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Summary. For B a type 2 Banach lattice, we obtain a relationship between 
the central limit theorem in B and the weak law of large numbers (for the 
sum of the squares of the random vectors) in another Banach lattice B(21. 
We then obtain some two-sided estimates for E IIS.l[ p which in Ip spaces, 
l < p < o o ,  give n.a.s.c, for the weak law of large numbers. As a con- 
sequence of these estimates we also solve the domain of attraction problem 
in lp, p < 2. Several examples and counterexamples are provided. 

1. Introduction 

Pisier and Zinn ([29], Theorem 5.1) obtained necessary and sufficient con- 
ditions for //,-valued random variables, p>2 ,  to satisfy the central limit theo- 
rem (i.i.d., n ~ case, which we will often denote as CLT) and, as remarked at the 
end of [29], their theorem extends as well to a certain class of Banach lattices 
of type 2 (the p-convex, q-concave Banach lattices, p > 2, q < oo; definitions are 
given below). This result was generalized to infinitesimal systems of Lp-valued 
r.v.'s, p>2 ,  in [11]. Here we continue working on this subject with the 
objective of finding interesting necessary and sufficient conditions for a B- 
valued r.v. X to satisfy the CLT. 

In [29] it is asked whether the conditions X pregaussian and 
nP{]lX[] > n ~ } ~ 0  are necessary and sufficient for X ~ C L T  in type 2 spaces. It is 
proved in Sect. 4 below that these conditions imply the CLT in 12(B) if and 
only if B is of cotype2, in particular this is not true in 12(/p), p>2 .  The 
question is thus answered in the negative. 

Then the problem arises of finding n.a.s.c, for X ~CLT in type 2 Banach 
spaces not covered by the CLT in [29]. We obtain two types of such con- 
ditions. The first one, in Sect. 2, is concerned with the generalization to Banach 
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spaces of the obvious relation X~CLT ~=~xz~WLLN (weak law of large num- 
bers) for real valued r.v.'s. We show that with the natural definition of [XI 2, 
this equivalence characterizes Banach lattices of type 2 (Theorem 2.9). We also 
include the relation between weak convergence of ~X,~ a n d  2[Xnj] 2 for 

J J 
general infinitesimal arrays in type 2 Banach spaces with an unconditional 
basis. 

The second set of conditions, in Sect. 5, is explicitly in terms of the distribu- 
tion of X, but applies only to spaces of the form /2@), p>2.  These are 
interesting conditions because they are not "classical": they involve quantiles 
and truncated moments of the coordinates of X (Theorem 5.6). We use the 
CLT-WLLN relation to obtain them, but the main ingredient is a two-sided 

oz p 

estimation of E ~X~ , X~ independent, symmetric B-valued r,v.'s, given in 
i =1 

Sect. 3 (Theorems 3.3, 3.4). We believe that this estimation has independent 
interest. Precedents for Theorem 3.3 are to be found in [t7], which prove 

n 

sharp two-sided bounds for E ~ X ~ ,  X~ i.i.d, real valued, and in [20] which 
i --1 

extend Klass's bounds to type and cotype 2 spaces (different sides of the 
inequalities for different types of spaces). The bounds here, in the i.i.d, real 
case, are equivalent up to constants to Klass's bounds (and to Kuelbs and 
Zinn's bounds in the type and cotype 2 cases), perhaps less precise, but simpler 
to evaluate. The proof of these bounds rely solely on an inequality of Hoff- 
mann-Jorgensen [13]. 

The estimation given in Theorem 3.3 is applicable in other situations. To 
illustrate this point (as well as for the interest of the subject) we apply it to 
obtain the weak law of large numbers in 11 (and in ll(lp), in the process of 
obtaining the CLT in 12(lp) ) and to solve the domains of attraction problem in 
Ip, p<2.  So, in Sect. 6, we give n.a.s.c, for a /p-valued r.v. X to be in the 
domain of attraction (DA) of a r-stable law, r>p (the case r<p is well known), 
and apply the results to several examples. In fact, as we point out below, 
Theorem 3.3 can be used to obtain a general central limit theorem in lp, 
1 < p < 2 ,  much in the same way as Rosenthal's inequalities were used in [11 l 
for the case p > 2. 

In Sect. 2 we review all we use on Banach lattices and include some 
examples (Ip, Orlicz and Lorentz spaces). The source is mainly [22]. 

Next we give some notation. All Banach spaces in this article are assumed 
to be separable, even without explicit mention. If X is a B-valued r.v., {X~} 
denotes a sequence of independent copies of X, and likewise for real valued 
r.v.'s 17. X s C L T  means, as usual, that there is a Gaussian p.m. 7 on B such that 

\ i =  1 

where ~w denotes weak convergence (as n-~oe). X ~ W L L N  will mean that 
there exists aeB such that 

~ X]n---,pra 
i = 1  
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where --+vr denotes convergence in probability. XeDNA~, r<2 ,  will mean that 
there exists a r-stable law p on B such that for some constants bneB , 

(n ) 
~ X]nl/~-bn -%p. 

\ i =  i 

It is well known that for r > 1 and X centered, and for r < 1, b n can be taken to 
be zero (by taking a shift of p if necessary). If the norming constants are a n 
instead of n z/r we write XeDA,.(an) , r<2 ,  meaning that X is in the domain of 
attraction of a r-stable law with norming {an}. The canonical basis of I v is 
denoted by {e~} and X~ denotes the c~-th coordinate of X, i.e. X=~X~e~.  In 

that case, {X~i}i ~ 1 will denote independent copies of X~. For 0 <p  < o% we let 
Dp={f~(lp)': f = ~ a ~ e * ,  a~elR, I e N a  finite set, e* the linear form conjugate 

c~eI 

to % c~=l,...}. Dp is sequentially w*-dense in (lv)', and this makes this set 
useful in weak convergence. {ei} will denote a Rademacher sequence, i.e. a 
sequence of i.i.d.r.v.'s such that P{ei= 1 } = P { e i = - 1 } -  1. - ~ ,  and e will stand for 
a Rademacher r.v. Rademacher sequences or r.v.'s will always be independent 
of the rest of the variables in the context where they will be used. 

2. CLT and W LLN in 2-convex Banach Lattices 

2i. Preliminaries on p-convex and q-concave Banach Lattices 

For the reader's convenience we summarize some notation, definitions and 
propositions on convex and concave Banach lattices (general reference: [22]). 
A Banach lattice is called p-convex, 1 < p <  o% if there exists a constant M <  oQ 
such that for any finite set {xi} c B 

( ~  \l/p ( n  p\i/; 

and it is called p-concave, p>2, if the reversed inequality holds. If B is a 
Banach lattice of real functions with the natural ordering (f>O<=>f(t)>O for 
all t) then the function 

= 1.u.b. aixi(t): [ailq<l, 1 /p+l /q=l  
i i= 

is an element of B, and this generalizes in a suitable way to any Banach 
lattice: given xl, . . . ,xneB, there is a natural correspondence between 
f (xl , . . . ,xn) and f(tD...,tn) if f :  1Rn-+IR is continuous and defined only by 
linear and lattice operations; this correspondence extends by taking limits to 
continuous homogeneous functions (see e.g. [22], p. 40-43). It is in this way 



326 E. Gin6 and J. Zinn 

that  (2.1) makes sense. There are several reasons why convex and concave 
Banach lattices are interesting to us. One reason is that in 2-convex Banach 
lattices there is a way of "squar ing"  vectors so that  the squared vectors form 
another Banach lattice with norm []]'1]] such that ][]x21][~-Nxl] 2. Specifically, 
given a 2-convex Banach lattice B, the Banach lattice B(2 ) of its squares is 
defined by: 

1) B(2)=B as ordered sets; 

2) if q5 is the identification map qS: B--,B(2 ) then the linear operations are 
Cfl(X) q-4(y)=c~((X2"q-y2)}), ~ q S ( x ) =  4 (~-~X)  for all x, y~B, eelR; 

3) IIIqS(x)llt--inf{~ Ilx/[12: I~b(x)]=~ ]qS(xi)L, xi~B, finite sums}. 
Here (x 2 +y2)~ corresponds to the homogeneous function 

[t 2 sgn t 1 + t 2 sgn t 21-~ sgn(t~ sgn t 1 + t2 z sgn t2) 

by the above mentioned functional calculus, and c~4=l~l~sgnc~. With these 
operations and norm B(2 ) is a Banach lattice and there exists c~(0, oo) such 
that  

c -1 III q~(x) III _-< ILxII 2 __<c III q~(x) 111. (2.2) 

If the convexity constant  is 1, then IIIq~(x)[ll = Ilxll 2. The following notat ion will 
be in force: 

~(x)=x 2, q~(Ixl)=lxl 2. (2.3) 

If B is a Banach space with an uncondit ional  basis {e~} then it can be 
renormed in such a way that B is a Banach lattice with the ordering induced 
by the basis (namely, ~ a i e i > O ~ a i > O  for all i). In that case B(2 ) can be 
identified to the space of sequences {bl} such that  ~ b  2 ei~B, 

4 ( 2  aiei)= ~ a2(sgnai) O(ei) and [ll~(2 aiei)lll~- IlY'aieill 2. 

For  instance, if B = lp, p > 2, then B(2 ) = lp/2. If the uncondit ional i ty constant  of 
{el} is 1 then no renorming is necessary ([-22], p. 2). So, in this case, as well as 
in the case of spaces of functions, B(2 ) has a very natural meaning. The notion 
of B(2 ) is due to Krivine ([19]). 

