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Abstract. —We survey the developments of Banach space tech-
niques in the context of classical limit theorems in probability theory.
Weak convergence and relation to type and cotype, as well as the ex-
ponential bounds parts of the concentration phenomenon for products
measures are the highlights of the story. Applications to empirical mea-
sures and the bootstrap complete the exposition.

1. Introduction

Throughout this paper, B will denote a real separable Banach space with norm ||- ||,
and topological dual space B’. The separability assumption is most convenient to avoid
a number of measurability questions. Complex Banach spaces are treated similarly. The
basic object of investigation is a Borel random variable X on some probability space
(92, A,IP) with values in B, and a sequence (Xy,), o of independent copies of X. For
eachn>1,set S, = X1+ -+ X,.

Classical probability theory on IR or IR* is mostly concerned with the limiting
behaviour of the partial sum sequence (S,,),,~. The most important and famous results
are the (strong) law of large numbers (LLN), the central limit theorem (CLT) and the
law of the iterated logarithmic (LIL) which, for real-valued random variables, may be
summarized in the following way. (We refer to [L-T3] for the history of these results.)
Let X be a real-valued random variable.

— The sequence (S, /n),,~, converges almost surely to IE(X) if and only if IE(|X|) <
oo (we then say that X satisfies the LLN, or strong LLN).

— The sequence (S, //n),~, converges in distribution (to a normal random variable
Q) if and only if IE(X) = 0 and 0% = IE(X?) < co (and in this case, G is centered with
variance o2) (we then say that X satisfies the CLT).

— Define, on IR, the function LLz = loglogz if z > e, and LLz = 1 if z < e,
and set a,, = (2nLLn)'/2 for every n > 1. The sequence (S,,/ay),, is almost surely
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bounded if and only if IE(X) = 0 and 02 = IE(X?) < 00, and in this case,

Sn n
liminf — = —¢ and limsup — = 4o
n—oo (y, n—oo On

with probability 1. Moreover, the set of limit points of the sequence (S,/ay),~; is
almost surely equal to the interval [—o, +0] (we then say that X satisfies the LIL).

With the exception of the last statement on the LIL these statements may be shown
to easily extend to finite dimensional random variables, with the obvious modifications.

The definitions of these basic limit theorems extend to random variables taking
values in a infinite dimensional real separable Banach space B. For example, weak
convergence in the central limit theorem has to be understood as weak convergence
in the space of Borel probability measures on the complete separable metric space B.
For the LIL, one has to distinguish between a bounded form (the sequence (S, /an),,~
is almost surely bounded in B), and a compact form (the sequence (S, /a), s, i
almost surely relatively compact in B). In the latter case, it may be shown, completely
generally [Kul], that the set of limit points of the sequence (S, /ay),~; i3 a compact
convex symmetric set in B (the unit ball of the reproducing kernel Hilbert space
associated to the covariance structure of the random variable X).

Moment conditions on the law of X fully characterize the preceding limit theorems
in finite dimension. However, as it was soon realized, this is no longer true in infinite
dimension. At this point emphasis was put on understanding what kind on conditions
on the space can ensure an extension of the finite dimensional statements, and what new
descriptions are available in this setting. In the first part of this survey, we describe the
almost sure limit theorems (LLN and LIL). As a main observation, it was established,
as a consequence of deep exponential bounds, which are parts of the concentration of
measure phenomenon for products measures, that the almost sure statements actually
reduce to the corresponding ones in probability or in distribution under necessary
moment conditions. It is a main contribution of the Banach space approach to realize
that moment conditions are actually used to handle convergence in distribution. This
fact is further illustrated in Section 3 in the investigation of the classical central limit
theorem using type and cotype. In the last paragraph, we describe applications of these
ideas and techniques to empirical processes and bootstrap in statistics. For convenience,
we mostly refer to the monograph [L-T3] for a complete account on the subject of
probability in Banach spaces, and for further references and historical developments.
We also refer to [L-T3] for the complete proofs that are only outlined here.

2. Almost sure limit theorems

In the early fifties, emphasis was made in trying to understand the strong limit
theorems (LLN and LIL) for infinite dimensional random variables, following early
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indications by A. N. Kolmogorov. In this direction, E. Mourier and R. Fortet (cf. [L-
T3]) extended the LLN in a statement completely analogous to the finite dimensional
setting.

Theorem 1. Let X be a random variable with values in a Banach space B. Then
the sequence (Sy/n), -, converges almost surely to IE(X) if and only if IE(|| X||) < oo.

Here, when IE(]|X||) < oo, the expectation IE(X) has to be understood as the
element of B such that ({,IE(X)) = [E(({, X)) for every & € B’. The modern proof (see
[HJ3]) of Theorem 1 is rather straightforward.

