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Abstract
It is proved that the bootstrapped central limit theorem for empirical processes in-
dexed by a class of functions F and based on a probability measure P holds a.s. if and
only if F ¢ CLT(P) and [ F?dP < oo, where F = sup;.» |f| and it holds in probability
if and only if 7 € CLT(P). Thus, for a large class of statistics, no local uniformity of the
CLT (about P) is needed for the bootstrap to work. Consistency of the bootstrap (the
bootstrapped law of large numbers) is also characterized. These results are proved under

some mild measurability assumptions of F for P.
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Introduction. B. Efron (1979) introduced the “bootstrap”, a resampling method for
approximating the distribution functions of statistics H, (X7, ..., X,,; P), where the random
variables X; are independent, identically distributed with common law P (i.i.d.(P)). Since

the empirical measure

Po(w)=n"") dx,w) (1.1)
=1

is (a.s.) close to P, one may hope that, if Xty ooy Xon are ii.d.(P,(w)) (i-e. the X, are
obtained by sampling from the data, with replacement), then the distribution of ﬂn(w) =
Hn(f(nl, ...,Xm;Pn(w)) is w-a.s. asymptotically close to that of H,(Xy,..., X,; P). In
turn, the distribution of the bootstrapped statistic, H n(w), can be approximated by Monte-
Carlo simulation. This suggestive method has been validated with limit theorems for many
particular H, (w) by Efron (loc. cit.), Bickel and Freedman (1981), Singh (1981), Beran
(1982, 1984), Bretagnolle (1983), Gaenssler (1986) and others. In this article we offer a
justification of the bootstrap for functions H,, of a special type, namely for continuous
functions of the empirical measure viewed as an element of £>°(F), for classes of functions
F. Such H include the Kolmogorov-Smirnov and the Cramér-Von Miser statistics (in any
number of dimensions) as well as the statistics considered in Beran and Millar (1986).
Let (S,S, P) be a probability space, let X; : (SN, SN, PN) — (S, S, P) be the coor-
dinate functions (i.i.d.(P)), let P,(w) be as in (1.1) for w € SN, let X,‘;’j j=1,...,n, be

i.1.d.(P,(w)), let P,(w) be the empirical measure based on {X;’j}?:l, ie.

p’fl(w) :n_lz(s)z“’? (1.2)
1 J

j:

and let F be a class of measurable functions on (.5, S) such that

F=suplf (1.3)
feF

is finite for all s € S. We then prove that, under some measurability on F, the conditions

/F2dP < 00 (1.4)

1



and

n*/?(P, — P) — Gp weakly in £°°(F) (1.5)

are necessary and sufficient for

n'’?(P,(w) — Py(w)) — G weakly in £°°(F), w—a.s. (1.6)

for a centered Gaussian process G independent of w, and then G coincides with Gp, the
Gaussian limit in (1.5).

Thus, this result completely settles, modulo measurability, the question of the validity
of the bootstrap for the CLT for empirical processes indexed by classes of functions (or
sets).

The main feature of this theorem, aside from its generality, is that no assumptions
are made on local uniformity (about P) of the CLT (1.5) for the bootstrap CLT (1.6) to
hold (this was unexpected, in view of e.g. the comments in Bickel and Freedman, loc. cit.
page 1209). Another new feature is necessity of the integrability condition (1.4) and the
usual CLT (1.5) for the bootstrap.

The proof relies on several results and techniques from Probability in Banach spaces.
Among other such results and techniques, we use symmetrization by randomization in an
essential way (an idea in Pisier (1985) has been useful in connection with this), results
of Le Cam (1970) on Poissonization and on the CLT in Banach spaces, integrability of
Gaussian processes (e.g. Fernique (1984)), Hoffmann-Jorgensen’s (1974) inequality and
convergence of moments in the CLT in Banach spaces (de Acosta and Giné (1979)), results
on empirical processes from Giné and Zinn (1984, 1986) and, particularly, a result of
Ledoux, Talagrand and Zinn (cf. Ledoux and Talagrand (1988)) on the almost sure weak
convergence of 7, g; X;(w)/n'/2, g; i.id. with [;°(P{|g1] > t})"/?dt < oo (i.e. g1 € La ).
Actually, it is this last result that is at the base of our proof. The Ledoux-Talagrand-
Zinn result uses for its proof a recent extension of Yurinski’s decomposition as applied to
E,||Egix;|| — E||Xg¢;X;||. This was observed by Ledoux and Talagrand (1986) in the proof

of one of the main results about the law of the iterated logarithm in Banach spaces.
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The above techniques (except for the result of Ledoux, Talagrand and Zinn) can be
used to obtain a similar result for the bootstrap in probability. The a.s. results are given
in Section 2 and Section 3 contains the “in probability” result.

The bootstrapped law of the large numbers, much easier to prove than the CLT, is
also characterized.

