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P
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P
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XiIjXij<bn , for bn relatively small, are also obtained.

AMS 1991 subject classifications: Primary: 60F15.

Key words and phrases: strong laws, quadratic forms, maxima of products, truncated sums.

* Research partially supported by NSF Grant No. DMS-8505550 at M.S.R.I., Berkeley, California.

y Research partially supported by NSF Grants No. DMS-9000132 and DMS-9300725.

z Research partially supported by NSF Grants No. DMS-8902418 and DMS-9208053 and US-Israel

Binational Science Foundation Grant No. 8600074.

1



1. Introduction. In contrast to the situation for sums of independent identically

distributed (i.i.d.) random variables, the law of large numbers for U-statistics is not

equivalent to �niteness of moments of the de�ning function h: Let X; Xi; i 2 IN; be i.i.d.

and let h be a measurable function of two variables; the weakest possible general moment

condition on h implying 1

n
2
�

P
1�i6=j�n h(Xi; Xj) ! 0 a.s. is Ejhj� < 1, 0 < � < 2,

assuming Eh = 0 if � = 1 and E[h(X; x)+h(x;X)] = 0 for almost all x (i.e., h degenerate)

if 1 < � < 2. However, the following example shows the converse is not true (Gin�e and

Zinn, 1992a): Let X satisfy

lim
t!1

t� log tPfjXj > tg = c; (1:1)

for some 0 < � < 2 and c > 0, and assume X is symmetric for 1 � � < 2. Then

EjXj� =1, but
1

n
2
�

X
1�i6=j�n

XiXj ! 0 a:s: (1:2)

As a �rst step towards understanding the law of large numbers for U-statistics, and also for

its intrinsic interest, we shall restrict attention to the U-statistic de�ned by h(x; y) = xy

i.e., to quadratic forms in the Xi's.

In the above example, parity is restored if we include the diagonal in (1.2) as the

expression now is the square of a sum of independent random variables normalized by n
1
� ,

which tends to zero a.s. if and only if EjXj� < 1 by the Marzinkiewicz law of large

numbers. Thus, the diagonal has an e�ect on almost sure convergence to zero of quadratic

forms such as in (1.2).

This is not the case for convergence in probability (Gin�e and Zinn, 1992a). By decom-

posing the double sum in (1.2) into four sums with (i; j) both even, both odd or one even

and one odd, convergence of (1.2) in probability (or a.s.) implies �n�
0
n ! 0 in probability

(or a.s.) where �n = n�
1
�

Pn
i=1Xi and �0n is de�ned equivalently for an independent copy

fX 0
ig of fXig. Now, if �n�

0
n ! 0 in probability then also �n ! 0 in probability since

Pfj�nj >
p
"g2 � Pfj�n�0nj > "g (this is not true for a.s. convergence). Conversely, by

the weak law of large numbers, �n ! 0 in probability implies nPfjXj > n
1
� g ! 0 and

therefore also 1

n
2
�

Pn
i=1X

2
i ! 0 in pr., yielding 1

n
2
�

P
1�i6=j�nXiXj =

�
1

n
1
�

Pn
i=1Xi

�2
�

1

n
2
�

Pn
i=1X

2
i ! 0 in pr.

The diagonal is also irrelevant when EX2 < 1 and EX = 0 since we can write the

sum in (1.2) as � nX
i=1

Xi

�2 � nX
i=1

X2
i (1:3)

and 1
n

Pn
i=1X

2
i ! EX2 a.s. by the law of large numbers but lim sup 1

n log log n

�Pn
i=1Xi

�2
=

2EX2 a.s. by the law of the iterated logarithm so that the �rst term of (1.3) dominates.

However, when EX2 = 1 (and EX = 0 if EjXj < 1), the limsup behavior of each

term in (1.3) is the same as that for max1�i�nX
2
i under weak regularity conditions, and

these terms cancel, o�ering the possibility of a more rapid convergence to zero.
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These observations determine the main object of this article, which is to �nd when

the law of large numbers
1


n

X
1�i<j�n

XiXj ! 0 a:s: (1:4)

holds for a general non-decreasing sequence f
ng of positive numbers tending to in�nity.

We obtain purely analytic necessary and su�cient conditions for (1.4) to hold under (mild)

regularity conditions on the normalizing sequence f
ng in two general instances namely,

when X is symmetric and when the tail probability function of X is (mildly) regular.

Along the way, we obtain interesting results of two kinds. Letting Xj:n denote the j-th

largest in magnitude among X1; : : : ; Xn we give necesary and su�cient conditions for

1


n
max

1�i<j�n
jXiXjj �

1


n
jX1:nX2:nj ! 0 a:s: (1:5)

and more generally for
1


n
jX1:nXk:nj ! 0 a:s: (1:6)

(without any restrictions on the normalizing sequence 
n %1). And we also obtain sharp

a.s. asymptotic bounds for truncated sums, 1
bn

���Pn
i=1XiIjXij<bn

���, which in particular

imply a result of Mori (1977) on almost sure convergence to zero of normalized lightly

trimmed sums of independent random variables.

Section 2 contains analytic necessary and su�cient conditions for the law of large

numbers for maxima, (1.5) and (1.6). For instance, it is shown that (1.5) holds if and only

if

E
h

�1(jXY j=") ^ 1

G(jXj) ^
1

G(jY j)
i2

<1 (1:7)

and X
2kPfjXj > "vkg <1 (1:8)

for all " > 0, where Y is an independent copy of X, G(x) = PfjXj � xg, uk = G�1(2�k),

vk =

(2k)

uk
, and 
(t) is a nondecreasing continuous function such that 
(n) = 
n: These

conditions, unlike those for for maxima of i.i.d. random variables, are di�cult to work

with; however, they admit simpli�cations under reasonable regularity hypotheses on the

distribution of X and/or the normalizing sequence f
ng. We state a few instances of

this, leaving some of the proofs for the Appendix. For example, if X has a continuous

distribution (or if its jumps are not too large), then (1.5) holds if and only if (1.7) does.

Under further regularity (1.5) holds if and only if

X
n�1(nan)

2 log+ nan <1; (1:9)

where an = G(

1
2
n ) and log+ x := j logxj _ 1. Maxima of decoupled products are also

considered.
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Section 3 is devoted to the study of truncated and trimmed sums of independent

random variables. Assuming centerings do not matter and n��bn % for some � > 1
2
,

it follows from Feller's (1946) law of large numbers that if PfjX1:nj > bn i:o:g = 0 then
1
bn

Pn
i=nXiIjXij<bn ! 0 a.s. This is generalized in this section to: If PfjXk:nj > bn i:o:g =

0 and the centerings do not matter, then

lim sup
1

bn

��� nX
i=1

XiIjXij<bn

��� � k � 1 a:s: (1:10)

and the bound is sharp. In particular this provides a short proof of the fact that, under

the same hypothesis,

1

bn

nX
j=k

Xj:n ! 0 a:s:; (1:11)

a result previously obtained, with a di�erent proof, by Mori (1977). Basic in this section is

the following result: Let k be a positive integer and let b(t) satisfy t��b(t)%1 for some

� > 1
2
. Then, without further restrictions on the distribution of X,P1

n=1

�
2nG(b(2n))

�k
< 1 implies

P1
n=1

�
2nb(2n)�2EX2IjXj<b(2n)

�k
< 1. For k = 2 and

b(t) = t
1
� , 0 < � < 2, this result shows that if X and Y are i.i.d., then E

�jXj^ jY j�2� <1
implies E

�
(jXj ^ jY j)2(jXj _ jY j)2(��1)� <1, which is quite surprising for 1 < � < 2.

We study the law of large numbers for quadratic forms, (1.4), in Section 4. Whereas

for sums of i.i.d. variables symmetry of X and regularity of its tail distribution does not

play a role (once some mild regularity for the norming sequence is assumed), these two

factors seem to have some in
uence in the case of products (at least in the present study).

For symmetric variables in general (i.e., without regularity assumptions), we obtain two

sets of necessary and su�cient conditions for the law of large numbers (1.4) to hold, one

of an analytic character, the other one related to maxima. The analytic nasc's for (1.4) to

hold are condition (1.7) together with

X
2kPfjXj > "wkg <1 (1:12)

for all " > 0, where wk = 
(2k)=
�
2kE(X2 ^ u2k)

� 1
2 . In order to compare conditions (1.12)

and (1.8), note that wk is in general of a smaller order of magnitude than vk, but that

they are comparable if the law of X is regular. In connection with maxima, we show that

(1.4) is equivalent to

1


n
X1:n

nX
j=2

Xj:n ! 0 a:s: (1:13)

that is, one of the sums in
Pn

j=1

Pj�1
i=1 XiXj can be replaced by a maximum and still obtain

an equivalent statement. These results seem to indicate that, even for f
ng regular, the

laws of large numbers for sums and for maxima of products (i.e., replacing the two sums

by maxima) may not be equivalent (compare with sums and maxima of i.i.d. random

variables) however, at present we have no examples to fully justify this claim. Finally,

4



we prove that if the tail of X satis�es some mild regularity conditions, even if X is not

symmetric, then the laws of large numbers for sums and maxima of products are indeed

equivalent. We also present analogous results for randomized and decoupled sums and

maxima. The results from Sections 2 and 3 are extensively used in the proofs of the

theorems in Section 4.

Regarding (1.1), we anticipate that the results obtained below show that if PfjXj >
tg ' 1

t�(log t)�
then (1.2) holds if and only if � > 1

2
.

2. Maxima of products. In this section we study the almost sure convergence to

zero of 1

n

max1�i<j�nXiXj and, in more generality, of 1

n
X1:nXk:n, where fXig is an i.i.d.

sequence of nonnegative random variables, f
ng is a non-decreasing unbounded sequence

of positive numbers, and Xk:n is the k-th largest in absolute value among X1; : : : ; Xn,

k � n < 1. Theorems 2.1 (or 2.1') and 2.10 are the main results. Under regularity

of the distribution of X and/or the norming sequence f
ng the necessary and su�cient

conditions of these theorems simplify; we present some results of this type. Decoupled

maxima 1

n

max1�i;j�nXiX
0
j = 1


n
(maxi�nXi)(maxi�nX

0
i), where fXig and fX 0

ig are

independent, are also considered. Convention: for non-increasing left continuous functions

with right limits, G(x), G�1(x) is de�ned as G�1(x) = supfy : G(y) � xg; then, if
u = G�1(v) we have G(u+) � v � G(u).