Proof. The necessity of the moment condition IE(||X||) < oo is proved as in the
real case with the Borel-Cantelli lemma. Assume thus that IE(||X]|) < oo. Without
loss of generality, we can then assume that IE(X) = 0. For each ¢ > 0, let then Y
be a centered step random variable (taking finitely many values only) in B such that
IE(]|X —Y||) <e. Consider independent copies (Y3,),,cp of Y, and for every n > 1, set
T, =Y1+---+Y,. By the finite dimensional LLN,

lim |1 T,| = 0 (1)

n—oo N

almost surely. On the other hand, by the triangle inequality,
Lys, ~ 7. < 23" - %)
n n n — n - 7 (2B}
and by the LLN on the line applied to || X — Y||, with probability 1,

hm—ZnX Yill = B(|X - V) <e. (2)

n—oo N

Summarizing (1) and (2),

hmsup— ISn] < e

n— 00

almost surely. Since ¢ > 0 is arbitrary, the conclusion follows. O

Soon after Theorem 1, research concentrated for some time on related forms of the
strong LLN in Banach spaces, in particular the so-called Kolmogorov LLN that states
that if (Y;) ;e are independent, but not necessarily identically distributed, mean-zero
real random variables such that

> 112 IE(Y?) < oo,

7

then the sequence

%Z Y; converges almost surely to 0. A. Beck’s fundamental
discovery in 1962 [Be| w.

was that the extension of Kolmogorov’s LLN could not take
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place in any infinite dimensional Banach space. More importantly, he characterized,
through a geometric condition known as

Beck’s convexity, those Banach spaces B for which every sequence (Yi)ie]N of

independent mean-zero B-valued random variables with sup, ||Y;||co < oo satisfies the
LLN, i.e.

1 n
— E Y; — 0 almost surely.
n

i=1

In particular, spaces such as £1,L1,co, C(K) do not satisfy Beck’s condition, and
therefore Kolmogorov’s LLN.

Beck’s convexity condition was then recognized in the early seventies through the
basic work of G. Pisier [Pil] as equivalent to a probabilistic type condition. This
condition, as well as a related “dual” condition, were introduced independently by
B. Maurey [Ma] and Hoffmann-Jgrgensen [HJ1]. Let us a recall that a Banach space B
is of type p, 1 < p < 2, if there is a constant C' such that for every xq,...,z, in B,

=1 =1

Here (and throughout this paper), (&;),.y is a Rademacher sequence, that is a sequence

of independent random variables with common distribution IP{e; = +1} = P{e; =
-1} = % Similarly, B is said to be of cotype ¢q, 2 < ¢ < oo, if there is a constant C'
such that for every xq,...,x, in B,

q)

> el < 0w [ ean
i=1 i=1

L,-spaces are of type min(p,2) and of cotype max(p, 2). By Kwapien’s theorem [Kwl],
Banach spaces of both type 2 and cotype 2 are isomorphic to Hilbert spaces.

G. Pisier’s discovery in 1973 was that Beck’s convexity condition for a Banach space
B is equivalent to the fact that B is of type p for some p > 1. Now, the probabilistic
type condition is easily seen to be well-adapted to the investigation of the LLN and
resulted in the following

theorem due to J. Hoffmann-Jgrgensen and G. Pisier [HJ-P] that extends Beck’s
result. It should be noted that this last paper brought to the forefront the usefulness
of symmetrization by Rademacher variables (¢;);cpy - This still has a great impact.

Theorem 2. A Banach space B is of type p > 1 if and only if for every sequence
(Yi),en of independent mean-zero B-valued random variables such that

> E(P) < o,

2



one has
1 n
Ly
n -
=1
almost surely.

Up to this point, the results developed as natural extensions, in spaces with
some type, of the classical theorems in finite dimension. An important step was
performed with the contribution of V. V. Yurinskii [Yul], [Yu2] (whose interests were in
exponential inequalities), and applications of his ideas by J. Kuelbs [Ku2] (for the LIL)
and J. Kuelbs and J. Zinn [K-Z] (for the LLN). With these results, the Banach space
conceptualizations started to have an important impact on the probabilistic analysis.
Given Yy, ...,Y, independent integrable Banach space valued random variables, V. V.
Yurinskii’s observation was that the norm of the sum S = """ | ¥; centered at its mean
may be written as a sum of martingale differences

IS1 — B(IS]) = Zd

with respect to the filtration F; = o(Y1,...,Y:), i = 1,...,n, (i.e. E(d; | Fi—1) = 0)
with the property that, for every i = 1,...,n,

|di| < [|Yi]| + B(]|Yi]]). (3)

In a sense, ||S|| — E(||S]]) is as good as the sum >, ||Y;]|, so that, provided IE(||S]|)
is under control, the classical one-dimensional results should apply similarly. Together
with this representation, J. Kuelbs and J. Zinn proved indeed the following.

Theorem 3. Let (Y;), . be a sequence of independent B-valued random variables
such that, for some p, 1 < p < 2,

> S B(YIP) < .
Then n
% Z Y; — 0 almost surely
i=1

if and only if

1 n
— E Y; — 0 in probability.
n

i=1

Proof. Under the hypothesis, Y;/i — 0 almost surely, so that we may assume that
IYill, < ¢ for every ¢ > 1. We then symmetrize so that blocking is easily managed.
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Here is one way to symmetrize (see immediately after the proof for symmetrization in
L,).Set S, =Y1+---+Y,, n > 1. Clearly, S,,/n — 0 almost surely if (S, —S,,)/n — 0
almost surely, where S] /n is formed from an independent copy of the original (Y;),
and S,/n — 0 in probability. Indeed, if (S, — S},)/n — 0 almost surely, then, by
Fubini’s theorem, we may find w’ so that S, /n — S), (w')/n — 0 almost surely which,
in particular, implies this last quantity goes to zero in probability. But, then since
Sn/n — 0 in probability, S}, (w')/n — 0. Hence, S,,/n — 0 with probability one. We
may thus reduce ourselves to the case of independent symmetric random variables Y;.
Assume thus that S,,/n — 0 in probability. Then, as a consequence of the Hoffmann-
Jorgensen inequalities ([HJ3], [L-T3, Chapter 6]),

