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Summary: We provide necessary and sufficient conditions for hypercontractivity of the
minima of nonnegative, i.i.d. random variables and of both the maxima of minima and
the minima of maxima for such r.v.’s. It turns out that the idea of hypercontractivity for
minima is closely related to small ball probabilities and Gaussian correlation inequalities.

Section 1. Introduction.

Let h be a real valued function defined on U2 ; IR™ and let 0 < p < ¢q. We say that a
random variable X is {p, ¢} — h—hypercontractive if, for some positive o,

(Eh%(0X1,0Xs,...,0X,)) /9 < (ERP(X1, Xo, ..., Xn))!/P

for all n where X, X1, Xo,...,X,, are independent and identically distributed random
variables.

For linear functions h this notion (without the name we attached to it) appears in
many inequalities (see, e.g., Nelson (1966), Bonami (1970) Gross (1975), Beckner, W.
(1975), Krakowiak and Szulga (1988) and Borell (1979)). In a recent paper of de la Pena,
Montgomery-Smith and Szulga (1994), this notion appears for the function A(zq,...,x,) =
M, (x1,...,2,) = max;<, ;. In this paper we study this notion for this max function as
well as for the min function h(z1,...,x,) = my(z1,...,2,) = min;<, z; and for iterated

min’s and max’s, M, My, My, ... my, (Where, for example, Mymy(21,..., Tk, ..., Trn_1)11, - -

max; <, (Ming;_1y<;<k; T:)). We give necessary and sufficient conditions for a positive ran-
dom variable X to be {p, ¢} —h—hypercontractive for each of these functions. One surpris-

ing consequence (Theorem 5.5) is that in order that X be {p, ¢} —M,,,my, M, ... m,, —hypercontractivel

it is sufficient (and, of course, necessary) that it is separately {p, ¢} — min and max hy-
percontractive. Note that the name hypercontractivity is usually attached to inequalities
of the form (Eh9(X1,0X5))Y/% < (ERP(X1, X2))'/P, which in turn are used to prove in-
equalities of the form discussed here. The reason we permit ourselves to use this notion
with a somewhat different interpretation is that we prove below that, in our context the
two notions are equivalent (see, e.g., Theorem 5.1).

The main technical tool of the paper of de la Pena, Montgomery-Smith and Szulga
is a comparison result for tail distributions of two positive random variables X and Y of
the type: There exists a constant, ¢, such that P(X > c¢t) < c¢cP(Y > t) for all t > c.
There are two conditions under which they prove that such comparison holds. The first
is a hypercontractivity of the max for one of the two variables (and some p < ¢). The
second is an inequality of the type ||max;<, X;||, < C| max;<, Y;||,, for some C and
every n. In such a case we’ll say that X and Y are p — max—comparable, and if one
replaces max with a general function h we’ll call them p — h—comparable. We consider
here this notion also for the function min and for iterated min’s and max’s. Among other
things we prove an analogous theorem to that of de la Pena, Montgomery-Smith and
Szulga (Theorem 3.3) giving a sufficient condition for P(X < c¢t) < 6P(Y < t) for all
t < ¢||X||, for some 0 < ¢,§ < 1. We also combine our theorem with a version of that of
de la Pena, Montgomery-Smith and Szulga (Theorem 5.4) to give a sufficient condition for
the comparison of the tail distributions of X and Y to hold for all t € R™.
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Another application of the technique we develop here is contained in Corollary 5.2,
where we give a sufficient condition for a random variable X to be hypercontractive with
respect to another interesting (family of) function(s) - the k-order statistic(s).

Our initial motivation for attacking the problems addressed in this paper was an
approach we had to solve (a somewhat weaker version of) the so called Gaussian Correlation
Problem. Although we still can not solve this problem, we indicate (in and around Theorem
6.8) the motivation and the partial result we have in this direction. As a byproduct we
also obtain (in Theorem 6.4) an inequality, involving the Gaussian measure of symmetric
convex sets, stated by Szarek (1991) (who proved a somewhat weaker result) as well as a
similar inequality for symmetric stable measures.

The rest of the paper is organized as follows. Section 2 provides some basic lem-
mas and notations. Hypercontractivity for minima and some equivalent conditions are
given in section 3. Section 4 presents hypercontractivity for maxima in a way suitable
for our applications. In section 5, we combine the results in section 3 and 4 to obtain
hypercontractivity for iterated min’s and max’s, and comparison results for the small ball
probabilities of possibly different random vectors. We also give there the sufficient condi-
tion for the comparison of moments of order statistics. In section 6, we apply our results
to show that the a symmetric stable random variables with 0 < o < 2 are minmax and
maxmin hypercontractive, which is strongly connected to the regularity of the a-stable
measure of small balls. In this section we also indicate our initial motivation, related to
the modified correlation inequality as well as a partial result in this direction. Finally, in
the last section, we mention some open problems and final remarks.

Section 2. Notations and Some Basic Lemmas.
For nonnegative i.i.d. r.v.’s {Z;}, let m,, = my,(Z) = min;<,, Z; and M,, = M,,(Z) =
max;<y, Zj. The r-norm of the random variable W is

W], = (E|[W|)Y" for r>0

and
Wllo = lim W1, = exp(E(n W)

We will denote
x Ay =min{z,y}, zVy=max{z,y}.

If s <tthen sV (zAt)=(sVaz)Atand it is denoted by sV x At. Here and in the rest of
the paper we always assume, unless otherwise specified, that 0 < p < q.

Lemma 2.1. Assume ||W||, < C||W||,. Then
(a) for a = 2V/@=P)CU/@=r) EWP < 2EWPIw <ajw),)» and

(b) for 0 < X< 1, P(W > A|W||,) > ((1 _ AP)C—p)Q/(Q*P)'
Proof. (a). Note that

we Wl 1,
@IWl,)rr = Tare ~ 27

EWPLiw>aqwi,p < E
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Thus EWPLiwsajwi,} < EW iw<ajw,y and EW? < 2EWFLiw <aw,}-
(b). The result follows from the Paley-Zygmund inequality

EWP < aP + (EWQ)p/qplfp/q(W > a)
with a = A|[W||,. =
Lemma 2.2. Let 0 < 3 < 1, then
(a) x> pP/(4=P) and y'/9 < /P imply (1 —x) < B~ 'pg~ ' (1 —y), for 0 < z,y < 1

(b) pq~'x >y implies (1 — z)Y/7 < (1 —y)/P, for 0 < z,y < 1
(c) pg~ 'z <y implies (14 x)Y/9 < (14 y)'/P, for z,y > 0

