependence of the constants
on p and ¢ in this case.

The last remark is that one can get a similar statement for the full balls. We state it

as a corollary.

Corollary 4. For all 1 < p < q < oo there are constants ¢ = ¢(p,q) , C = C(p,q) and
T = T(p,q) such that if v denotes the normalized Lebesgue measure on the ball of L}

then, for all n large enough,
v(|lullzy > 1) < exp(—ct?n?/?) (6)

for allt > T, and

v(|[ully > ) > exp(~CtPn?/) (7)

for all 2 <t < %n%_% Moreover, for ¢ > 2p (or any other universal positive multiple of

p), one can take c(p,q) = T, C(p,q) = 5 and T(p, q) = 7 min{g, logn}'/? < ¢"/7, where ~

,, and T are universal constants.

The proof follows easily from Theorem 3 and the formula

v(A) =n /01 r"_lpL(é) dr

which holds for all Borel sets A in the ball of Lg.
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