2.1. The general result for max1�i<j�nXiXj : Of course the problem reduces to �nding

necessary and/or su�cient conditions for Pfmax1�i<j�nXiXj > "
n i:o:g = 0 for all

" > 0. This is done in the following theorem:

2.1. Theorem. Let X; Y be non-negative, independent random variables having the

same distribution, characterized by G(x) = PfX � xg and let uk = G�1(2�k); k 2 IN:

Let f
ng be a non-decreasing sequence of positive numbers tending to in�nity and let


�k = 
(2k); k 2 IN: Let fXig1i=1 be i.i.d. with the same distribution as X: Then,

Pf max
1�i<j�n

XiXj > 
n i:o:g = 0 (2:1)

if and only if both

1X
k=1

22kPfXY > 
�k ; X > uk; Y > ukg <1 (2:2)

and
1X
k=1

2kPfX >

�k
uk
g <1: (2:3)

Condition (2.2) can be written in integral form: if 
(t) interpolates 
(n) linearly and

if 
�1(t) denotes its left continuous inverse, then condition (2.2) is equivalent to

E
h

�1(XY ) ^ 1

G(X)
^ 1

G(Y )

i2
<1: (2:4)
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Also, if the function v(t) := 
(t)=G�1(t�1) is monotone and v�1(t) denotes its left contin-

uous inverse, then condition (2.3) is equivalent to

Ev�1(X) <1: (2:5)

Proof. We assume X unbounded otherwise there is nothing to prove. Suppose (2.2)

and (2.3) hold. Since 2kPfX � ukg � 1, condition (2.3) implies


�k � u2k eventually: (2:6)

In order to prove (2.1) it su�ces to show

Pf max
1�i<j�2k

XiXj > 
�k�1 i:o:g = 0: (2:7)

To prove this, we �rst observe

max1�i<j�2k XiXj=
�
maxXiIXi�uk�1

XjIXj�uk�1

� _ �maxXiIXi�uk�1
XjIXj>uk�1

�
_�maxXiIXi>uk�1

XjIXj�uk�1

� _ �maxXiIXi>uk�1
XjIXj>uk�1

�
:

Then, (2.7) will hold if the probability that each of these max's is larger than 
�k�1 in�nitely

often is 0. This is trivial for the �rst max since, by (2.6),

max
1�i<j�2k

XiIXi�uk�1
XjIXj�uk�1

� 
�k�1 eventually:

Condition (2.2) implies control of the fourth max since

X
Pf max

1�i<j�2k
XiIXi>uk�1

XjIXj>uk�1
> 
�k�1g

�
X

22kPfXY > 
�k�1; X;Y > uk�1g <1:

The second and third max's are similar, so we just work with the second. For n large we

have
1X
k=n

Pf max
1�i<j�2k

XiIXi�uk�1
XjIXj>uk�1

> 
�k�1g

�
1X
k=n

Pfuk�1max
j�2k

Xj > 
�k�1g

�
1X
k=n

2kPfX > 
�k�1=uk�1g;

which is �nite by (2.3). Hence

Pfmax1�i<j�2k XiIXi�uk�1
XjIXj>uk�1

> 
�k�1 i:o:g = 0: (2.7) is proved.
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We now assume (2.1) holds. Then Pfmax2k�1<i<j�2k XiXj > 
�k i:o:g = 0; and it

follows, by independence of the blocks and Borel-Cantelli, that

X
Pf max

1�i<j�2k�1
XiXj > 
�kg <1:

Since f(i; j) : 1 � i < j � 2k�1g � f(i; j) : 1 � i � 2k�2 < j � 2k�1g; letting
X2k�2+r = X 0

r; we obtain

1X
k=2

Pf max
1�i;j�2k�2

XiX
0
j > 
�kg <1: (2:8)

The following estimates show that (2.8) implies (2.3):

Pf max
1�i;j�2k�2

XiX
0
j > 
�kg � Pf max

i�2k�2
Xi > 
�k=ukgPf max

i�2k�2
Xi � ukg

� 2k�2PfX > 
�k=ukg
1 + 2k�2PfX > 
�k=ukg

� 2k�2PfX � ukg
1 + 2k�2PfX � ukg

� 1

5

2k�2PfX > 
�k=ukg
1 + 2k�2PfX > 
�k=ukg

:

Finally, we show that (2.2) also follows from (2.8). Let Mi = max1�s<iXs; i � 2k�2; and

�k = inffi � 2k�2 : Xi > ukg; with inf ; =1; and de�ne M 0
i and � 0k by analogy. We then

have

Pf max
1�i;j�2k�2

XiX
0
j > 
�kg � Pf�k <1; � 0k <1; X�kX

0
� 0
k
> 
�kg

=
X

i;j�2k�2

PfXiX
0
j > 
�k ; Xi; X

0
j > uk; Mi;M

0
j � ukg

= PfXY > 
�k ; X;Y > ukg
� X
i�2k�2

PfMi � ukg
�2
: (2:9)

Since

PfMi � ukg =
�
1� PfX > ukg

�i�1 � (1� 2�k)i�1 � (1� 2�k)2
k � 1

4
;

(2.9) gives

2�8
1X
k=1

22kPfXY > 
�k ; X > uk; Y > ukg �
1X
k=2

Pf max
1�i;j�2k�2

XiX
0
j > 
�kg <1;

i.e. (2.2), concluding the proof of the theorem.
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In all that follows the sequence f
ng is non-decreasing and tends to1, and 
�k , fXig,
X; Y , G; and uk are as de�ned in Theorem 2.1.

Let us consider the condition

1X
k=1

22kPfXY > 
�k ; X � uk; Y � ukg <1: (2:10)

(2.10) is obviously stronger than (2.2). It also implies (2.3). To see this we observe �rst

that it implies (2.6). Otherwise, there is a sequence fk(`)g such that fX; Y � uk(`)g
= fXY > 
�k(`); X; Y � uk(`)g, hence, by (2.10),

P�
2k(`)PfX � uk(`)g

�2
< 1; in

contradiction with 2kPfX � ukg � 1. Now, (2.6) and (2.10) give that for some k0 <1,X
k�k0

2kPfX > 
�k=ukg �
X
k�k0

2kPfX > 
�k=ukg2kPfY � ukg

=
X
k�k0

22kPfX > 
�k=uk; Y � ukg

�
X
k�k0

22kPfXY > 
�k ; X > uk; Y � ukg <1:

So,

2.2. Corollary. (2.10) =) (2.1).

We may ask whether the converse to Corollary 2.2 holds, and whether condition (2.3)

is redundant. The following example answers these two questions in the negative.

2.3. Example. Let bn > 0; n 2 IN; be such that
bn+1
bn

% 1 strictly (so that, in

particular, b2n+1 < bnbn+2) and let at = t�t for some � > 1 and all t > 1: Let X be a

random variable concentrated on fbng and such that PfX � bng = 1
an
. Note that an

grows fast enough so that PfX = bng ' 1
an
. Then uk = G�1(2�k) = bn for k such that

an � 2k < an+1. For a sequence of positive numbers �n ! 0 with �n < bnbn+2 � b2n+1 and

for k � 1, we let


�k =

(
bnbn+1 � �n; if an � 2k < an+ 1

2

bnbn+2 � �n; if an+ 1
2
� 2k < an+1.

Then, at least for n large,

PfXY > 
�k ; X;Y � ukg '
(

1
anan+1

; for an � 2k < an+ 1
2

1
anan+2

; for an+ 1
2
� 2k < an+1.

So, the series in (2.10) is convergence equivalent to the series

X a2
n+ 1

2

anan+1
+
X a2n+1

anan+2
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which is divergent. Similarly, the series in (2.2) is convergence equivalent to the series

X a2
n+ 1

2

a2n+1
+
X a2n+1

an+1an+2
'
X 1

n�
;

which is convergent. And the series in (2.3) is convergence equivalent to

X an+ 1
2

an+1
+
X an+1

an+2
'
X 1

n
�
2

+
X 1

n�
;

so that (2.3) holds i� � > 2. Then, by Theorem 2.1, (2.1) holds i� � > 2. Hence, in this

example (2.1) is equivalent to (2.3), which is strictly between (2.2) and (2.10).

Theorem 2.1 translates directly into a result on a.s. convergence to zero of normalized

maxima:

2.1'. Theorem. In order that

lim
n!1

1


n
max

1�i<j�n
XiXj = 0 a:s: (2:11)

hold, it is necessary and su�cient that

1X
k=1

22kPfXY > "
�k ; X > uk; Y > ukg <1 (2:20)

and
1X
k=1

2kPfX >
"
�k
uk

g <1 (2:30)

for all " > 0.

Theorem 2.1' is not redundant: we may have conditions (2.1) and (2.2) satis�ed and

yet the lim sup of the normalized maxima be di�erent from zero, as in Example 4.4 below.

It is worthwhile to observe that the above results also apply to decoupled maxima. In

the following corollary, we let fX 0
ig denote a sequence of i.i.d. random variables also with

the distribution of X, independent of fXig.
2.4. Corollary. Theorems 2.1 and 2.1' also hold if (2.1) and (2.11) are replaced

respectively by

Pf max
1�i;j�n

XiX
0
j > 
n i:o:g = 0; (2:10)

and

lim
n!1

1


n
max

1�i;j�n
XiX

0
j = 0 a:s: (2:110)

Proof. If equation (2.1') holds then we obtain (2.8) by blocking and Borel-Cantelli,

as in the proof of Theorem 2.1, and the second part of the proof of this theorem shows

9



that (2.8) implies (2.2) and (2.3). The �rst part of the proof of Theorem 2.1, with obvious

trivial changes, shows that (2.2) and (2.3) imply (2.1').

2.2. Maxima of products under regularity conditions. Conditions (2.2') and (2.3') are

di�cult to verify. Here we present simpli�cations under increasing degrees of regularity for

the tail of X. The proofs of Corollaries 2.5 and 2.7 are omitted. The proof of Corollary 2.8

is given in the Appendix since this corollary is used in the next subsection and is handiest

for the computations that produce the examples.

2.5. Corollary. If the distribution of X satis�es the regularity condition

sup 2kPfX � ukg <1; (2:12)

then (2.1), (2.2) and (2.10) are all equivalent.

2.6.Remark. Note that (2.12) is satis�ed if X has a continuous distribution or if the

tail distribution G of X is regularly varying. The stronger condition (2.13) below is also

satis�ed by these two types of distributions.

Condition (2.2) or, equivalently, (2.4), requires double integration with respect to P.

Under extra, but mild, regularity conditions on 
 and G it can be simpli�ed. Here are two

instances.

2.7. Corollary. Suppose that

lim inf
k!1

2kPfuk�1 < X � ukg > 0; (2:13)

that there exists 0 < c1 < c2 < 1 such that c1
2n � 
n � c2
2n for all n 2 IN and that the

sequence vk := v(2k) =

�k
uk

is eventually non-decreasing. Then, (2.1) holds if and only if

both

lim
k!1

uk

vk
= 0 (2:14)

and
1X
k=1

1

2k
E[
�1(ukX)]2Iuk<X�vk <1: (2:15)

Note that if 
(t) = t
2
� then condition (2.15) becomes

1X
k=1

u�k
2k

EX�Iuk<X�vk <1:

2.8. Corollary. Suppose G and f
ng satisfy the following conditions:

(a) G is regularly varying with exponent ��, � > 0, and there exist p 2 ( 1
2�
;1), x0 <1

and 0 < K1 < K2 <1 such that the slowly varying factor L of G satis�es

K1L
2(x) � L(ax)L(

x

a
) � K2L

2(x) (2:16)
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for x > x0 and 1 � a � (logx)p;

(b) 
2n � C
n for some C <1 and from some n0 on.

Then (2.1) holds if and only if

1X
n=1

n�1(nan)
2 log+ nan <1; (2:17)

where an := G(

1
2
n ):

Note that condition (2.21) holds for many slowly varying functions. For instance,

it holds for L(x) � log
 x for any 
 as well as for L(x) � exp(� log� x) for any � and

0 � � < 1.

Deheuvels and Mason (1988, Corollary 2) have a criterion for P
�
(U1:n : : : Uk:n)

1=k <

(nan)
�1 i:o:

	
to be 0 or 1, where Uj:n are the order statistics associated to a sequence of

i.i.d. random variables uniform on [0; 1]. Translation into a result for max1�i<j�nXiXj

requires G to satisfy G(X1:n)G(X2:n) '
�
G
�
X1:nX2:n)

1
2

��2
a.s. The hypotheses on G in

Corollary 2.8 give this relationship for (X1:n=X2:n)
1
2 < (logn)p; p > 1

2�
, and can also be

used along with Kiefer's theorem to check that (X1:n=X2:n)
1
2 = o(logn)p a.s., p > 1

2�
;

therefore this corollary can be seen as a translation of the Deheuvel-Mason result to non-

uniform random variables. However, their approach does not seem to yield any of the

other results in this section, since they are too general for reduction to the uniform case.