Proof. (a). We have
l—y>1—g9? = (1—x)qp~ Ipla=p)/p > (1—x)qp~ lpla=p)/p > (1—2)gp '8

where the equality follows from the mean value theorem with z < n < 1.
(b). The conclusion follows from the well known fact (1 — y)®

q/p > 1.
(c) is proved similarly. =

> 1— ay with a =

Lemma 2.3. Fix 0 < p < g < oo. Let p and v be positive measures on S and T,

respectively. If h: R™ — R is a measurable function and &, . ..,&, andny, ..., n, are two
sequences of independent r.v.’s such that for each i and each x1,ZT2,...,%;—1,Tit1,-..,Tn
we have

(th(l'l, ey Li—1yMiy Lig1y -+ - ZEn>)1/q S (Ehp(.fbl, ey l‘i_l,fi, Lidlye ey l‘n)>1/p,
then

(th(77177727 R 77n)>1/q S (Ehp(flv 527 ) £n)>1/p

Proof. This follows easily by induction and Minkowski’s inequality

( /5 ( /T f(s,t)P,u(dt)>Q/py(ds)>1/q< ( /T ( /S | f(s,t)|qy(ds)>p/q Mdt))l/p .



Section 3. Hypercontractivity for minima.

Definition 3.1. We say that a nonnegative random variable W is {p, q}-min-
hypercontractive (with constant C), if there exists C' such that for all n,

[mn(W)llq < Cllmy,(W)]|p-

In this case we write W € min'H,, ,(C).
Lemma 3.2. If W € min’H,, ,(C) then for each n

Hm”(w)Hp < KHan(W)”p with K = 2a—p)/p(a—p)a/(a—p)

Proof. Let H(t) = H,,(t) = E(m,(W) A t)P and note that H(t)/t? is non-increasing.
Taking « as in the Lemma 2.1,

||m2n||£ > Emgnlmnﬁaﬂmnﬂp = EH(mn)ImngaHman'

Since H(t)/tP is non-increasing,

EH(mn)]mn<a map|lp — E mglmm<a Moy, > L Emzlmn<a M ||»
<allmnllp mP <allmnlp (allmnl,)? <allman|lp
Thus by Lemma 2.1,
1 H(a[malp)
Imanlly > 5———— lmallp-
P2 (allmallp)? i

Furthermore,
H(ollmallp) > Emh Ln, <afmal, =27 mall},

which gives the conclusion. =

The following theorem is a min-analog of a result of de la Pena, Montgomery-Smith
and Szulga (1994), proved for maxima, (cf. Theorem 4.4 below).

Theorem 3.3. Fixp > 0. Let 0 < p < ¢, and let X,Y ber.v.’s such that X € minH,, ,(C)
and there exists a constant B such that ||m,(Y)|, < B|/mn(X)||q for all n. Then

P(X <71t) <JP(Y <t) forallt <ty = p||X]||, for some constants 0 < § < 1 and 7 > 0
depending on p, q, p, B and C only.

Proof. We first prove the assertion of the theorem for p > 0 and some p > 0 depending
on p,q, B and C only. Then we’ll show how to use this to obtain the result for general p
and for p = 0. By Markov’s inequality

tPY9(m, (Y) > t) < [my(Y)|lg < Bllma(X)||p-
By Lemma 2.1 (b) for each A\, 0 < A < 1,
(3.1) PYP(m, (X) > Allma (X)) = (1= 3P)CP) /PP — p,
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Hence, taking t = t, = BD™!||m,,(X)]|, we obtain PY4(m,(Y) > t,) < PY/P(m,(X) >
AB~'Dt,) which gives PY/4(Y > t,) < PY/P(X > AB~'Dt,) for all n. By Lemmas 2.1
and 3.2 for each ¢,,11 < u <t,, this yields

PYUY > u) < PYUY > t,41) < PYP (X > ADB™'t,,11) < PP (X > AD(BK) 'u),

where K is as in Lemma 3.2. Hence, denoting AD(BK)~! by 7, we have that

PY4(Y > u) < PYP(X > ru) is satisfied for all u such that lim, ..o t, < u < t; =
BD7 | X||,. If w < limy, 00 £y, then P(X > 7u) = 1 and the above inequality holds true
for the obvious reasons. We thus get

PYUY >u) < PYP(X > Tu)
for all w < BD7!||X|,. Let us observe that by (3.1) for each n
P(X > Allman(X)|l) = DP'*

and hence by Lemma 3.2
P(X > AK~"||X]|,) > DP/*".

Since DP/2" — 1, we may choose an n such that Dr/2" > gr/(a=p) where 8 > p/q.
Therefore P(X > 7s) > pP/(@=P) if s < 77'K~")\||X|, and n is such that DP/?" >
gr/la—p),

Also, since 77IAK ™" < BD™!, we get, by Lemma 2.2 (a), for any s < 77 K ~"|| X]||,,
P(X <715) < B 'pg 'P(Y < 5).

Taking J to be any number from the interval (pg='371,1), 7 = AD(KB)~! and
p=71"'AK""C~', where n is any positive integer such that D > 32"/(4=P) we get

P(X < 75) <0P(Y < s)

for all s < p[|X||, < 77*AK~"||X||,. This proves the result for all 0 < p < ¢ and some p.
By adjusting 7 we can get the inequality for every preassigned p. Indeed, given any
po > p, P(X < 71ppy't) < SP(Y < t), as long as ppy 't < p|| X||, or, equivalently, as long
as t < pol X|lq-
To prove the case p = 0, choose 0 < r < ¢, say, r = ¢/2. Since we are assuming that
X € Hoq(C), X € Hyy(C). Now apply the theorem for the pair (p,q) = (¢/2,q). =

To avoid awkward statements in the following theorem, we do not state the exact
dependence of each of the constants on the other ones. It is important to note that the
constants appearing in conditions (i) — (iv) of that theorem (chosen from {e, 7, p,C,0})
depend only on p, ¢ and the constants from the other equivalent conditions. In particular
each of these constants depends on the distribution of X only through the constants in
the other conditions. This will be useful when considering hypercontractivity of maxima
of minima in section 5.



Theorem 3.4. Fix p > 0. Let X be a nonnegative r.v. such that || X||; < oo and let
0 < p < q. The following conditions are equivalent

(i) X € minH,, 4(C) for some C,

(ii) there exist € < 1, 7 > 0 such that

P(X <7t)<eP(X <t) forall t<ty=p||X|q
(iii) for each € > 0, there exists 7 > 0 such that
P(X <7t)<eP(X <t) for all t<ty=p|X],,
(iv) there exists o > 0 such that
(3.2) (E(tAoX)D)YT < (E(tAX)P)/P forall t>0.