1
L (s, 1) o

as n — 00. Moreover, by the maximal inequalities for sums of independent symmetric
random variables, it is enough to show that

with probability 1. By Yurinskii’s result, for every ¢ > 0, and every n,

2" 2"
e{l ¥ w|-n(| X %)z
i=2n—141 i=2n—141
T 1 &1 '
2
< 2o Z B(]|Y:]?) < o) Z Z_p]E(HYsz)
i=2n—141 i=2n—141
The conclusion then immediately follows from the Borel-Cantelli lemma. O

The important feature of Theorem 3 is that, under the convergence in probability
of the partial sum sequence, no assumption has to be imposed on the Banach space.
With respect to Theorem 2, the type condition is actually only used in order to achieve
this convergence in probability. Assume indeed the

Y;’s to be centered and denote by (Y}),.
(Y;) iew- Then, by Jensen’s inequality and the triangle inequality, for every n, and
Y (Yi-Y))

T e s (i)

=1
— ]E( Y Ei(¥i-Y)
=1

n an independent copy of the sequence

n

n

ZGiYi

=1

, (4)

p) < 2PIE( )
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where the Rademacher sequence (g;) ;e 18 independent from the previous sequences.
Using the type inequality conditionally on the Y;’s, for some constant C' depending

i=1

only on B,

P n
) < 2e Y EB(W).
i=1
Therefore, if
1
then % S . Y; = 0in L, by Kronecker’s lemma, and thus in probability.

Another aspect of the preceding proof is the use of the Hoffmann-Jorgensen
inequalities. Again, these may be considered as a consequence of the Banach space
conceptualization. In its early formulation, the Hoffmann-Jgrgensen inequality [HJ1],
[HJ2] indicates that whenever Y7, ...,Y,, are independent symmetric random variables
with values in B, for every s and ¢ > 0,

P{ISI > s+ 20} < P{ e Y 2 5} + 40P {811 2 )’ o)

where S = Y7 | Y;. Inequality (5) is one amongst a variety of similar inequalities.
Typically, it may be used to show that if (a,),n is a sequence of positive numbers
increasing to infinity and if (Y;) icv 18 a sequence of independent symmetric random
variables, then, whenever the sequence

1 n
— Y,;, n>1,

is bounded or converges to 0 in probability in B, the sequence

1 n
— > Vilgvii<cany n =1,
an i=1

is bounded or converges to 0 in L?(B) for any p > 0 (cf. [HJ3], [L-T3] and the references
therein).

The main consequence of Theorem 3 is that the classical probabilistic limit
theorems have to be investigated, in a Banach space setting, in two distinct steps.
Namely, under the classical moment conditions, prove convergence in probability or in
distribution with the help of the type (or cotype) conditions. The resulting statements
thus only hold for classes of Banach spaces with the appropriate geometric conditions.
One typical and fundamental example of this situation is the central limit theorem
which we investigate in the next section. Once the convergence in probability is
achieved, or simply assumed, prove, in any Banach space, the corresponding almost
sure statement. The lesson learned for limit theorems in Banach spaces is that moment
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conditions are needed to ensure convergence in probability and that, more or less,
convergence in probability then always implies almost sure convergence.

Provided with these fundamental observations, we turn to some more refined almost
sure statements, such as the law of the iterated logarithm (LIL). As in Theorem 1, let
X be a B-valued random variable, and let (Xn)nE]N be a sequence of independent
copies of X. For each n > 1, S,, = X1 + --- + X,,. Recall also a,, = (2nLLn)Y2. As
expected from the preceding conclusions, and using exponential bounds on Yurinskii’s
martingale, J. Kuelbs showed in 1977 [Ku2] that the sequence (S, /ay), ~ is relatively
compact in B as soon as IE(||X||?) < oo and S, /a, — 0 in probability.

Although this result was a powerful extension of the classical LIL, it was not entirely
satisfactory since the moment condition IE(|| X ||?) < oo was known not to be necessary
for the LIL. The necessary moment condition on the law of X to satisfy the LIL in
an infinite dimensional Banach space B actually splits into two parts: first, for every
linear functional £ € B’, the scalar random variable (£, X') satisfies the LIL, and thus
E((¢, X)) = 0 and IE((§, X)?) < oco. Secondly, if the sequence (S, /a,), ~; is almost
surely bounded, so is the sequence (Xy,/ay,),,~, and thus, by the Borel-Cantelli lemma,
IE(]| X||2/LL||X]|) < cc. The occurence of weak moments with respect to the usual norm
conditions made this investigation significantly harder than most of the previous results
and showed that it lay at a much deeper level. It was thus open for some time to know
whether these necessary moment conditions, together with the control of the sequence
(Sn/an),~, in probability, were also sufficient for the LIL to hold. This conjecture was
first settled in Hilbert spaces [G-K-Z] using the scalar product structure, and then
further extended in smooth spaces (uniformly convex spaces [Le2]).