Theorem 2.1' can be simpli�ed if we require some extra, mild regularity on f
ng:
2.5', 2.7', 2.8'. Corollary. Suppose there exists 0 < c < 1 such that 
n �

c
2n; n 2 IN: Then:

(a) If X satis�es (2.12) then (2.1), (2.1'), (2.2), (2.10), (2.11) and (2.11') are all equivalent.

(b) If X and f
ng satisfy the hypotheses of Corollary 2.7 then the conditions in Part (a),

are also equivalent to (2.14,15).

(c) If X and f
ng satisfy the hypotheses of Corollary 2.8 then these conditions are also

equivalent to (2.18).

2.9. Example. The following can be easily veri�ed using e.g. Corollary 2.8: Let

� > 0 and let the law of X have tails G(x) � 1
x�(log x)�

, G(x) � 1

x�(log x)
1
2 (log2 x)

1
2
+�

or

G(x) � 1

x�(log x)
1
2 (log2 x)(log3 x)

1
2 :::(logk x)

�
, k � 3, where logkx := log+(logk�1x), k > 1.

Then, 1

n
2
�

maxi<j�nXiXj ! 0 a.s. if and only if � > 1
2
:

2.3. Other products of order statistics. The expression maxi<j�n jXiXj j can also be

written as jX1:nX2:nj where Xj:n is the jth largest in magnitude among X1; : : : ; Xn (more

precisely, Xj:n = X` if and only if there are exactly j � 1 Xi's, i � n; such that either

jXij > jX`j, or jXij = jX`j and i < `). This gives another interpretation of the results

in this section as strong laws for the product of the �rst two order statistics. It is also of

11



interest to examine the lim sup behavior of products of other order statistics, in particular

of X1:nX`:n. The following approach provides an alternate way of developing the material

in this section and also yields a surprising result for ` � 3.

2.10. Theorem. Under the conditions of Theorem 2.1 and for ` � 2,

PfX1:nX`:n > 
n i.o.g = 0 (2:18)

if and only if, letting F (x) = 1�G(x),

1X
k=1

2k`
Z 1

uk+

G

�

�k
x
+

�
G`�2(x)dF (x) <1 (2:19)

and
1X
k=1

2kG

�

�k
uk

+

�
<1 (2:20)

Under the assumptions of Corollary 2.8, (2.18) holds for ` � 3 if and only if

1X
n=1

n�1(nan)
2 <1 (2:21)

where an := G(

1
2
n ).

When ` = 2, (2.19) and (2.20) reduce to the conditions for Theorem 2.1. Condition

(2.3) is retained for ` > 2, but (2.2) is strengthened to (2.19). Under the conditions of

Corollary 2.8, (2.19) does not depend on ` for ` > 2 and reduces to (2.21). Condition

(2.21) is Kiefer's (1972) necessary and su�cient condition for PfX2:n > 

1
2
n i.o.g = 0 so

that in that case 1

n
X1:nX`:n ! 0 a.s., ` � 3, i�

1



1
2
n

X2:n ! 0 a.s.

Proof. When no confusion arises we write X(j) for Xj:2k . We also let F (x) =

1�G(x). As above (2.20) implies 
�k � u2k eventually and

P
n
X(1) >


�k�1
uk�1

i.o.
o
= 0;

in fact P
n
X(1) >


�k�r
uk�r

i.o.
o
= 0 for all r <1. Also, (2.19) implies

X
k

2k`G(b�k)

Z 1

b�
k
+

G`�2(x)dF (x)

�
X
k

2k`
Z 1

b�
k
+

G

�

�k
x
+

�
G`�2(x)dF (x) <1

12



where b�k = (
�k)
1
2 . Now, since G is left continuous and decreasingZ 1

b�
k
+

G`�2(x)dF (x) � (`� 1)�1G`�1(b�k+)

so that X
k

�
2kG(b�k+)

�`
<1

implying (Kiefer, 1972)

P
�
X(`) > b�k�1 i.o.

	
= 0;

(in fact, P
�
X(`) > b�k�r i.o.

	
= 0 for all r <1). Thus, it is enough to show

P
�
X(1)X(`) > 
�k�1; uk�1 � X(`) � b�k�1; i.o.

	
= 0 or, by Borel-Cantelli, thatP

k P
�
X(1)X(`) > 
�k�1; uk�1 � X(`) � b�k�1

	
<1, which can be rewritten as

X
k

Z b�k�1

uk�1

P
n
X(1) >


�k�1
x

;X(`) 2 dx
o
<1: (2:22)

Now, in general, by counting the ways in which one Xi is in (x; x+ dx), another is greater

than 
�k�1=x, another `� 2 are greater than or equal x, and the rest are less than or equal

x we have

P
n
(X(1) >


�k�1
x

;X(`) 2 dx
o

� 2k(2k � 1)

�
2k � 2

`� 2

�
G

�

�k�1
x

+

�
G`�2(x)(1�G(x+))2

k�`dF (x)

Likewise by requiring all the remaining 2k � ` variables to be strictly less than x gives

P
n
X(1) >


�k�1
x

;X(`) 2 dx
o

� (`� 1)�22k(2k � 1)

�
2k � 2

`� 2

�
G

�

�k�1
x

+

�
G`�2(x) (1�G(x))

2k�`
dF (x) (2:23)

where the factor (`� 1)�2 is included to account for the possibility that as many as `� 1

variables could be greater than 
�k�1=x and as many as `� 1 could equal x. Now on the

set for which either x > uk�1 or x = uk�1, but 2
k�F (uk�1) � 1

2
these bounds are of the

same order of magnitude and the right hand sides are convergence equivalent to

2`kG

�

�k�1
x

+

�
G`�2(x)dF (x):

In general when x = uk�1 the left hand sides are less than or equal to P
�
X(1) >


�k�1

uk�1

	 '
2kG

�

�k�1

uk�1
+
�
. When x = uk�1 and 2k�F (uk�1) >

1
2
, by considering the ways in which

13



one Xi is greater than 
�k�1=uk�1, at least (`� 1) of them are equal to uk�1 and the rest

are less than uk�1 we have

P
n
(X(1) >


�k�1
uk�1

; X(`) = uk�1

o

� 2kG

�

�k�1
uk�1

+

� 2k�1X
m=`�1

�
2k � 1

m

�
�m

�
1���G(uk�1+)

�2k�m�1

= 2kG

�

�k�1
uk�1

+

�
(1�G(uk�1+))

2k�1P
n
B
� �

1�G(uk�1+)
; 2k � 1

� � `� 1
o

where � = �F (uk�1) and B(p; n) is a binomial (p; n) random variable. Since this expres-

sion is increasing in � we can replace � by 2�k�1. The binomial probability is then seen

to be bounded below as k ! 1 by a positive constant, and since G(uk�1+) < 2�k+1,

the whole expression is bounded below by a positive constant times 2kG
�

�k�1

uk�1
+
�
. Thus

(2.18) follows from (2.19) and (2.20). To prove the converse, (2.18) implies (2.22) (with

k replacing k � 1) by the usual exponential blocking and Borel-Cantelli lemma. Equation

(2.18) also implies PfX(`) > (
�k)
1
2 i.o.g = 0 so (2.22) (with k replacing k � 1) also holds

when the upper limit of integration is changed from b�k to 1. The previously established

lower bounds on the integrand can now be used to verify that (2.19) and (2.20) hold. We

defer the proof of the last statement of the theorem to the Appendix.

2.11. Example. If we modify the de�nitions of G in Example 2.9 by replacing

(log2 x)
1
2
+� by (log2 x)

� and log2 x by (log2 x)
1
2 then Theorem 2.10 gives that, for ` � 3,

1

n
2
�

X1:nX`:n ! 0 a.s. if and only if � > 1
2
:

3. Truncated and trimmed sums. Kiefer (1972, Theorem 1) observed that, for

bn %1,

PfjXk:nj � bn i:o:g = 0 (3:1)

if and only if
1X
n=1

1

n

�
nG(bn)

�k
<1; (3:2)

and Mori (1977) proved that, under mild regularity on the sequence fbng and if n��bn %1
for some � > 1

2
, this condition is also necessary and su�cient for the existence of a

numerical sequence fcng such that

1

bn

nX
j=k

Xj:n � cn ! 0 a:s:

and that cn can be taken to be n
bn
EXIjXj<bn . The su�ciency part of Mori's theorem can

be obtained as a corollary of the main result of this section, which is a sharp a.s. bound

14



for truncated sums of i.i.d. random variables whose distribution satis�es condition (3.2)

for some k � 1. For k = 1 it is essentially Feller's (1946) law of large numbers whereas

for k > 1 the levels of truncation bn are smaller than the usual in proofs of laws of large

numbers. The result, Theorem 3.2, is just a consequence of a simple exponential inequality

of Klass and Teicher (1977) if G is regularly varying. But in the general case it also relies

on the surprising fact that condition (3.2), which can also be written as

1X
n=1

h
2nG

�
b(2n)

�ik
<1; (3:20)

implies
1X
n=1

�
2nEX2IjXj<b(2n)

b2(2n)

�k

<1 (3:3)

for bn as above and for any random variable X (Theorem 3.1). This is an integrated

one sided analogue of the equivalence x2G(x) ' EX2IjXj<x (as x ! 1), valid only for

regularly varying functions G with exponent ��, 0 < � < 2. Although the law of large

numbers for quadratic forms in Section 4 will only be proved under some (mild) regularity

on G, Theorem 3.1 will allow us to complete a substantial part of the proof without using

regularity. (To see that (3.2) and (3.2') are equivalent just note that, since b% and G&,

if 2r < n � 2r+1 then 2r(k+1)G(b(2r+1))k � nk�1G(b(n))k � 2(r+1)(k�1)G(b(2r))k.)

At the end of the section we discuss the regularity conditions for G and bn that are

required in Section 4.

It will be useful to rewrite conditions (3.2) and (3.3) in integral form. Let b(t); t � 0,

be a positive increasing function. We will write bn := b(n), b�n := b(2n), n 2 IN , and, in

general, b�(t) := b(2t), t > 0. Since b is increasing, condition (3.2) is equivalent to (3.2'),

hence to Z 1

0

�
2tG

�
b�(t)

��k
dt <1: (3:200)

By writing IjXj<b�n as

1X
k=0

I2�(k+1)b�n�jXj<2
�kb�n

, so that

(b�n)
�2EX2IjXj<b�n � 4

1X
k=1

2�2kG(2�kb�n), and then expressing the sums as integrals, (3.3)

turns out to be implied by

Z 1

1

�
2t
Z 1

0

uG
�
ub�(t)

�
du
�k
dt <1: (3:30)

3.1. Theorem. Assume 2��tb�(t) % for some � > 1
2
and that G(x) is bounded,

nonincreasing and left continuous. If (3.2") holds for some k > 0 (not necessarily an

integer), then so does (3.3') (for the same k).
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Proof. De�ne �G(x) = supu�1 u
2�"G(ux) for 0 < " < 2 to be speci�ed below, and

note that �G is continuous, nonincreasing and

Z 1

0

uG(ux)du =

Z 1

0

u2�"G(ux)
du

u1�"
� 1

"
�G(x):

So it is enough to show Z 1

1

�
2t �G

�
b�(t)

��k
<1:

Now S =
�
z : �G(z) > G(z)

	
is open since �G is continuous and G is left continuous

and nonincreasing. Thus S consists of a union of disjoint intervals. Let (x; y) be such

an interval. Then for z 2 (x; y), �G(z) = (x
z
)2�"G(x). To see this note that �G(z) =

(w
z
)2�"G(w) for some w < z since G is left continuous and nonincreasing, and z 2 S.