Proof. (i) = (ii). This implication follows immediately by Theorem 3.3 applied to Y = X.
(ii) = (iii). If 7, ¢,tp are as in (ii) then by induction we obtain for each n,

P(X <7"t) <"P(X <t)

for all t < tg.
(iii) = (iv). For each t,o and r, 0 < r < 1 we have

(E(tAoX)D)H1 < (t9P (X > ro~'t) +ritiP (X < rtail))l/q
=t(1-(1-r)P(X < Tta_l))l/q .
On the other hand
(E(tAX)P)YP > tPYP(X > t) =t(1 — P(X < t)Y/P.
Therefore, by Lemma 2.2 (b) the inequality (3.2) is satisfied if
P(X<t)<pg '(1—r9)P(X <rtc™').

Thus if e = pg~ (1 — r?), 7, ty are as in (iii), then the above inequality and hence (3.2) is
fulfilled for t < 7ty and o < rr.

If t > 7ty then (E(t A o X)?)V/9 < 0| X ||, and (E(t A X)P)/P > (E(rty A X)P)/P. For
p > 0 we note that

E(tto AN X)P > (1tg)P P(X > Ttp)
= (7t0)?[1 — P(X < 7to)]
> (1t0)P[1 — eP(X < tg))]
> (1t0)P(1 —¢).

Therefore it is enough to choose ¢ = min {Tp(l — 6)1/ p,Tr} to have the inequality
(3.2) be satisfied for all ¢t > 0.



For p = 0 we proceed along similar lines using

exp Eln(rtg A X) = ||X||lepE1n(||XH;1(TtO N X))
> [|X[lq explIn(rto/[| X[lg) P(X > Tto)]
> [|X[lq exp[(InTp)(1 — eP(X < to))]
> [|X1[g exp[(InTp)(1 — €)].

(iv) = (i). If p > 0, applying Lemma 2.3 to h(x1, -, x,) = 1 A+ - A Xy, & = X; and
n; = 0X;, we get (iv) = (i) with C = o7!. The case p = 0 follows by a simple limit
argument. =

Remark 3.5. It follows by Theorem 3.4 that {p, ¢}-min-hypercontractivity depends only
on the existence of the g-moment and a regularity property of the distribution function at
0, i.e. the following property, which we will call sub-regularity of X (or, more precisely, of
the distribution of X) at 0,

lim i P(X < 1t)
mliimsup ———— =
™0 0 P P(X S t)

Theorem 3.6. Fixq > 1. Let {X,}i<, be an i.i.d sequence of nonnegative r.v.’s satisfying
condition (ii) of Theorem 3.4 and such that EX{ < oco. Then there exists a constant o
such that for each n, and each function h:IR!} — IR which is concave in each variable
separately, we have

(Ehl(0X1,0Xs,...,0Xn)) 9 < ER(X1, Xo,..., X,).

Moreover, o depends only on the constants appearing in the statement of Theorem 3.4 (ii).

Proof. We first simplify by noting that condition (ii) of Theorem 3.4 is satisfied (uniformly
in M) by X AM for every M. By Lemma 2.3 it is enough to prove that there exists o > 0,
such that for each concave g: Ry — Ry, (Eg?%(0X))"/? < Eg(X), where we may assume
that ¢ is constant on (M, oc). To prove this inequality for such a g we first note that
by Theorem 3.4, X is {q, 1}-min-hypercontractive, therefore there exists o > 0 such that
(Eh(0X))'/? < Ehy(X) for each t > 0, where h; is given by hy(z) = z A t.

Since for each bounded concave g: Ry — IR, there exists a measure p on Ry (the
measure p is given by the condition u((z,y]) = ¢/ () — ¢/, (y) where ¢/ (x) is the right
derivative of g at ) such that g = fR+ hip(dt) + g(0) the theorem follows by Minkowski’s
inequality. m

Corollary 3.7. If{X,}, h, q are as in Theorem 3.6 and, additionally, h is a-homogeneous
for some a > 0 (i.e. h(tx) = t*h(z)), then the random variable, W = h(X1, Xo,..., X,,),
is sub-regular at 0.

Proof. Theorem 3.6 implies that W is {g, 1}-min-hypercontractive and the result follows
by Theorem 3.4. =



Section 4. Hypercontractivity of maxima

In this section we treat the case of maxima in a way similar to that of minima in Section 3.
However there are some essential differences which do not allow us to treat these two cases
together.

Definition 4.1. We say that a nonnegative r.v. W is {p, q¢}-max-hypercontractive if there
exists a constant C' such that for all n

1M (W)llg < Cl[Mn (W),

We will write, W € maxH,, ,(C) in this case.
Lemma 4.2. Let {X;} be i.i.d. nonnegative r.v.’s. Then

nP(X >t)

< P(M, > t) < nP(X > t).
TrnPx > =T WM > 1) < nb( >1)

Proof. The right side is obvious and the left follows by taking complements and using the
inequality, nu/(1+nu) <1—(1—u)". =

Proposition 4.3. Let {X;} be ii.d nonnegative r.v.’s. Then for a > 0 and n a positive

integer,

1-P"(X <a)
P(X > a)

(a) nP(M, < a)EX"Ixq < ( ) EX"Ixsq < EM'.

If b, satisfies P(X > b,,) < n < P(X > b,), then

1 oo
5 <b2 + n/ ru" " P(X > u) du) < EM
b

(b) " 00
<b, + n/ ru" ' P(X > u)du
b

n

Proof. (a) Let 7 =inf{j <n:X; > a}. Then

E?gf X! > B(X 1<) ;E(ngxmzmaxm Xi<a)
1—P"(X <a)

= P YUX <a)EX"Ixs, =

Jj=1
>nP(My—1 <a)EX"Ix>,

)EXTIX>a

(b) To see the right hand inequality, just note that, for every a > 0,

EM), = / / u T P(M, > u)du < a” +/ ru’ ' P(M;, > u) du.

a
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For the left hand inequality, we again break up the integral as above and using the defining
properties of b,, as well as the monotonicity of z/(1 + z) in Lemma 4.2:

EM’“—/ / u""tP(M,, > u)du

1 bn o0
> —/ ru” " tdr + ﬁ/ rur_lp(X >u)du. =
2 Jo 2/,

n

The next Theorem is an extension of Theorem 3.5 of de la Pena, Montgomery-Smith
and Szulga (cf. Asmar, Montgomery-Smith (1993)).

Theorem 4.4. Let 0 <p < gq, p >0 and let X € maxH, ,(C). Let Y be a nonnegative
r.v. If there exists a constant D such that if || M, (Y)||, < D|M,(X)||, for all n, then there
are constants A, B such that

EYIysa < BUP(X >t) forall t>ty=p|X|,

Forp > 0, the constants A, B can be chosen in the following way: put A = 21/4+1/PC D)\,
B=A(Cr(1 - )" where X = (1/2) A p.