The final breakthrough was accomplished with the help of the isoperimetric and
concentration ideas. The Gaussian isoperimetric inequality may be considered at the
origin of this developement (cf. [L-T3, Chapter3]). This inequality in particular implies
that if G is a Gaussian random vector with values in B, for every t > 0,

P{|IG]| - E(IG]) >t} < e/ (6)
where o2 = supy¢; <1 E(E, G)?). In particular,
IE (exp(a[|G]]?)) <

if and only if o < 1/202. This fundamental Gaussian property led to a first result
[L-T1] together with a Gaussian randomization argument put forward in [G-Z2] (and
close in spirit to the proof of Lemma 13 below). This was actually the starting point of
the deep investigation by M. Talagrand of isoperimetric and concentration inequalities
in product spaces, with applications to a number

of various areas in both Banach space and probability theory [Ta2], [Ta3]. In
particular, this approach yields optimal extensions of the classical exponential bounds
on sums of independent random variables in the spirit of the Gaussian inequality
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(6). Let for example Y7,...,Y,, be independent mean-zero B-valued random variables
such that [|Y;]|,, < C for every i = 1,...,n. Set S = Y; + --- + Y, and define
0% = sup|¢p<1 2oiq (€, ¥i)?). Then, for every ¢t > 0,

RIS - B(181) > 1} < Kexo( i lox (14 e ) ) (0

where K > 0 is some numerical constant. This type of inequality is, using the centering
factor IE(]|.S]|), the complete analogue of the classical Bennett inequalities for sums of
independent real random variables, as well as the natural extension of (6). It describes
the Gaussian behavior of sums of independent random variables for the small values
of t, and the Poissonian behavior for the large values. A weaker form of (7) goes back
to the early paper [Tal] by M. Talagrand, which led the author to a complete study of
the concentration phenomenon for product measures. The precise form of (7) is taken
from the more recent work [Ta4]. An alternate simpler approach based on logarithmic
Sobolev inequalities has been recently proposed in [Le3]

Together with such an estimate, it is easy to characterize the LIL in Banach spaces.

Theorem 4. Let X be a random variable with values in a Banach space B.

The sequence (Sy/an),~, is almost surely bounded if and only if it is bounded
in probability, IE(]|X||?/LL||X||) < oo, and for every linear functional ¢ € B,
B((¢, X)) = 0 and B((¢, X)?) < oo.

The sequence (Sy, /ay), -, is almost surely relatively compact if and only Sy /a, — 0
in probability, IE(]| X||2/LL||X||) < oo, and the family of random variables (¢, X)?,
I€Il < 1, is uniformly integrable.

Proof. Let us concentrate only on the bounded form of the LIL. The conditions
have been seen to be necessary. As in the LLN, by a classical blocking argument, it is
enough to show that

2TL
sup = Z Xi|| < o0 (8)
R L

almost surely. One can show that, under the integrability condition IE(|| X||2/LL|| X ||) <
00, there exists a sequence of integers (ky),cpy such that - 27%n < 0o and

kn
SRS 2 0 b <
n r=1

where XQ(Z) is the 7-th largest element of the sample (|| X;||);<;<qn. In particular, it is
enough to prove (8) with the X;’s replaced by Y; = X;I{|x,|<aon /kn}s & = 1,...,2".
Since the sequence (S, /an),,~, is bounded in probability, by the Hoffmann-Jgrgensen’s
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inequalities, for some finite constant M,

2n

> Y

=1

1
sup IE (
n Qa2n

On the other hand, by the closed graph theorem,

)

o = sup E((£ X)) < <.
l€l<1

Apply then (6) to S =Y; + -+ Yan to get, for t = Tagn, T > 0,

2mn 2"
o{En] w(| ) o)
=1 =1

Mk M
<K ——" log( 1 :
= eXp( K Og( %k, J L2 £ 1))

Since ). 27k» < o0, the preceding exponential bound is the general term of a
summable sequence for any T large enough. The conclusion follows. O

As for the LLN, it is an easy exercise to see that in a type 2 Banach space, whenever
X has mean zero and IE(||X||?/LL||X||) < oo, then S, /a, — 0 in probability. As a
corollary to Theorem 4, one thus obtains quite a nice characterization of the LIL in
type 2 Banach spaces only relying on moment conditions on the law of X.

Corollary 5. Let X be a mean-zero random variable with values in a type 2
Banach space B. Then the sequence (Sy/ay), -, is almost surely relatively compact if

and only if IE(]| X ||?/LL|| X||) < co and the family of random variables (¢, X)?, ||£|| < 1,
is uniformly integrable.

Again, the type property on the Banach space B is only use to ensure the
convergence in probability, or weak convergence. As we will now develop it, type and
cotype are actually intimately connected with weak

convergence, and in particular the central limit theorem.