If �G(z) > (x
z
)2�"G(x) and w < x then (w

x
)2�"G(w) > G(x) implying x 2 S which is a

contradiction. If w > x then �G(z) = (w
z
)2�"G(w) � ( t

z
)2�"G(t) for all t � z so that

G(w) � sup
t�w

� t

w

�2�"
G(t)

implying G(w) = �G(w) which contradicts w 2 S. Now, for every de�ning interval (x; y) of

S de�ne (u; v) by b�(u) = x; b�(v) = y and writeZ v

u

�
2t �G

�
b�(t)

��k
dt

=

Z v

u

�
2t
� b�(u)
b�(t)

�2�"
G
�
b�(u)

��k

dt: (3:4)

Since 2��tb�(t) % 1 for some � > 1
2
, we can choose " > 0 so that 2t

�
b�(t)

��(2�")
� 2t0

�
b�(t0)

��(2�")
2"(t0�t) for t � t0, implying that the quantity in (3.4) is bounded by a

constant times �
2uG

�
b�(u)

��k
min(1; v � u)

�
Z v

u

�
2tG

�
b�(t� 1)

��k
dt for u � 1:

Thus Z
S\ft>1g

�
2t �G

�
b�(t)

��k
dt <�

Z 1

1

�
2tG

�
b�(t� 1))

�k
dt

<� 2k
Z 1

0

�
2tG

�
b�(t)

��k
dt <1

by (3.2'). The �niteness of the integral of
�
2t �G

�
b�(t)

��k
over Sc is trivial since �G = G on

this set.
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By way of illustration, we give a version of the statement of this theorem in the

particular case k = 2 and b(t) = t
1
� , 1 < � < 2. Note that, if Y is an independent copy of

X, X
22n

�
PfjXj > 2

n
� g�2 =X

22nEI
jXj>2

n
� ;jY j>2

n
�
= E

h X
n: (jXj^jY j)�>2n

22n
i
;

which is equivalent to E(jXj ^ jY j)2� up to �xed multiplicative and additive constants.

Similarly, X�2nEX2I
jXj<2

n
�

2
2n
�

�2
' E(jXj ^ jY j)2(jXj _ jY j)2(��1)

(up to multiplicative and additive constants). Therefore, Theorem 3.1 shows that, without

any assumptions on the law of X,

E(jXj ^ jY j)2� <1 ) E(jXj ^ jY j)2(jXj _ jY j)2(��1) <1; (3:5)

as mentioned in the Introduction.

Here is the result for truncated sums:

3.2. Theorem. Assume X;Xi; i 2 IN; are i.i.d. and let G(x) = PfjXj � xg. Let

b(t); t � 0 be a positive function such that t��b(t)% for some � > 1
2
, and let bn = b(n).

If

lim
n!1

n

bn
EXIjXj<"bn = 0 (3:6)

for all small enough " > 0, and

1X
n=1

1

n

�
nG(bn)

�k
<1 (3:2)

for some positive integer k, then

lim sup
n!1

1

bn

��� nX
i=1

XiIjXij<bn

��� � k � 1 a:s: (3:7)

Proof. Since t��b(t) is increasing, for any " > 0 there is m(") < 1 such that

"bn > bn�m(") and therefore
P

1
n

�
nG("bn)

�k
<1. Thus, by Kiefer's theorem,

P fjXk:nj > �bn i.o.g = 0. Hence,

lim sup
n!1

1

bn

���X i = 1nXiI�bn<jXij<bn

��� � k � 1

and it is enough to show

lim sup
n!1

1

bn

�����
nX
i=1

XiIjXij<�bn

����� � 3k":
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So, rede�ning bn as �bn, the proof of the theorem reduces to showing that the conditions

lim
n!1

n

bn
EXIjXj<bn = 0 (3:8)

and (3.2) imply

lim sup
n!1

1

bn

��� nX
i=1

XiIjXij<bn

��� � 3k a:s: (3:9)

Letting ~bn = b(2`) for 2` < n � 2`+1, we also have
P

1
n

�
nG(~bn)

�k
<1 so that by Kiefer's

theorem, lim supn!1
1
bn

���Pn
i=1XiI~bn<jXij<bn

��� � k � 1. Hence, proving (3.9) further re-

duces to showing

lim sup
n!1

1

bn

��� nX
i=1

XiIjXij<~bn

��� � 2k a:s: (3:90)

Also, since 2`G(b(2`))! 0, n
bn
EXI~bn�jXj<bn � nG(~bn)! 0 or, by (3.8),

limn!1
n
bn
EXIjXj<~bn = 0, hence, we can center in (3.9'). Then, by the Borel{Cantelli

lemma, it su�ces to prove

1X
n=1

P
n 1

b�n
max
`�2n+1

��X̀
j=1

Yj
�� > M

o
<1

for all M > 2k, where Yi = XiIjXij<b�n
� EXiIjXij<b�n

and b�n = b(2n). By the exponential

inequality in Klass and Teicher (1977, Lemma 1) it is enough to show

X
n

exp
��Mtnb

�
n +

1
2
s2nt

2
n exp(tnb

�
n)
	
<1

for some sequence ftng of positive constants, where s2n = 2n+1EX2IjXj<b�n . If we set

xn = tnb
�
n and Cn = 2M(b�n)

2=s2n the expression at the left side becomes

X
n

exp

�
1
2

�sn
b�n

�2h
�Cnxn + x2ne

xn
i�

:

The xn which minimizes the n-th exponent satis�es

exn =
Cn

2xn + x2n
: (3:10)

Thus, we must show that

X
n

exp

�
1
2

�sn
b�n

�2h
�Cnxn

�
1� 1

2 + xn

�i�
<1
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which, since xn > 0, reduces to showing

X
exp

�
�1

4

�sn
b�n

�2
Cnxn

�
=
X

exp
��1

2
Mxn

	

=
X�

Cn

2xn + x2n

�� 1
2
M

�
X�

Cn

(1 + xn)2

�� 1
2
M

<1: (3:11)

By Theorem 3.1, condition (3.2) impliesX
n

C�k
n <1: (3:12)

Since, by (3.10), xn � logCn (note that Cn !1 by (3.12)), (3.11) follows from (3.12) if

M = 2k + "; " > 0.

The following example shows that the bound k� 1 in (3.7) is in general best possible.

3.3. Example. LetX � 1 be such that PfX � xg = 1

x�(Log x)�
; for some 0 < � < 1

and 1
k
< � < 1

k�1
, and let bn = n

1
� , so that G

�
b(2n)

� ' 1
2nn�

. Then the conditions of

Theorem 3.2 hold (this only requires � > 1
k
). However for all � > 0

lim sup
n!1

nX
i=1

IXi2[(1��)bn;bn) � k � 1

by the Borel-Cantelli Lemma since

X
`

P
n 2`X
i=2`�1+1

IXi2[(1��)bn;bn) � k � 1
o

'
X
`

�
2`�1

�
G
�
(1� �)b(2`)

��G
�
b(2`)

���k�1

' 2�k
X
`

�
1

`�

�k�1

=1:

Thus

lim sup
n!1

1

bn

X
XiIjXij<bn � (1� �)(k � 1) for all � > 0:

The su�ciency part of Mori's (1977) theorem on lightly trimmed sums follows very

easily from Theorem 3.2. Here we state this theorem and give a proof, di�erent from

Mori's, of its su�ciency part in the case cn ! 0.
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3.4. Theorem (Mori, 1977). Let b(t), bn, be as in Theorem 3.2 and letX; Xi; i 2 IN;

be i.i.d. with G(x) = PfjXj � xg. Then conditions (3.2) and (3.6) are necessary and

su�cient for

lim
n!1

1

bn

nX
j=k

Xj:n = 0 a:s: (3:13)

Proof of sufficiency. Assume the limits (3.2) and (3.6) hold. Then, by the result

of Kiefer, 1972, mentioned above,

PfjXk:nj > "bn i:o:g = 0:

Hence, given " > 0, there is n(!) a.s. �nite such that, for n > n(!),

nX
j=k

Xj:n =

nX
i=1

XiIjXij<"bn �
k�1X
j=1

Xj:nIjXj:nj<"bn ;

and therefore,

1

bn

�� nX
j=k

Xj:n

�� � "
h 1

"bn

nX
i=1

XiIjXij<"bn + (k � 1)
i
:

This and Theorem 3.2 give

lim sup
n!1

1

bn

�� nX
j=k

Xj:n

�� � 2"(k � 1) a:s:

for all " > 0, and (3.13) follows.

3.5. Remark. It follows from the above proofs that the condition t��b(t) % 1 is

not required for the validity of Theorems 3.2 and 3.4 if either G is regularly varying with

exponent ��, 0 < � < 2; or b(t) is regularly varying with exponent � > 1
2
.

Actually, the centering condition (3.6) holds automatically under regularity of G

and/or b(t), as we show next. It is convenient to formally de�ne the required regular-

ity since it plays a role in the next section.

3.6. Definition. (In the context of this article) a random variable X, or its tail

probability function G(x) = PfjXj � xg; x � 0, is said to be regular if either

(a) G is regularly varying (at in�nity) with exponent ��, 0 < � < 2, and additionally

EX = 0 for 1 < � < 2 or X is symmetric for � = 1,

or

(b) t�G(t)% for some 0 < � < 2 and X is symmetric,

or
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(c) t�G(t) % for some 1 < � < 2, G(2t) � 2�1��G(t) for some � > 0 and all t large

enough, and EX = 0,

or

(d) t�G(t)% for some 0 < � < 1.

3.7. Definition. (In the context of this article) a positive continuous function

b(t); t � 0; such that b(t)%1 is said to be regular for X if either

(a) b is regularly varying (at in�nity) with exponent � satisfying

(a.1) � > 1
2
if X is symmetric,

(a.2) � > 1
2
, � 6= 1, if X is not symmetric but EjXj <1 and EX = 0, or

(a.3) � > 1 otherwise,

or

(b) t��b(t)% for some exponent � satisfying

(b.1) � > 1
2
if X is symmetric,

(b.2) � > 1
2
if EjXj <1, EX = 0 and b(2t) � 21��b(t) for some � > 0 and all t large

enough, or

(b.3) � > 1 otherwise.

These de�nitions are motivated by the following elementary propositions.

3.8. Proposition.

(a) If G is regular then there exist C <1 and x0 <1 such that, for all x � x0,

jEXIjXj�xj � CxG(x) and EX2IjXj�x � Cx2G(x): (3:14)

(jXj � x can be replaced by jXj < x in (3.14).)

(b) If b is regular for X and tG
�
b(t)

�! 0 as t!1 then, with bn = b(n),

n

bn
EXIjXj�"bn ! 0 and

n

b2n
EX2IjXj�"bn ! 0 (3:15)

for all " > 0. (jXj � "bn can be replaced by jXj < "bn in (3.15).)