These spaces have some interesting properties. We list two very useful ones 
([22], p. 49-50 and p. 46; originally due to Maurey [25]). 

2.1. Theorem. Let B be a Banach lattice and {ei} a Rademacher sequence. Then 
there exists Ce(O, oo) such that for any finite collection {xi} c B ,  

C -1 II(~ ]xel2)~ll < E  IlY,~ix~l[ _-< c It(~ IX~12)~ll 

if and only if B is q-concave for some q < oo. The left side inequality holds in 
any Banach lattice. 

An immediate corollary is that under  the conditions of the theorem, if {X~} 
are independent, symmetric B-valued r.v.'s, then 

C- iN II(~, IX,12)~l[ __<E tlY, x ,  II-< rE ]l(~, IXil2)~*[[. (2.4) 
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2.2. Theorem. A Banach lattice B is of  type 2 if and only if it is p-convex and q- 
concave for some p >= 2 and q < oo. 

See e.g. [22], p. 100, for the complete set of relations between type, cotype, 
convexity, concavity and moduli of convexity and smoothness. 

Next we consider some examples. Ip(B) denotes the space of sequences {xi} 
c B  such that ~ Ilxilff< co, with norm (~  HxirlP) lip. Since the lp spaces are p- 
convex and p-concave we have: 

2.3. Proposition. The spaces lpl(Ip2 ... (lp~)...) are 

rain(p1,... ,pk)-convex and max(p1,... ,pk)-concave. 

An Orlicz function N satisfying the A z-condition is a continuous, convex, 
non-decreasing function on [0, ~ )  such that N(0)=0, N(t )>0 if t>0,  limN(t) 

t~oO 
= oe and supN(2 t ) /N( t )<  oe. Given such a function, the Orlicz sequence space 

t>O 
l N is a separable Banach space defined as 

IN={{Xi}~]RIN: 2g( lx i l )<2 oo},  

with 
11 {x~} II N = inf{p > 0 : 2  N([ x i [/p) < 1 }. 

2.4. Proposition. 1) Let  N be an Orlicz function satisfying the Az-condition and 
t 

let M ( t ) = ~ N ( x ) x - l  dx. Then 1N is of type 2 if and only if  
0 

sup M(uv)/u2M(v)  < oo. (2.5) 
0<U,O--<I 

2) I f  N is an Orlicz function satisfying the Az-condition and such that N( t  ~) 
is equivalent to a convex function N (i.e. N ( c l t � 8 9  ) for some cl, 
c2~(0 , oo) and all t>0), then l N is of type2 and (lu)(2)-~l ~. Under these con- 
ditions, 1N is p-convex and q-concave for some p >2 and q < ~ if and only if 
there exists Z > 1 and v o > 0 such that for all v < Vo, 

~r(v) <(22) -1N(2 v). (2.6) 

Proof (highly non-selfcontained!). By [-21] 4.a.4 and 4.a.9, and [22] 2.b.5 and 
p. 100, 1N is q-concave as long as N satisfies the Az-condition. In this case 
type 2 is equivalent to a modulus of smoothness of power type 2 ([22] p. 100), 
and therefore, part 1) follows from [8], Propositions 19 and 21 and Lemma 20. 
A simple computation using just the definition shows that if N satisfies the 
hypothesis in 2) then l u is 2-convex (hence of type 2 because it is also q- 
concave) and (llv)(2)~ l~. From [22], p. 53, 54, it follows that l N is p-convex for 
some p > 2 if and only if l~ is p-convex for some p > 1, hence if and only if l~ is 
of type p for some p > l  ([22], p. 100), or what is the same, a B-convex space. 
In [7] it is shown that l~ is B-convex if and only if both N and its conjugate 
Orlicz function satisfy the Az-condition, or what is the same (by [18], Theo- 
rem 4.2), condition (2.6). [] 
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For example, if N(t)=t2/(1 § ]logtl) then 1N is of type 2 blat not p-convex for 
p > 2 ;  but if N(t)=tP/(l+llogtl) or N(t)=tP(l+llogtl),  then l N is p-convex, 
p>2.  

Given a sequence {x~} c N., define {x*} as the non-increasing rearrangement 
of {Ixil}. If w={wi} is a non-increasing sequence of positive numbers, wEc o 

- lz, then the Lorentz space d(w, p), p > 1, is defined as 

d(w,p)={ {x~}eIR~: ~w~(x*)P< oo} with II(x~}ll =(~w&*)~) alp. 

The sequence w is called regular if ~ wi~-nw ,. d(w,p) is always p-convex but 
i = l  

not r-convex if r>p ,  and it is q-concave for some q <  oo if and only if w is 
regular (see e.g. [31]). Hence: 

2.5. Proposition. d(w,p) is of type 2 if and only if w is regular and p> 2; and it 
is p-convex and q-concave (for some q < oo) if and only if w is regular. 

2 ii. The Limit Theorems 

We start with a symmetrization lemma for triangular arrays which will also be 
useful in Sect. 6. 

2.6. Lemma. Let {Xnj: j=  1, ..., k,, n e N }  be an infinitesimal triangular array of 
B-valued r.v.'s i.i.d, by rows, B a Banach space, and {e , j : j= l , . . . , k , ,  nEN} an 
array of row-wise independent Rademacher r.v.'s independent of {X,]}. Then 

if ~ enj(Xnj--anj ) is tight for some {a, j}cB,  so is ~ (X,j 
j n=l  j=  

-EXnjI[IIx,jlt<_~I) for every 6 > 0 ;  and if ~ X , j  is shift tight, 
n = l  j 1 n = l  

then ~ enj(X,j--EX~JHIX.jt I <~1) is tight for every 3>0.  
j n = l  

Proof. The second part is just Lemma 3.5 in [2] (Ex. 3.8.11 in [5]). For the first 
part, we apply Propositions 2.5, 3.2 and 3.11 in 1-2] (3.5.6, 3.4.8, 3.4.9 in I-5]): if 
# , j = 2 , a ( X , i - a , j  ) and fi, j is the conjugate measure, then 5f(e , j (X, j -a , j ) )  
=�89 j) and the following implications follow (in the notation of [2] and 
[5]) 

{s(2~.j(x.j-a.j))} tight ~ {Pois �89 tight 
J J 

{Pois ~ # , j }  shift tight ~ {Y(~X, j )}  shift tight 
J J 

{S(~(X,j-EX,fltlIx,AI<=~1))} tight for every 6>0.  [] 
J 

2.7. Corollary. Let X be a centered B-valued r.v. and ~ a Rademacher r.v. 
independent of X. Then, X e C L T e * - e X ~ C L T .  
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Pro@ If either X or eX satisfy the CLT then nP{IIXII >n}}--*0 and therefore 
(direct computation) the centerings {n~EXItllxll<=n @ tend to zero. Also, 

)} X e C L T  if and only if • ~ X ] n  ~ i=1 ' is tight, and likewise for eX. These 

two observations together with the previous lemma give the result. [] 

We also need the next lemma. 

2.8. Lemma. For any c>0,  if X e C L T  and X is symmetric, then also 
X I[ll X ll <=c] ~ CLT. 

Pro@ The lemma follows directly from the following inequality: if X~ are 
independent copies of X and K is convex and symmetric, then ([16]; [5], 
Lemma 3.5.1): 

P{~=lXiI[,ix,,,<_c, EKC}<2P{i~=lXi~KC} (2.7) 

for all n = l , . . . , .  [] 

The following theorem relates CLT and W L L N  in 2-convex Banach lattices 
(i.e., in those Banach lattices where taking squares makes sense). 

2.9. Theorem. Let B be a 2-convex Banach lattice. Then, for B-valued r.v.'s X 
we have: 

1) X ~ CLT (in B ) ~  IXI2~ WLLN (in B(2)); 

2) B is of type2 if and only if IX[2 ~ W L L N  (in B(2)) ~ X ~ C L T  (in B). 

Pro@ Since eX is symmetric, I~Xl--lxI and eX and X both have the same 
covariance, by Corollary 2.7 it is enough to prove this theorem for X sym- 
metric. Let Xz be independent copies of X symmetric and denote XiI[llX~ll<=c ] 
by X~. Assume X~CLT.  By Lemma2.8, XI[IIxlI<=~j~CLT and therefore so 
does XI[llxil>~ 1 for all c>0.  If 7 ~ is the centered Gaussian p.m. with the 
covariance of X~-X~,  then Y~6o  as c Toe (note that 7 c is a convolution factor 
of 7 and that its covariance tends to zero). We then conclude by [3], Theo- 
rem 5.1 (or [5], 3.6.18) that 

lira lira E ~ (X~ - X~c)/n ~ = l im ~ [1 x I] d ~ ( x )  = 0. (2.8) 
c?~ n c?oo 

Since ]Xz-Xzcl2=lXil2-lXz~lN(=lXzl2Itllxll >4), the left side inequality in (2.4) 
gives (by (2.2)) that 

E ~ ~ IXi~12/n " lira lira ]Xz]2/n - = 0. (2.9) 
e?oo n i = 1  i = 1  

The IX~l 2 being bounded, the Mourier law of large numbers ([27]) implies 
that 

~[Xic[2/n---+ElXl2I[llx[l<=c] a.s. i n  B(2 ). (2.10) 
i = 1  
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Now, (2.9) and (2.10) give that the sequence { ~ lXi12/n} is Cauchy in proba - 
bility, therefore that ~= ~ 

E IXl 2 =lim E iX[ 2 I{llxlL _-<~1 exists and (2.11) 
c~'oo 

lira ~ IX~12/n=EIXI 2 in probability. (2.12) 
n i : 1  

Assume now that IXI 2 e W L L N  in B(2 ) implies that X eCLT. By Mourier's 
law of large numbers we have that E[]Xl[Z<oe ~ IXI2eSLLN ~ Xe CLT,  
and therefore ([14]) B is of type 2. 

