Math 467 Modern Geometry Fall 2008

Geometry Summary

Undefined Terms

Our undefined terms amoint, line, incident, betweennessandcongruent.

Incidence Geometry

Axiom (I-1). For every pointP and for every point) not equal toP, there exist a unique line
incident with P andQ).

Axiom (I-2). For every line, there exist at least two distinct points incident with

Axiom (I-3). There exist three distinct points with the property that ine lis incident with all
three of them.

Definition (Collinear) Three or more pointsl, B, C,...arecollinear if there exists a point inci-
dent with all of them.

Definition (Concurrent) Three or more line$, m, n,...areconcurrent if there exists a point
incident with all of them.

Definition (Parallel) Lines! andm areparallel if they are distinct lines and no point is incident
with both of them.

Proposition (2.1). If [ andm are distinct lines that are not parallel, theandm have a unique
point in common.

Proposition (2.2). There exist three distinct lines that are not concurrent.
Proposition (2.3). For every line, there is at least one point not lying on it.
Proposition (2.4). For every point, there is at least one line not passing thratig
Proposition (2.5). For every pointP, there exist at least two lines through

Definition (Projective Plane)A projective plane is a model of incidence geometry having the
elliptic parallel property (any two lines meet) and such that every &s at least three distinct
points lying on it.

Definition (Affine Plane) An affine planeis a model of incidence geometry having the following
Euclidean parallel property: for every lineéand every poin’ not onl, there exists a unique line
m such thatP is incident tom andm is parallel tol.
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Betweenness

Axiom (B-1). If Ax B x C, thenA, B, andC are three distinct points all lying on the same line,
andC * B x A.

Axiom (B-2). Given any two distinct point® and D, there exist points!, C', andE lying on BD
suchthatA « Bx D, BxC x D, andB « D x E.

Axiom (B-3). If A, B, andC' are three distinct points lying on the same line, then onecantygl
one of the points is between the other two.

Proposition (3.1). For any two pointsA and B:
() ABNBA = AB.
(i) ABUBA = {AB).

Definitions (segment, Ray)

(1) ThesegmentAB is the set of all points betweet and B together with the endpointd and
B.

(2) Theray AB is the set of all points on the segmehB together with all the point§’ such that
Ax BxC.

Definition (Same and Opposite Sided)et/ be any line, and lett and B be any points that do not
lieonl. If A = B orthe segmentl B has no point lying or, then we say thatl and B areon
the same side of. If A # B and segmentl B does intersedt then we say thatl and B areon
opposite sides of.

Axiom (B-4 Plane Separationfor every linel and for any three pointd, B, andC' not lying
onl:

(i) If AandB are on the same side band if B andC' are on the same side bfthenA andC
are on the same side bf

(ii) If AandB are on opposite sides oaind if B andC are on opposite sides afthenA andC'
are on the same side bf

Corollary (iii). If A andB are on opposite sides éfand if B andC' are on the same side 6&f
thenA andC' are on opposite sides of
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Definitions (Side, Half-Plane) A side of a linel is the set of all points that are on the same side
of [ as some particular point not on/. This side is denoté/ ,. Another expression for a side of a
line [ is ahalf-plane bounded by!.

Proposition (3.2). Every line bounds exactly two half-planes, and those hialifigss have no point
in common.

Proposition (3.3). GivenA « B« C andA x C' x D, thenB « C x« D andA x B x D.
Corollary. GivenAx BxC andB x C *x D,thenAx Bx D andA x«C % D.

Proposition (3.4). If C' *ia)k B and! is the line thrt&g}hﬁl, B, andC, then for every poinP lying
onl, P lies either on rayA B or on the opposite ray\C'.

Theorem (Pasch’s Theorem)f A, B, C are distinct noncollinear points ands an line intersect-
ing AB in a point betweem and B, then/ also intersects eithetC' or BC. If C does not lie on
[, then! does not intersect bothC' and BC.

Proposition (3.5). Given A x B x C, thenAC' = AB U BC and B is the only point common to
segmentsiB and BC.

Proposition (3.6). Given A x B x C, thenB is the only point common to rayz@ andB—(f, and
AB = AC.

Definition (Interior of an Angle) Given<C'AB, a pointD is in theinterior of <CAB if D ison
< >
the same side ofiC' asB and if D is also on the same side diB asC.

Proposition (3.7). Given an anglezC' AB and pointD lying on IineLT(f, thenD is in the interior
of «CABifandonlyif Bx D x C.