Proof (sketch). (3.14) follows from (a), De�nition 3.6, by the asymptotic properties

of regularly varying functions (Feller, 1971, VIII.9, Theorem 1). The second inequality in

(3.14) follows immediately from t�G(t) % for some 0 < � < 2, and so does the �rst if

� < 1. We prove only the �rst inequality in (3.14) under condition (c): since EjXj < 1
and EX = 0 we have

jEXIjXj�xj = jEXIjXj>xj � xG(x) +

Z 1

x

G(t)dt

and, since G(2t) � 2�1��G(t),

Z 1

x

G(t)dt =

1X
k=0

Z 2k+1x

2kx

G(t)dt �
1X
k=0

2k+1xG(2kx) � 2
� 1X
k=0

2��k
�
xG(x):
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For part (b) note that "bn is regular so that tG
�
"b(t)

� ! 0 if tG
�
b(t)

� ! 0, and

thus it su�ces to prove (3.15) for " = 1. The second limit in (3.15) requires only that

b be regularly varying with exponent � > 1
2
or that t��b(t) % for some � > 1

2
. The

proofs being similar, we prove it only under the second hypothesis. Let �0 2 (1
2
; �). Then

�n := b
1� 1

2�
n ! 1, so that "n := supt>�n b

�1(t)PfjXj > tg ! 0. Note also t
1
� =b�1(t) %.

So, we have

n

b2n
EX2IjXj<bn �

n

b2n
�2n + 2"n

n

b2n

Z bn

�n

tdt

b�1(t)

� n

(bn)
1
�

+ 2"nb
1
�
�2

n

Z bn

�n

t1�
1
� dt

� n

(bn)
1
�

+
2�

2� � 1
"n ! 0

Suppose now EjXj < 1, EX = 0 and b(2t) � 21��b(t) and let us prove the �rst limit in

(3.15). For simplicity, set c = 21�� > 1 and "n = supt�bn b
�1(t)PfjXj � tg, which tends

to zero. Then,

n

bn
jEXIjXj>bnj � nPfjXj > bng+ "n

n

bn

Z 1

bn

dt

b�1(t)

= o(1) + "n
n

bn

1X
r=1

Z crbn

cr�1bn

dt

b�1(t)
;

and the limit is zero becauseZ crbn

cr�1bn

dt

b�1(t)
� crbn

b�1
�
cr�1bn

� � 2(1��)rbn

b�1
�
b(2r�1n)

� =
2

2�r
bn

n
:

The rest of the cases are treated similarly, and they are even easier under regular variation.

Theorems 3.2 and 3.4, Remark 3.5 and Proposition 3.8 give:

3.9. Corollary. If either G is regular or b is regular for X, condition (3.2) implies

(3.7) and is necessary and su�cient for (3.13) to hold.

Proof. In view of the previous observations it is su�cient to check that (3.2) implies

tG
�
b(t)

� ! 0 as t ! 1. This follows from (3.2"), monotonicity of b(t) and the obvious

inequality �
2nG(b�n)

�k � 2k
Z n+1

n

�
2tG

�
b�(t)

��k
dt:

Finally, combining Proposition 3.8 with the general weak law of large numbers for

triangular arrays (e.g. Araujo and Gin�e, 1980, Theorem 2.4.7, case of degenerate limits),

yields the following fact that we will use below.
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3.10. Proposition. If either G is regular or b is regular for X, and if

nG(bn)! 0 (3:16)

then,

1

bn

nX
i=1

Xi ! 0 in pr: (3:17)

4. Quadratic forms. Finally we consider a.s. convergence to zero of normalized

sums of products of independent random variables. The �rst two results give necessary

and su�cient conditions for symmetric variables whereas the third shows the equivalence

of the law of large numbers for sums and for maxima when the variables are regular (in the

sense of De�nition 3.6) but not necessarily symmetric. Only regular normalizing sequences

are considered.

4.1. Theorem. Let Y; X; Xi; i 2 IN; be i.i.d. symmetric random variables and let


(t); t � 0, be a continuous function increasing to 1 such that b(t) = (
(t))
1
2 is regular

for X and 
(2t) � C
(t) for some C <1 and all t large enough. Let, as usual, 
n = 
(n),


�k = 
(2k) and uk = G�1(2�k), with G(x) = PfjXj � xg. Then, the law of large numbers

lim
n!1

1


n

X
1�i<j�n

XiXj = 0 a:s: (4:1)

holds if and only if the following two conditions are satis�ed:

1X
k=1

22kP
�jXY j > "
�k ; jXj > uk; jY j > uk

	
<1 (4:2)

and
1X
k=1

2kPfjXj > "wkg <1 (4:3)

for all " > 0, where

wk =

�k�

2kE(jXj ^ uk)2
� 1
2

: (4:4)

In fact conditions (4.2) and (4.3) are necessary for (4.1) without any regularity assumptions

on the nondecreasing normalizing sequence 
n.

While (4.2) simply reiterates (2.2'), condition (4.3) may be stronger than (2.3') since

wk � vk :=

�k
uk
. These conditions are equivalent when X is regular (Proposition 3.8(a)),

but it is not di�cult to construct examples for which lim sup vk
wk

= 1. Whether (4.3)

is stronger than (2.3') when (4.2) holds and b(t) is regular is unclear, but the possiblity
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remains that replacing both sums in
Pn

j=1

Pj�1
i=1 XiXj by maxima may change the rate of

a.s. convergence when the tail probability of X is not regular. In any case, the following

result shows that if only one sum is replaced by a maximum then the rate is unchanged,

at least for symmetric random variables. Here, the order statistics Xk:n are as de�ned in

Section 2.

4.2. Theorem. Let Xi be i.i.d. symmetric or non-negative random variables and let


 satisfy the same regularity conditions as in the previous theorem. Then, the law of large

numbers (4.1) holds if and only if

1


n
X1:n

nX
k=2

Xk:n ! 0 a:s: (4:5)

The following theorem gives the equivalence between the lwas of large numbers for

sums and maxima in the case of regular tails.

4.3. Theorem. Let X;Xi; i 2 IN; be i.i.d. and let 
(t)%1, 
n = 
(n). Consider

the statements

lim
n!1

1


n
max

1�i<j�n
jXiXjj = 0 a:s: (4:6)

and

lim
n!1

1


n

X
1�i<j�n

XiXj = 0 a:s: (4:1)

Then, (4.1) implies (4.6). If moreover G is regular, b(t) := 
(t)
1
2 is regular for X and


(2t) � C
(t) for some C <1 and all t large enough, then (4.6) implies (4.1).

The assumption that X be symmetric when � = 1 in Theorem 4.3 can be relaxed

at the expense of extra technical detail. The problem arises in the proof of Theorem 3.2

where the centering of truncated sums must be accomodated as assumed in (3.6) (or, what

is the same, in symmetrization {see Propositions 4.7 and 4.8 below). Use of the methods

of Feller, 1946, will improve these results, but we prefer to avoid the added complications

induced.

As the following example shows, (4.6) does not imply (4.1) in general.

4.4. Example. Consider Example 2.3 with 1 < � < 2 so that

lim sup 1

n

max1�i<j�nXiXj � 1 a.s. The computations for this example also show that

lim sup 1
(1+")
n

max1�i<j�nXiXj � 1 a.s. for all " > 0. Thus,

lim sup
n!1

1


n
max

1�i<j�n
XiXj = 1 a:s:

With the same notation as in Example 2.3 (so, bn here has a di�erent meaning than in

24



Section 3 or in the rest of Section 4) we have that, for mn = [an+ 1
2
� 1] and `n < mn,

P
�
X1:mn

� bn+1; X`n+1:mn
= bn

	 � mn

an+1

X
`�`n

�
mn � 1

`

�� 1

an
� 1

an+1

�`�
1� 1

an

�mn�`�1

� (1� "n)
mn

an+1

X
`�`n

�
mn � 1

`

�� 1

an

�`�
1� 1

an

�mn�`�1
;

where "n > 0 tends to zero as n!1. Now, mn�1
an

�
a
n+1

2

an
� n

�
2 so that for `n = [n

�
2 ]

inf
n
P
�
B
� 1

an
;mn � 1

� � `n
	
> 0:

Then, since an+ 3
2
�an+ 1

2
� an+ 3

2
we can apply Borel-Cantelli to the blocks [an+ 1

2
; an+1+ 1

2
)

and obtain

PfX1:mn
X`n+1:mn

� bnbn+1 i:o:g = 1:

This implies

lim sup
n!1

1

n
�
2 
mn

X
1�i<j�mn

XiXj � lim sup
n!1

1


mn

X1:mn
X`n+1:mn

� 1:

Replacing 
n by cn
n for a sequence cn barely tending to in�nity, we see that the normalized

maxima tend to zero a.s. whereas the limsup of the normalized sums tends to in�nity a.s.

Note also that taking bn = a�n, � > 1
2
, gives EX2 = 1 and n


n
EXIX�
n ! 0, but the

sequence 

1
2
n is not regular. With little extra e�ort one can extend the example to make

X symmetric (with the extra factor in the norming sequence replaced by n
�
4 and replace

an+ 1
2
with an+", " > 0, with n��
n increasing on [an+"; an+1], but 
 is still not regular,

although it nearly is. It is an open question whether an example such as this one is possible

for regular 
.

We are also interested in decoupled versions of the above theorems so, at the risk of

becoming somewhat prolix, we will treat decoupling and randomization in some detail.

4.1. Some randomization and the proofs of Theorems 4.1 and 4.2. Adapting some

arguments from Gin�e and Zinn (1992b), we �rst randomize the sums by products of

Rademacher variables and then we conclude that if 1

n

P
1�i<j�n "i"jXiXj ! 0 a.s. then

also 1

2n

P
1�i<j�nX

2
iX

2
j ! 0 a.s. giving, in particular, the law of large numbers for max-

ima. The corresponding decoupled statement is also obtained. Here is the randomization

lemma:

4.5. Lemma. Let Xi; i 2 IN; be i.i.d. random variables and let "i; i 2 IN; be

independent Rademacher variables independent of fXig: Let f
ng be a non-decreasing

sequence of positive numbers tending to in�nity. Then

lim
n!1

1


n

X
1�i<j�n

XiXj = 0 a:s: =) lim
n!1

1


n

X
1�i<j�n

"i"jXiXj = 0 a:s:
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Proof. Let A be a subset of IN and let An = A \ f1; : : : ; ng; n 2 IN: Let

Sn(A) =
1


n

X
i;j2An
i<j

XiXj

with Sn = Sn(IN), and, if B is another subset of IN disjoint with A; let

Sn(A;B) =
1


n

X
(i;j)2An�Bn[Bn�An

i<j

XiXj:

Assume Sn ! 0 a:s: Then, for any A � IN; Sn(A) ! 0 a:s: Hence, Sn(A;A
c) =

Sn � Sn(A)� Sn(A
c) ! 0 a:s: Applying this observation to A" = fi 2 IN : "i = 1g and

noting that 1

n

P
1�i<j�n "i"jXiXj = Sn(A") + Sn(A

c
")� Sn(A"; A

c
"); it follows that

PX
�
lim
n!1

1


n

X
1�i<j�n

"i"jXiXj = 0
	
= 1

for all �xed sequences f"i = �1g; where PX denotes integration with respect to the X's

only. Now the result follows by Fubini's theorem.

Let, as usual, fX 0
ig be an independent copy of fXig and "i; "0i; i 2 IN; i.i.d.