2. The a.s. bootstrapped limit theorems. Given P, a probability measure on a

measurable space (5,8), we let

1) = [ - grap- ( - g)dP) . fog e La(P), (2.1)
&(f,q) = / (f — %P, f.q ¢ Lo(P) (2.2)

and, given a collection F of P-square integrable functions on (5, S), we let

Fs={f—g:f.geF,ep(f,g) <0}, 4>0, (2.3)
F ={f-g:fgeF}
(F?={(f-9)?: f.ge F}. (2.4)

Gp :={Gp(f) : f € F} denotes a centered Gaussian process indexed by F, with covariance

EGr(1)Grlg) = [ foap~ [ fap [gdr.  figeF (2.5)

and Zp :={Zp(f) : f € F} denotes the centered Gaussian process with

EZp(f)Zp(g) = / fgdP,  f.gcF. (2.6)

We recall Hoffmann-Jorgensen’s (1984) definition of weak convergence in £°°(F), the space
of bounded functions F — R with the sup norm topology: a sequence {Y;,}5°; of random
elements of (*°(F) converges weakly in £>°(F) if there exists a Radon probability measure

v on £°°(F) such that for all H : £°°(F) — R bounded and continuous,
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lim E*H(Y,) = / Hdy.

Then we say that F ¢ CLT(P) if the sequence {n'/?(P, — P)(f) : f ¢ F} converges
weakly in £°°(F) to a Radon centered Gaussian probability measure yp on ¢*°(F). vp is
the law of Gp which, by virtue of the Radonicity of vp, admits a version with bounded
uniformly continuous paths on (F, pp), and (F, pp) is totally bounded (see e.g. Giné and
Zinn (1986)). We continue denoting this version by Gp.

If F satisfies certain measurability conditions, then P, can be randomized (i.e. we
can replace dx, — P by &dx, with & symmetric, independent of X; and satisfying cer-
tain integrability conditions) and Fubini’s theorem can be freely used. These conditions
spelled out in Giné and Zinn (1984) are that F be nearly linearly deviation measurable
for P, NLDM(P) for short, and that both F? and F'? are nearly linearly supremum
measurable for P, NLSM (P). In this paper if F satisfies all of the above conditions with
respect to P we write F € M (P). To see why F € M(P) suffices we note, as in Giné and
Zinn (1984) Remark 2.4 (2), p. 935, that the measurability of the

(A1, ey Opy @1y, Ty Hsup{Zajf }

fea

implies, for example, the measurability for any M < oo of the map

(T1,- - n)ﬁSUP{Zf zi)r(x, )<M}

fea

by considering the composition of the map

(1, xn) = ([(F(x1) < M),.. ., I(F(z,) < M), z1,...,2,)

with the measurable map given by hypothesis. Actually close consideration of the proofs
shows that even weaker hypotheses suffice, but the best measurability is not our concern
here. We further note that if F is countable, or if {P,}>° ; are stochastically separable
in F, or more generally, if F is image admissible Suslin (Dudley (1986), p. 101) then
F e M(P).



The following proposition is the first step in the proof of the bootstrap CLT. It is a
version of Le Cam’s Poissonization Lemma (Le Cam (1970); reproduced in Araujo and

Giné (1980, Thm. 3.4.8)), for expectations.

2.1. Lemma. Let B be a separable Banach space and let ||-|| be a measurable pseudonorm
on B. For some n € N, let {X;}" ; be independent symmetric B-valued random variables

and let {£(X;)}"; be their laws. Then

E

>x.
i=1

< 8/ lzlld Pois(izlﬁ(Xi))(x). (2.7)

(We recall that for a finite measure v, Pois v = e V(B)X° ;™ /n! where v = v ") kU,
that PoisYv; = (Pois v1) x...x (Pois v,), and that if v = (8, +6_,) for some x € B, then
Pois v = L(Nz) where N = N — N’ with N and N’ independent Poisson real random
variables with expectation 1/2; we will call N a symmetrized Poisson random variable.)
Here is a proof of inequality (2.7): If X;; are independent, X0 = 0, £L(X;;) = L(X;) for
j >0, and N; are Poisson with parameter 1, independent and independent of {Xj;}, then
Fubini’s theorem and convexity (E||X + Y| > E|X|| if X and Y are independent and
EX =0) give

(1-e HEIZX,|| < E|S(N; A1) X4 |

N;
= En(Ex||2(N; A1) X4|) < Ex (EXH Y Xy

)

i =0
N;
— B[ 3% = [ el Pois(me(x) @),
i =0
2.2. Proposition. Let B be a Banach space, let || - || be a measurable pseudonorm, let

n e N, let {z;}, C B, let an,j = 1,...,n, be i.i.d. B-valued random variables with
E(an) =n~ 1% 5,,, and let {ei}=1, {Nj}?zl be respectively a Rademacher sequence
and a sequence of independent symmetrized Poisson real random variables with parameter

1/2, both independent of {X,,;}. Then



V2

Proof. We can write

<E <8FE (2.8)

n
-1 E E Ei;
i=1

n
E £ X
=1

n
i=1

n
=D _wila,
i=1
where for each j, the sets Ay, Agj, ..., Ay, are disjoint, the sequences {A4;;}1 1,7 =1,...,n,
are independent, and PA;; = 1/n,i,j = 1,...,n. Let {¢;;} be a Rademacher array inde-
pendent of {4;;}. Then, by disjointness, the vectors