Finally, let us assume B of type 2 and IXI2eWLLN (X symmetric). Then 
by Theorem 2.10 in [2] ([5], 3.5.9), EIXl 2 exists as the limit in (2.11) and (2.12) 
holds true. This, together with (2.10) implies by uniform integrability that 

l iml imE ~ IX~lZ/n- 
c ~  i = l  

I =lim IllE IX[ 2 [llSll >~]lll =0.  
c"o~ 

Now the right side of Hin~in-Maurey's inequality (2.4) gives the relation (2.8). 
Since X ~ e C L T  by the Hoffmann-Jorgensen and Pisier CLT ([14]), it follows 
that X e C L T  by an observation of Pisier ([28], Theorem 3.1, first part; [5], 
Ex. 1.4.12). [] 

This result admits an extension to triangular arrays and general infinitely 
divisible limits, at least if B has an unconditional basis, just as done for B=IR 
in [10]. If B has an unconditional basis {el} then, as mentioned in 2i, it is a 
Banach lattice (with the natural order and after some renorming if necessary). 
Special features of such a Banach lattice are that if {Y~} are independent, 
symmetric B-valued r.v.'s, then 

etE t2=EEl l 2 
i i 

(which is easy to obtain coordinatewise), and that the transformation x-~[xl 2 
commutes with the projections ~x~e i~x ie l ,  IoN.  Aside from the use of 

i s I  

these two facts together with the use of results in [2] or [5] instead of the 
classical CLT results for the line, the proof of the following theorem does not 
differ significantly from the proof of the corresponding one for the line in [10]. 
So, we omit the proof. In the next theorem, the notation is as in [2] or [5], 
except that in B(z ) truncations are considered with respect to li[~(x)llio: I[xll2, 
so that for instance the p.m. c, Pois v has characteristic function 

(c~ Pois v) ̂  ( f )= exp  {~(e i<y'x> - 1 - i ( f ,  x) Itlll,lllo<=~a(y))dv(y), feB', 

We also let T(x)=~(Ixl)=Lxi z, xeB. 
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2.10. Theorem. Let B be a type 2 Banach space with an unconditional basis. Let 
{X,j: j = l ,  ..., k~, n~lN} be a symmetric infinitesimal array of row wise inde- 
pendent B-valued r.v.'s such that for all f in a w*-sequentially dense subset of B', 

2 ' ( ~  ( f ,  X,j))--% y~ * Pois #y, (2.13) 
J 

where yf and t~y are symmetric Gaussian and LOW measures on 1R respectively. 
Then: 

a) I f  there exist ? Gaussian and # L&y measures on B such that 

~ ( } ~ X , j ) - % y , P o i s #  in B, (2.14) 
J 

then ~ o T-~ is a LOW measure on B(2 ~ and 

~.~(~[X~j[2)~ ~o *c~Pois(#o T -1) in B(2 ) (2.15) 
J 

for all z>O such that #{]]xl] ='c ~} =0,  where 

a~=~ Ix] 2 d(~ �9 Pois (#]tjlxll __< ~q)(x). 

Moreover, for these values of "c, 

~ E  IXnj] 2 I~tlx,~tt <,q ~a~. (2.16) 
J 

b) I f  {5~(~[X,,~[2)}~=1 is tight, then (2.14) holds for measures ? and # 
J 

determined by 1'/ and #y. Therefore, (2.15) and (2.16) hold too. 

Remark. Without the existence of an unconditional basis it is possible to prove 
that if ~ ( ~  ]X,,j[2)-% Pois(#o T-~), /1 a symmetric L6vy measure on B, then 

J 
S ( ~ X , j ) - % P o i s # ,  and conversely. This is done using Theorem2.10 in [24] 

J 
(or the desymmetrized version of this theorem in [5], Ex. 3.5.5). 

3. Estimating E [[S~ II p in Banach Spaces 

X ~ be independent B-valued r.v.'s, S , =  ~ X~, n = l ,  and p>0 .  Let { i}i: l ..., 
i = 1  

In this section we give equivalent (up to constants) upper and lower bounds 
for E ]ISnl] p. This will allow us to obtain results on the CLT in some 12(B ) 
spaces where the conditions of Theorem 4.3 fail (see Sect. 5). These bounds 
have independent interest and may be useful in other situations as well (see e.g. 
Sect. 5 and 6). 

The problem of estimating E [ISn[f in terms of 5r in the i.i.d, case has 
been solved with remarkable accuracy by Klass [17] in the line, and by Kuelbs 
and Zinn [20] in Hilbert spaces. The estimations given here apply in more 
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general situations, and in the cases considered by these authors, are equivalent 
to their bounds up to constants (ours are less precise, but possibly easier to 
handle). The proof is mainly based on Hoffmann-Jorgensen's upper bound of 
E HS, IIp in terms of Emax ItX, l f  and the quantiles of I]S.]l. We recall it for ease 
of reference: i ~. 

3.1. Lemma. Let {Xi}i~ be independent, symmetric B-valued r.v.'s, Xi~Lv(P ) 
for some (fixed) p > O. Then 

~< E ~IX~ 2.3PEsup~[IX~lf+8.3~'tg (3.1) 

For the proof see [-13], p. 164-165 (or [--53, p. 107). 
The next lemma gives estimates of Esup IlXill p in terms of the marginal 

distributions of the Xi. 

3.2. Lemma. Let {~j}j~ 1 be independent real r.v.'s, ~j~Lp(P), p>0.  Given 2>0,  
let ~o=inf[,t>O: ~P{[~j[>t} _<2]. Then, 

J 

2(1+2)-16~+P(1+2) -1 ~ ~tP-ln{lcj l>t} dt 
j=i ~o 

_-<Esupl~jf<cS~+p ~ Stv-lP{l~j l>t}dt .  (3.2) 
J j = l  ~o 

Proof. Since 

P { s u p l ~ j [ > t } = l -  I~I [1-P{ l~ j [>t}]>l -exp[ -~P{[~ i[>t}]  
J j=l j 

> ~ P {[~j] > t}/(1 + ~ P {l~j[ > t}) 
J J 

I(1-t-i)-l ~j P{I~j[ >t} i f  t > c ]  0 

>(V(I+;O if t<=~o, 
it follows that 

E sup ]~jle = p ~ t v- 1 p {sup I~j] > t} d t 
J 0 J 

=p (~~ 
\0 3o j J 

>2(1 +2) -1 f ig+p(l+2)  -1 Z ~ tp-lp(l~lj>t} dt. 
j 6o 
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On the other hand, 

3o oo 

Esupl~jlP<p J tP-l P{supl~jl>t} dt + p j t p-1 ~ P { l ~ j l > t } d t  
J 0 J 6o j 

<=g)t~+p~, ~tp-Xp{l~j[>t}dt .  [] 
J ~,o 

The estimations of E Ils.II p are as follows: 

3.3. Theorem. Fix p, r > O. Let {Xj}j~__ 1 be a sequence of independent, symmetric 
B-valued r.v.'s such that E [Ixjll p < oo. Let 6 o =inf[-t: ~ P{ ItX/[ > t} < 1 / 8 . 3 p  v r]. 

J 
Then there exist constants C1, C 2 ~(0, oo), depending only on p and r such that 

[ sup 7 
< E  j--~IXJ < C  2[Esup]]Xj[Ip+(E j=~XjIENxj[I=<~ol ] J '  (3.3) 

Remark. Note that, in view of Lemma 3.2, (3.3) gives an upper bound for 

~ IXJ  p, E J p >0, in terms of only the distributions of the individual Xj if B is 

of type r, and a lower bound if B is of cotype r. This consequence of Theo- 
rem 3.3 is essentially another (perhaps more convenient) form of Lemma 1 in 
1-20] in the case of i.i.d, summands. Let us state its immediate corollary for 
Hilbert spaces. 

3.4. Corollary. Let B be a HiIbert space in Theorem 3.3. Then there exist con- 
stants C1, C 2 ~(0, oo) depending only on p>O such that 

C 1 Esu.p IlXjlf+ gl[Xjltllxjlt<_6oll] 2 
J j = l  

J =IXj ~ co 
t_ j j 

Proof of Theorem 3.3. By the triangle inequality, 

E j=~IXJ P<=CpE j~=lXjI[llXjl,~,~o] P+cpE j=~lXjl[l[Xjl,>ao] P. (3.5) 

Let us first consider the second summand on the right side of (3.5). By (3.1), 

j=~l v=<2 E XjI[llX/l>ao] .3PEsupl[XjIII[IIX~II>aoI+8.3PtP. (3.6) 
J 

In order to find t o let us note that 

P Xjltlixjl I >0 < ~  P{llX~[[>6o}<l/8.3 v. j ) j=l 
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Hence t o = 0 and 

E j=~ XjltllXjl I >6o1 '--<2.3PE supj IlXjll p. 