Proof. First we note that it is enough to prove the Theorem for p > 0. The case p = 0
follows easily from this case for the couple (¢/2,q) and p replaced with Cp. By the Paley-
Zygmund inequality (Lemma 2.1 (b)),

41) (1 =a)CP) P < P(My(X) > MMy (X)||p) < nP(X > A My (X)]],).
We next note that by Markov’s inequality and the assumptions: for 7 = 2'/¢CD,
P(Mn(Y) < 7||Mn(X)|lp) = P(Mn(Y) < 7(CD) Mo (Y)]lg) > 1/2.
Now, by Proposition 4.3, (a), the assumptions above and (4.1),
EY Uy at (0, < 2CD) Mo (X) 2 (C7(1 = X0) 717 POX > MM (0)]):
Since || Ma, (X) ||, < 2Y/P||M,(X)||,, we get by interpolation that
EY Iy oo /nresn < BUHIP(X > 1)

for
BY — 24/p+1 (C’D}(l)q (C’p(l _ )\p)fl)Q/(qu)

as long as M| X[, <t < Alimy,—o0 || M (X)||p = A| X ||oo- If t > A|| X ||o, then since
¥l = lim [[AL,(Y) ] < Dlimint [, (X)]], = DJIX]

1Y ||oo < tD/X and, since 2Y/P7 > D, EYly<01/p74/x = 0. The conclusion follows trivially.
]

Remark 4.5. Since A > 1, Theorem 4.4 yields immediately that
P(Y > At) < BIP(X >t) for t>tp.

In the next theorem we make the same convention concerning the constants as we
made before the statement of Theorem 3.4.
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Theorem 4.6. Let X be a nonnegative r.v., 0 < p < q,p > 0. The following conditions
are equivalent

(i) X € maxH, 4(C) for some C' > 0;
(ii) there exists a constant B such that

EXx~ < BHP(X >t) forall t>ty=plX|p;
(iii) for € > 0 there exists a constant D > 1 such that
DIP(X > Dt) <eP(X >t) for all t>ty=plX]|p;
(iv) there exists a constant o > 0 such that
E(tVeX))Y1 < (E(tvVX)P)YP for all t>0.

Proof. (i) = (ii). By Theorem 4.4 applied to ¥ = X we derive an existence of constants
A, B such that

EXxsa < BMP(X >1t) forall t>ty=p|X]|,
Hence for any t > to,

EXUxs; < EXUxsa + EXox<a
< BIP(X > t)+ ANIP(X > t)
< (B + ADIP(X > t).

(ii) = (iii). If to, B are as in (ii) then for ¢t > ¢

- X xss a [T a1 1324 y4
EX9In™(X/t) = EFE———ds<B s P(X > s)ds < q¢ "B*'EXYIx~
t § t
< ¢ 'BUtIP(X > t).
Hence, for any D > 1, we have

(InD)D1P(X > Dt) < EX?In" X/t < ¢ 'B*%#1P(X > t)

and it is enough to choose D > 1 such that B??/(qln D) < e.
(iii) = (ii)). If (ili) holds with 0 < e < 1, D > 1, then by induction
P(X >D"t) <e"D ™P(X >t) for t > ty. Hence

EXxsi =Y EXUprcx<prry < »  DFTDIIP(X > DM)
k=0 k=0

<Y DEtDags . Fp=kap(X > t) = DI(1 — &) THIP(X > t).
k=0
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(ii) and (iii) = (iv). Assume that (ii) and (iii) are fulfilled with constants B, D, e.
By (ii) we obtain for ¢ > tyo, where for the moment ¢ is any number < 1,

1/q
(B(tVaoX))e< t(P (X <to™')+0% 1E (XY (X > ta—l)))

<t(1+ (BT - 1P (X >to= )"
On the other hand for any R > 1
(E(tV X)P)YP > (14 (RP —1)P(X > Rt))Y/".
Hence, by Lemma 2.2 (¢), the inequality in (iv) holds if
pg (BT —1)(RP —1)"'P (X >to™ ") < P(X > Rt).
Therefore if we choose R so that
pg Y (B —1)(RP —1)"' < D9/ and R > p2ttt/a

and further choose o so that o < (RD)™!, then the inequality in (iv) is satisfied for all
> [|X||,/211/1,

If t < ||X|,/2 7Y%, then (E(tV o X)?)/e < 214(t + o||X||,) and (E(tV X)P)1/P >
| X|l, and therefore, using (ii) with t = tg, if additionally o < (2'¥1/9p(1 4+ B9)/2)~1
(< IX|,(2"*F9|| X||,)~1), then the inequality in (iv) is satisfied for all ¢ > 0.

(iv) = (i). This implication is proved in the same way as the one in Theorem 3.4. It is
enough to replace A by V everywhere. =

Remark 4.7.

(i) Theorems 4.4 and 4.5 have appeared in a similar form in unpublished notes from a
seminar held by the second author and prepared by Rychlik (1992).

(ii) The equivalence of (ii) and (iii) in Theorem 4.6 can be deduced from more general
results (cf. Bingham, Goldie and Teugels).

(iii) It follows from Theorem 4.4 that if X is {p, ¢} max-hypercontractive then for some
e>0andall r < ¢g+e, X is also {r, ¢ + €}-max-hypercontractive.

(iv) The property of {p, ¢}-max-hypercontractivity is equivalent to

. . DiP(X > Dt)
lim sup lim sup

=0
D—oo t—oo P(X > t)

which we will call g-sub-regularity at +oo.

Theorem 4.8. Fix ¢ > 1. If {X,}i<, is i.i.d sequence of nonnegative r.v.’s satisfying
EX; < oo and condition (ii) of Theorem 4.6, then there exists a constant o such that for
each n and each X;, 1 =1,...,n independent copies of X,

(Bh9(0X1,0Xs,...,0 X))/ < ER(X1, Xa,..., Xp)
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for each function h:R!, — IR, which is in each variable separately nondecreasing and
convex, and lim (a:ngh(x) — h(:z:)) < 0. Moreover, o depends only on the constants

T;——+00

appearing in the statement of Theorem 4.6 (ii).

Proof. The proof is the same as in the case of Theorem 3.6, except that we have to replace
everywhere A by V and that the measure p is given by u((z,y]) = ¢/, (y) — ¢/.(x) and then

ofa) = [ hu(wnutde) + Jim (g(6) — tg' (). m

In analogy to Corollary 3.7 we obtain

Corollary 4.9. If {X;}, h are as in Theorem 4.8, ¢ > 1 and in an addition h is «-
homogeneous for some « > 0, then the random variable W = h(X1, Xs, ..., X},) is g-sub-
regular at +o00.