Rademacher variables independent of fXi; X
0
ig. With this notation we have the following

corollary to the proof of Lemma 4.5:

4.6. Corollary. Assume 
(t) % 1 and 
(2t) � C
(t) for some C < 1 and all

t � some �nite t0. Let 
n = 
(n). If the law of large numbers (4.1) holds, then we also

have

lim
n!1

1


n

X
1�i;j�n

XiX
0
j = 0 a:s: (4:7)

and

lim
n!1

1


n

X
1�i;j�n

"i"
0
jXiX

0
j = 0 a:s: (4:8)

Proof. Taking A to be the even numbers in the proof of Lemma 4.5, and noting that

fX2ig and fX2i�1g are two independent sequences, we obtain:

lim
n!1

1


n

X
1�i6=j�n

XiXj = 0 a:s: =) lim
n!1

1


2n

X
1�i;j�n

XiX
0
j = 0 a:s: (4:9)

So, (4.7) holds. (4.1) also implies

1


n

X
1�i6=j�n

"i"jXiXj = 0 a:s:
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by Lemma 4.5. Thus, applying (4.9) with "iXi instead of Xi; we obtain (4.8).

In the next proposition we combine an inequality of Bonami's (1970) with an argument

of Paley and Zygmund (e.g. Kahane, 1968, p. 6) to obtain a.s. convergence to zero of

the normalized sums of products of squares. Bonami's inequality can be bypassed at the

expense of some tedious computations.

4.7. Proposition. With the notation of Lemma 4.5, the law of large numbers (4.1)

implies

lim
n!1

1


2n

X
1�i<j�n

X2
i X

2
j = 0 a:s:

and, in particular, the law of large numbers (4.6) for maxima. If, moreover, 
(t) satis�es

the conditions of Corollary 4.6, then (4.1) also implies

lim
n!1

1


2n

X
1�i;j�n

X2
iX

02
j = 0 a:s:

and, in particular, the law of large numbers (2.11') for decoupled maxima.

Proof. Without loss of generality we can assume Xi and "i; i 2 IN , de�ned on a

product probability space 
�
0 with Xi depending only on ! and "i on !0. E" (P") will

denote integration (probability) with respect to !0 only. Lemma 4.5 and Fubini's theorem

give that !{a.s.,
1


n

X
1�i<j�n

"i"jXi(!)Xj(!)! 0 !0 � a:s: (4:10)

In particular, these !0{random variables tend to zero in probability for almost every !. To

ease notation, we �x n 2 IN and ! such that (4.10) holds, and let ai;j :=
1

n
Xi(!)Xj(!),

� :=
P

1�i<j�n "i"jai;j and K := E"�
2 =

P
1�i<j�n a

2
i;j. By developing the power in�P

1�i6=j�n ai;j
�4

and using the Cauchy-Schwartz inequality it can be easily (but tediously)

seen that

E"�
4 � CK2

for some �nite, positive constant C independent of n and ai;j. (For the best constant and a

much more general result see Bonami, 1970.) H�older's inequality gives that, for any t > 0,

E"�
2 � t2 + E"�

2Ij�j>t � t2 +
�
E"�

4
� 1
2
�
P"fj�j > tg� 12 :

Combining the preceding two inequalities, we obtain

P"fj�j > tg� � � (K � t2)+

(E"�4)
1
2

�2
� (K � t2)2+

CK2
� 1

4C
IK�2t2 :
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This implies that 1

2n

P
1�i<j�nX

2
iX

2
j < 2t2 as soon as

P"
�j 1


n

P
1�i<j�n "i"jXi(!)Xj(!)j > t

	
< 1

4C
, which eventually happens for almost every

! by (4.10). Hence,
1


2n

X
1�i<j�n

X2
iX

2
j ! 0 a:s:

To prove the second limit, we just apply the previous arguments starting with (4.8) (which

holds by Corollary 4.6) instead of (4.10).

Let us recall from Section 2 that uk = G�1(2�k), 
�k = 
(2k), b�k = (
�k)
1
2 and

vk = 
�k=uk, k 2 IN .

Proof of Theorem 4.1. a) Su�ciency of conditions (4.2) and (4.3). As observed

above, wk � vk so that (4.2) and (4.3) imply the law of large numbers for maxima (i.e.,

(4.6)). Since 
2n � C
n eventually, it follows that max1�i<j�2k jXiXjj < 
�k�1 eventually

a.s. Also, condition (4.3) implies maxi�2k jXij < wk�1 eventually a.s. So, we can ignore

large values in (4.1) that is, (4.1) will follow if

1


n

X
1�i<j�n

XiXjIjXiXj j<

�

k(n)
; jXij<wk(n); jXj j<wk(n) ! 0 a:s:

where k(n) = maxfk : 2k < ng. Borel-Cantelli reduces this to proving

1X
k=1

P
n

max
2k�1<n�2k

1


�k�1

�� X
1�i<j�n

XiXjIjXiXj j<

�

k�1
; jXij<wk�1; jXj j<wk�1

�� > "
o
<1

for all " > 0. Thus, decomposing the event fjXiXjj < 
�k ; jXij < wk; jXjj < wkg into the
union of the �ve disjoint events

fjXij < b�k; jXjj < b�kg; fjXij � uk; b
�
k � jXjj < wkg; fjXjj � uk; b

�
k � jXij < wkg;

fuk < jXij < b�k; b
�
k � jXjj < wk; jXiXj j < 
�kg;

fuk < jXjj < b�k; b
�
k � jXij < wk; jXiXj j < 
�kg;

the proof of (4.2) reduces to showing that the following three inequalities hold:

1X
k=1

P
n

max
1�n�2k

�� X
1�i<j�n

XiIjXij<b
�

k�1
XjIjXj j<b

�

k�1

�� > "
�k�1

o
<1 (4:11)

1X
k=1

P
n

max
1�n�2k

�� X
1�i<j�n

XiIuk�1<jXij<b
�

k�1
XjIb�

k�1
�jXj j<wk�1

IjXiXj j<

�

k�1

�� > "
�k�1

o
<1

(4:12)
1X
k=1

P
n

max
1�n�2k

�� X
1�i<j�n

XiIjXij�uk�1
XjIb�

k�1
�jXj j<wk�1

�� > "
�k�1

o
<1: (4:13)
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By symmetry, the sums inside these expressions are martingales relative to the �-�elds

F = �(X1; : : : ; Xn) so that we can apply Doob's maximal inequality and further reduce

our problem to showing

1X
k=1

22k

(
�k)
2
E
h
X2IjXj<b�

k
Y 2IjY j<b�

k

i
<1; (4:14)

1X
k=1

22k

(
�k)
2
E
h
X2Iuk<jXj<b�kY

2Ib�
k
�jY j<wkIjXY j<
�

k

i
<1; (4:15)

1X
k=1

22k

(
�k)
2
E
h
X2IjXj�ukY

2Ib�
k
�jY j<wk

i
<1; (4:16)

where Y is an independent copy of X. Condition (4.3) implies (2.3') which, in turn, implies

that "
�k � u2k eventually (as observed in the proof of Theorem 2.1); this, together with

(4.2), gives
1X
k=1

�
2kP

�jXj > b�k
	�2

<1: (4:17)

Hence, condition (3.2') in Theorem 3.2 holds with k = 2 so that, by this theorem, (3.3)

holds too, giving (4.14). To prove (4.15) �rst we observe that if t��b(t)% for some � > 1
2

or if b(t) is regularly varying with exponent � > 1
2
, then there is C <1 such that for all

x > 0 X
k: 2k�
�1(x)

22k

(
�k)
2
� C

�
�1(x)
x

�2
: (4:18)

(We omit the straightforward proof of (4.18).) So, (4.18) holds by regularity of b(t) and

gives

1X
k=1

22k

(
�k)
2
X2Y 2IjXY j<
�

k
� X2Y 2

X
k: 2k�
�1(jXY j)

22k

(
�k)
2
� C

�

�1(jXY j)�2: (4:19)

Now, if uk < jXj < b�k, jY j � jXj and jXY j < 
�k (note ukwk � ukvk = 
�k), then


�1(jXY j) � 2k � 1
G(jXj)

� 1
G(jY j)

so that (4.19) yields

1X
k=1

22k

(
�k)
2
X2Iuk<jXj<b�kY

2Ib�
k
�jY jIjXY j<
�

k
� C

�

�1(jXY j)�2I
�1(jXY j)� 1

G(jXj)
^ 1
G(jY j)

and the expected value of this random variable is bounded by (2.4) (i.e., by (4.2)). (4.15)

is thus proved.

To prove (4.16) we �rst perform an integration by parts. Let

Sk := EX2IjXj�uk ; Tk := EY 2Ib�
k
<jY j<wk ; Qk :=

X
j�k

22j

(
�j )
2
' 22k

(
�k)
2
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(where ' denotes a two sided inequality up to �nite positive multiplicative constants; see

(4.18) for the sum of the series de�ning Qk). Then, the n{th partial sum of the series in

(4.16) equals

SnTnQn+1 � S1T1Q1 +

nX
k=2

(Sk � Sk�1)TkQk +

nX
k=2

(Tk � Tk�1)Sk�1Qk: (4:20)

The de�nition of wk and the regularity of f
ng give

SnTnQn+1 =
22(n+1)

(
�n+1)
2
EX2IjXj�unEY

2Ib�n<jY j<wn
<� 2nPfjY j > b�ng; (4:21)

and this last quantity tends to zero by (4.17). So, the proof of (4.16) reduces to showing

that

X
(Sk � Sk�1)TkQk =

X 22k

(
�k)
2
EX2Iuk�1<jXj�ukEY

2Ib�
k
<jY j<wk <1 (4:22)

and X 22k

(
�k)
2
EX2IjXj�uk�1

EY 2Iwk�1<jY j<wk <1: (4:23)

Note that the series in (4.23) dominates the positive terms in the series
P1

k=2(Tk �
Tk�1)Sk�1Qk; thus, since all the terms in the series (4.16) are non-negative, (4.22), (4.23)

and the convergence to zero of the expression in (4.21) imply (4.16). In order to bound

the series in (4.22), let us de�ne k� = minfk : jXY j � 
�k ; G(jXj) � 21�kg and k� = 1
if this set is empty. Then, since ukwk � ukvk = 
�k , we have, by (4.18),

X 22k

(
�k)
2
EX2Iuk�1<jXj�ukEY

2Ib�
k
<jY j<wk � E

h
X2Y 2

X
jXj�jY j; jXY j�
�

k
; G(jXj)�21�k

22k

(
�k)
2

i

<� E
h 22k

�

(
�k�)
2
X2Y 2Ik�<1IjXj�jY j

i
:

Now, on the set fk� <1g,
�

�1(jXY j)�2 � 22k

� � 4

G(jXj)2

and therefore, on this set,


�1(jXY j) ^ 1

G(jXj) �
1

2

�1(jXY j)

and
2k

�


�k�
jXY j = 
�1(jXY j)2

k�


�k�

jXY j

�1(jXY j) � K1 +K2


�1(jXY j):
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(The second inequality follows from the regularity of b(t): it holds with K1 = 0 and K2 = 1

if t�1
(t)%, and is a simple consequence of the representation theorem for slowly varying

functions if 
 is regularly varying with exponent larger than 1). Therefore,

E
h 22k

�

(
�k�)
2
X2Y 2Ik�<1IjXj�jY j

i
� 2K2

1 + 2K2
2E
�

�1(jXY j)�2Ik�<1IjXj�jY j

� 2K2
1 + 8K2

2E
h�

�1(jXY j)2 ^ 1

G(jXj)2
�
IjXj�jY j

i
:

now (4.22) follows since this last integral is �nite by hypothesis (4.2). To prove �niteness

of the second series, let A be the set of k 2 IN such that wk > wk�1 (the sum in the

series (4.23) extends only over k 2 A), and let us observe that, by the de�nition of wk and

hypothesis (4.3),

X 22k

(
�k)
2
EX2IjXj�uk�1

EY 2Iwk�1<jY j<wk =
X
k2A

22k

(
�k)
2
EX2IjXj�uk�1

EY 2Iwk�1<jY j<wk

�
X
k2A

� 22k

(
�k)
2
EX2IjXj�uk�1

�
w2
kPfjY j > wk�1g

� 2
X

2kPfjY j > wkg <1;

proving (4.23), hence (4.16) and the direct part of the theorem.