Next we bound the first summand. Since 

P { j~l XjI[llXill <__6ol 

inequality (3.1) gives: 

--~1 X -< 6ol r, > t _ <_t-rE ]I[llxJl I 
J 
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(3.7) 

E ~=xXjI[llXjll < 2 - 3 P E s u p  I[xj[l'Itllsjlt<_,5o 1 
j J 

( co I've'r1 
+ 8 . 3  p 8 .3PE j~=lXjl[llxjtl<=~o] . (3.8) 

(3.7) and (3.8), on account of (3.5), give the right side inequality in (3.3). 
To prove the left side, let us note that by L6vy's inequality, 

co p 

Esup []XjIf<2E ~ X ~ . .  (3.9) 
J j =1 

Let us also note that by Lemma 3.5.1 in [5] (see also 1-16-1, or (2.7) above) 

E j l  .= 

+E ~-1XjI[llXjll >6ol - (3.10) 
J 

Now, if p > r, HSlder's inequality gives 

E j=~XjI[IIXj[ I 6ol P~[E j~=l r]p/r <= Xjltlxj _-<6oJ ] , (3.11) 

and the left side of (3.3) follows from (3.9)-(3.11). The case p<r requires 
another application of (3.1) and (3.2). The positive numbers p and r in in- 
equality (3.8) are interchangeable, hence 

j~-- l__ XjI[IIXjll ~ao] 

r 

E 

<_-2.3 r 6~+8.  Y ( 8 . Y E  j~=lXjI[llX, ll<=~oll')r/P. (3.12) 

Raising both sides of this inequality to the p/r-th power, and applying (3.2), 
(3.9) and (3.10), we get 

o~ iv],/, 
(E j~=lXjltllxjll<=6o] ] <cE j=~ Xi 1'. (3.13) 

Now the left side of inequality (3.3) follows from (3.9) and (3.13). [] 
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4. On the CLT in [29] 

Theorem 2.9 provides a simple proof of the CLT in [29], Theorem 5.1. In order 
to provide some additional information on that theorem, we will prove first 
the following two lemmas. 

4.1. Lemma. The maps x~]x]  2 from B into B(2 ) and Ixl2--,Ixl from the positive 
cone of B(2 ) into B are continuous. 

Proof. ] lx l - ly l l<l lx lZ- ly la[  -~ because the same is true for functions. Hence 
IIIxl-lyl[l<c-ll[llxl2-1yl2lll~ (c as in (2.2)). Conversely, using the H61der 
type inequalities in [22], p. 43, we get 

]1[ ]xl 2 -IYl 2 Ill < c II [ Ix] 2 -]y]21�89 2 

=cll  Ilxl-lyll~llxl+lyll~ll2<cll Ix l - ly [  II II Ixl+ly[ II. []  

4.2. Lemma. Let B be a 2-convex Banach lattice and let X be a pregaussian B- 
valued r.v. Then 81212 exists (as defined in (2.11)) and 

81xI2=Slxl2 d,/(x) 

where 7 is the centered Gaussian p.m. with the covariance of X. 

Pro@ If e is Rademacher independent of X, then eX has the same covariance 
as X and 1821 = [XI. So, we may and do assume that X is symmetric. Assume 
X is pregaussian and let Xn=Xl[llXll-<hi' Then there exist G,, G Gaussian r.v.'s 
with the covariances of X,,  X respectively such that Gn~G a.s. and in Lp for 
all p < oo (note that the distribution of G, is a convolution factor of that of G 
and converges to it as n~oo).  Therefore Lemma 4.1 and the boundedness of 
the moments of the norm give 

E Ia,12~E 1612, (4.1) 

where expectation is in Bochner's sense. Now, IX.I 2 being bounded, it is 
Bochner integrable for all n (although 1212 may not be). So, by (4.1) and (2.11), 
the lemma will be proved if we show that EIX,12=ElG, I 2. For f~(B(2))', f > 0 ,  
define the following real function on B: 

x ~  ]lxllf = (f([xl2)) ~. 

Then ([19], Proposition 1) II " IIf is a seminorm, and the space (B/ll'llf, 11 " N/) is 
pre-Hilbert (and separable because B is). By Lemma4.1 the projection map 
~f: B- ,B/I I ' I I f  is continuous. Hence, ~ziX . is a pregaussian r.v. with values in 
the Hilbert space (B/ll'llf, II'llf)- (the completion of B/ll'llf). Since G, is a 
Gaussian r,v. with the covariance of X,, then lcyX, has the covariance of the 
Gaussian r.v. ~z i G, and therefore 

E II~fX.ll~ = g  [l~f a.ll~ 

or what is the same, Ef(IX,,IZ)=Ef(IG, Ie). Since every f~(B(e))' is the differ- 
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ence of two non-negative linear functionals, this identity holds true for every 
f E(B(~))', Therefore, EIX ,  Ia=EIG, I 2. [] 

Theorem 5.1 in [29], in full generality, is as follows: 

4.3. Theorem. Let B be a p-convex, q-concave Banach lattice, p > 2, q < oe. Then 
the following are equivalent for B-valued r.v.'s X:  

1) X s C L T ;  

2) X is pregaussian and limnP{LlX[] >n +} =0;  
n 

3) EIX[ 2 exists (in the sense that E[X[2=limE[X[Z I[NxrI<_,j) and 
limnP{L[Xl[ >n  ~-} =0. n 

n 

Proof. If X e CLT, then it is obviously pregaussian and it has been shown in 
the proof of Theorem2.9 (or in Lemma4.2) that EiX[ z exists; moreover, 
nP{IIXli >n  }-+0 ([-29], Proposition 5.2; [-5] 3.6.21). By Lemma4.2, if X is 
pregaussian then E 1212 exists. So, we need only prove that 3) implies 1). Let X'  
be an independent copy of X. Then the tail condition in 3) implies that 

nP {ill IXI ~ -]x'[2]ll > n} --~0, 

hence, by [,23], Theorem4.1 (or [-24], Corollary 3.3), that IXI2-IX'12EWLLN 
(notice that B(2 / is of type min(p/2, 2)> 1: see e.g. [-22]). Therefore, 

is tight with only degenerate, centered limits (see e.g. [2], 2,10 for the center- 
ing), i.e. 

F, IXi l2 /n-E IXl 2 IElixtl <=n~l--'vr O. 
i = l  

This implies, by the conditions in 3), that IXI2eWLLN. So, X e C L T  by 
Theorem 2.9. []  

Remark. Note that the proof that in type p > l  the tail condition 
nr{llXi] >n}--~0 implies the weak law is very easy; hence Theorem 2.9 effec- 
tively reduces Theorem 4.3 to a more elementary proposition. 

But Theorem4.3 does not generalize to all type2 Banach spaces. As a 
matter of fact we have: 

4.4. Theorem. For a Banach space B the following are equivalent: 

1) B is of cotype 2, 

2) (i) Xel2(B),  
(ii) X is pregaussian, 

(iii) limnP{llXll >n~}=O, 
n 

imply X ~ CLT. 
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Remark. A forerunner of this theorem is a result of S. Kwapien (private com- 
munication) which shows that there do not exist r > 2 and c < oo such that for 
all independent centered Yjelt(/p) (.o>2) which are pregaussian (with as- 
sociated independent aaussian r.v.'s Gj), and in L~, E II~H'<__c[~EII~IF 
+ K  LI~, G~IF]. J J 

J 
Before proving Theorem 3.4 it is convenient to observe the following: 

4.5. Lemma. Let B be a Banach space which is not of cotype 2. Then for any 
sequence c~$0 there exist symmetric, independent, pregaussian B-valued r.v.'s Y, 
with associated (symmetric) Gaussian r.v.'s G,, such that: 

1) I[Y,H=I a.s. 
2) EIIG, N2<c,. 

Proof. The cotype 2 property is equivalent to the fact that there exists c < oo 
such that E ]LYall z<cE IIGII 2 for every symmetric Gaussian B-valued r.v. and 
weakly centered pregaussian Y~ with the covariance of G (see e.g. [-3], Theo- 
rem 5.2). Hence we can find X,, G,, centered, with the same covariance, and G, 
Gaussian such that 

EHX.H2<I and EHG, II2<__c,. 

By dividing by (E ]LX, H2) ~, we may as well assume E ]lXn]12= 1. Consider now 
new probability spaces (~2, ~ ,  Q,) ((O, ~ ,  P) is the space where the X,  and G, 
are defined), with dQ,(co)=llX,(o~)ll2dp(co), and on each of them a random 
variable g,(~)=X,(co)/llX,(co)l I. Then ][Y,(co)[I =1 and 11, is a,-pregaussian (as 
for any f,  geB' ,  Sf(Y,)g(Y,)dQ,=yf(X,)g(X,)dP=Sf(G,)g(G,)dP ). Now we 
can take all the random variables G,, I1, defined on the same probability space 
(~2, g ,  P) x (~, y ,  Q1) x ... x (~, g ,  Q~ x . . . .  [ ]  

Proof of Theorem 4.4. 1) ~ 2). I f  B is of cotype 2, then 12(B ) is also of cotype 2, 
obviously. But in cotype 2 spaces X pregaussian is necessary and sufficient for 
X e CLT (El6]). 

2 ) ~  1). By Lemma4.5, for any r ~ 0  ( ~ N )  there exist independent sym- 
metric B-valued r.v.'s Y~ such that Y~ is pregaussian, and if G~ are the as- 
sociated symmetric Gaussian r.v.'s then 

~r~E[lG~[l<oo and []Y~II=I a.s. (4.2) 

Let N be an integer-valued r.v. such that P{N=m} =c/m21n2m (for m > 0  suffi- 
ciently large), where we write ln2m for ln(lnm). Take r~=p{N2<e<N2+N},  
and let Y~, G~, ~ = 1,..., be a set of independent B-valued r.v.'s satisfying (4.2) for 
these r~, with the Y~ independent of N. Then, define the following /2(B)-valued 
r.v.: 

x =  E y~e~. 
N2<tz<N2+N 
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Since [[X[12=N ([/xl[ will denote the norm in /2(B) or in B depending on 
whether x~12(B ) or x~B), it follows that 

limnP{[[X[I >n +} =0. (4.3) 
n 

If we put G=~r~�89 then, by (4.2), G is a well defined Gaussian 12(B)- 

valued r.v. Moreover, i f f = ( s  g=(g~) are in l:(B')=(lz(B))', then we have 

= 2 E ( f ~ ,  Y~)(g~, Y~)p{N2<a<N2+N} 

= ~  E ( L ,  G~) (g~, G~) r~ = E  ( f ,  G) (g, G). 
ct 

Hence, X is pregaussian in /2(B) with associated Gaussian G. This and (4.3) 
mean that X satisfies 4.4 (2(i), (ii), (iii)). 