8j(l‘1],41j, ...,LL‘n]Anj) and (€1j$1],41j, ...,€nj$nIAm.), j = 1, ey T,

all have the same distribution and, of course, they are independent for different j's. More-
over, by independence of {¢;;} and independence between {e;;} and {A;;}, the vector
(XF_1€ida;, - 20 _1€njla,,;) is symmetric. Let {€’} be a Rademacher sequence indepen-

dent of {¢;;} and {A4;;}. Then these two observations give the following:

=F i i 62']'.772'[,4”

j=1i=1

n
!
E%(E EijIAij)xz
=1 j=1

E iéﬁjxnj E ié?j iwilA”
j=1 Jj=1 =1

—| 2 (o) -

=1
§ : / § :
=F g; gij]Aij T
j=1

=1

(2.9)

We now notice that by Khinchin’s inequality (see Szarek (1976) or Haagerup (1981) for
the best constant)

il A,

©J

> — (ZIA”) > — {ZIA” #0}
(=)=

Hence, by Jensen’s inequality and (2.9), and since E’ Z €ij14,,;| does not depend on 1,
j=1

(1—eh).

E\H
E\H



1—6

Zgj y _f sz

which is the first inequality in (2.8). This proof is essentially taken from Pisier (1975, proof

Y

of Proposition 5.1).
Let ey, ..., e, be the canonical basis of R", and for a = Saze;, let |||al|| := ||Sa;z,

which is a pseudonorm on R". Consider now the random vectors

Y, = stlA e, 7=1..n,

which are independent, symmetric and have probability laws

n

L) = ;TLZ@ZM_) (2.10)

(i.e. Y, takes the values +e;, ¢ = 1,...,n, each with probability %) Then,
1=, (20 jeila,, )il = H}Z;‘ZlYJH’ This, (2.9), (2.10), and Le Cam’s Lemma (Lemma

2.1) give

n n

S| <8 [ halia Pois( 5 00 + 600 ) @

j=1 =1

n n
Z Niei Z Nz’ﬂ?i
i=1 i=1

which is the right hand side inequality in (2.8). O

E i Eanj
j=1

=8FE

Y

What is needed from the result of Ledoux, Talagrand and Zinn is the main part of
their proof, namely Lemma 5 in Ledoux and Talagrand (1988). In the empirical case one
needs to complete the proof of tightness in a way different from the original; we incorporate

this in the proof of our theorem. First, the

2.3. Lemma. Let (S, S, P) be a probability space F a NLDM (P) class of functions on
S with EpF? < oo, ||| - ||| any of the pseudonorms || - || £, || - 7,0 >0, X; SN — S the

coordinate functionals, and {;} a sequence of i.i.d. symmetric real random variables with
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F¢} < oo, independent of {X;} (actually defined on another probability space). Let Eg¢

denote integration with respect to only the variables {&;}. Then,

> GX;

=1

D EXi(w)

i=1

. (2.11)

‘ < 4 lim sup n_1/2E’

a.s. limsup n_1/2E§ ’
n

The bootstrap CLT is as follows:
2.4. Theorem. Let F € M(P) and P be a probability measure on (S,S). Further let
P, P,(w),w e SN, and Gp be as defined in (1.1), (1.2) and (2.5). Then the following are
equivalent:
(a) [ F?dP < oo and F € CLT(P);
(b) there exists a centered Gaussian process G on F whose law is Radon in ¢°°(F) such
that, PN-a.s., n'/2(P,(w) — P,(w)) — G weakly in £°°(F).
And if either (a) or (b) hold, then G = Gp.

Proof. (a) = (b). Obviously, if N is a Poisson real random variable, then
[ S (P{N > t})/2dt < co. So, Lemma 1.2.4 in Giné and Zinn (1986) holds for g, = N,
a sequence of i.i.d. symmetrized Poisson real random variables with parameter 1/2; hence

Theorem 1.2.8 ((a) = (e)) there gives:

(F,ep) is totally bounded (2.12)

and

iNiéxi/nl/Q

1=1

= 0. (2.13)

lim limsup £
6—0 n F
(Here {X;} is independent of {N;}, and is as defined in the introduction, i.e. for i e N, X;
is the i-th coordinate of (SN, SN, PN).) Let Ex denote integration only with respect to

{N;}. Then, (2.13) and Lemma 2.3 give:

ZNﬁxi(w)/"l/z’ =0. (2.14)

i=1

PN _as., gim limsup En
- n

!



(2.14) and Proposition 2.2 then give (letting E. 4 denote integration only with respect to
{e;} and {A;;}) :

Y €ibx, w/n'?