b) Necesity of conditions (4.2) and (4.3). By Proposition 4.7, the law of large numbers

(4.1) for sums implies the law of large number (4.6) for maxima. Therefore, Theorem 2.1'

gives convergence of the series in (4.2) and also of the series in (2.3'). To prove (4.3) we

note �rst that we also have, by Proposition 4.7,

1

(
n)2

X
1�i;j�n

X2
i Y

2
j ! 0 a:s: (4:24)

where we write Yj instead of X 0
j. Hence, in particular,

1

(
�k)
2

max
2k�1<j�2k

Y 2
j IjYj j�vk

X
2k�1<i�2k

�
X2
i ^ u2k

�! 0 a:s:

Conditionally on the Yj's, this is a normalized sum of independent non-negative random

variables. Since ukvk = 
�k by de�nition, the normalized summands are bounded by 1 so

that, by bounded convergence,

1

(
�k)
2
EX

h
max

2k�1<j�2k
Y 2
j IjYj j�vk max

2k�1<i�2k
X2
i ^ u2k

i
! 0 a:s:;

where EX denotes expectation with respect to the Xi's only. It is also easy to see that

the conditional �-quantiles of the normalized sums tend to zero for almost every sequence
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fYjg, for every � > 0. Therefore, Ho�mann-J�rgensen's inequality (Ho�mann-J�rgensen,

1974; e.g. reproduced in Araujo and Gin�e, 1980, p. 107), which works also for non-negative

random variables, yields

1

(
�k)
2
EX

h
max

2k�1<j�2k
Y 2
j IjYjj�vk

X
2k�1<i�2k

�
X2
i ^ u2k

�i! 0 a:s:

That is,
1

w2
k

max
2k�1<j�2k

Y 2
j IjYj j�vk ! 0 a:s:

This now yields by Borel-Cantelli that

X
2kP

�jY jIjY j�vk > "wk

	
<1

for all " > 0. This, vk � wk and Theorem 2.1' (2.3') imply condition (4.3).

Proof of Theorem 4.2.
P

1�i<j�nXiXj can be decomposed in terms of order

statistics, as follows:

X
1�i<j�n

XiXj = X1:n

nX
k=2

Xk:n +
1
2

� nX
k=2

Xk:n

�2
� 1

2

nX
k=2

X2
k:n: (4:25)

If the law of large numbers (4.1) holds then, by Proposition 4.7, so does the law of large

numbers (4.6) for maxima. Therefore the conditions (2.2') and (2.3') in Theorem 2.1' are

satis�ed, implying
1X
k=1

�
2kP

�jXj > b�k
	�2

<1; (4:17)

as indicated in the previous proof. Hence, the last two summands at the right hand side

of equation (4.25) tend to zero a.s. when divided by 
n by Mori's theorem (Corollary 3.9),

and therefore so does the �rst summand that is, the limit (4.5) holds. Note that this part

of the proof does not require symmetry or positivity of X.

Conversely, if (4.5) holds and X is symmetric then, replacing Xi by "iXi, with Xi

depending only on ! and "i on !
0 (as in the proof of Proposition 4.7), we have that !{a.s.,

1


n
X1:k(!)

nX
k=2

"k(n;!)(!
0)Xk:n(!)! 0 !0 � a:s:

for suitable indices k(n; !). Hence, as in the proof of Proposition 4.7, we also have

1


2n
X2
1:k

nX
k=2

X2
k:n ! 0 a:s:
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and in particular, 1

n

max1�i<j�n jXiXj j ! 0 a:s: (this is obvious if the variables Xi are

non-negative). So, (4.17) also holds and, by Mori's theorem, the last two terms at the

right of equation (4.25) tend to zero a.s. when divided by 
n. Therefore, (4.1) holds.

4.2. More on symmetrization and decoupling and the proof of Theorem 4.3. Whereas

in the case of sums of i.i.d. random variables neither the lack of symmetry nor the lack

of regularity poses any problems for the equivalence between converge to zero a.s. of

normalized sums and maxima, in the case of products these factors seem to play a role.

So, we do not know how to desymmetrize in Theorems 4.1 and 4.2 in general, or how to

prove equivalence between convergence to zero a.s. of normalized sums of products and

maxima of products. In the last subsection we dealt with the regularity problem under

symmetry whereas here we deal with the symmetry problem under regularity (of course,

as mentioned in the introduction to this section, this leaves some open questions).

4.8. Proposition. Let 
 satisfy the same regularity condition as in Corollary 4.6

and let 
n = 
(n).

a) If

lim
n!1

1


n

X
1�i6=j�n

"i"jXiXj = 0 a:s: (4:26)

(which follows from (4.1) by Lemma 4.5) then we also have

1


n

X
1�i6=j�n

(Xi �X 0
i)(Xj �X 0

j)! 0 a:s: (4:27)

and

lim
n!1

1


n
max

1�i;j�n
jXiX

0
j j = 0 a:s: (4:28)

b) Assume in addition that 
(t)
1
2 is regular for X. Then, if (4.28) holds we have

lim
n!1

1


n

nX
i=1

XiX
0
i = 0 a:s: (4:29)

and therefore the limits (4.7), (4.8) and (4.28) also hold with the diagonal terms

excluded.

Proof. To prove Part b) we show �rst that (4.26) is equivalent to

lim
n!1

1


n

X
1�i6=j�n

"i"
0
jXiXj = 0 a:s: (4:30)

By Fubini's theorem it su�ces to prove this conditionally on the variables Xi. Set aij =

XiXj and, for each n 2 IN , de�ne the following sequences:

A
(n)
ij = (0; n): : :; 0;

aij


n
;
aij


n+1
; : : :) for i _ j � n;

33



A
(n)
ij = (0; `): : :; 0;

aij


`
;
aij


`+1
; : : :) for i _ j = ` > n;

where 1 � i 6= j < 1. Note that each of these sequences tends to zero for almost every

choice of fXig1i=1 that is, for every such choice they are in the Banach space c0. Also,

X
1�i6=j<1

"i"
0
jA

(n)
ij =

�
0; n): : :; 0;

1


n

X
1�i6=j�n

"i"
0
jaij ;

1


n+1

X
1�i6=j�n+1

"i"
0
jaij ; : : :

�
:

So, letting kAk denote the sup of the terms of any sequence A, we have

sup
k�n

1


k

�� X
1�i6=j�k

"i"jaij
�� = 

 X

1�i6=j<1

"i"jA
(n)
ij



 := Zn

and

sup
k�n

1


k

�� X
1�i6=j�k

"i"
0
jaij

�� = 

 X
1�i6=j<1

"i"
0
jA

(n)
ij



 := Z 0n:

By hypercontractivity for Banach valued Rademacher chaos (Borell, 1979, Theorem 1.1,

and 1984, Lemma 2.1), the sequence fZng converges to zero in probability (we are now

assuming the aij 's �xed) if and only if it converges to zero in L2, and likewise for fZ 0ng.
But, by Kwapie�n, 1987, Theorem 2, Zn ! 0 in L2 if and only if Z 0n ! 0 in L2. Since (4.26)

holds if and only if Zn ! 0 in pr. and (4.30) holds if and only if Z 0n ! 0 in pr., we conclude

that the statements (4.30) and (4.26) are equivalent. Suppose now that (4.26) holds and

consider the `usual' symmetrization, 1

n

P
1�i6=j�n(Xi�X 0

i)(Xj�X 0
j). Since the sequences

f"i(Xi�X 0
i)g and fXi�X 0

ig have the same joint distribution, 1

n

P
1�i6=j�n(Xi�X 0

i)(Xj�
X 0
j) ! 0 a.s. if and only if 1


n

P
1�i6=j�n "i"j(Xi � X 0

i)(Xj � X 0
j) ! 0 a.s. and, by the

previous argument, this holds if and only if 1

n

P
1�i6=j�n "i"

0
j(Xi�X 0

i)(Xj �X 0
j)! 0 a.s.

Now,

1


n

X
1�i6=j�n

"i"
0
j(Xi �X 0

i)(Xj �X 0
j) =

1


n

X
1�i6=j�n

"i"
0
jXiXj +

1


n

X
1�i6=j�n

"i"
0
jX

0
iX

0
j

� 1


n

X
1�i6=j�n

"i"
0
jXiX

0
j �

1


n

X
1�i6=j�n

"i"
0
jX

0
iXj:

The �rst two terms on the right tend to zero a.s. by (4.30), and so do the third and

fourth by Corollary 4.6 applied respectively to "X and to "X 0 instead of X. So, (4.27)

holds. (4.28) follows from Proposition 4.7 applied to "X and from Corollary 2.4. Part a)

is proved.

In the decoupled case the diagonals are easily treated because the limit (4.28) gives

limn!1
1

n

maxi�n jXiX
0
ij = 0 a.s. so that, by regularity and Feller's theorem (Feller,

1946; e.g. Stout, 1974, p. 132)

lim
n!1

1


n

nX
i=1

XiX
0
i = 0 a:s:;
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and part b) follows. (The hypotheses of Feller's theorem are satis�ed, even with room to

spare, if 
(t)=t� % for some � > 1, but Feller's theorem also follows easily if 
 is regularly

varying with exponent larger than one; so, Feller's theorem holds with normalizers 
n if



1
2 is regular for (any) X.)

To prove strong laws of large numbers for sums of independent random variables

it su�ces to consider the symmetric case since, as Kuelbs and Zinn (1979) observe,
1

n

Pn
i=1Xi ! 0 a.s. if and only if both 1


n

Pn
i=1(Xi �X 0

i)! 0 a.s. and 1

n

Pn
i=1Xi ! 0

in probability. We do not know if an exact analog of this statement is true for quadratic

forms, but we can prove the following, based on a similar idea:

4.9. Proposition. Let X be a random variable such that G(x) = PfjXj � xg is

regular and let 
(t) be a positive function increasing to in�nity such that 

1
2 is regular for

X and 
(2t) � C
(t) for some C <1 and all t � some �nite t0. Let " be a Rademacher

variable independent of X. Then, if "X satis�es the law of large numbers (4.1), so does

X.

Proof. Since X satis�es (4.26) by hypothesis, then it also satis�es (4.6) by Proposi-

tion 4.7, and (4.27), (4.28) and (4.29) by Proposition 4.8. (4.27) and (4.29) give

1


n

X
1�i6=j�n

XiXj +
1


n

X
1�i6=j�n

X 0
iX

0
j � 2

�Pn
i=1X

0
i


n

� nX
i=1

Xi ! 0 a:s: (4:31)

Since 1

n

maxi;j�n jXiX
0
j j ! 0 in probability (a.s. by (4.28)),�

Pfmaxi�n jXij > (
n)
1
2 g
�2
! 0; hence nPfjXj > (
n)

1
2 g ! 0: By Proposition 3.10, this

implies that 1

n

Pn
i=1X

2
i ! 0 in pr. and that 1

(
n)
1
2

Pn
i=1Xi ! 0 in pr. and therefore that

1

n

P
i6=j�nXiXj ! 0 in pr. It follows from this and (4.31) that

1


n

X
1�i6=j�n

X 0
iX

0
j � 2

�Pn
i=1X

0
i


n

� nX
i=1

Xi ! 0 in fXig � probability; fX 0
ig � a:s: (4:32)

De�ne An = 2

n

Pn
i=1X

0
i and Bn = (sign An)

1

n

P
i6=j�nX

0
iX

0
j; and note that An ! 0 a.s.