The theorem will be proved if we show that X r  (in /2(B)). For this it 
is enough to prove that 

rt -~ __ ~ XjI[lIxJll <=n�89 2 E ~ ~ as n ~  ~ .  (4.4) 
j = l  

(If (4.4) holds, then by Lemma3.1 it follows that the sequence 

{n-~XflHlxjt,<=,,~j}is not stochastically bounded, and this implies, by (2.7), 
j = l  

that neither is {~Xj/n~}). 
J 

Let {Nj, Y~,j, e = l ,  ...}j~l be independent copies of (N, Y~, c~=l, ...), let Xj 
be independent copies of X defined with these Nj and Y~,j, let T, 
=~XjI[llxjll _-<,�89 and I"~,j=ItN~<=~<~+Njj<=, q. We then have 

J 

> � 8 9  , 2 Yo~,jI~,,.il[ (by L6vy's inequality) 
a j<-n 

=�89 j (by (4.2)) 
ct j < n  

>=�89 ~ kEmaxI[Nj=kl 
k= 1 j<=n 

1 

> i  =-4 ~ knSP{N=k}dt (by Lemma 3.2) 
[k<=n:nP{N=k}<l]  0 

>_lnd(,/ln2;<k<c/k in 2 k (for some d>0 ,  by 
direct computation) 

>=rlnlnn/ln2n (for some t/>0). 
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Hence, 

E[I Zn/n�89 >= II In n/ln 2 n--+ o% 

i.e. (4.4). [] 

It would be interesting to determine exactly in what type 2 Banach spaces 
(or at least type 2 Banach lattices) Theorem 4.3 holds. While the question is 
noaw settled for spaces of the form 12(B), the question remains open in general. 
In this connection it may be interesting to note that there is an example of a 
type 2 space B with an unconditional basis, which is of cotype p for all p > 2, 
and such that 12 is not isomorphic to any subspace of any quotient of B ([153, 
Example 2.2). 

Theorem 4.4 implies: 

4.5. Corollary. There exists in 12(Ip) , for every p>2,  a r.v. X such that 
n P { llSll >n~}~0,  X is pregaussian, but X~CLT.  

In fact, a similar proof gives a stronger statement: 

4.6. Corollary. There exists in Ii(Ir) , for every r > l ,  a r.v. Y such that 
nP{IIY][ > n}--,0, E[Y[ exists (in the sense of(2.11)), but Yr 

Remark. Necessary and sufficient conditions for the CLT in 12(lp) for p > 2, and 
the WLLN in ll(lr) , r >  1, will be given in the next section. 

5. The WLLN in l 1 and ll(lp) and the CLT in 12(lp) 

Corollary 4.5 raises the question of finding necessary and sufficient conditions 
for X~CLT in 12(lp) , p>2.  This question is less esoteric than it looks at 
first sight: in view of Theorems 4.3 and 4.4, these spaces are the next "natural" 
family of Banach spaces where it may be possible to find n.a.s.c, for the CLT, 
and such conditions must necessarily be different from the conditions for lp. It 
turns out that Theorem 3.3 (together with Theorem 2.9) is useful in solving this 
problem. An interesting problem which we will solve first is the WLLN in 11. 

5 i. The Weak Law of Large Numbers in 11 

If B is a Banach space of (Rademacher) type p, p > 1 (or equivalently a B-space, 
or equivalently a type 1-stable Banach space; see e.g. [24], p. 73-74, for the 
definitions) then it is well known ([23], Theorem 4.1; [24], Corollary 3.3) that a 
symmetric B-valued r.v. X satisfies the WLLN if and only if nP{I[X][ >n}--+0. 
The following is a non-symmetric version of this result. 

5.1. Theorem. Let  B be a (Rademacher) type p Banach space, p >  1, and let X 
be a B-valued r.v. Then X e W L L N  /f and only if: 

1) nP{I[X[I >n}~O as n--*oo, 

2) EX=limEXI[LIxI I  <,1 exists. 
n 

And then, ~ Xi/n--*p, EX .  
i = l  
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n 

Proof. If 1) and 2) hold, then ~ f (X i ) / n~ pr f (E X  ) for all f eB '  (as 
i = 1  

nP{lf(X)l>n}~O, n-lEf2(X)Itl1(x)l<=nl~O and Ef(X)Itly(x)I<=n~--+f(EX)). 1) 
implies that eX~WLLN by the above mentioned result, and this and 2) imply 

tl by Lemma2.6 that 5 ~ Xi/n is tight, hence that it tends to EX. 
\ i= 1 /An= 1 

Conversely, if XEWLLN, then 1) and 2) follow from the general converse CLT 
(2.10, [-2]). [] 

This theorem does not apply to l~. We will use Theorem 3.3 to derive a set 
of n.a.s.c, for the WLLN in 11. The following well known lemma is also 
needed: 

5.2. Lemma. Let X be a symmetric B-valued r.v., B a Banach space, and let Xi, i 
= 1,..., be independent copies of X. Then X e W L L N  if and only if: 

1) nP{HXI] >n}-~0 as n~o% 
n 

2) n-~ E i~=1X~ --+0 as n~oe, where X~=Xil[llX~ll<_, ]. 

Direct proofs of this lemma are easy to produce, but we will not do so 
because it is a direct consequence of 2.3 and 2.10, 2.14 in [-2] (or 3.5.7, 9 in 
I-5]). 

5.3. Theorem. Let X=~X~e~ be a ll-valued r.v. Then X ~ W L L N  if and only if: 

i) nP{[lX[I >n}--,0, 

ii) n-  1 y'6,,~--,0, 

iii) ~ ~ V{lXZl>u}du--,O, 
~ n , .  

u} du] --,0, iv) n-~ ~ [ ! uP{[X:,> 

v) lim ~EX~ e~ exists, 
n 

where X~ denotes (X")~ and 6,,~ is as in Theorem 3.3 for X~, i.e. 

~,,~ =inf[ t :  nP{IX"~] > t} < 1/8.3P]. 

Proof. As observed in 5.1, by Lemma 2.6, X e W L L N  if and only if e X e W L L N  
and condition (v) holds. The quantities in (i)-(iv) above are the same for X as 
for eX. Hence we may and do assume that X is symmetric. Now the theorem 

n 

follows directly from Lemma 5.2, Corollary 3.4 applied to E ~X~,~,  ~= 1, ..., 
i =1 

and from Lemma 3.2. [] 

5.3. Example. Let X = e  ~ e~El~, where e is Rademacher, N is integer 
N 2 < ~ < N a + N  

valued (and >0), and ~ and N are independent. Then ]IXll=N and X~" 
=eI~N~_<~<u~+u,N<,1, SO that X~=0 unless kz=<~<kZ+k, k<=n, and for such 
6,,~= 1 if P{N=k} > 1/24n and 6,,~=0 if P{N=k} < 1/24n. So, the conditions 



CLT and WLLN in Some Banach Spaces 341 

in Theorem 5.3 read: 

nP{N>n}-+O, ~_, k P { N = k } ~ O ,  
k < n , P { N =  k} < 1 / 2 4 n  

n--~ Z k(P{N=k})  ~--+0" 
k < n , P { N =  k} > 1 / 2 4 n  

For example, if P{N=k}=c /k21nk  then the second of these conditions is 
violated (whereas the other two hold). If P {N = k} = c /k  2 (ln k)(ln in k) a, 6 > 0, the 
three conditions hold and XEWLLN. 

5ii. W L L N  in la(lp), p> 1, and CLT in I2(lp) , p > 2  

The CLT in 12(lv) will follow from the WLLN in 11(lp/2) by Theorem 2.9. For 
the WLLN in l~(lp) we consider two cases, p > 2  and l < p < 2 ,  because in the 
first case we can use Rosenthal's inequalities and obtain a somewhat simpler 
result. If Xel~(Ip), r= 1, 2, p >  1, then X=(X=)=~ 1 with X=elp, and we write X~p 
for the fl-th coordinate of X~, 

n tl __  

6,,~ = inf[t: P {[I X~" 11 > t} < 1/24 hi, 

�9 . n ] 5,,=, - m f [ t .  P{ IIX=~,l > t} < 1/24 n], 

and {X~i}, {X~ei} denote independent copies of {X~} and {X~B } respectively. 