3. The central limit theorem and weak convergence

It was soon realized, at the beginning of probability in Banach spaces, that the
classical moment conditions IE(X) = 0 and IE(||X||?) < oo are neither sufficient, nor
necessary for a random variable X to satisfy the central limit theorem in an arbitrary
Banach space B. They are actually sufficient (only) in type 2 spaces, and necessary
(only) in cotype 2 spaces.
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However, in these first considerations of the CLT in Banach spaces, the interplay,
which we now understand well, between the geometry of the space and the conditions
on the random variable was still unclear. Results analogous to the classical results were
proved in special spaces such as Hilbert space and for specialized random variables with
values in spaces with a basis. Results were also proved in the form of limit theorems
for stochastic processes. Some of the early highlights were S. Varadhan’s central limit
theorem in Hilbert space [Va], the results of R. M. Dudley and V. Strassen [D-S] on
processes in C[0,1] and R. M. Dudley’s work on empirical processes [Du]. For more
details on the historical development, see [L-T3], p. 296.

In a conference in Durham, England 1975, R. M. Dudley posed the question: In
which (separable) Banach spaces do the classical conditions of mean zero and finite
variance (IE(|| X ||?) < oo) always imply that the CLT holds? The question was answered
at this conference and resulted in the theorem of J. Hoffmann-Jgrgensen and G. Pisier
[HJ-P] below.

Theorem 6. A random variable X with values in a type 2 Banach space B satisfies
the CLT as soon as IE(X) = 0 and IE(]| X ||?) < oo. Conversely, if in a Banach space B,
all random variables X such that TE(X) = 0 and IE(|| X ||?) < oo satisfy the CLT, then
B is of type 2.

The companion theorem for cotype soon followed.

Theorem 7. A random variable X with values in a cotype 2 Banach space B
satisfying the CLT is such that IE(X) = 0 and IE(||X||?) < oo. Conversely, if in a
Banach space B, all random variables X satisfying the CLT are such that IE(X) = 0
and TE(|| X ||?) < oo, then B is of cotype 2.

To illustrate the idea of these statements, let us outline the proof of Theorem 6.

Proof of Theorem 6. Assume B is of type 2. By the symmetrization argument (4),

for every n > 1,
B(| X
i=1

For € > 0, let Y be a mean-zero step random variable such that IE(||X — Y|?) < e/4C.
Therefore, if (Y;),. is a sequence of independent copies of Y, (9) applied to X —Y

yields
2
) <e.

Since Y is finite dimensional, it satisfies the CLT. The sequence (S,/y/n),~; is thus
uniformly close in L2 to a weakly convergent sequence, and thus is tight. Since, by the
finite dimensional CLT, the only possible limit is Gaussian with the same covariance

)< 4cnE(IxXIP). )

n

e[

n21 i=1
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structure as X, X satisfies the CLT. Conversely, assuming that every mean-zero random
variable X with values in B such that IE(|| X||?) < oo satisfies the CLT, we deduce from
a closed graph argument that there is a finite constant C' such that

1 n 2 )
sup]E(H— X; )SC’]E X|7).
s (| =30 (1x1)
Applying this inequality to a random variable X taking finitely many values 1, ..., z,,
then shows that B is of type 2. O

Together with Kwapient’s isomorphic characterization of Hilbert spaces, one can
deduce from Theorems 6 and 7 the following “probabilistic” characterization of Hilbert
spaces to which several authors contributed.

Corollary 8. A Banach space B is isomorphic to a Hilbert space if and only if the
classical moment conditions IE(X) = 0 and IE(|| X ||?) < oo are necessary and sufficient
for a random variable X with values in B to satisfy the CLT.

As for the LIL, the strong second moment IE(]|X|?) < oo is not always well-
adapted, and one has rather to consider weak moments. In the context of the CLT,
an additional necessary condition for a random variable X to satisfy the CLT is the
existence of a (centered) Gaussian random vector G with values in B (the limiting
distribution) with the same covariance structure as X, that is IE((£, X)?) = IE((£, G)?)
for every ¢ in B’. In an infinite dimensional context, it is not always true that there
exists a Gaussian distribution with a given covariance structure. Actually, Theorems 6
and 7 may be rephrased replacing the central limit property by only the existence of a
limiting Gaussian distribution. The proofs are rather similar.

In the presence of a limiting Gaussian distribution, the natural necessary moment
condition on the norm, in order for a random variable X with values in a Banach space
B to satisfy the CLT is that

. 2 .
Jim ¢ P{|X|| >t} =o0. (10)

In particular, IE(||X||P) < oo only for 0 < p < 2. It is then a challenging question
to characterize those Banach spaces B in which the preceding condition (10) together
with the existence of a limiting Gaussian

distribution are (necessary and) sufficient for a B-valued mean-zero random vari-
able X to satisfy the CLT. As shown by G. Pisier and J. Zinn [P-Z], L,-spaces with
2 < p < oo share this property. If, in a Banach space a (certain) version of an inequality
of H. P. Rosenthal holds, then [G-K-Z] the CLT holds if and only if (10) holds and
the limiting Gaussian distribution exists (in the space). An attempt is made in [Lel]
to characterize such spaces. These ideas lead to necessary and sufficient conditions for
the CLT in spaces of the form L,(L,) [G-Z1].
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In a general Banach space, one cannot hope for any reasonable description of
random variables satisfying the CLT. However, one can give sufficient conditions for
some classes of random variables. Let for example C(K) be

the Banach space of continuous functions on a compact metric space (K, d)

equipped with the uniform norm || - ||, . Consider the class of Lipschitz random
variables X on C'(K), that is such that for some non-negative random variable M,

| X(s,w) — X(t,w)| < M(w)d(s,t), s,t€K,

for all (or almost all) w. There were many partial steps in the direction of the “final”
theorems in this direction, with contributions in [D-S], [Du] and [G]. A big step was
taken in [J-M] with the following result.

