On the limit set in the law of the iterated
logarithm for U-statistics of order two

Stanislaw Kwapien!, Rafal Latala!, Krzysztof Oleszkiewicz!,
and Joel Zinn?

Abstract. We find the cluster set in the Law of the Iterated Logarithm for
U-statistics of order 2 in some interesting special cases. The limsup is an
unusual function of the quantities that determine the Bounded LIL.

1. Introduction and Notation.

In [GKLZ] necessary and sufficient conditions were obtained for the law of the
iterated logarithm for canonical U-statistics of order 2 to hold. Here we continue
the investigation of the LIL for U-statistics of order 2 by describing the cluster (or
limit) set for the examples in [GZ], which helped motivate [GKLZ]. Namely, let
X1,Xs,... denote a sequence of iid r.v.’s with values in some measurable space
(S,S). In the general case for a measurable kernel h on S? we define symmetrized
U-statistics by the formula

Un = Z €i5jh(Xi,Xj),
1<i<j<n

where (g;) is a Rademacher sequence (i.e. a sequence of independent symmetric
+1 valued r.v’s) independent of (X;). In our case we will assume that each X; has
a uniform distribution on [0, 1] and

(1) h(z,y) = Zakhk(x)hk(y)v
k=1

where
hi(z) = Ia, (x) and Ay = (27F,27F 1k =1,2,....

We also assume that 0 < ay, < k—1/22k (this assumption seems not to be necessary
but makes the calculations easier).
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The (nas) conditions for the (bounded) LIL for {U,} that were obtained in
[GKLZ] imply that the conditions for the LIL in our case be in terms of

(2) A = sup{Eh(X1, X2) f(X1)f(X2) : Ef*(X;) <1} = sgp|ak2—k|

and

2
(3) B = limsup B (X1, X2) u)

U— 00 LQU

However, what is not so clear is the form of the function of A and B that

determines the lim sup. It turns out that the limsup is
A+B. ifB<24
C¢(A’B){ B if B> 2A.

In the sequel letters like K, K1, etc., will denote universal constants that may
change from line to line, but do not depend on any parameters. To simplify the
notation we define Lz = log(x V e) and Loz = LLx. We also write log, for the
logarithm to the base 2.

Now, a few comments about the organization of the paper. After presenting
in Section 2 some known results, we present in Section 3 a few results for general
U-statistics. Finally, in Section 4 we concentrate on the types of kernels of the
form (1) that are the main focus of this paper.

2. Preliminary results.

In this section we gather a few inequalities proven elsewhere that we will use in
the sequel.

Lemma 1. ([KW)], Theorem 6.2.1) There exists a universal constant K such that
for any t > 0 and any sequence of real numbers (a;j)1<i<j<n we have
P( max | Z Clij€i5j| > t) < KP(| Z Clij€i5j| > t).

1<k<n — —
1<i<j<k 1<i<j<n

Lemma 2 (Bernstein inequality).

([de la P,G] Lemma 4.1.9 and Remark 4.1.10, [D] Th. 1.3.2) If Z; are independent
r.v’s with BZ; =0, || Zilloo < a and b*> =Y EZ2, then for all t >0

t2
P Zil > 1) < 2exp(— ——n).
121210 < 2000 557 2)
Lemma 3 (Kolmogorov’s converse exponential inequality).
(IS] Th. 5.2.2) For any v > 0 there exist numbers K(v) < oo and £(y) > 0 such
that if Z; are independent r.v’s with EZ; = 0, || Zi||co < a, b* =Y. EZ? satisfying
t > K(7)b and ta < &(y)b* for some t > 0, then

2
P(Y_ Zi>t)> exp(—%)-
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We will, however, prefer to use the following simple corollary of Kolmogorov’s
converse exponential inequality (one may take below e(v) = (1 + 7)&(7)?/2 and

K(7) = exp((1 +7)K(7)%/2).)