5.4. Theorem. Let X be a ll(lp)-valued r.v., p> 2. Then X e W L L N  if and only if: 
(i) nP{l[Xl[ > n } - ~ ,  

(ii) n - Z y E m a x  [IX~"iI[-~O, 
c~ i < n  

(iii) n wp- 1 ~(E  Jl X~IEiix~ll =<a.,=l liP) 1/p--+O, 

(iv) n-~y~[y.{E(X~"fltllx.ll _<a.,~)2}"/2]*/~--.0, 
c~ B 

(V) limEXItllxlF <=,o converges. 
n 

Proof Since conditions (i)-(iv) are identical for X and for eX, by Lemma 2.6 
and condition (v) we may assume that X is symmetric (as in previous proofs). 
So, it is enough to check the conditions of Lemma 5.2. 5.2(i)=5.4(i); as for the 
rest we first note that by Theorem 3.3, 

n 

n - l E  i~=lX~i ~n-'Emax[lX"~i[[i<=. 
(5.1) 
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where -~ means that each side is bounded above and below by some constant 
times the other side. Now, by Rosenthal's inequalities ([32], [34]), 

( n Ip~l/p 

E i=1 ~ X~i[[l[x~'ll =<6~.=1 ] 

~-nt/;( E [IXZItllx,~tl <=,~,,=l]lV)l/p § n l /Z[~  ~ rtw'L~,~=c~fl*[[[Xp,[l[ <6,,=])]2~p/2ql/PJ J . (5.2) 
fl 

Now the theorem follows from (5.1) and (5.2). [] 

Note that for p = 2 conditions (iii) and (iv) in Theorem 5.4 coincide. 
With the same proof, but using Theorem 3.3 in (5.2) instead of Rosenthal's 

inequality, we obtain: 

5.5. Theorem. Let X be a l 1 @)-valued r.v., 1 < p < 2. Then X ~WLLN if  and only if: 

(i) nP{IIXII > n } ~ O ,  

(ii) n - l ~ E m a x  IIX2,11 ~0,  
oL i<n 

(iii) n -1 ~ ( ~ E m a x  [X~ilVltllx~li ~a.,~])~/"-+O, 
r fl i < n 

(iv) n-&~(~,[E[X~12Itqlx~ll~a .... Ixgel~a~,.~]]P/2) 1/p~O, 

(v) l imEXItllxll  ~.1 exists. 
n 

The interest of these last two theorems lies, in our view, in the fact that 
they give new necessary and sufficient conditions for the CLT in some of the 
Banach spaces where Theorem 4.3 does not apply. In fact we have: 

5.6. Theorem. Let Y be a centered 12(lp)-valued r.v., p>2.  Then Y~CLT /f and 
only if the ll(Ip/2)-valued r.v. x = l g [  2 satisfies conditions (i)-(v) in 5.4 or 5.5 
according as p > 4 or p < 4. 

Proof. Immediate from Theorems 2.9, 5.4 and 5.5 (note that 12(lp), p>2 ,  is of 
type 2). [] 

Remark. We do not know if there is any overlap m conditions (i)-(iv) in the 
previous theorems, although we suspect that there is not in general (possibly, 
in different particular cases there are different overlaps). Condition (ii) can not 
be dispensed with: for instance in Example 5.3 with P { N = k } = c / k 2 1 n k ,  the 
truncated moments condition is not violated and yet Xq~WLLN.  

6. Domains of Attraction in lp, p<  2 

Theorem 3.3 can also be applied to the solution of the domains of attraction 
problem in Ip, l_<_p<2, and even the general central limit problem in Ip, 
1 < p < 2 ,  at least formally (the conditions on ~ ( X )  may not always be easy to 
verify). In this section we will give a sample of what may be done, proving 
some general statements and testing them with examples. The case 0 < p < l  
will also be briefly considered. 
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In what follows little attention will be paid to the norming and centering 
constants in connection with domains of attraction as it is well known what 
they should be in all cases (see e.g. [5], comments after 3.6.7), 

We start with a useful symmetrization lemma. 

6.1. Lemma. Let X be a centered B-valued r.v., B a Banach space. Then 
X~DAr(a,) , r~(1, 2], if and only if: 

(i) eXeDA~(a,), 
(ii) f(X)EDA~(a,) for every f in a sequentially w*-dense subset of B'. 

Proof Let b,--na,-1EXi~llxl I <=~,d" Then, if XEDA~(a,), obviously (ii) holds and 
also f(eX)=ef(X)~DA,(a,) for every feB'; by Lemma 2.6 we also have that 

{ ~  [i~= leiXi/a~- (i~= l~]n) b,] } is a tight sequence. Since {SY (i~lXi/a,-b,) } 

converges, say to p, then by Theorem4.2 in [3] it follows that nEX/a,-b, 

=-b ,~ ,xdp .  Thisimpliesbythelawoflargenumbersthat{2.:(i~=leiXi/a,)}is 

tight, hence convergent. Let us now assume that (i) and (ii) hold. By 2.6, (i) 

implies that ~ X~/a,-b, is tight, and another application (to sub- 
i _  

sequences) of 4.2 in [3] shows that {b,} is a relatively compact sequence in B; 

hence 5:  X]a, is tight, and (ii) shows that it is actually convergent. [] 
i -  

Many of the cases we will consider can be based on the following lemma: 

6.2. Lemma. Let X=~X~e~ be a centered l:valued r.v. ( l < p < 2 )  such that 
o~ 

f(X)eDA,(a,) for some (fixed) re(p,2] and for all feDp. Then XeDAr(a,)  if 
and only if 

I"  Ip 
lim lira (6.1) L _-0 

and in fact lira can be replaced by lira. 
n n 

Proof If XeDAr(a , )  , the centering constants may be taken to be 0 because X 
is centered, and Theorem 6.1 in [3] ([5], 3.6.18) implies that 

limlim ~ E 2Xu]a, =lim~ x~l p dp(x)=O 
m n o ~ m  i = 1  

if p is the limit law of ~ Xi/a n . Hence, condition (6.1) is necessary even with 
i = 1  

lim replaced by lira. If (6.1) holds then the sequence of laws LP X]a, 
i = 1  n 

is flatly concentrated and therefore, by the condition on f(X), fsDp, 
X~DAr(a,)  ([1], Theorem 2.3; see also [5], 1.4.5). [] 
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The following theorem gives a solution to the domains of attraction prob- 
lem for l < p < r < 2 .  

6.3. Theorem. Let X=~X~G be a centered Iv-valued r.v. (l_-_p<2) such that 

f(X)sDAr(a,) for some (fixed) re(p,2] and for all f~Dp. Then X~DA~(an) (in 
Ip) if and only if the following conditions hold: 

l imlim a2 p ~ 6,P~=0, (6.2) 
m n ~ = m  

limlimna~ p ~ S tp-lp{IX~l>t}dt=O, (6.3) 
m n c~=m ~n,~ 

cO 15n,~ )p/2 
limlimnp/aa2p~=m t !  tP{lX~l>t}dt =0, (6.4) 

where fin,~=inf[t:nP{lX~l>t}<l/8.3P], e = l , . . . .  If  in (6.2)-(6.4) 6~,~ is re- 
placed by 6'~,~> 6 .... the resulting conditions are also sufficient for X~DA,(G). 

Proof. By Lemma3.1 it is enough to consider symmetric variables. Then, 

Corollary 3.4 (together with Lemma 3.2) applied to ~ X~i/G, eeN,  together 
i = 1  

with Lemma 6.2, give the necessity and sufficiency of (6.2)-(6.4). That (6.2)-(6.4) 
with fin,~ replaced by 6'~,~ are also sufficient for XEDAr(a,), follows trivially 
from the observation that the right side inequality in (3.2) holds with 6 0 
replaced by any 6; > 6o, as the proof of Lemma 3.2 shows. [] 

Here there are some examples and corollaries. 

6.4. Example (well known). Let X be a centered /p-valued r.v., l__<p<2. Then 
X~CLT if and only if 

2(E ]X=12) p/2 < 00. (6.5) 

Proof. By Cebygev's inequality, 6~,~ <__ 6'~,~ = 4- 3 p/z n~(E I X~ 12) ~. Then (6.2)-(6.4) 
for fi',,~ and G =  n } follow trivially from (6.5), and the sufficiency is proved. To 
prove necessity we just observe that 

lim ~ tP{IX~l>t}dt 
n ~ = m  

> 2 lim tP{lX~l>t}dt = (EIX~I~) p/z, 
c ~ = m  n c ~ = m  

so that (6.5) follows from (6.4) (with a n = n�89 [] 

6.5. Example. Let t /be a centered real r.v. such that 

t2p{ltIl>t}/El~l[2Itl,l<_t~l as t~oo,  



CLT and W L L N  in Some Banach Spaces 345 

and let {tl~}~ 1 be independent copies of q. Then the series X=~b~tl~.e~ 

converges a.s. in l e ( 1 < p < 2 )  and belongs to the domain of attraction of a 
Gaussian law 7 on lp if and only if 

~lb~lP<oo. 

In that case ?=~(~b~0~e~) ,  ~= i.i.d. N(0,1), a, is defined by 
ct 

naE2ErlZ I[l,l<=,~] ~ - 1 and b ,=0.  

Pro@ Let cS,=inf[t:P{It/l>t} <__ 1/8-3~n3. Then the expressions (6.2)-(6.4) be- 
come respectively 

a2P62 p b p ] ~r, ha;  p tP-~P{]tl]>t}dt ]b~I e, 
o;=~ o;=m 

n P / Z a - P ( E . 2  [ ]p/2 ~ ]b~lp. 
. t '1 ~[Inl__<6.p 

~ = r n  

If we apply to r/the fact that rl]a, converges and Corollary 3.4, we 
=1 

conclude that the limlim of the above expressions is zero if and only if 
m n 

F, Ib~lP< oo. It is trivial that f(~b~rl~e~) , feDp,  is in the DA,(a,) of 7o f -~ .  So, 
ct 

Theorem 6.3 gives the result. [] 

Theorem 6.3, applied to domains of normal attraction of r-stable laws, 
p < r < 2, gives the following simple result: 

6.6. Proposition. Let l < p < r < 2 .  Let X = ~ X ~ e ~  be a centered Ip-vaIued r.v. 
ct 

such that f ( X )  is in the domain of normal attraction of a stable law in IR for 
every f e D  v. Then, 

~[supt 'P{ tX~l  > t}] v/" < oo ~ X~DNA,.,  (6.6) 
cr t > O  

X e D N A ,  ~ ~ [ l i m  t 'P {IX~I > t}]P/r < oo. 