Theorem 9. Let X be a Lipschitz mean-zero random variable such that IE(M?) <
oo. Then, whenever d < dg where dg(s,t) = ||G(s) — G(t)||5, s,t € K, is the Ly-metric
of a Gaussian random vector G in C(K), then X satisfies the CLT.

Proof. We follow the approach of [Zi] which is a nice illustration of the type 2 ideas.
Consider indeed the canonical injection map j : Lip(K) — C(K). The space Lip(T') is
equipped with the norm

2(s) — x(t)]

Il = el +sup =37

Although C(K) is of no type p > 1, under the hypothesis of the theorem, the linear
operator j is actually of type 2. Let indeed z1, ..., z, be elements in Lip(K) such that,
by homogeneity, > "> ; ||x¢||iip = 1. By an elementary comparison (cf. [L-T3]),

]E( iz:;sij(wi) zo>§2]E( ggij(ﬂ) ;)

where g; are independent standard normal variables. Since the x;’s are element of
Lip(K), the Gaussian process

G(t) =) gmi(t), teK,
i=1
is such that, for every s,t € K,
~ 2 - 2
E(G(s) - GO) = S Josls) — ws®)] < dals, 0.
i=1
Classical Gaussian comparison theorems (cf. [L-T3, Chapter 3]) then shows that
n 2
]E< Zéfﬂ(l’,) >§ C
i=1 00
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where C' > 0 only depends on GG. Therefore, by homogeneity, 7 is an operator of type
2 in the sense that, whenever xy, ..., z, are elements in Lip(K), then

n 2 n
B(| Seite)| )< o>k,

Mimicking the proof of Theorem 6, we get that

(-

One then concludes as in Theorem 6. There is however a little difficulty due to the

)scmmxﬁm» (11)

fact that Lip(K) need not be separable. To handle this problem, show that, for every
e > 0, there exists a finite dimensional subspace F' of C(K) such that if Qp is the
quotient map C(K) — C(K)/F, the type 2 constant of the operator joQ is less than
e. Applying (11) to j o Qp then easily yields the result. O

With some further work, the integrability condition on M may be weakened into
limy_, o t2IP{M >t} = 0, provided it

is assumed in addition that there is a continuous Gaussian process with the same
covariance structure as X.

To some extent, the preceding analysis of the classical central limit theorem with
Gaussian limits may be developed similarly in case of the general central limit theorem
with infinitely divisible limits

[A-A-G]. Under the assumptions of tightness of the partial sum sequence, limits are
identified more or less as in the scalar case. Type or cotype assumptions are sufficient
or necessary for tightness. In particular, stable limits may be characterized through
stable type. We refer to the book [A-G] for an account on the general central limit
theorem.

There are several other concepts and results from Banach space theory which were
crucial to the investigation of stable limit theorems and the CLT for triangular arrays.
In particular, Banach spaces in which £, is not finitely representable [Ma-P] (of finite
cotype) may be used to investigate Poissonnization and the accompanying laws in
infinite dimension [A-G-M-Z]. Banach spaces B not containing ¢y were characterized
by J. Hoffmann-Jorgensen [HJ2] and S. Kwapieri [Kw2] as those in which almost
sure bounded partial sum sequences (S,,) of independent symmetric B-valued random
variables are almost surely convergent. There was a nice interplay between the Banach
space and probability communities around stable type. In [M-P] a representation
theorem for stable random variables and vectors (obtained in [L-W-Z]) was extended
and used to analyze stable random Fourier series. Let X be a p-stable (0 < p < 2)
random vector with values in B with spectral measure m symmetrically distributed on
the unit sphere of B (cf. [L-T3, Chapter 5]). Denote by (Yj),c independent random
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variables distributed as m/|m|. Let furthermore , ; = Ay +---+ A;, j > 1, where the
A;’s are independent standard exponential random variables and assume the sequences
(Yj)jew and (; j) ;e to be independent. Then, the series

oo

> i

J=1

converges almost surely and is distributed as cp|m|_1/pX for some ¢, > 0 only
depending on p. This representation later allowed G. Pisier in [Pi3] to obtain an
extension

of results of W. B. Johnson and G. Schechtman [J-S] on spaces in which £,
1 < p < 2, is not finitely representable. Since , ; ~ j by the LLN, Pisier’s idea was to
use this representation together with Yurinskii’s inequality to produce a proof similar
to the Gaussian proof of Dvoretzky’s theorem based on (5) (cf. [Pi4]).

4. Bootstrap and empirical processes

Exponential bounds on empirical processes have been proved extremely useful very
recently in the selection of models in statistics (cf. [B-M]). To describe one inequality
more precisely, let, on some probability space (€2, A,IP), (X;),c be independent
indentically distributed random variables with values in some measurable space (S, S)
and with common law P. For every n > 1, consider the empirical measures

1 n
P, = 5;5&.

Now, let F be a class of measurable functions on S with real values. The theory of
empirical processes runs into various measurability questions in which we do not want
to enter here. So let us assume for simplicity the class F to be countable.