(since maxi�n jXij ! 1 a.s.and, by (4.28),

1


n
max

1�i;j�n
jXiX

0
j j =

1


n
max
i�n

jX 0
ijmax

i�n
jXij ! 0 a:s:;

we have that 1

n

maxi�n jXij ! 0 a.s., which implies An ! 0 a.s. by Feller's theorem).

Fix now a sequence fX 0
ig so that An ! 0: Then, the system fjAnjXi : i � ng1n=1 is

in�nitesimal and, by (4.32), its row sums are shift convergent (weakly) to zero, with shifts

�Bn: Then, the converse weak law of large numbers (e.g. Araujo and Gin�e, loc. cit.)
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implies nPfjXj > jAnj�1g ! 0 and Bn � njAnjEXI(jXj � jAnj�1) as n ! 1: The �rst

limit and regularity of G implies (by (3.17)) that the second quantity tends to zero. That

is, 1

n

P
i6=j�nX

0
iX

0
j ! 0 a.s.

Proof of Theorem 4.3. (4.1) ) (4.6) by Proposition 4.7. To prove the converse,

X being regular, we can assume X is also symmetric by Proposition 4.9. Proceeding as

in the proof of su�ciency in Theorem 4.1, but replacing wk by vk, the proof reduces to

showing that the analogues in the series (4.14){(4.16) converge. The �rst two can be dealt

with exactly as in the proof of Theorem 4.1, and we are only left with showing that the

third of these series converges, i.e. that

1X
k=1

22k

(
�k)
2
E
h
X2IjXj�ukY

2Ib�
k
�jY j<vk

i
<1: (4:33)

For this we use the regularity hypothesis on X. Note that the seris in (4.33) is dominated

by
1X
i=1

22k

(
�k)
2
E
�
X2Y 2Ib�

k
<jY j<vk; jXY j<
�

k

�
: (4:34)

Since X is regular we can apply Proposition 3.8 (the second inequality in (3.14)) to X and

obtain that the series (4.34) is in turn dominated by a constant times

X
22kE

h
G
� 
�k
jY j

�
Ib�
k
<jY j<vk

i
=
X

22kP
�jXY j � 
�k ; b

�
k < jY j < vk

	
�
X

22kP
�jXY j � 
�k ; jXj > uk; jY j > b�k

	
<�
X

22kP
�jXY j � 
�k ; jXj; jY j > uk

	
where in the last inequality we use (2.6). This last series is �nite by Theorem 2.1. Therefore

the series in (4.34) converges, proving (4.33) and the theorem.

4.10. Remark. Another proof of the su�ciency part of Theorem 4.3. The su�ciency

part of Mori's theorem and Theorem 3.2 provide another proof of (4.6) ) (4.1) for X

regular. However, the above proof, which uses only Theorem 3.1 from Section 3 (in fact

not even this if we are willing to use regularity of G throughout), is more elementary since

Mori's theorem not only requires Theorem 3.1, but also an exponential inequality (see

Section 3, proofs of Theorems 3.2 and 3.4). This second proof is interesting for its use of

order statistics, and we indicate it now. With Xj:n as de�ned in Section 2, we have, by

(4.25), �� X
i<j�n

XiXj

�� � ����X1:n

nX
k=2

Xk:n

����+ 1
2

����
nX

k=2

Xk:n

����
2

+ 1
2

nX
k=2

X2
k:n: (4:35)
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As observed above, Theorem 2.1' implies condition (4.17). Hence,

1


n

h nX
k=2

Xk:n

i2
! 0 a:s:

by Theorem 3.4. If b(t) is regular for X then 
(t) is regular for X2 and therefore (4.17)

also implies

1


n

nX
k=2

X2
k:n ! 0 a:s:

by Corollary 3.9. So, we only need to show that 
�1n times the �rst term at the right of

(4.35) tends to zero a.s. By Theorem 3.4, it su�ces to consider this term over the set

jX1:nj > bn for each n and, as observed at the beginning of the previous proof, large values

of the variables Xi can be ignored. Thus, the proof of (4.1) is reduced to showing that

1


�k�1
X1;kIb�

k�1
<jX1;kj<vk�1

max
2k�1<n�2k

j
nX
i=1

XiIjX1;kXij<

�

k�1
j ! 0 a:s:

where, for simplicity of notation, we set X1:2k = X1;k. By Borel-Cantelli, this will follow

from

1X
k=1

P
n
jX1;kjIb�

k�1
<jX1;kj<vk�1

max
m�2k

�� mX
i=1

XiIjX1;kXij<

�

k�1

�� > "
�k�1

o
<1

for all " > 0. Now, the left side is bounded from above by

1X
k=1

P
n
max
j�2k

�jXjjIb�
k�1

<jXj j<vk�1
max
m�2k

j
mX
i=1

XiIjXiXj j<

�

k�1
j� > "
�k�1

o

�
1X
k=1

2kP
n

max
2�m�2k

��X1Ib�
k�1

<jX1j<vk�1

mX
i=2

XiIjX1Xij<

�

k�1

�� > "
�k�1

o
:

Applying Kolmogorov's maximal inequality conditionally on X1, it follows that the last

series is dominated by a constant times

X 22k

(
�k)
2
E
�
X2Y 2Ib�

k
<jXj<vk; jXY j<
�

k

�
; (4:34)

which has been shown to be �nite at the end of the previous proof.

The regularity hypothesis on G has been invoked twice in the proof of Theorem 4.3:

�rst for symmetrization and then to prove convergence of the series in (4.33). It would be

interesting to decide whether it is a super
uous.

4.3. Decoupled and/or symmetrized versions of the previous theorems. Collecting

Corollary 2.4, Theorem 4.3 and Propositions 4.7 and 4.8, we obtain
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4.11. Theorem. Assuming 
(t) nondecreasing, 
(2t) � C
(t) for some C < 1
and all t � some �nite t0, and 


1
2 (t) regular for X, any of the conditions (4.1) or its

symmetrized (4.26) or its decoupled (4.7) or its decoupled and symmetrized (4.8), implies

both (4.6) and (4.28). If in addition X is regular then conversely, any of the conditions

(4.6) or (4.28) implies (4.1), (4.7), (4.8) and (4.26).

Corollary 2.4, Proposition 4.7 and minor formal changes in the proof of Theorem 4.1

also give

4.12. Theorem. If 
(t) satis�es the usual regularity conditions (as in the previous

theorem) and X is symmetric, then the law of large numbers (4.1) is equivalent to its

decoupled version (4.7).

Using Theorem 4.12 and L�evy's inequality for necessity, and a slight modi�cation of

the corresponding part of the proof of Theorem 4.2 for su�ciency, we obtain the decoupled

version of Theorem 4.2:

4.13. Theorem. The law of large numbers (4.1) for X symmetric holds if and only

if
1


n
X1:n

nX
i=1

X 0
i ! 0 a:s:

Theorem 4.12 also follows from recent general results on decoupling by de la Pe~na and

Montgomery-Smith. (The present manuscript was already completed when we received

their preprint.)

4.12. Example. For Example 2.9, assuming X symmetric if � = 1 and EX = 0

if � > 1, the conditions (4.1), (4.6), (4.7), (4.8), (4.26), (4.28) are all equivalent, and

equivalent to � > 1
2
.

Appendix

We give the proof of Corollary 2.8 and of Corollary 2.5',2.7',2.8', and complete the

proof of Theorem 2.10.

Proof of Corollary 2.8. We assume �rst that G is continuous (and satis�es (a)

in Corollary 2.8). We assume further that

(c)

�k

(log 
�
k
)2p

� u2k � 
�k eventually.

Let b�k = (
�k)
1
2 . By (a) and (c), for x 2 [uk; b

�
k];

G
�
�k
x

�
= G

�b�k
x
b�k
�
G
� x
b�k
b�k
�
=G(x) � G2(b�k)=G(x): (A:1)

Hence, letting F (x) = 1�G(x),X
22kPfXY > 
�k ; X;Y > ukg = 2

X
22kPfXY > 
�k; X � Y > ukg
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= 2
X

22k
Z 1

uk

G
�
�k
x
_ x

�
dF (x)

= 2
X

22k
Z b�k

uk

G
�
�k
x

�
dF (x) + 2

X
22k

Z 1

b�
k

G(x)dF (x)

� 2
X

22kG2(b�k)

Z b�k

uk

dF (x)

G(x)
+
X

22kG2(b�k)

= 2
X

22kG2(b�k)j log(2kG(b�k))j+
X

22kG2(b�k): (A:2)

Therefore, (2.2) (hence (2.1) by Corollary 2.5) is equivalent to both 2kG(b�k) ! 0 andP
22kG2(b�k)j log(2kG(b�k))j < 1: But these two conditions are equivalent to (2.17) by

regular variation of G and regularity of f
ng:
Now, if we let

�(t) =
h
G�1

� 1

t(log t)r

�i2
; t > 1;

with 1
2
< r < �p, it is easy to check that 
(t) := �(t) satis�es (b), (c) and (2.17), therefore,

by the previous paragraph, also (2.1). As a consequence, if 
 is any function (increasing

to in�nity and) satisfying (b), 
 satis�es (2.17) if and only if 
 ^ � does and, likewise, 


satis�es (2.1) if and only if 
 ^ � does. So, it su�ces to prove the corollary for 
 ^ �. But,
if 
 satis�es (b) and either (2.1) or (2.17) then 
 ^ � satis�es (c) and therefore (A.2) gives

the result for 
 ^ �, hence for 
.
The following argument reduces the general case to the case of continuous G. Let

U be a non-negative bounded (e.g. by 1) random variable with continuous distribution,

independent of X; and let Z = X + U: Then, GZ(x) = PfZ � xg is continuous and

satis�es G(x) � GZ(x) � G(x+ 1): So, by regular variation of G we get GZ(x)=G(x)! 1

as x !1: It follows that GZ is regularly varying, satis�es (A.1) (with the original b�k's),

and (2.17) holds for an = GZ(

1
2
n ) if and only if it holds for the original an = G(


1
2
n ): The

same comments apply to Z 0 = (X _ 1)� U . Moreover, if Z satis�es (2.1) so does X, and

if X satis�es (2.1), so does Z 0:

Sketch of the proof of Corollary 2.5', 2.7', 2.8'. Parts (b) and (c) follow

from Part (a). To prove (a) note that (2.11) implies (2.1) and that, by Corollary 2.5, (2.1),

(2.2) and (2.10) are equivalent. If (2.1) holds then, as noted above, by monotonicity of the

sequence fukg, X
22kPfXY > 
�k�`; X; Y � ukg <1

for all ` 2 (�1;1). Given " > 0 there is ` <1 such that 
�k�` � "
�k for all k > `. Hence,P
22kPfXY > "
k; X; Y � ukg < 1: So, by Corollary 2.5, Pfmax1�i<j�nXiXj >

"
n i:o:g = 0, and (2.11) follows.

Completion of the proof of Theorem 2.10. Only the last statement of the

theorem is left to prove. To establish (2.29), note that, as in the proof of Corollary 2.8, we
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can take G to be continuous. Then the lower limit of integration in (2.19) can be replaced

by uk and (2.19) implies (2.20). The equivalence of (2.19) and (2.21) follows from (2.16)

since by (A.1) (2.19) is equivalent toX
k

2k`G2(b�k)

Z 1

uk

G`�3(x)dF (x)

=(`� 2)�1
X

22kG2(b�k) '
X

n�1(nan)
2:
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