Proof. Set A,.~=[supt~P{IX~l>t}] 1/" and 6',,~=81/'.3P/'A,.,~n 1/'. 
r  

viously c 5  <~',~, and we have 

n-p/  

n l-pIt ~ ~ t " - l p ( l X = l > t } d t  
a=m ~,,~ 

< 8p/,- 1.3v(v/, - 1)(r_ p)- t ~ (A ,,~)P, 

(6.7) 

Then ob- 
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n p/2-v/" ~ tP{lX=l>t} dt 
c ~ = t n  

< 8v(2-,)/2r. 3p~(2-~)/2~(2 _ r)-p/2 ~ (A~,~3 p. 
c ~ m  

Therefore, ~ (Ar,~)P<oo implies (6.2)-(6.4) for 6',,~ and a,=n i/r, hence that 
& = m  

XeDNA~ by Theorem 6.3. Let now 2~,~=lim [FP{rX~r>t}] 1/~. Then for each 
t ~ o o  

> 0 there exists t~ < oo such that for all t > t=, 

tr P {IX~l > t} >(2~,~)r/2 

so that for n large enough (depending on c~), P{IX~l>nl/"2~.~}>l/2n. Hence 
6,,~>nl/~(2~,J/q This, together with the necessity of (6.2), gives statement 
(6.73. [] 

Remark. If, in the situation of Proposition 6.6, there exist % c~= 1,..., such that 
lira t~P{[X~[/c~} > t} =c~(0, oo) uniformly in e, then the necessary and the suf- 
t -~  o() 

ficient conditions in Proposition 6.6 coincide. But this is not true in general, as 
we will show next. 

Before proceeding with domains of attraction in other cases, some com- 
ments concerning 6.6 are in order. Two questions come to mind which should 
be answered: one is whether the condition in (6.7) is also sufficient for 
XEDNAr, and the other, whether is it true in lp, p<r, that X ~ D N A  r if and 
only if X is r-pre-stable, as in the case r=2 .  Here X r-we-stable means that 
there exists a r-stable r.v. Y in lp such that f (X )~DNA~( f (Y ) )  for every feDp.  
The answer to both questions is negative and will be given by the same 
example. But before we do that we must obtain the precise form of all 

* is the symmetric r-stable laws in lp, 2 > r > p > l .  In the next proposition e~ 
linear form conjugate to % 

6.7. Proposition. Let p be a symmetric r-stable cylindrical p.m. on 1 e, 2 > r > p > 1. 
Then p is tight if and only if 

~. [lira t ~ p (x:l e* (x) l > t}] p/~ < oo. (6.8) 

Equivalently, let Y~ be symmetric r-stable real r.v.'s such that for all finite sets 
I o N  and fl~lR, ~fl~ Y~ is r-stable; then the series ~ Y~e~ converges in law (in 

probability, in Lp) in Ip if and only if 

Z [ l i m  trP{IY~[ > t}]P/~ < oo. (6.9) 
t ~ o o  

Equivalently, let a be a finite measure on S={x~lp: Ilxll =1}. Then the measure 
dc~(s)du/u p+ l on lp-{O} is the Ldvy measure of a r-stable law on lp if and only 
if 

If r (e*, s51" da(s)] p/~ < oo. (6.103 
a S 
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Proof We will prove the second formulation, which is obviously equivalent to 
the first and it is easily seen to be equivalent to the third using the repre- 
sentation theorem for stable laws in Banach spaces - see e.g. 3.6.16 in [5]. If 
(6.9) holds, then 

E ~g~e= = EIg~,lP<c [limtrP{lY~l>t}] p/~ 

for some c<oo. Hence the series ~Y~e~ is Cauchy in Lp and therefore it 
c~ 

converges in gp and in probability, and in law). Conversely, if the series ~ Y~e~ 

converges in law to p, then the limit p is r-stable and therefore it integrates the 
p(l+e)-th power of the norm for any e such that p(l+e)<r. Hence, the se- 

)t quence s tY~l p converges weakly to a p.m. on IR with ( l+e)-th 
~=i ) m = l  

absolute moment finite; then, since these r.v.'s increase, it follows that 

~ E  I Y~,I p < oo, Since 
C ~ = I  

E IY~IP > c' [lim t~P{IY=I > t}] ply, 

the necessity of (6.9) is proved. [] 

Remark. In its third version, this lemma is due to A. Raekauskas [30]. We 
have not been able to see his article; in any case the previous proof is very 
simple. 

By Proposition6.7 a random variable X=~X~e~elp, with the X~ inde- 
ct 

pendent and symmetric, is r-pre-stable if and only if 

~ [ l i m  t~P{IX~I > t}JP/r < oo. (6.11) 

However, it is possible to produce an example of such an X such that E ]lXII v 
= oo, which means in particular that X r  r and that X does not satisfy 
condition (6.6) (see e.g. Theorem 3.6.18(2) in [5]). Take 

X~=~a~O~+(1-%)w~,c~=l,..., and X=~X~e=, 
ct 

where {%, 0~, e=}~ 1 are all independent, 0~ are i.i.d, symmetric stable of order r, 
{~} is a Rademacher sequence, v= is 0 with probability 1/c~ 2 and 1 with 
probability 1 -1 /~  2, w==cd/p and ~la~[v<c~. Then, ~%a,O~e~ converges by 

ct 

Proposition 6.7 and Ito-Nisio's Lemma, and ~(1-v~)w~e~e~ converges a.s. by 
ct 

the Borel-Cantelli lemma. Hence X is well defined as a/p-valued r.v. For t > w= 

tr P {IX~l > t} =(1-.-2)t~e{la~0~l>t} 
so that 

lim t~P{IX~l >t} =c(1 - c~ -z) [ a J  
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and X is r-pre-stable. On the other hand, 

E IlXllV = ~ ( 1  _~-2)[a~lPE 10lV + Z ~ -  ~ = oo. 
c~ C~ 

Summarizing: 

6.8. Proposition. For 2 > r > p > 1, there exist Iv-valued r.v.'s X such that all their 
finite dimensional distributions belong to the DNA of the corresponding finite 
dimensional distributions of a r-stable law in l,, but X ~ D N A  r Such X nec- 
essarily satisfy (6.11). 

The case p > r in the domains of attraction problem is completely solved (as 
1 v is of type min(2,p)); see e.g. [4, 24, 33] (also [9, 5]). Just for comparison with 
Theorem 6.3 and for use in some examples below, let us record that if the finite 
dimensional distributions of X~Ip are in DA~(a,)'s, r<min(2,p), then 
XsDA~(a,) if and only if 

lim lim nP X~ > a, =0. (6.12) 
ra n 

let us set X~ Next we consider the case l_-<p=r<2. Given X=~X~e~ lp ,  

=X~I[llxll<=a,d and let 6,,~ refer to X~ (and not to X~ as in Theorem 6.3). In 
n n n n __  n case p = l  we let Yd =X~-EX~ and let fi,,~ refer to Yd. Define also Y ' - ~ Y d  e~. 

C( 

Then we have: 

6.9. Theorem. Let l < p < 2  and let X be a centered lp-valued r.v. such that 
f(X)~DAp(a,) for all f~Dp. Then XeDAp(a,) (in lp) if and only if the following 
conditions hold: 

l imlim nP X~e~ >a, =0, (6.13) 
m n k l l ~ =  m d 

lim lim a2 p ~ ~,P,~=0, (6.14) 
rn n ~ ? t ~  

limlimnan p j tv-lP{]X~]>t}dt=O, (6.15) 
ra  n o ~ r a  65n, ~ 

lan,~ )p12 
limlimnpl2ayV ~ ! tP{[X~[>t}dt =0. (6.16) 

rn n c ~ = m  

If p = l  the same result holds for any X (X cannot be centered) with X~ 
replaced by Y~" in (6.14)-(6.16). The conditions (6.14)-(6.16) for 6' >c5 ~ are 
also sufficient for X~DAv(a,). 

Proof. Case p:# 1. X may be assumed to be symmetric by Lemma 6.1. With the 
above assumptions on f (X) (X symmetric), we have that X~DAv(a 0 if and 
only if (6.13) holds and 

n ) \ e ~  P 
limlim a;PE ~=m ~ (i~=1X~i =0. (6.17) 
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(This follows e.g. from Proposition 3.1 in [9] and Theorem 3.5.9 in [5] - 2.10, 
2.14 in [-2]). The first part of the proposition follows from this, Corollary 3.4 
and Lemma 3.2. 