Corollary 1. For any v > 0 there exist numbers K(y) < oo and e(7y) > 0 such that
if Z; are independent r.v’s with EZ; = 0, || Zil|oo < a, b*> = S, EZ2, then for all
t>0 ) )
1 1+t b

P(zi: Zi >t) > KO) GXP(—T) —exp(—¢(7)

).

a2

Lemma 4. ([GLZ], Corollary 3.4) There exists a universal constant K < oo such
that for all t >0

I t2

P(|U,| > t) < Kexp [— i (m,

" 12/3 £1/2 )}
nlhllz,—r. " [n(|Ey B2l + [ Exh2||oo)]/37 || 0|22/ )

3. Technical Lemmas. General Kernels.

In this section we present few technical lemmas that do not require additional
assumptions on the form of the kernel h.

Lemma 5. We have
n

1 1
4 Ee A £i)?) < ——— forall0 <\ < —.
Moreover, for each v > 0, there exist positive numbers K () and §(y) such that
for any n

2

) — exp(=d(y)n).

Proof. Notice that for any ¢
n
]‘ t 1 —t\n nt?
EeXp(tZ;Ei) = (56 + 56 ) <e:?2
So if g is M(0,1) r.v. independent of ¢;, then
n
Eexp (/\(Z &)?) = EEEge\/ﬁ(E?:1 ci)g
i=1
1
V1I=2Mn'
Inequality (5) is an immediate consequence of Kolmogorov’s converse exponential
inequality (Corollary 1).0

— E,E.cV?9 s <R =
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)

Lemma 6. Suppose that az(;l is a tripley indezed sequence of numbers such that

n
; (n)
limsup | g a;;’€igj| < C as.
nTee =1

Then,

limsup | Z a(")| <C.

n—oo

Proof. Let t > C, then I(Z” 1a£]n)€iz-:j > t) — 0 a.s. so in particular

POy al” )616] > t) — 0. However

Z alMee; > Za (> aE;)eiej >0)>—

i,7=1 1<i;ﬁj§n
for some universal K ([de la P,G] Proposition 3.3.7 combined with Theorem 3.2.2).
This implies Y .-, a;; (n) < t for large enough n, so limsup,, ., .. < C.In

zlu

a similar way we prove that limsup,, . (— >/ (")) <C.O

zlu

Lemma 7. a)If C' < oo is a number such that

(6) Ves03x, NVn>n P(|Uy| > C(1 +€)nlan) < W
then
lirrlnﬂsotip % <C a.s.
b)If C < oo is a number such that
(7) Ves0,n03K,N>no VN<n<n2 P(|Un| > C(1 4 ¢)nlan) > Klogn’
then

U,
lim sup M >C a.s.
n—oo NL2M
Proof. We start with the proof of part a). Let « > 1, in this part of the proof
we will denote U, = U4 for all @ > 0. Let ¢ > 0 and K, N be given by formula
(6). Let us choose ko such that o*¢ > N. Then, we have for all £ > 0

AUn| |Un|
P P( > ¢
(nrggico ’I’LLgn kE; akglggﬁkﬂ nlon — )
0
< ) P( max _|Uy| > ta¥Ly(a¥)) < Y KP(|Uqrii| > ta*Ly(a”)),

1<n<ak+1
k=ko =% k=ko
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where in the last line we used the maximal inequality (Lemma 1). Since for large
enough k we have Ly(a*) > a~'Ly(a**!) we get that for sufficiently large ko

|Un| 2 - k+1 k+1
P(ggﬁ Lo 2 Ca?(1+€) < k; KP(|Uyis1| > C(1 +€)ab ! Ly(a¥*1))

(o ]
< Z K
S A log[aF 1 [(Ly[aFtT])ite’