Section 5. Hypercontractivity of minmax and maxmin.

In this section we will impose on X both the condition of sub-regularity at 0 and that of
g-sub-regularity at +oo.

Theorem 5.1. If0 < p < ¢ and X is a nonnegative random variable in min’H, ,(C7) N
max H), ,(C2), then there exists a constant o > 0 such that for each 0 < s <t < 0o

(5.1) (E(sVoX AT < (E(sV X At)P)VP.

Furthermore, o depends only on Cy,Cs,p and q.

Proof. Let R > 1 be any fixed number, and let r = R~!. Let p be any positive number,
and let 7 be such that the inequality in Theorem 3.4 (iii) holds for ¢ = pg~*(1 — r9) for
all t <ty = p||X||;- Then, let @ = 27Y/971(1 — ¢)!/P. The constant B is such that the
inequality in Theorem 4.6 (ii) is true for all t > ty and let D be such that the inequality
in Theorem 4.6 (iii) is satisfied for

e=qgp '(RP—1) (BT 1)""A(RI—=1)"") for t>t,.

We will show that for 0 = min {ap,a/D,r/D,r7} the inequality (5.1) holds true for each
0 < s <t < oo. Consider the following five cases.

Case 1. s < atg,t > 1tg. We have
(E(sVoX At))Y7 <2 9atg + 0| X||4)
and
(E(sV X AP)YP > (E(rtg A X)P)VP > 11g PYP(X > Ttg) > 7to(1 — €)V/P.

13



Since o < ap the inequality holds by the choice of a.
Case 2. t < 1tg, rt > s. We have

(E(sVoX At))H1 < (t2P (X > ro~'t) + r1tiP (X < rta_l))l/q
<t(14+(r?7-1)P(X < rta_l))l/q

and
(E(sV X At)P)YP > (1 — P(X <t))V/P.

Therefore by Lemma 2.2 (b) the inequality (5.1) holds if

pg ' (1—r9)P (X <rtc™') > P(X <)
which is true by the choice of 7 since o < r7, t < 7.
Case 3. t < 71tg, rt < s. We have

(B(sVoX A)D)Y1 < (s9P (X < so™ ') +t7P((X > sa*l))”q

=t (14 ((s/)7 = 1) P (X < so~ 1))/

and
(E(sVX AP)YP > (sPP(X < t)+tPP(X > t))!/P

=t(1+ (/)" =) PX <)
Therefore by Lemma 2.2 (c¢) to have (5.1) it is enough to show

pg (1= (s/))(1—(s/t)))'P (X <so™') > P(X <t).

Since the function (1 — z%)/(1 — zP) is increasing on R and s/t > r it is enough to prove
that pg~'(1 — r9)(1 — r?) "' P(X < rto~') > P(X < t) which was proved in the preceding
case, because 1 — rP < 1.

Case 4. s > atg, t > Rs. We have
(E(sVoX At))H1 < (9P (X < so™ ') +0'EX (X > 5071))1/(1
<s(1+(B'— 1P (X >so )",
which follows by the choice of B, since sc~! > atgo~! > tg, and

(E(sV X At)P)YP > (sPP(X < Rs) + (Rs)PP(X > Rs))Y/P
=s(1+ (RP —1)P(X > Rs))'/P.

By Lemma 2.2 (c) it is enough that
pg ' (B1—1)(R? —1)"'P (X > so~ ') < P(X > Rs).

14



Since o < (a Ar)/D it is enough to show

P(X > D(a™tV R)s)

R Y A A At

But, then by the choice of D we have

P(X > D(a"'V R)s) _ P(X > D(a"'VR)s) P(X > (o' VR)s) L€
P(X>Rs)  — P(X>(a"'VR)s)  P(X>Rs) —Di_°

because (ofl vV R)s > tg.

Case 5. s > aty,t < Rs. We have

(E(sVoX A))YT < (s7P (X < s07h) +11P (X > s071)) /!

=s1+((t/s)'"-1)P(X > 30_1))1/q
and

(E(S vV X /\t)p)l/p > (SpP(X < t) + tpP(X > t))l/p
=5 (1+((t/s)" — 1) P(X > 1))"/".

By Lemma 2.2 (c) it is enough to prove
pg t((t/s)? = 1)((t/s)? —1)7'P (X > so™ ') < P(X > Rs).
Since t/s < R it suffices to show that
pg '(RT—1)(R? —1)7'P(X > so™ ') < P(X > Rs)

which is shown in the same way as in the preceding. =

Taking into account the remarks before Theorems 3.4 and 4.6 we check easily that
given p, q the constant o depends only on the min and max hypercontractivity constants
of X.

Corollary 5.2. If X p, q are as in Theorem 5.1, then there exists a constant C' such that
if (X;), i =1,...,n is a sequence of independent copies of X and X*" denotes the k-th
order statistics of the sequence (X;), i = 1,...,n then || X*"|, < C||X*"|, and X" is
g-sub-regular at +o0o and sub-regular at 0.

Proof. The statistic X*" can be written as h(Xy, Xo, ..., X,,) where for each i and each
fixed x;,...,%i—1,Tiy1,-.., %, the function f(z;) = h(x1,x2,. .., Ti—1, i, Tit1, ..., Tp) =
(sVa;At) for some 0 < s < t, and all z; € IR4. And therefore the first part of the corollary
follows by the observation. The second part is obtained easily because we have that X*m
is {¢, p}-max and min hypercontractive. m
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The preceding corollary can be considerably generalized At ﬁrst let us define a class
F of functions g: IRy — Ry which can by written as g(z) = [ h A st () p(ds, dt) for some
positive measure g on A = {(s,t) € Ry x R4: s <t} and Where hs’t are functlons defined
by hsi(z) = sV a At. It is possible to give an intrinsic description of functions in F.
Instead let us observe that if f is twice continuously differentiable on IR, then f € F if
and only if for each x € Ry, 0 < zf'(z) < f(z) and f(0) > fR xz(f"(xz) v 0)dz. In this

case the measure p is given by the following condition: for measurable h: A — R,

/Ah(s,t)u(ds,dt):/R+ S (st | dy

(s,t)€l(y)

where I(y) is the countable family of open, disjoint intervals with the union equal
{s 6 Ry: f ( ) > y}. It is not difﬁcult to prove that we have the representation
=[x hst(x)p(ds, dt) + ¢ where ¢ = f f]R z(f"(z) Vv 0)dx.