J=1

=0 (2.15)

PN —as. limlimsup E- 4
6*>0 n ’ f/
9

and by symmetrization (we will use without further mention that for {U;} indepen-
dent, independent of {&;}, E|X(U; — EU;)|| < 2E||Ze;Us|| and E||Sei(U; — EU;)|| <
2B||2(U; — EU)||),

PN —as. lim lim sup Ea|n'?(Py(w) = Po(w)]| 7 = 0. (2.16)

If F e CLT(P), so does F' ¢ CLT(P). Then, Theorem 1.4.6 in Giné and Zinn (1986) gives
sup e |(Pn(w) — P)(f?)] = 0 and sup; ¢ 7 [(Pn(w) — P)(f — g)| — 0 in probability. Since
[ F2dP < oo these limits hold a.s. (e.g. by a reverse submartingale argument as in Pollard

(1981)). Therefore

sup |(P,(w) — P)(fg)| — 0 a.s. (2.17)
f.geF

and of course

| Pn(w) — Pllx — 0 as. (2.18)

[We should note here that the proof of Theorem 1.4.6, loc. cit. contains a typographical
error (which in the end, is of no consequence for its validity): the relation between entropies
should read N, 2(g, F(N)?) < N,2(e/2X\, F(N)).] Call the subsets of SN where (2.17) and
(2.18) hold respectively €7 and 9, and let Q3 be the intersection for all & > 0 rational
of the subsets of SN for which eventually max;<, F(X;(w)) < an'/2. It follows from the
Lindeberg-Feller theorem (as e.g. in Singh (1981)) that for w € 2 NQy NQ, nt/2(P, (w) —
Pn(W))(Zﬁniteaifi> — Ya;Gp(f;) weakly, for all {a;} C R,{f;} € F. This, (2.16) and
(2.12) imply the bootstrap CLT (b) with G = Gp by e.g. Theorem 1.1.3 in Giné and Zinn
(1986) (which, although given for the i.i.d. sequence case, it holds, with the same proof,

for triangular arrays as well).



(b) = (a). We show first that if (b) holds then | F2dP < co. Note that the convergence
in (b) is actually weak convergence of Radon measures (for each w for which there is con-
vergence) and therefore the CLT theory for separable Banach spaces applies. The system
{Yn(w) = n_l/zéXﬁ'} is infinitesimal w-a.s.: PN-as., for all € > 0, P*{||f(X¥)|# >
en'/?} = Z?le(F(Xz(w)) > en'/?) /n — 0 by the law of large numbers (by monotonicity,
it is enough to consider rational € > 0). Hence, since w-a.s. the sequence {%7_,Y,;(w)} is
shift convergent in law to a Gaussian limit it follows from a result of Le Cam (1970) (see

e.g. Araujo and Giné (1980, Theorem 3.5.4)) that

nP{||f( X)) >n'?} -0  as.
that is,

Y I(F(Xi(w) >n'?) =0 as. (2.19)

=1
Since if X7, I(F(X;(w)) > n/?) < 1 then X7, I(F(X;(w)) > n'/?) = 0, (2.19) implies

that w-a.s. there is n(w) < oo such that for n > n(w),

F(Xn(w))/n'/? < max P(X(w))/n'/* < 1.

This and the Borel Cantelli lemma give SP{F(X,,) > n'/?} < oo, that is

EF?(X;) < c0. (2.20)

Let f € ' UF. Then by hypothesis £(n'/2(P,f — P,f)) —w L(G(f)) and by the

converse CLT in R for triangular arrays, together with (2.19), we have

s (3 g0 (Y050 /m) ) =EGUF s

But, by (2.20) and the law of large numbers, this limit is E(f(X1))? — (Ef(X1))?. We have

thus shown

G =Gp. (2.21)



Moreover, since GG, hence Gp, has a Radon law, and since (2.21) holds, we also have that

(F,ep) is totally bounded.
Next we prove PN-a.s. uniform integrability of {||n*/2(P,(w) — P,(w))||#}2>,. By
Theorem 3.2 in de Acosta and Giné (1979) it is enough to show

sup Ea max |[0 . — Po(w)||F/n < oo a.s. (2.22)
n Ji<n nj

where /4 denotes integration with respect to {14, }. But the random variable in (2.22) is

bounded by

1 mn
sup Eall0g. — Py (w)|F = sup - D I0x,w) — Pa(@)lF

=1

1 n
§4supﬁZF2(Xi(w)) < 00 a.s.
=1

(by the law of large numbers, since [ F2dP < oco). We thus have, by uniform integrability,

N Bl /2(Po(w) = Pa(w)) = — BlIG|»
P { Ealn/2(Pu(w) - Pal))llz, — ElGplz;  forang>o. %)

Denote by ||| - [|| any of the pseudonorms || - |[£,d > 0, or || - || z. By Proposition 2.2 we
have, with ¢ = (1 +e71)/V/2,

Z 5j5f<;;j /n1/2

j=1

PN — a.s., cE.