This implies that

lim P( max L > Ca’(l+¢)) =0,

k—o0 n>ar nlon

Vsl < Ca2(1 4 ¢) a.s. and part a) follows, when o — 1% and

so limsup,, ., 175, <

e—07T.
To prove part b) suppose that

|Un|

limsup —— < (7 < C as.
n—oo NlLaon

(By the 0-1 Law we know that the limsup is constant a.s.). Let m > 1 be an

integer (to be chosen later) and &; be another Rademacher sequence independent

of g; and Xj;. Since for any choice of signs 1; = +1 the sequence 7;¢; has the same

distribution as e; we get that

| EZ,Z:l k€l ka*1§i<m’“,ml*1§j<ml,i<j gigjh(Xi’ XJ)|

lim su < (i a.s..
n~>oop m”Lg(m”) - !
So
| > k=1 ExE o 2;  igih(Xq, X))
. —1li<mbr mi—1<j<m! i<y ~
P (hm su o <C e—a.s.> =1.
E,X n*)oop anQ (mn) f— 1

However by Lemma 6 it implies

e (imany i St s ST
n—>oop anQ(mn) =1 '

Let 1/2 > 6 > 0 to be chosen later and C; < Cy < C, then

P( max | Zzzl ka—1§i<j<mk gigjh(Xiv XJ)|

n>ng m”Lg(m”) > 02) <90

for sufficiently large ng. Notice that if |s,| < Com™La(m™) for n > ng, then
|8 — sp_1] < Ca2(m™ +m" 1) La(m™) for n > ng. Therefore

| 2 mn1cicicmn €€ (X, X5 1
P ([ Zmsizicn T
rrg%z}g m” La(m™) > oL+ m) <
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Thus by the independence (since P(|J 4;) > 1/25 P(A;) if A; are independent
and P(J 4;) <1/2)

n 1 n
3 P(| 3 i2ih(Xi X;)| = Com™(1+ —)La(m ))
n>ngo 1<i<j<mn—mn—1
n 1 n
> P(| > eih(Xi X)) 2 Cam™ (14 —)Lo(m )) < 26.
n>ng m”'_1§i<j<m"

Now choose m and increase ng, if necessary, in such a way that
Com™(1+ %)Lg(m”) < C( +&)(m" — m™ Y Ly(m" — m"1)
for n > ng. By our assumption (7) we can find N > m™ such that
P(|Upn—mmn-1| = C(1+&)(m™ —m"™ ") Lo(m"™ — m™ 1))
1 1

> >
~ Klog(m™ —mn~1) = Knlogm
for all n such that N < m”™ —m"~! < N2. However

1 log 2
> > _987 95

Knlogm ~ Klogm
n:N<mm™—mn—1<N?2

if we choose § small enough. O
The next Lemma shows why the LIL-limit depends on two quantities in a
very non-obvious way.

Lemma 8. Suppose that S1,Ss are independent r.v’s, A, B > 0 and

o A+E ifB<24
B if B>2A
a) If for some K >1 and e >0

1 —s(1+¢ 1
P(SlzsAn)de ( )_WforaHSZO
and . 1
[y 1+ 2
P(S; > sBny/Lan) > 7 (1+e)” _ Tlogn)ite for all s >0,
then for sufficiently large n
1 1 2

> ! Z 2 - '
PS4 8 2 (14 e)Cnlan) 2 7500~ (og e

b) On the other hand if for some K, e > 0

P(S; > sAn) < Ke T+ + for all s >0

(logn)t+e
and

8% 1
P(Sy > sBny/Lon) < Ke (+o? + 1 for all s > 0,

(logn)
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then

1 (K +2)?
P > (1 3CnLon) < (= +1)——2 .
(S1+ 52> (1+¢e)°CnLan) < (6 + )(logn)1+5

Proof. For the first part of the statement it is enough to notice that in the
case when B > 2A we get for sufficiently large n

P(S1 + 52 > (1 +¢) *CnLan) > P(S; > 0)P(Sy > (1 +¢) ' BnLayn)

—LQTL

> ( 1 1 ) 1 1 ) > 1 2
~ K  (logn)ite K° (logn)*te” = KZ2logn (logn)ite’