The statistical treatment of empirical measures shows that the unknown law P can
be recovered from the observations P, on some class F, the larger the class, the more
accurate the result. In particular, a class F is said to be a Glivenko-Cantelli class if

sup|Po(f) = P(f)] = 0
u

with probability 1. F is said to be a Donsker class if the sequence

Va(Pu(f) = P(f)), fEF,

converges in distribution (in a sense to be made precise) to a centered Gaussian process
G p indexed by F with covariance P(fg)—P(f)P(g), f,g € F. These definitions extend
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the classical results of Glivenko-Cantelli and Donsker for the class of the characteristic
functions of the intervals (—oo, z], z € IR. In

statistical applications however, one is interested in estimates at finite

range, that is on P, for fixed n. To this end, the exponential bound (7) is of
fundamental importance. Assume that |f| < C for every f € F and set

Zn = sup|Pa(f) — P(f)|.
fer

Then, for every ¢t > 0,

nt Ct
P{Z, —B(Z,) >t <K ~ " g1 ——F 12
{ (Za) 2t} < eXp( KC Og( +02+01E(Zn)>> (12)
where 0® = sup ;e x(P(f?) — P(f)?) (cf. [Tad], [Le3]). A similar inequality also holds
for IE(Z,) — Z, which thus yields a concentration property. It is very important in
statistical applications that (12) holds with IE(Z,,) and not a multiple of I&(Z,,) as was
the case in the earlier bounds [L-T3].

A special class F is given by the example of the family of characteristic functions
of Vapnik-Cervonenkis classes of sets. Let S be a set and C be a class of subsets of S.
Let A be a subset of S of cardinality k. Say that C shatters A if each subset of A is the
trace of an element of C. C is said to be a Vapnik-Cervonenkis class (VC class in short)
if there is an integer k£ > 1 such that no subset A of S of cardinality & is shattered by
C. Denote by v(C) the smallest & with this property. The class of all interval (—oo, z],
z € IR, is a VC class with v(C) = 2. The most striking fact about VC classes is that
whenever C is a VC class in S and v = v(C), any subset A of S with Card(4) =n > v
satisfies "
Card(C N A) < (e—”) . (13)

v

Let now @ be a probability measure on a measurable space (S,S) and consider a VC
class C of subsets of S. For any measurable subsets A, B in S, set

dq(A; B) = |14 — Ip|,

(where the norm is understood with respect to Q). For any ¢ > 0, let N(¢) = N(C,dg;¢)
be the minimal number of balls of radius € in the metric dg which are necessary to
cover C. As a consequence of (13), it was shown by R. M. Dudley [Du] that the growth
of N(e) as e goes to zero is controlled by v(C). Indeed, for any ¢ > 0,

log N(c) < Kv(C) (1 + log é) (14)

JFrom this result, it is not so difficult to deduce that C is a Donsker class for every
probability measure P on (S,S). Rather than to directly prove such a property, let us
relate, as in Section
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3, the nice limit properties of VC classes to the type 2 property of a certain operator
between Banach spaces. Denote by M = M(S,S) the Banach space of all bounded
measures £ on (S,S) equipped with the norm ||u|| = |p[(S). Consider the operator
j: M — £ (C) defined by j(u) = (u(C))gec- Denote by Ta(j) the type 2 constant of
J, that is the smallest constant C' such that for all pq, ..., u, in M,

n 2 n
(|| <) C) <O il
=1 =1

The next theorem has been observed by G. Pisier [Pi2].

Theorem 10. For some numerical constant K > 0,

K~'\/v(C) < T»(j) < K+\/v(C).

Proof. We only show the right-hand side inequality. Let pq,..., g, in M. To prove
the type 2 inequality, we may assume that the measures p; are positive and, by
homogeneity, that >« [|u]|> = 1. Set @ = D" ||p/|pti- Then @ is a probability
measure on (S,S), and we clearly have that

/2

(Z\M(A) - Nz’(B)‘2> < dg(A,B)

for all subsets A and B. A classical entropic bound on the Rademacher process
Yo eini(C), C €C (cf. [L-T3, Chapter 11]), then shows that

n 2 n 2
]E< Z&Mi > = ]E<Sllp Z&'M(C) >
i=1 c ceclizy

<1 +K/Oo(logN(e))1/2de <1+ K'\/v(C)

where we used (14) in the last step. Since v(C) > 1, the claim is established. O

One can then deduce that VC classes are uniformly Donsker by the type theory
of Section 3. Further and refined limit theorems for empirical processes have been
developed, especially in [Du] and [G-Z2], under various conditions (entropy with
bracketing, random entropy etc).

The following is the Banach space formulation of Theorem 10.

Theorem 11. Let x4,...,x, be functions on some set T taking the values +1. Let
n
r(T) = IE| sup €'£U't‘>.
(1) = 18 (s i)
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There exists a numerical constant K > 0 such that for every k < r(T)?/Kn, one can
findmy < mg < --- <my in{1,...,n} such that the set of values {,, (t), ..., Tm, (t)},
t € T, is exactly {—1,+1}*. In other words, the subsequence {T,, , ..., Tn, } generates
a subspace isometric to £§ in Lo (T).

For the proof, apply Theorem 10 to the class C of subsets of {1,2,...,n} of the
form
{ie{l,....;n};z;(t) =1}, teT.