Proposition (3.8). If D is on the interior okiC'AB, then:

(a) sois every other point on radTD except A;

(b) no point on the opposite ray 1D is in the interior of<C AB; and
(c) if C x Ax E, thenB is in the interior of<DAE.

Definition (Ray Between Two RaysRay AD is betweenrays AC and AB if AC' and AB are
not opposite rays and is interior to<cC AB.

Theorem (Crossbar Theorem)f AD is betweendC and AB, thenAD intersects segmetitC.
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Definitions (Interior and Exterior of a Triangle)The interior of a triangle is the intersection of
the interiors of its three angles. A pointagterior to the triangle if it is not in the interior of the
triangle and does not lie on any side of the triangle

Proposition (3.9).

(a) If a rayr emanating from an exterior point @ ABC' intersects sidel B in a point between
A andB, thenr also intersects sidaC' or sideBC.

(b) If a ray emanates from an interior point &fABC', then it intersects one of the sides, and if
does not pass through a vertex, it intersects only one side.

Congruence

Definition (Congruent Triangles)TrianglesAABC and A D EF arecongruent if there exists a
one-to-one correspondence between their vertices sutbdirasponding sides are congruent and
corresponding angles are congruent.

Note that the notatiol ABC = A DEF indicates not only that these triangles are congruent, but
that there is a correspondence demonstrating that conggriserch thatd corresponds t@, B to
E,andC'to F.

Axiom (C-1). If AandB are distinct points and it’ is any point, then for for each rayemanating
from A’ there is a unique poin®’ onr such thatB’ # A’ andAB = A'B’.

Axiom (C-2). If AB = CD and if AB = EF, theCD = EF. Moreover, every segment is
congruent to itself.

Axiom (C-3). If Ax BxC, A+ B'xC", AB = A'B', andBC = B'C", thenAC = A'C".

Axiom (C-4). Given any<tBAC and given any rayl’ B’ emanating from poin#’, then there is a
unigue rayA’C” on a given side ofA’ B’ such thatt B’A'C" = <BAC.

Axiom (C-5). If <A = «B and<A = <C, thengB = <(C'. Moreover, every angle is congruent
to itself.

Axiom (C-6 SAS) If two sides and the included angle of one triangle are cagrgruespectively,
to two sides and the included angle of another triangle, thertwo triangles are congruent.

Corollary (Corollary to{jAS) Given AABC and segmenbD E = AB, there is a unique point
on a given side of lind E such thahn ABC = ADEF.
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Proposition (3.10 Isosceles Triangleslf in AABC we haveAB = AC, then<B = <C.

Proposition (3.11 Segment Subtractianf A« B« C, D« Ex F, AB = DE, andAC = DF,
thenBC = EF.

Proposition (3.12) Given AC = DF, then for any pointB betweenA andC, there is a unique
point £ betweenD and F' such thatdAB = DE.

Definition (Segment Ordering)AB < CD (or CD > AB) means that there exists a poiht
between”' and D such thatAB = C'FE.

Proposition (3.13 Segment Ordering)

(a) (Trichotomy) Exactly one of the following three conditions holddB < C'D, AB = CD,
orAB > CD.

(b) If AB < CDandCD = EF,thenAB < EF.

(c) If AB>CDandCD = EF,thenAB > EF.

(d) (Transitivity) If AB < CD andCD < EF,thenAB < EF.
Proposition (3.14) Supplements of congruent angles are congruent.
Proposition (3.15)

(a) Vertical angles are congruent to each other.

(b) An angle congruent to a right angle is a right angle.

Proposition (3.16) For every line and every poinf, there exists a line through perpendicular
to!l.

Proposition (3.17 ASA Criterion for Congruence)f AABC and ADEF with < A = < D,
qC =< F,andAC = DF,thenAABC = ACDE.

Proposition (3.18 Converse of Isosceles Triangles Proposition 31£0) AABC, we haveqB =
<C, thenAB = AC andAABC is isosceles.

Proposition (3.19 Angle Addition) Give BG betweenB A and BC', EH betweenE'D and E'F,
<CBG 2 < FEH,and« GBA= < HED, thent ABC = < DEF.

meosﬂmn (3.20 Angle Subtraction)Given BG betweenBA and BC', EH betweenE D and
EF, <« CBG = < FEH,and< ABC = < DEF,thent GBA = < HED.
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Definition (Ordering of Angles) <« ABC' < <« DEF means there is a ra(; betweenE D and
—
EF suchthatt ABC =2 < GEF.

Proposition (3.21 Ordering of Angles)

(a) (Trichotomy) Exactly one of the following three conditions holds:P < < Q, < P = < Q),
or<t P ><Q.