In the case when B < 2A we have for large enough n

P(Sl + Sy > (1 + 5)_1C'nL2n)
>P(S) > (1+¢) (A - ZnLon)P(Sy > (1 +)* Einlon)
2 2
= (g exp(=(1 = ) L2n) — ogayree) (7 oxp(= Tz Len) — fogoye)

> _1 2
= Kz2logn (logn)I+e -

To prove part b) first notice that for all « € [0, C|

r (C—uz)?
— > 1.
AT B 7
Hence, for such z
P(S; > (1 +¢)%xnLan, Sy > (1 +¢)*(C — z)nLan)

< (Kexp (= (1+2)5Lan) + ;> :

A (logn)ite
C—z)? 1 K +1)?
(Kexp (-(1+ E)%LG) + (log n)1+6) < ((logj;)lle'

Moreover,

P(S; <0,8, + Sy > (1 +¢)*CnLyn) <P(Sy > (1+¢)°CnLyn)

o2 1 K+1
<Kexp(—(1+ 5)§L2n) + (logn)i+e = (logn)i+e

and
K+1

> 2 < —.
P(S1 > (14+¢)*Cnlan) < (Tog )i+
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Let ko = |[e7!|. Then,

P(Sl + Sy > (1 + E)3CHL2’I’L)
S1+ 5 S1

< <0,——— >
P(51 <0, (14+¢€)?nLan — )+ P((l +¢e)?nlon — )
ko S g
1 2
- . >0 =
+> P((1 Lo € [keC, (k + 1)eC), A o2nan > C — keO)
k=0
2K +2 (K +1)2 1 (K +2)?
e o ()
~ (logn)tte (ko + 1)(logn)1+€ - (5 1)(1ogn)1+6

4. Special Kernels

From this point on we will assume that our kernel is of the form (1). We consider
the following (undecoupled) U-statistics Let

) < . Ny,
T k k __ k k\2
Un=> ar >, eiej=2 5 (D e =My,
k=1 1<i<j<Ny k=1 i=1

where
Ny=#{1<i<n:X;e(@F 27"} k=12....
Notice that )
,C(Un|O'(X1, X27 .. )) = E(Un|0'(X1,X2, .. )),

so U,, and T]’n have the same distribution.

Lemma 9. We have for all 6 > 0
2m+1

2n

P(HkgmlNk — n2_k| > 5712_k) <

Proof. Notice that

m
P(Spam|Ni —n27F| = 0n27%) <Y P(INi — ENy| > 6n27")
k=1

k 2m+1
<3 B v £ 3
Lemma 10. Suppose that s > 0 and |n, —n27 % < en27 %71 for k =1,...,m. Let
a=max{2 ¥ a| : 1 <k <m}, then
ak 2e(14+¢€) /0 s
8 ( € ) — > ) < (B hym/ T+e
(8) |Z Z ng)| > asn) < ( - ) ze

On the other h(md, if g = rn:aux{Z_k(JL;€ :1<k<m}>0, then

(9) P(Z a_zk((z Ef)Q _ nk) Z alsn) 2 K]('
k=1 i=1

3 e~ (1H9)s _exp(—d(e)27™n),
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and if ap = max{—2_kak : 1 <k <m}, then

2
k=1

- Z “ ((Z 81],'6)2 - nk) > CYQSTL) > ﬁe*(lJﬁi)s _ eXp(—é(z—:)Q*mn),

where K (g) and 6(g) depend only on ¢.

Proof. Let S =", ‘T(Zn’“ )2 then by (4) we have

1,11

m
1;[ \/ 1-— )\|ak|nk

But by our assumptions |ax|ni < (1 + §5)an, so

) < (1 _ ﬁ)—mﬂ — (2(1 + 5) )m,/Q.

E
eXp( 1+¢ €

an(l +¢)
Notice that

‘Zak Ze —nk|<S+ Z|ak|nk<5+ (14 &)anm,

k 1

so (8) immediately follows, since
m Nk
Q. 1
P(‘ ; 7((; ey — nk)‘ > asn) <P(S > an(s— 5(1 +e)m)).