Zgif;xi(w)/nmm < Eea
=1

< | i, - Patcnyn”| [+ (B s Pt
< 2B, 02 (Py) — Pl + 1A (220

(2.23) and (2.24) give
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ieiéxi/nlﬂ

1=1

lim sup Pr{ ’

n—oo

1
> M} < MlimsupE(E‘6

n—oo

Zsiéxi/nl/z
i=1

)

1
< MElimsupE6 0x, /n'/?

n—oo

< Elllox [l + 2E[[[Gell|

< Vi —0as M — oo.

The above inequality, by Hoffmann-Jgrgensen’s inequality and EF?(X;) < oo, implies

Z?Ez(sx /nl/Q

=1

< 0. (2.25)

sup E'

In particular E||X!_,e;0x,/n|z — 0, hence E|| P, — P|| — 0, or,

I[P, —Pl| =0  as.

(cf. Pollard (1981)). Hence

lim lim || P, (w) ]z = lim [|ES(X0)||5 < lim [|(Bf (X)) 77 = (2.26)
Using (2.26) in (2.24) we obtain that PN-a.s.

lim 13 E. 0 2l <@24)elim E ;= 0. 2.2

ing limn sup Ze Xuw)/mE| < (24 ) lim E|Gpl|z; =0 (2.27)

=1
Bounded  convergence and  Fatou’s lemma  then  give  lims_,limsup,
E(||2p,i6x, /n'/?|| -, A M) = 0 for all M > 0, which, by Theorem 1.2.8 in Giné and
s
Zinn (1986) implies that F ¢ CLT(P). O

2.5. Remark. A corollary of Theorem 2.4 is that if X; are i.i.d. B-valued random

variables, B a separable Banach space, then

E|X1||? <ocoand X; e CLT & Z(XW — X,,)/n'/? — Gx weakly a.s.
j=1
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Actually the proof of this result is somewhat simpler than that of Theorem 2.4 since in

this case E||X1|| < oo already implies ||| P,, — PJ|| — 0 a.s. (see below (2.25)).

The law of large numbers has a proof similar to that of Theorem 2.4 but simpler since
in this case the lemma of Ledoux, Talagrand and Zinn is not needed and some further

simplifications are also possible.

2.6. Theorem. Let F be NLDM (P). Then the following are equivalent:
(a) [ FdP < oo and || P, — P||z — 0 in probability.
(b) PN-as., | P (w) — Py(w)|| — 0 in probability.

Proof (Sketch). [FdP < oo,||P, — P||l — 0 pr. = ||P, — P||x — 0 ass. (e.g. Pollard
(1981)) ||X7_,ei0x,/nllr — 0 as. (p. 980, Giné and Zinn (1984)

= B[S, Nidx, /n|
to that in Lemma 2.9 of Giné and Zinn (1984), since E|N| < oo) = ||S™, N;dx, /n|lr —

# — 0 (as noted in Giné, Marcus and Zinn (1986), by a proof similar

0 a.s. (by, e.g., a reverse martingale argument as in Pollard, loc. cit.) = PN-as.
=2 Nidx,()/nll7 — 0 as. (Fubini) = PN-as. En|2,Nidx,)/n]z — 0. (To
see this we use Hoffmann-Jgrgensen’s inequality (Hoffmann-Jgrgensen (1974)) to reduce

to showing En max;<y, ’Ni‘H(SXi(w)H]:/n — 0, PN-a.s. But, for any ¢ > 0

Ey max [Ni| [|0x,w)/nllz/n < cmax|ox,wllz/n+ Ex DN o N8 ll= /.

=1

The first term goes to zero since F' € Ly and the second equals

(X I /) EIRIE 5
=1

But the first term in this last quantity is PN-a.s. bounded by the strong law of
large numbers and the fact that F' € L;. The second can be made arbitrarily small by
taking c large.) = PN-as., Ea,AHZ?:ﬁj(SX:,/nH}- — 0 (Proposition 2.2) = PN-as.,
Ea|Po(w) — Po(w)||x — 0 (desymmetrization)].

For the converse, observe first that, as in Theorem 2.4,
1Py(w)—Py(w)]| s =0 w—as. = /FdP < 00 and E4||Py(w) — Py (w)||7 — 0 w—a.s.

13



But, by symmetrization, as in (2.24),

Ea,A

S by, /n /o) 1Pale
j=1 F

< 24| Ba(w) — Pa(w) 5 + (

and these two variables tend to zero a.s. (note that, since [FdP < oo, ||P,(w)| s is
a.s. bounded). Hence Proposition 2.2 implies EEHZ;-Llsi(SXi/an — 0 a.s. So for all
M > 0,E(||Zi ei0x, /n|| A M) — 0, ie. |Siieidx,/n|| -
[ FdP < oo, implies ||P, — P||z — 0 a.s. (Giné and Zinn (1984) page 930). m|

— 0 in pr., which, since

3. The bootstrapped (in probability) limit theorems. We first give the appropriate
notion of bootstrap in probability in the context of empirical processes and show how it
can be used.