(b) f<P<<Qanda@ = <R, thena P < <R.
(c) If<P><Qanda @ = < R, thent P > < R.
(d) (Transitivity) If < P < <@ and< @ < < R, then< P < < R.

Proposition (3.22 SSS Criterion for Congruencdj AB = DE, BC = EF, andAC = DF,
thenAN ABC = A DEF.

Proposition (3.23 Euclid’s Fourth Postulatepll right angles are congruent to each other.

Definitions (Acute and Obtuse AnglesiAn angle isacuteifitis less than a right angle, arabtuse
if it is greater than a right angle.

Definition (Hilbert Plane) A model of the incidence, betweenness, and congruence axmm
called aHilbert plane.

Axioms of Continuity

Definitions (Circle, Center, Radius)Given distinct points) and A, the set of all points” such
that the segmer® P is congruent to the segmefitA is called thecircle of center O and radius
OA.

Princple (Circle-Circle Continuity Principle)If a circle v has one point inside and one point
outside another circle’, then the two circles intersect in two points.

Princple (Line-Circle Continuity Principle) If a line passes through a point inside a circle, then
the line intersects the circle in two points.

Princple (Segment-Circle Continuity Principle)f one endpoint of a segment is inside a circle
and the other is outside, then the segment intersects tle aira point in between.

Princple (Archimedes’ Axiom) If C'D is any segmentd any point, and- any ray with vertex4,
then for every poinB # A onr there is a numbenr such that wher®' D is laid of n times onr
starting atA, a pointE is reached such that- CD = AFE and eitherB = FE or B is betweenA
andE.
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Princple (Aristotle’s Angle Unboundedness Axiomiven any side of an acute angle and any
segmentd B, there exists a poirit” on the given side of the angle such thakifis the foot of the
perpendicular fronY” to the other side of the angl&Y > AB.

Corollary (Corollary to Aristotle’s Axiom) Let AB be any ray,P any point not collinear wittd
—

and B, and<XVY any acute angle. Then there exists a pdindn ray AB such thaktPRA <

<X VY.

Princple (Dedekind’s Axiom) Suppose that the sét} of all points on a lin€ is the disjoint union
Y1 U X, of two nonempty subsets such that no point of either subdedtiseen two points of the
other. Then there exists a unique pointon [ such that one of the subsets is equal to a ray of
with vertexO and the other subset is equal to the complement.

Hilbert’s Euclidean Axiom of Parallelism

Princple (Hilbert's Axiom of Parallelism) For every linel and every poinf’ not lying onl, there
is at most one linen throughP such thatn is parallel tol.

Definition (Euclidean Plane)A Euclidean planeis a Hilbert plane in which the circle-circle
continuity principle and Hilbert’s Euclidean axiom of pletism hold.

Alternate Angle Theorem

Theorem (4.1 Alternate Interior Angle (AIA) Theorem)n any Hilbert plane, if two lines cut by
a transversal have a pair of congruent alternate interiglearwith respect to that transversal, then
the two lines are parallel.

Corollary (Corollary 1) Two lines perpendicular to the same line are parallel. hédme@erpen-
dicular dropped from a poinf® not on linel to [ is unique. (The point at which the perpendicular
intersectd is called itsfoot.)

Corollary (Corollary 2) If [ is any line andP is any point not ori, there exists at least one line
throughP parallel tol. (This is Euclid 1.31.)

Exterior Angle Theorem

Theorem (Exterior Angle (EA) Theorem 4.2)n any Hilbert plane, an exterior angle of a triangle
is greater than either remote interior angle.

Corollary (Corollary 1) If a triangle has a right or obtuse angle, the other two anglesacute.
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Proposition (4.1 SAA Congruence CriterionGiven AC' = DF, <A = <B, and<B = <F,
then AABC = ADEF.

Proposition (4.2 Hypotenuse-Leg Criterion)lwo right triangles are congruent if the hypotenuse
and a leg of one are congruent, respectively, to the hypeteand a leg of the other.

Proposition (4.3 Midpoints) Every segment has a unique midpoint.
Proposition (4.4 Bisectors)

(a) Every angle has a unique bisector.

(b) Every segment has a unique perpendicular bisector.

Proposition (4.5). In a triangle AABC, the greater angle lies opposite the greater side and the
greater side lies opposite the greater angle; A&,> AC ifand only if < C > < A.

Proposition (4.6). Given AABC and AA'B'C’, if we haveAB = A’'B’ and BC = B'C’, then
< B>« Bifandonlyif AC < A'C".
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