Theorem 5.3. Let X be in min Hpiq(Cl) Nmax H, ,(C2). Then there exists a constant
o > 0 such that for each n and each h:R!. — IR, which is in class F in each variable
(separately), it follows that

(Eh%(0X1,0Xs,...,0Xn))" 9 < ER(X1, Xo,..., X,).

Moreover if h is a-homogeneous for some « > 0 then h(Xy,...,X,,) is g-sub-regular at
400 and sub-regular at 0.

Proof. The proof follows the same pattern as proofs of Theorems 3.6, 4.8 and Corollaries
3.7, 4.9, and is based on Theorem 5.1 =
Applying comparison results of Theorems 3.3 and 4.4 we obtain easily

Theorem 5.4. Let X,Y be nonnegative r.v.’s such that X € minH,, ,(C1)Nmax H,, 4(C>)
and there exist constants By and By such that ||m,(Y)|l; < Bi|mn(X)||q and || M, (Y)]lq <

Bs|| My, (X)||q for all n, then there exists a constant D, depending only on p, q,Cy,Cs, By
and B, such that P(Y <t) > P(DX <t) for allt € R,.

Finally we have
Theorem 5.5. If X € minH, ,(C1) N maxH, ,(C2), then there exists a constant D,
depending only on p, q,C7 and Cs, such that for all | and all ny, k1, ns, ks, ...ny, ki,
HMnlmkl Mankz cee anmkl (X)Hq < DHMTUmkl Mn2mk2 cee Mnlmkz (X)HP

Proof. If X is both min-hypercontractive and max-hypercontractive, by Theorem 5.1 we
have a 0 < 0 < oo for which inequality (5.1) is satisfied. One now applies Lemma 2.3
applied to the functional, h: R™* ™" _ R, which is the composition of the min’s
and max’s in the statement of this Theorem. =
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Section 6. Minmax hypercontractivity of norms of stable random vectors.

In this section we apply the results in earlier sections to certain questions concerning
Gaussian and symmetric stable measures. In particular, in the second half of this section,
we give our initial motivation for initiating this research as well as some partial result
concerning a version of the Gaussian Correlation Conjecture.

The following lemma is a consequence of Kanter’s inequality, (cf. Ledoux and Ta-
lagrand (1991), p. 153) which can be viewed as a concentration result similar to Levy’s
inequalities. The formulation of the lemma below for Gaussian measures was suggested by
X. Fernique.

Lemma 6.1 (Corollary of Kanter’s inequality). Let v be a symmetric « stable mea-
sure with 0 < a < 2 on a separable Banach space F. Then, for any x > 0, any symmetric,
convex set B and any y € F', we have

,%0‘/2

v(kB +y) < 1—7V(B)

N W

Proof. Let {X, X;}; be i.i.d. symmetric « stable random variables with 0 < o < 2. Take
N = [k7%]. Then using Nk® <1 and (N + 1)k® > 1, we have by Kanter’s inequality

P(X —y € kB) ZX NYey e N/egB)

3

2<1+NP X ¢N1/%B)>

/2 3 KO/2

2P(X ¢ B)\/?
since P(X ¢ N'/*kB) > P(X ¢ B) and (1+ NP(X ¢ B))™' < k*P~'(X ¢ B). This
finishes the proof. m

Lemma 6.2. Let v be a symmetric o stable measure with 0 < o < 2 on a separable,
Banach space F'. Then for any closed, symmetric, convex set B C F, y € F and k < 1,

v(kB + 1) < Re®?v(2B +y),

where R = (3/2)(v(B))~Y(1 — v(B))~V/2.

Proof. First consider y € B. Then v(B) < v(2B+vy) since B C 2B+y. Thus, to conclude
this case, one applies Lemma 6.1.

If y ¢ B, then let r = [x~" —27!]. For k = 0,1,---,r the balls {y) + xB} are disjoint
and contained in y + 2B, where y, = (1 —2x||y||"*k)y. By Anderson’s Theorem, it follows
that

v(yy + kB) > v(y + kB)

for k = 0,---,r. Therefore, v(kB +y) < (r+1)"'v(2B +y) < k(2B + y). This proves
the lemma, since 2 < R. =

Proposition 6.3. Under the set up of Lemma 6.2, we have for each k,t < 1,

v(ktB) < R'k*?v(tB),

17



where R' = 3(v(B/2))~ (1 — v(B/2))~ /2.

Proof. Now for any 0 < ¢ < 1, define the probability measure v, by v4(C) = v(tC) =

P(X/t € C) where X is the symmetric « stable random variable with law v. Then
vivg(C)=P(X+X'/seC)=P(1+s )X € C) = n(0),

where t7% =1+ s~% and X’ is an independent copy of X. Hence, by Lemma 6.2

v(26B/2 + y)vs(dy) < (2'f)a/2R/F V(B +y)vs(dy)

v(ktB) = v xvs(kB) = /

F
< R'k**u(tB).

Theorem 6.4. Under the set up of Lemma 6.2, for each b < 1, there exists R(b) such
that for all 0 <t <1,

(6.1) v(tB) < R(b)t*/?v(B), whenever v(B) < b.

Proof. Fix B with v(B) < b. Choose s > 1 so that v(sB) = b. Now, apply the Proposition
6.3 with Kk = ¢, to get

1 1
v(tB) = v(t- -(2sB)) < R(b)ta/%(Q—(sz)) = R(b)t*/*v(B),
s s
where R(b) =3b~'(1—b)"1/2. =
Remark 6.5. In the case of @ = 2 Theorem 6.4 was formulated in Szarek (1991), Lemma
2.6, where a weaker result, which was sufficient for the main results of the paper, was

actually proved. Recently, Latala proved that in the case of o = 2, the conclusion of
Theorem 6.4 holds whenever the measure v is log concave.

Related results on a-stable measures can be found in Lewandowski, Ryznar and Zak (1992).
The key difference is that we need the right hand side of (6.1) to involve u(B) for all B
such that p(B) < b and the constant R depending only on the number b.

If X satisfies the conclusion of Theorem 5.5 we write X € minmaxH, 4(D)

Corollary 6.6. Let 0 < a < 2,0 < p < q. If a # 2 we assume that ¢ < a. If W is a
a-stable, symmetric vector in a separable Banach space then ||W| € minmaxH, ,(C) for
some constant C' which depends only on «, p and q.