The functional calculus of probability has also been proved useful in other statistical
problems, and, in the final part of this exposition, we present applications to the
bootstrap in statistics.

The “bootstrap”, introduced by B. Efron in 1979, is a resampling method for

approximating the distribution of various statistics. For every w € €, let X;‘ij
t=1,...,n, beindependent and identically distributed random variables with common
distribution P,(w). Denote, for each n > 1, P,(w) the empirical distribution based on
Xw = 1,...,n, that is

ni’

Po(w) = %Z(sf(:i.

=1

It is then expected that the distribution of statistics H,, (w) = H,( X ..., XY Po(w))
is w-almost surely asymptotically close to that of H,(Xy,..., X,; P). This suggestive
method has been validated with limit theorems for many particular statistics H,,
improving rates with respect to the classical central limit theorem approximations. Let

F = supcz |f|. The following has been obtained in [G-Z3].

Theorem 12. The conditions [F 2dP < oo and P is a Donsker class are necessary
and sufficient for
Vi (P (w) — Py(w)) = G weakly

w-almost surely for a centered Gaussian process G independent of w. Furthermore
G =0Gp.

This theorem completely settles (modulo measurability) the question of the validity
of the bootstrap for the CLT for empirical processes. The proof of Theorem 12 is
based on an almost sure version of the CLT which we state in the setting of Banach
space valued random variables for simplicity. In the statement, X is a Banach space
valued random variable and ¢ a standard normal random variable independent of X.
Accordingly, if (X;);c resp. (i);en» 1S @ sequence of independent copies of X, resp.
g, the two sequences are understood to be independent (i.e. constructed on different
probability spaces). The following result is due to M. Talagrand and the authors [L-T2].

Theorem 13. Let X be a random variable with values in a Banach space B
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and let g be a standard normal random variable independent of X. The following are
equivalent.

(i) IE(||X]|?) < oo and X satisifies the CLT with limiting Gaussian distribution G.

(ii) For almost every w of the probability space supporting the X;’s, the sequence
(>Xr, giXi(w )/\/_) | converges in distribution.

In either case, the limit of (3, g:Xi(w )/\/_) , does not depend on w and is
distributed as G.

Proof. We concentrate on the implication (i) = (ii). It is not difficult to see that
it is enough to establish the following lemma.

Lemma 14. If IE(|| X ||?) < oo, almost surely

>< 411msup—]E(

n—>00

&)

where we denote by &, partial integration with respect to the sequence (g;);c-

&)

assumed to be finite. By the Borel-Cantelli lemma, it suffices to show that for every

e >0,
Z]P{ sup <

lim sup — (

n— 00

Proof. We only outline one argument. Let

M = hrnsup—]E(

n— 00

Zgz

By Lévy’s inequalities for symmetric random vectors, and a simple truncation argument
under the hypothesis IE(]| X ||?) < oo, it is enough to show that

(s

where, for every 1 =1,...,2",

) > 2 2M+5e)} < 0.
2n71<kS2n

U,~>Z2M+58}<oo

— _ o9—n/2
Ui =Ui(n) = 272 Xal {x, <evamy-

2
Ui ) ZM—{-ZS}) ,

By Hoffmann-Jgrgensen’s inequality (5), for every n,

Zn
P
=1

Zgi

Zgi

Zn
i) = 21 452 < (e { e,
i=1
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so that, by definition of M, it finally suffices to show that

S (e {e([500]) - (|ge]) =) <

n
By Yurinskii’s martingale representation and Chebyshev’s inequality,

2" 2"
([ o)) -
=1 =1

2TL
4
U; ) > e} < g—ZZIE(d?).
=1

Now,
=IE(f;| F) —E(fi| Fi1)
where
on n
—]Eg< > 9;U; > —]Eg< > 95U >
= J=Li#i

i=1,...,2" For every i, 0 < f; <||g;:U;||. Moreover, by identical distribution,

n

E(f,) _2n ( )_M+6

for every n large enough. Therefore,
E(d7) < E(f7)
< B(lgUl* ")
M +¢

< (B(llg:Uill) " (B () * < < o B9 ))1/2.

One is thus left to show that the series

> 2 PE(IXIPL x < vamy)

is summable which is an easy consequence of the second moment assumption.

O

We briefly conclude the proof of Theorem 13. Since X satisfies the CLT, g X also
satisfies the CLT. Choose then, for every k > 1, a finite dimensional subspace F}, of B

such that if T, = Tr, : B — B/F}, is the quotient map,
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Apply Lemma 14 to Ty (X) for every k. There exists Q with IP(€) = 1 such that for
every w € (g,

1
lim sup — IE, <
n

n—>00

ggiTk(Xi(w)))‘D < %

Let also 29 be the set of full probability obtained when Lemma 14 is applied to X
itself. Let Q° = (Nyso - If w € QO for each ¢ > 0, there exists a finite dimensional
subspace F' of B such that if T'= TF is the quotient map,

1
lim sup —= I, <
n

n—0o0

ggiT(Xi(w)))‘D <e?.

Hence, if n > n(e), )
e

It follows that the sequence Y. ; ¢;Xi(w)/\/n, n > 1, is tight. The proof is easily
completed by identifying the limit. O
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