Case p = l .  2 a X~Irllx~ll>a,j/a" is tight if (6.13) holds (3.1 in [9] 
i = i  = I  

- iI  
together with 2.1 and 2.4 in I-2]). By Lemma 2.6, S Y~"/a, is tight if 

i = 1  ) n = l  

and only if ~ F. i Y~n/a, is tight, so that the Yd can be assumed to be 
i = 1  ) n = l  

symmetric. (6.19) for Y~ is necessary and sufficient for the tightness of 

2' Y~"/a, . Now the result is obtained as before by application of 3.2 
i -  = 1  

and 3.4. Finally, the case c5',~ > c 5  follows as in Theorem 6.3. [] 

Remark (Domains of attraction in lp, 0 < p < l ) .  It is not difficult to prove that 
Theorems 6.3 and 6.9, as well as the necessity and sufficiency of condition 
(6.12) (together with the conditions on f (X))  for X~DAr(a~) are also true for 
symmetric /p-valued r.v.'s, 0 < p < l .  (The case p>r  for series of independent 
summands was already observed in [24]). We will sketch the proof of Theo- 
rem 6.3 and leave the rest to the reader. Since Corollary 3.4 holds for p < 1, it is 
enough to prove Lemma 6.2. Let X~ be independent, symmetric /p-valued r.v.'s 

k 
and S k = ~ X~. Then it can be proved just as in the Banach space case that the 

i = l  

following version of the Ldvy inequalities holds" for all t > 0 and n = 1,..., 

P{max IISkllp > t} <Re{  tiN.tip > 2 p- it}, 
k < n  

P{max LIX, llp > t} _-< 2 P  { IIS.IIp > 2"- i t} ,  
i<_n 

where, if x=~x~e~Elp, then I lx l l .=~lx~l  ~. This implies that Theorem6.1 in 

[3] on convergence of moments in the domains of attraction limit theorems is 
true in Ip (with [1" I1 replaced by [I.IIp~/P). This gives the necessity of (6.1). For the 
sufficiency let us first observe that a set K c lp is relatively compact if and only 
if 

lim sup x~IP:x~K =0, 
m 

with the sup finite for m=  1 (necessity follows from Dini's lemma, and suf- 

ficiency from total boundedness). This implies that if ~ X]a,  satis- 
i -  = l  

ties (6.1), then it is tight. The result is thus proved. The observations on L6vy's 
inequalities and on compact sets are also useful in proving the remaining cases 
(Theorem6.8 and condition (6.12)). Note for instance that the tightness of 

5e X]a .  readily implies by L6vy's inequality and the above charac- 
i -  = 1  

terization of compact sets that 
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lim sup nP > a 
m ~1 

<l imsup  - l n  1 - 2 P  > 2 p - l a ,  e =0, 
tl ~ = m  i 

hence (6.12). The rest of the proofs follow, as this one, by relatively simple 
modifications of the corresponding arguments for Banach spaces. 

Now we will give some straightforward applications of Proposition 6.6, 
Theorem 6.9 and, for comparison purposes, criterion (6.12) for spaces of type 
p > r. In what follows, a standard r-stable r.v. 0, r <2, is a r.v. with characteris- 

tic function Eeit~ -eltl€ - - o o < t < o o ,  with c=2r  ~ (1-cosu)du/ lu]  1+~, so 
- - o o  

that trP{lO]>t}-,1 as t ~ .  These applications are easy consequences of the 
previous propositions and some well known facts on stable r.v.'s in IR. So, only 
the first example, case 1 <p<r,  will be at all discussed. 

6.I0. Example. Consider the series ~ t hx~, x,~ lp, 0 < p < 2, t h independent, sym- 
metric, such that 

lim t~ P {lrl~] > t} = l 
t ~  c~ 

uniformly in i for some 0 < r < 2 .  Set x z - ~ x l e  ~. Then a necessary and suf- 

ficient condition for X=y ' r l i x  i to converge (a.s. in lp) and to belong to the 

DNA r of Y=~O~xi, 0 i i.i.d, standard r-stable symmetric r.v.'s, is: 
i 

and 

y ' ( ~  ]x~r)P/~ < oo if p<r,  (6.18) 
c~ i 

~,]]xijl'<oo if p>r  (]]x/]] =(y'lx~tP) lip even i f p < l ) .  (6.19) 
i r 

If p = r, a sufficient condition is 

~ ( ~  [x~ I p) max [1, In ~ I x~ [P I] < oo (6.20) 
c~ i i 

(if x i=e ~ this condition is also necessary; condition (6.18) for p=r  (=(6.19)) is 
always necessary, and is also sufficient if xi=2ix,  21elR, xElp, i= 1, ...). 

Proof of the Case 1 _<_p<r. It is well known that ~ait/i,  aielR, converges a.s. if 
i 

and only if ~ l a y <  oo (three series theorem) and that in this case 
i 

supt~P{l~airli[>t} < ( 4 -  r ) (2-  r) -1 ~, ]ai] r, (6.21) 
t > O  i i 

lim tr P {l ~,ai~h [ > t} = ~ lair, (6.22) 
t ~ c ~  i i 
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and likewise if ~/i is replaced by 0i (see e.g. Lemma 2.1 in [12] for (6.21); (6.22) 
is obtained from (6.21) by means of two elementary inequalities - see e.g. ex. 
3.7.11 and 12 in [5]). (6.21) with az=x~, together with (6.18), imply that ~X~e~ 

=Z(Zthx~')e~ converges in probability, hence that Zthx~ converges a.s. by Ito- 
i i 

Nisio's lemma. If f~Ov, then (6.22) with ai=f(xi) shows that f (X)~DNA~ of 
f(Y). Finally, (6.21) for ai=x~[, together with (6.18), shows that 

~[suptrP{lX~l>t}]P/r < oo. 
cr t > O  

Hence, by Proposition6.6, condition (6.18) is sufficient for X to be in the 
DNA r of Y. The necessity of (6.18) follows from the same proposition, (6.7), 
together with (6.22) applied to a i=x~. [] 

Remark. Note that condition (6.18) is equivalent to X being pre-stable. This is 
in direct contrast with Proposition 6.8. This phenomenon is explained by the 
remark following Proposition 6.6, and it was already observed in [24], Theo- 
rem 6.1 and the comments following it. Part of the previous example can also 
be proved using Theorem 6.1 in [24]. This is not the case with the following 
example. 

6.11. Example. Let t /be a symmetric real r.v. in the DNA r of 0, standard stable 
of order r, and let N be an integer valued r.v. independent of r/. Then, for 
0 < p < 2 ,  the/v-valued r.v. t/ ~ e ~ D N A r  if and only if: 

N2<o:<N2+N 

~ k(P{N=k})v/~ < oe if p<r, 
k = l  

~U/vP{N=k} < oo if p>r, 
k = l  

~ kP{N=k}max[1, llnkP{N=k}[]<o�9 if p=r. 
k = l  

Remark (the general CLT in lp, l < p < 2 ) .  Let us finally mention that it is 
possible to obtain a general CLT for /p-valued (1 < p < 2 )  row-wise independent 
arrays {X,s } in terms of the laws of the individual variables X,s.: in Theo- 
rems 2.10, 2.14 [2], apply Theorem 3.3 to the truncated sums after using the 
symmetrization Lemma 2.6. The possibility of doing it being apparently more 
interesting than the result itself, we choose not to state such a theorem. Similar 
comments apply, at least for symmetric variables, in the case 0 < p < 1. 
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Addendum. To complement this work we give a characterization of symmetric 
p-stable laws in lp, 0 <p <2. G. Pisier noted that Hoffmann-Jorgensen's lemma 
together with the lemma below gives this characterization. This lemma follows 
from Remark 3.15 in [35]. Let B be a separable Banach space and S ={x ~B:  
][x[[ =1}. We say that a finite measure e on S is a spectral measure of a p- 
stable law #, on B, 0 < p < 2 ,  if for all f~B 

f i ( f )=exp { ~ (e  i r f ( s ) -  1 -irf(s) I~r__<1i) de(s) dr/rl+P}. 
SxlR + 

6.12. Lemma. Let a be a finite measure on B. Let {Xi} be i.i.d. S-valued r.v.'s 
S (Xi )=e /e (S) ,  and {~/} a Rademacher sequence independent of {Xi}. Then e is 
the spectral measure of a p-stable law on B if and only if the series 

2 ~jXj/j lip (6 .23 )  
J 

is a.s. (or L ,  O<r< ~),  convergent. 

6.13. Proposition. Let e be a finite measure on S={x:  [[xH=l}~lv, 1_-<p_-<2, 
and let X be a Iv-valued r.v. such that Sf(X)=e/e(S).  Then a is the spectral 
measure of a p-stable law on I v if and only if 

~ E[X~[ l + l n + ~ / < o o  (6.24) 

where X =  ~ X~e~, Ilx~l[p=(ElX~lV) 1/~ and ln+(a)=max(0, In a). 
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Proof (Sketch). We may and do assume X symmetric. By Theorem 3.3 the 
following conditions are necessary and sufficient for convergence of (6.23): 

(a) 2~"< o0, 

(b) Z [ZJ -2Iv EX~ I[ix~ I <=~j1/,]] p/z < oe 
j 

(c) 2 Z ~ tP-a P {IX,[ > tj 1/"} dr< 0% 
a j 6~ 

where 3~ = inf[-& ~, P (IX~l > ~jl/p} =< 1/8.321. Since ~ P {IX~f/3 p >j} ~ E IX~F/& 
J J 

it follows that f i ~  IIX~/Ir We then conclude that the condition ~, [[X~][P< ~ is 

equivalent to (a) and implies (b) (for the last statement interchange ~ and E). 
J 

As for (c) we have, since IXJ _-< 1: 

E ~' S tP-Ip{Ixa I>tjl/p}df 

1 

= ~ ~ ~ I[1 <j<=uv/~vjj -1 u"-IP{IX~I > u} du 
~Oj 

1 

, , ~ !  (1 - k ln+~)up- ip{ [X~ l>u}du ,  

the convergence of which is equivalent to (6.24). 
It is easy (but tedious) to check that both the lemma and the proposition 

are also true for Ip, O<p< 1. 