Proof. Fix 0 < a < 2 and let {¢,&;}; be iid with characteristic function:
Eett = e~ It7,

By Szulga (1990), there exists 0 < c(a) such that for p < ¢, p,q € (o — ¢(a), ) there
exists o = o(p, ¢, ) such that for all Banach spaces B and for all x,y € B

[z +0€yllq < |z + Eyllp-
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This implies that for every n and {y;}i<n,

n n
1Y &ivilla <o Gwillp-
1=1 1=1

Now, if B is a separable Banach space and W is a symmetric stable random variable of
index a with values in B, there exists a probability measure I' on the sphere, S, of the
dual space B* and a constant, ¢, such that

FEexp(i < z*,W >) = exp(—c/ | < 2*,0 > |“T'(df), for all z* € B*
S

Now take measures I'y = Z?:l Cn,i0p, on S which converge weak® to I'. Let W,, =
Z?:1(Ccn,i)1/a&9¢. Then

Eexp(i < z*, W, >) = exp(—c/ | < x*,0>|*T,(dh)).
S

So, W,, converges in distribution to W. Hence, for any countable weak*-dense set {v;k };
in the unit ball of B*, we have (since p < a and m is finite):

Esup | <v;, W, >V — Esup | <v;, W > [P < E||W|P.
jsm J<

But, then we have

lim (E sup | < v}, Wy, > |99 <o W,

Hence, |W ||, < o7 ||W||,. Note that we can interpolate (by Holder’s inequality) to obtain
for every 0 < p < ¢ < 2 a ¢ for which the last inequality holds. And again, this o depends
only on p,q and «. If W is Gaussian (« = 2), then the comparison of the p and ¢ norms
is well known and not restricted to ¢ < 2 (see, e.g., Ledoux and Talagrand (1990), p.
60). Now, for any ¢ < « (in the Gaussian case any ¢) and any ¢ < r < « we have
P(|W] < 1||W|lq) bounded below by a positive constant, say, b, depending only on the
o = o(g,r) obtained above. This means that, putting K = {z : ||z|| < 1|W||,}, we have
for any 0 <u <1, P(W € uK) < b. Hence, by Theorem 6.4 we have

1 1
P(IW < tug [Wllg) < ROt P(|W]| < ug[Wllg), forall 0 <.t < 1.

Hence, with p = 1/2,7 = (¢/R(b))?/®, condition (ii) of Theorem 3.4 holds. Hence, |W|| €
min H ,(C) for some C' depending only on p, ¢ and «. In particular, (using n = 1) we now
have that |W|| € maxH 4(C). So, by Theorem 5.5, ||W|| € min maxH,, 4(D), for some D
depending only on p,q and a. m
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Corollary 6.7. Let 0 < a < 2, 0 < p < q. If o« # 2 we assume that ¢ < «. Let
X1, X, .., X,, be symmetric a-stable, independent random vectors in a separable Banach
space. Let h : R} — IRy be a function as in Theorem 5.3 which is A\-homogeneous for
some \. Then

hOIXall, [ Xzl - [ Xnll) € minmax H, 4 (C)
and the constant C depends only on «,p,q.

Proof. By Corollary 6.6 a constant ¢ can be found, which depends only on «,p, ¢ and
such that the conclusion of Theorem 5.1 holds true for X = ||X;| for i = 1,2,..,n. Now
we can proceed as in the proof of Theorem 5.3. =

Before proceeding with the next result we would like to explain its connection with
the Gaussian Correlation Conjecture.
The conjecture we refer to says that

(6.2) n(ANB) = p(A)u(B)

for any symmetric, convex sets A and B in R"™, where  is a mean zero Gaussian measure
on R™.

In 1977 L. Pitt (1977) proved that the conjecture holds in R?. Khatri (1967) and
Sidak (1967, 1968) proved (6.2) when one of the sets is a symmetric slab (a set of the form
{z € R™ : |(z,u)| < 1} for some u € R™). For more recent work and references on the
correlation conjecture, see Schechtman, Schlumprecht and Zinn (1995), and Szarek and
Werner (1995). The Khatri-Sidédk result as a partial solution to the general correlation
conjecture has many applications in probability and statistics, see Tong (1980). In partic-
ular, it is one of the most important tools discovered recently for the lower bound estimates
of the small ball probabilities, see, for example, Kuelbs, Li and Shao (1995), and Tala-
grand (1994). On the other hand, the Khatri-Sidék result only provides the correct lower
bound rate up to a constant at the log level of the small ball probability. If the correlation
conjecture (6.2) holds, then the existence of the constant of the small ball probability at
the log level for the fractional Brownian motion (cf. Li and Shao (1995)) can be shown.
Hence, hypercontractivity for minima, small ball probabilities and correlation inequalities
for slabs are all related in the setting of Gaussian vectors.

Let C,, denote the set of symmetric, convex sets in R™. Since the correlation conjecture
iterates, for each v > 1,the following is a weaker conjecture.

Conjecture C,. For anyl,n > 1, and any Aq,---,A; € C,, if u is a mean zero, Gaussian
measure on R™, then
! !
u(a(ﬂ A») > T 4.
i=1 i=1

One can restate this (as well as the original conjecture) using Gaussian vectors in R™ as
follows: for ,n > 1, and any A = A; x --- x A; C R™ let

| - |4 = the norm on R™ with the unit ball 4,
| - |l = the norm on IR" with the unit ball A;.
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If G,G1,- -, Gy are i.i.d. mean zero Gaussian random variables in R™ | let
G=(G,---,G)and H = (Gy,---,G)).

Then, C,, can be rewritten as:

Restatement of Conjecture C,. For alll,n > 1, and any t > 0,

Pr(||G|la < at) =Pr(G € at(A; x --- X A)))
> PI‘(H € t(Al X X Al>) = PI‘(HHHA < t)

By taking complements, reversing the inequalities and raising both sides of the inequality
to a power, say N, we get:

Pr(min [|G/||4 > at) < Pr(min [|H?||4 > t).
J<N J<N

Again, reversing the inequalities and raising both sides to the power K,

Pr(max min ||G7*|| 4 > at) < Pr(max min ||H7*|| 4 > t).
E<K j<N k<K j<N

h

Using the usual formula for ]0t moments in terms of tail probabilities we would get:

(6.3)

max min || H?"|| 4
k<K j<N

<«

max min ||G7*|| 4

E<K j<N

p

Note that if the conjecture (6.2) were true then (6.3) would hold with o« = 1. Even in the
case K = N = 1, the best that is known is the above inequality with constant v/2. (Of
course, if N = 1, the case K = 1 is the same as the case of arbitrary K.) To see this
first let T =: UL T; = UL {(f,]) : f € AY} where AY is the polar of A;. Now define
the Gaussian processes Y; and X; for t € T; by Y;; = f(G) and X;; = f(G;). Then,
sup;cr Y: = max<y, ||G|; and sup,cr X+ = max;<y, ||Gi]|;. We now check the conditions of
the Chevet-Fernique-Sudakov/Tsirelson version of Slepian’s inequality (see also, Marcus-
Shepp (1972)). Let s = (f,p) and t = (g, q). If p = q, (Y5, Y:) has the same distribution as
(X5, Xy), and hence
E|lY, - Y;|* = B|X, — X4|.