In Giné and Zinn (1986), Theorem 1.1.3, we give a natural and short proof of:
F € CLT(P) iff (F,pp) is totally bounded and the usual eventual equicontinuity condition
holds. This proof actually shows that F € CLT(P) iff F is P-pregaussian and

supgepr, (e~ (7)) | E*H(n'?(P, — P)) — EH(Gp)| — 0, (3.1)

where BLy({>°(F)) = {H: (*(F) — R,|H(x) — H(y)| < ||z —yl|l#, | H||co < 1}. With

some abuse of notation, we may call the quantity in (3.1),

dpr-(L(nY*(P, — P)), L(Gp))

as in the case when these are true probability laws (n'/?( P, —P) may not be measurable as a
¢ (F)-valued random element). The above observation extends also to more general limit
theorems (e.g. non-i.i.d., different normings). In particular n'/2(P,(w) — P,(w)) — Gp

weakly in £°(F),w-a.s. iff

dpr- (L((nY*(Py(w) — P,(w)), L(Gp)) — 0 a.s. (3.2)

So, it is justifiable to say that the bootstrapped CLT(P) holds in probability iff the

limit (3.2) takes place in outer probability.
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To see the usefulness of this notion, suppose that || P, — P|| = is measurable, that |G p|| =
has a continuous distribution and that F satisfies both the C LT (P) and the bootstrapped
CLT(P) in probability. Since H = H o || - ||z € BL,({*(F)) if H € BL1(R), we have

dpr+ (L(n'?|| Py(w) — Po(w)|l£), LGPl £)) — 0 in pr. (3.3)

By passing back and forth to a.s. convergent subsequences, since dpy~ metrizes weak

convergence in R, we get from (3.3) that

SUD [Fos /21, ) P )1 (F) ~ Flip - ()] = 0/ pr (3.4)

(where F¢ denotes the distribution function of the real random variable ). By the as-

sumptions, we also have

sup |Frr2py—p| - (%) — Flap) ()] — 0. (3.5)

So, if ¢, () = ¢p (@, w) is defined by

cn(a) =inf{t: F2p w)-p, w0 =1 —a}

then (3.4) and (3.5) give

Fn1/2HPn*PH]-'(Cn(a)) —1—ain pr. (36)

Or one can consider P, and c¢,(a) defined on different probability spaces, say P, on
(1, Pry) and ¢, (a) on (2, Pra). By (3.6) and boundedness of distribution functions, we

have Epy, F1/2p, —p| - (cn(@)) — 1 — a. Therefore

(Pry x Prg){nl/QHPn —Pllr<cp(a)} —1—« (3.7)

In conclusion the bootstrap in probability as described above allows the construction of

asymptotic confidence regions for P.
3.1. Theorem. Assuming F € M (P), the following are equivalent:

15



(a) F e CLT(P),
(b) there exists a centered Gaussian process G on F whose law is Radon in £*°(F)

such that

dpr; (L(n'?(P(w) — Pa(w))), £(G)) — 0 in pr*. (3.8)

and if either (a) or (b) hold, then G = Gp, i.e. F satisfies the bootstrapped CLT(P) in
probability.

Proof. (a) = (b). Using the decomposition (1.13) in Theorem 1.1.3, Giné and Zinn
(1986), of

E*H(n'/(P,(w) — Py(w))) — EH(Gp),  H € BL,({>*(F))

and the bootstrapped C LT in probability of Athreya (1986), it follows that, in order to
establish (3.8) it suffices to prove that

y%hmmmquEﬂmU%ﬁﬂﬁ—J%@Nbg>5}=Oﬂwaﬂs>0. (3.9)

Symmetrization and Proposition 2.2 give

EAHn1/2(Pn(w) - Pn(w))HFg <2E; 4 Zgjé)?:jj /n1/2

J=1

Z NzéX@ (w)/nl/z'

1=1

!

< 16Eyx

!

Now, by the multiplier Lemma 1.2.4 and Theorem 1.1.8 in Giné and Zinn (loc. cit.), the

above inequality yields
lim lim sup EE4||n'/?(P, (w) — P ()7, <

i&iéxi/nl/Q

i=1

=0.

< 16||N||2,1 lim lim sup E

This gives (3.9), hence (3.8) with G = Gp.
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b) = a). If (b) holds, for every subsequence of N there is a further subsequence, say {ny}
such that

dpr+(L(ny/? (P, (@) — Po(w), £(G)) — 0 w—a.s. (3.10)

Then, by infinitesimality and Gaussian limits, we have, as in the proof of Theorem 2.4, for

all o > 0,

STIF(Xi(w)) > om/") = 0 as. (3.11)

(= 0 eventually a.s.). This implies

ZI(F(Xi(W)) > o6n'/2) = 0 in pr.

Now, previous arguments show that this limit holds in expectation, i.e.

nPr{F(X) > én'/?} — 0. (3.12)

For every subsequence {ny} for which (3.10) holds, we can use (3.11) and the converse

CLT in R to obtain, as in the proof of Theorem 2.4,

C(Erxr S 2
nlkngo - —( - ) = E(G(f))" as.

for all f € F'UF. Hence this limit holds for the whole sequence N in probability. If
Ef?(X) < oo the limit is actually E(Gp(f))? by the law of large numbers. If Ef?(X) = o
then by Lemma 2 in Giné and Zinn (1988) the empirical second moment dominates the

square of the empirical first (absolute) moment, and we get

Jim }fA(Xi)/n = E(G(f)* in pr.