To get (9) let ko be such that ax, = a;2%°, then

m g
PSS (S0 — ) = avon)
k=1 i=1
Ay e
ZP(%(Z 2> aysn)P Z ak Z ke fZO)
i=1 ktko  1<i<j<ng

nko

P(Q e 2274 om),

where in the last inequality we used the same properties of Rademacher chaoses
as in the proof of Lemma 6 (see [de la P,G], Proposition 3.3.7). Thus (9) follows
by (5). The proof of (10) is similar. O

Lemma 11. Suppose that 0 < § < 1,k; > 1, |ngp —n27F| < dn27% for ky <k < ko

and
k2

a=sup{|ap|27F : ky <k < ko), b7 = Z a227 %k,
k=k1
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Then, for any s > 0 and t > 0, we have

k:z ng
1
P(§ Z ak((z 6?)2 —ng) >t+ 4k2na675/8)
k=k1 i=1
2 /4
11 < - 2kqe™®
(11) < exp( (14 6)2n2b2(1 + 50e~5/8) + 2t8an) T akae
and
1 kz ngk
- ky2 _ —s/8
P<2 Z ak((Zq) ng) >t — 4konae™* )
k=k: i=1
1 (14 6)t?
> _
Z &) P T 02 (1 = 50e—/%) — 2R inpe)
§)b[(1 — 0)%(1 — 50e—*/8) — p=12k2+1
(12) —exp(—g( ) [( ) ( 82a26 ) n ]) _ 2k26_s/4,
where positive constants K(0) and £(5) depend only on 4.
Proof. Let
ny,
S = Qe g, sbypcoms
i=1
then

llak(Sk — ESk)|lco < sapng < 2san.
Notice that by (4) we have

ny
P(| Zsﬂ > sny) < 2e7%/4,

i=1
o)
ny
[ = BSk| = BQY_el) I ks,
i=1
ng "k
< E(Z eyt | P Zgﬂ > /sny) < dnge¥/5.
i=1 =1
Therefore
ko k2
(13) Y lan(BSk —ne)l <8n Y fasf2 e " < Skanac~
h—Fy k=k1
and

k2 Nk ko ko s

(14) P( Z ak(z 6?)2 # Z akSk) < Z P(Sk # (Z 55)2) < Okge—5/4.

k=Fk1 i=1 k=Fk1 k=Fk1 i=1
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We have

nk s
|E(ng)4 - ES}| = E(Z ) I(EI Lek)2>eny,
i=1 i=1

Nk Nk
< E(Z efs P Zaﬂ > /sny) < 80nie /8
i=1 i=1

by the Khinchine inequality. Moreover,

|(ES))? — Zs |(ESy)? — n?| = |ESk + ny| - [ES, — nyl

< 2ny, - dnge %/ = 8n2 —s/8,

S0
[Var(Sy) — Var(( ZE )| < 100n2e*/8.
Therefore
1 & R
Var(§ kzk: arSk) < kz,; ai(ank( K — 1)+ 25n3e%/®)
=k1 =k

1
<0+ 8)2n2b? (1 + 50e°/8)

and by the Bernstein inequality (Lemma 2) we have

ko

(15) P(% Z ar(Sk—ESk)) > t) < exp (—

k=Fk1

t2
(1 +6)2n2b2(1 + 50e—5/8) + 25tan)'

Inequality (11) follows by (13), (14) and (15). To get the other estimate notice

that
k:z k2

1
2Var(§ Z arSk) > Z a2 (ng(ng — 1) — 50n2e=%/%)
k=k: k=F:
> (1 —6)%n2b%(1 — 50e°/%) Z aZny, > (1 —6)*n2b? (1 — 50e™°/8) — 2k=+1pp2,
k=k:

So by Kolmogorov’s converse exponential inequality (Corollary 1) we get

k2
1 146)82
P(§ Z ak(Sk - Esk)) > t) > ﬁ exp(_(175)2,”21)2(1£5T)e)—ts/8),2k2+1nb2
k=k1
(16) —exp(— £(8)b2[(1—6)2(1— 5205;/8) n_12k2+1])

Inequality (12) follows by (13), (14) and (16). O
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Lemma 12. Suppose that |ny, — n27%| < 6n27F, |ax| < k=/22F for k < ky and

ko =+ Lan,k = Lgn , k2 =logyn — 10Lan.