If p # ¢, then
E|Y, - Y,* < 2<EY3 - EY3> = 2(EX§ - EXE) =2F|X, — X,|?

Therefore, in either case one can use 2. Hence, by the version of the Slepian result
mentioned above,

EsupY; < V2E sup X;.
teT teT
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On the other hand the results of de la Penia, Montgomery-Smith and Szulga (men-
tioned in the introduction) allow one to go from an L,, inequality to a probability inequality
if one has one more ingredient, hypercontractivity. By their results if one can prove that
there exists a constant v < oo such that for all K, N and symmetric, convex sets

max min || H"F|| 4
k<K j<N

max min ||G7"*|| 4

C .
(Comparison) max min

<7
P P

and for some ¢ > p and all K, N and symmetric, convex sets

max min ||| 4

max min || HF|| 4
k<K j<N

H -cont
(Hyper-contr) max min

)
p

<7
q

then one would obtain for some «,

Pr(min |G7||4 > at) < aPr(min |[H?||4 > t).
J<N j<N

By using independence to write each side as a power and then taking N th 1o0ts and letting
N — oo we obtain
Pr(||Glla > at) < Pr([[H|[a > ).

Since the constant outside the probability is now 1 we can take complements and reverse
the inequality. Now, unraveling the norm and rewriting in terms of u we return to the
inequality C,. By Theorems 5.4 and 5.5 the two conditions above translate into four
conditions, two for max and two for min. The proof of the next theorem consists of
checking three of these conditions. Unfortunately we do not know how to check the forth
one and must leave it as an assumption.

Theorem 6.8. Let Y = max;<y, ||G||; and X = max;<y, ||G||;, where the norms || - ||; were
defined above. If

(6.4) [ma(Y)llg < Cllmn(X)llq,
for some 0 < p < q then for allt > 0
P(Y <ect) > P(X <t)

where the constant ¢ depends on p and q only.

Proof. In order to apply Theorem 5.4, we need to show that there exist constants Cy, Co
and C'3 which depend only on p and ¢ such that

(6.5) max hypercontractivity || M, (X)|l; < C1||Mn(X)]lp,

(6.6) min hypercontractivity ||m, (X)l; < Co|lmn (X)]lp,
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and

(6.7) 1M (Y)llg < Cs| M (X)[g-

To prove (6.5), note that M,(X) is a norm of Gaussian vectors. and (6.5) follows
from the hypercontractivity of norms of Gaussian vectors (cf. for example, Ledoux and
Talagrand (1991), p. 60).

(6.6) follows from Corollary 6.6. Finally (6.7) follows from Slepian’s lemma, see the
exposition before the statement of this theorem. Now we can apply Theorem 5.4 with
(6.4), (6.5), (6.6) and (6.7) in hand. =

As a consequence of Theorem 6.8, we have the following modified correlation inequality
for centered Gaussian measure.

Corollary 6.9. (modified correlation inequality) Assume (6.4) holds. Then there exists
an absolute constant o such that

(6.6) pla(()A)) = [ A

for any centered Gaussian measure p and any convex, symmetric sets A;, 1 <1 < L.

Remark 6.10. From Theorem 4.4 alone one gets the following: There exists an o < oo
such that if, e.g., one has Hle w(A;) > 8/9, then

L L
plo () A) > T ().
I=1 =1

This gives some indication of the necessity of handling the case of “small” sets.
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Section 7. Final remarks and some open problems.

In this section we mention a few results and open problems that are closely related to the
main results in this paper. At first, we give a very simple proof of the following result.

Proposition 7.1. For 0 < p < q < oo, if there exists a constant C', such that for all n,
(7.1) [M7 (X)lg < Cl[Mp(X)]]p

then the following are equivalent:
(i) There exists a constant C, such that for all n,

(7.2) 1M (Y)lp < ClIMA(X)]lp;
(ii) There exists a constant C' such that
(7.3) PY>t)<C-P(X >t).

Proof. Tt follows from de la Pena, Montgomery-Smith and Szulga (1994) that the hy-
percontractivity of X, (7.1), and the domination relation (7.2) imply the tail domination
(7.3). So we only need to show that (ii) implies (i). Without loss of generality, we assume
C > 1. Let 4 be an independent random variable with

P6=1)=1/C, P(6=0)=1-1/C.
Then for all n and all t > 0
P(M,(0Y) <t) =P"(0Y <t)=(1—-P(Y >t))"=(1-C 'PY >t))"
> (1— P(X = £)" = P(Mo(X) < 1
which implies ||M,,(6Y)|, < [|Myp(X)]||p- On the other hand, we have

YVPY > vPy - 1 P
Ey FEs 121%)(”(511/; ) > Ey 121?;(” Es(6;Y")=C Elréliagan; )

which finishes the proof. =

There are many questions related to this work. Let us only mention a few here.

Question 7.2. Is the best min-hypercontractive constant in (6.4) with Y = || X|| for
symmetric Gaussian vectors X in any separable Banach space

_TIiq),
I/r(p)

C

The constant follows from the small ball estimates, P(|X| < s) ~ K - s as s — 0, of
one-dimensional Gaussian random variable X. Note that if 3 > 1 and P(|X| < s) ~ K -s°
as s — 0, then the resulting constant in this case is smaller. Thus the conjecture looks
reasonable in view of Proposition 6.3.

A related question is, under a max-hyper condition, what can one say about a non-
trivial lower bound for ||Mj41||p/||Mk||p, particularly, in the Gaussian case. This may be
useful in answering the question.

A result of Gordon (1987) compares the expected minima of maxima for, in particular,
Gaussian processes. We mention this here because a version of Gordon’s results could
perhaps be used to prove the next Conjecture. Note that if the conjecture holds, then the
modified correlation inequality C, holds.
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Conjecture 7.3. Let G, G; and norm || - ||; be as in Section 1. If Y = max;<y, |G||; and
X = maxy<r, ||Gl||l7 then
lmn (Y)llq < Cllma (Xl

Our final conjecture is related to stable measures. It is a stronger statement than our
Proposition 6.4 and holds for the symmetric Gaussian measures.

Conjecture 7.4. Let v be a symmetric « stable measure with 0 < o < 2 on a separable,
Banach space F. Then for any closed, symmetric, convex set B C F and for each b < 1,
there exists R(b) such that for all 0 <t <1,

v(tB) < R(b)tv(B), whenever v(B) < b.
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