Then, by the converse CLT (centering part), the truncated centers must converge, i.e.
Ef2(X1)I(|f(X1)| < +/n) converges, implying FE f?(X) < oo, contradiction. We have just
proved Ef3(X) < oo, f € F, and

17



G =Gp. (3.13)

Consider now a subsequence {nj} for which (3.10) holds. Then, for any p > 0 and

a >0,

1/2
Eamax(log, = P (@)llz/m ") <
< 27 max(F(X,(w))/m/*)?
ISk
p

< 2o+ 3 TP > anl/)
=1 k

and by (3.11) this last quantity is eventually (2a)? a.s. Hence

sup Eamax [[0g.  — Py, (w)[[/n? < 0o as.
k J<ng ngd

This allows us to follow for {n;} exactly the same steps as in the proof of (b) = (a) in

Theorem 2.4, from inequality (2.22) on, to conclude that

Nk
dpi; <£(Zei6xi/ni/2) L(Zp)) = 0.
=1

Hence, since every subsequence has a further subsequence {n;} for which this limit holds,

we obtain

dBLT (£ ( Z €i0x; /n1/2) L(Zp)) — 0,
=1

ie. FeCLT(P). O

3.2. Remark. A similar result holds in the case of normings a,, # n'/? and Gaussian

limits: F € CLT(P;ay) with limit G iff £{ 3 (f(X%,) = Pu(w)(f))/an: f € F} —uw L(G)
j=1
in probability. The proof is analogous to that of Theorem 3.1 and is omitted. However,

such a result cannot hold in the case of a stable non-Gaussian limit (Giné and Zinn (1988)).

3.3. Remark. Note that the proof of Theorem 3.1 is more elementary than the proof of
Theorem 2.4: the deeper Lemma 2.3 is not needed for the bootstrap in probability.
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3.4. Remark. Beran, Le Cam and Millar (1987) show that whenever a bootstrapped
limit theorem holds a probability, then the empirical distributions of the bootstrapped laws
also converge weakly in probability. This justifies using Montecarlo to approximate the
bootstrapped distributions. Concretely Theorem 3.1 above and the Corollary in Section 4
of their paper give:

Let 0¥ = n'/2(P,(w) — P,(w)), which is a £>°(F)-valued random variable, and for

Jjn — oo consider i.i.d. copies of 77, say {77 ; ]“ . Then, if F € CLT(P), we have

1 Jn
dBrL* (E(— g Opw _),E(Gp)) — 0 in probability
In £ "
j=1

(in probability refers to (£(#%))» @ Pr, for each n).

Finally we show that the weak law of large numbers for empirical processes, can also be
bootstrapped in probability. It may be worth mentioning that an example of F and P for
which the W LLN holds but the strong law does not hold is: P = uniform distribution on

0,1), F = {w(t)I,q: t € (0,1/2]} with w decreasing, tw(t) — 0 but f1/2

t)dt = oo, i.e.
the weighted empirical process (Theorem 7.3 in Andersen, Giné and Zinn (1988)). Some
additonal notation for Theorem 3.5: Given random variables £, 1, dp,, denotes their Ky Fan
distance, which metrizes convergence in probability, d,.(§,n) = inf[e: Pr{|{ —n| > e} < ¢].

If the random variables involve X“ €j, Nj, then dy;. ., dy. , and dp,, indicate that the

nj?

distance d,,, is taken with respect to the conditional probability given X;(w), ..., X, (w).

3.5. Theorem. Let F be NLM(P). The following are equivalent:
(i) [IS0(F(X:) = PFI(F < n)/nllz — 0 in pr.

() dyr (1551 G, — Pale))/ml,0) = 0 in pr.

and if (i) or (ii) holds then also

n

D 0y = Palw/n

j=1

E4

— 0 in pr.

Proof. (a). (i) = (ii): We first show (i) = ||XI_,£:0x,/n|| — 0 in probability. To this

end we note that
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n

S (X))~ PfIp<a)/n

=1

— 0 in pr.
f

implies

n

D (F(Xi) = F(X])/n i

1=1

— 0 in pr.

by the triangle inequality for || - |7, where {X;, X[}2%_; are i.i.d. And this implies (see
the proof of Corollary 2.13 in Giné and Zinn (1984) that

nPr(||6x, —éx;[lx >n) -0 as n— oo.

But then

nPr(||6x, |7 > 2n)Pr(||éx; |l <n) =0 as n— o0

and hence

tPr(||éx, |l >t) -0 as t— oc.