Let, moreover,

Ay, =sup{lag|27 1 k < ko}, B2 = Z a2~k
s
and
B2 .
Then, for any € > 0, there exists K(g) such that for sufficiently large n and
sufficiently small § we have

ak 1
( Z Z Z e —ng)| > 1+ 5)CnnL2n) < W
k<ko k=K
and
ko ax ng 1
P —= k2 > (1— Lon) > ———.
(KZ * ) 2 ((Zgl) nk)‘ = £)Cnn Qn) — K(e)logn
k<ko k=ki i=1
Proof. Let
ak k:z ak ng
= Z Ze —nk and Sy = Z ?((ng)Q_Hk)
k<ko k=Fk1 i=1
We will show that for sufficiently small § and sufficiently large n
u? 1
17 P(|Ss2| > B,/ L 1) <2 — :
( ) (| 2|—U’n( n 2n+ )) — exp( (1+€/10)2)+ (10gn)2
Obviously we may assume 0 < € < 1. It is enough to show that
U 1
18 P(£5Ss > B, L 1)) < —
(18) ( 2 2 un(Bn v/ Lon + )) = exp( (1+ 8/10)2) * 4(logn)?

for u € [1/2,4+/Len]. Indeed, for u < 1/2 the right hand side of (17) is greater than
1 and for u = 4v/Lan the right hand side of (18) is less than (2logn)~2. Now apply
Lemma 11 with s = 20Lan, t = un(B,/Lan + 1/2) and b* = max(B2Lan,1/4)
(notice that then ¢2/(n 2b2) > u? and that part (11) of Lemma 11 holds also under

the assumption b > Zk Ky a?272k _ the estimates are monotone in b?). Since

a= sup{|ak|2_k thk <k <k} < kf1/2 < (Lgyn)™>
we have

2tsan < 2-4v/Lon -n(BuvLan + 1) -20Lan - (Lan) ™% - n
< 160(Lan) 3n?(Byv/Lan + 1) < 6n?b?
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for sufficiently large n. Also
2koe™*/* < 2(logy n)(logn)~® < (4logn)~*,

Akynae™*/® < 4(logy n)ne /% < n/4 < un/2

and 50e~*/8 < § for sufficiently large n. Now it is enough to choose sufficiently
small § (which will depend on ¢). Lemma easily follows by Lemmas 8 and 10.

Lemma 13. If £ > 0, |ax| < k~'/22F for all k and

ko =/ Lgn kl Lgn k? = 10g2 n — 10LQ7’L7
then for sufficiently large n

3

5

k1 N

Proof. In this proof K denotes a universal constant that may change from
line to line. Let us additionally define

1 1
ks = log, n, kg = logyn + 1 log, logn and ks = log, n + 5 log, logn + % log,(Lan)

Notice that

)
Z ak ZE Nk #O)<P(3k>k Nk>1)
k=ks

(19) <P@3 mganiI, |[X;| S 270 ) <mPametl < s
For k < ks we have |ay| < k71/22k5 < Kn(Lyn)®/*, therefore

ks—1 a ks—1

|Z = Zz—: — No)l < Kn(Lan)** (Y Ni)?

k=kq i=ka

< Kn(Lon)¥*(#{i < n: | X < 27FH1})2
Thus for fixed € and sufficiently large n

ks—1

P(| Z Za — Ny)| > nLgn)

k=ky
(20) < P(#{i<n:|Xg| 2 27MH) > (Len)'/?)

< (en2*’“4+1)(L2n)1/8 <1
= \ (Lan)1/8 — logn(Lan)3/2"

Here we used the fact that

PX>k)< <k>pk < ( . )k if X ~ Bin(n,p).
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Similarly, for k < ka, |Clk| < k71/22k4 < Kn(logn)=/4, so
Razl o ka—1
| Z k ZE — Np)| < Kn(logn)~4( ZNk
k=ks i=k3

< Kn(logn) YA(#{i < n: |X| <27 FF1})2)
Therefore, for sufficiently large n
ka—1

|2ﬁkzs ~Ni)| = gnLan)
k=Fks
(21) < P#{i<n:|X| >27%F1} > (logn)'/®)
9—k3t1\ (logn)'/® 1
(22) < (?ﬁ)gn)l/s) = logn(Lan)3/2"
Finally
kr ks—1 a n }
L0+ 350 Z )2 Nk)) = £( 32 £ieih(X, X)),
k= k() k= kQ =1 i,j:l
where
k1 ks—1
= () 4D arhe(@)hi(y).
k=ko k=ks
Let A = [ko, k1] U [k2, k3 — 1], notice that
- 1 1
1l z2— 2 = max |ax2"] < Ve = Tan) /A
- 1
Eh? =" aj2%* < = < CLsn,
keA keA
2k 2ks n

Exh?|los = |y h?|oc = maxa?2™* < max — < Z— <
1Exh*[loo = 1By h¥[loc = maxag VXK S ks loggn

and
ks

(7] 0e = max|ak| <
\/loan

So by Lemma 4 it easﬂy follows that

a 1
@ P((X e - Ml o) < L

k=ko  k=ka i=1
The lemma follows by (19)—(23).

Theorem 1. If |ag| < 27’; and A and B are given by (2) and (3), then

lim sup
n— o0 ’I’LLQ’I’L

B? :
B if B>2A
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Proof. Let A,, B,, be as in Lemma 12 notice that lim, .., A, = A and

logy n
(Lon) B2 < E(h* An) < (Lon)B2 + (Y + > )az27F 4n Y 272
k<ki1 k=ka k>log, n

Since Lan/L2(n?) — 1 as n — oo we get that limsup,, ., B, < B and
Ve>0YnoIn>ne Vn<n<neBn > B — €.
So the theorem follows by Lemmas 7, 9, 12 and 13

References

[de la P,G] V. de la Pena and E. Giné, Decoupling. From dependence to independence.
Randomly stopped processes. U-statistics and processes. Martingales and beyond,
Probability and its Applications. Springer-Verlag, New York, 1999.

[D] R. M. Dudley, Uniform central limit theorems. Cambridge Studies in Advanced Math-
ematics, 63. Cambridge University Press, Cambridge, 1999.

[GKLZ] E. Giné, S. Kwapieri, R. Latala, J. Zinn The LIL for canonical U-statistics of
order 2 Ann. Probab. 29 (2001), 502-557.

[GLZ] E. Giné, R. Latala, J. Zinn Exponential and moment inequalities for U-statistics,
High Dimensional Probability II, 13-38, Progress in Probability 47, Birkhauser,
Boston 2000.

[GZ] E. Giné, C.-H. Zhang On the integrability in the LIL for degenerate U-statistics J.
Theoret. Probab. 9 (1996), 385—-412.

[KW] S. Kwapien, W. Woyczytiski Random series and stochastic integrals: single and
multiple, Probability and Its Applications, Birkhauser, Boston 1992.

[S] W. F. Stout, Almost sure convergence, Probability and Mathematical Statistics, Vol.
24. Academic Press, New York-London, 1974.

E-mail address: kwapstan@mimuw.edu.pl, rlatala@mimuw.edu.pl,
koles@mimuw.edu.pl

Institute of Mathematics, Warsaw University,Banacha 2, 02-097 Warszawa,
POLAND

E-mail address: jzinn@math. tamu.edu

Department of Mathematics, Texas A&M University, College Station, Texas 77843