Also, from symmetrization procedures (Lemma 2.7, Giné and Zinn (1984)) we know

{2

— PfI(F < n))Hf > 5n}

k
<2maXPr{’ 3 PfI(F<n))H >@}
< - F o2
k
+2 max Pr Z — PfI(F <n)) >t
r<k<n T F 2

The first term on the right goes to zero since n — oo. The second term can be made less
than any € > 0 if r (and therefore k) is large enough, since the WLLN (i.e. (i)) is assumed

to hold. Further, since tPr(||dx, ||z >t) — 0 as t — oo,

|PfI(F < n) S/OOOPT(|f(X)|I(F(X)§n)>t)dt§ 1+/1n gdtSK’lnn,
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where K and K’ are fixed constants. But then

| 2, il
<K/ 1=
~— (n/lnn)’

Z": e;PfI(F <n)

n

i=1

which converges to zero a.s. by, e.g., the Marcinkiewicz-Zymund SLLN. Hence, for all
e>0, Pr(|X e, f(Xi)|lFr >en) — 0 as n — oo.
(b) Le Cam’s Poissonization Lemma (Le Cam, (1970); see also Araujo and Giné (1980)

Lemma 3.4.8)) in probability gives
dpr. 4 (|l 253'5)?:./”\!%0) < 27y (1Y Nibx, )/l 7, 0).
j=1 ! i=1
(¢) If || X €idx,/n|| — 0 pr. then, as pointed out in Giné, Marcus and Zinn (1988),
i=1

Remark 4.2, || 3. N;dx, /n||# — 0 in pr. because EN' < co. Hence, by (a), for all & > 0
i=1

n

EXpTN{

e 5} — 0. (3.14)

But, dpry (]| Z N(5X ) /n|l7,0) < eV Pry{| Z N5X,(w)/an > ¢}, for all € > 0 by
definition of the Ky Fan distance. Therefore (3. 14) implies

,0>—>O.
f

Exdpryn (

Now, (b) and (c) give

EXdprs,A (

> eidg /ny|f,0) — 0. (3.15)
i=1 "

(d) Now we must desymmetrize in (3.15).

For every subsequence of N, there exists a further subsequence, {n;}, such that

—0inprea w—a.s.

ng
Z €j 55(:; ; /
i=1 k F

Nk
Hence Y I(]|X;|| > ang) = 0 eventually a.s., for all a > 0. Therefore,
=1
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19 Il7 o0 Tk
Ejmax —X— <gq +/ ZI(HXZH > nit)dt < a eventually a.s.
Jj<ng ng a 1

= Eamax ||0¢. ||7/nk — Ow-a.s.
Jj<ng ngd

Nk

= Bl Y ejdge /nk| — 0,w-as. (by (3.15)
=t lF
and Hoffmann-Jgrgensen’s inequality)
N

— 0 w—a.s. (see the

= F4 Z(&X::W —Pnk(W))/nk -

inequalities following (2.15))

= Ea| ) _(0gs — Paw))/n

— 0 in probability
]:'

which is even more than the actual statement (ii).

(ii) = (i). If (ii) holds, we obtain as in the CLT that

nPr(F >n) — 0. (3.16)
Recall that for any {n} for which dp, , (||[Z7* (0ge — Pa, (w)/nkH}_, 0) — 0 a.s.
ny J
nk
ZI(F(XD > any) = 0 eventually, a.s. (3.17)
i=1
So, as above, F'4 max;<p, kit — 0 a.s. And also,
nk
| Py, (w) /ricll7 = || Z; f(XZ)/nin — 0 (since, eventually, this norm is < a). So,
0w —Pn, (w)
E gmaxj<p, ‘X”’Tk H — 0 a.s. Hence, by Hoffmann-Jgrgensen’s inequality,
= F
ny
2(5)2':“ — P, (w))
EAH L H 0 as. (3.18)

ng

Now, as in (2.24),

- 1/2
cE. < 2B4||(Poy (w) = Py (W)l + | P (w) | 7/m.

F

Nk
E 51'5)(1. /nk
=1
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So,

mpr{

ng
E gi(in /’I’Lk
i=1

> ¢} < SB[EAl(Poy(0) - P )] 7
]:'

+§E<7“P”;£j‘;)”f /\8) = () + (.

(I) — 0 by (3.18) and the dominated convergence theorem, and (II) — 0 because, by
(3.16), 3 F(X;)/n3/? — 0 in probability. Hence,
i=1

— 0 in probability. (3.19)

aneiéxi/n
i=1

Finally, (i) follows by a stanadrd desymmetrization: || > I(F(X;) > n)éx, /n|| +— 0in
=1

F

probability by (3.16), hence we can truncate in (3.19) and then take expectations and use
the symmetrization inequalities given immediately after (2.15) to obtain
E| zn:(f(Xi)I(F(Xi) < n)— PfI(F < n))/n||, — 0. Again, using (3.16) we obtain
0. o

3.6. Remark. The weak law of large numbers with normings other then n (i.e. n'/? or
even more general aj’s) can also be bootstrapped in probability, in complete analogy with
Theorem 3.6. (See e.g. Andersen et al. (1988) for examples of Marcinkiewicz type laws of

large numbers for empirical processes.)
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