
Lemma 1 Let V be an n dimensional vector space and T ∈ Hom(V, V ) of
nilpotency index q. For all 1 ≤ l ≤ q, there exists {αl,i : 1 ≤ i ≤ kl} such
that, if ∆l,i = {αl,i, Tαl,i, . . . , T

q−lαl,i}, then ∪1≤r≤l−1∪1≤i≤kr
∆r,i are linearly

independent and

R(T q−l) ⊆ sp(∪1≤r≤l−1 ∪1≤i≤kr ∆r,i) +R(T q−l) ∩N (T ).

Proof. We’ll prove this by induction. For l = 1 it is trivial, since R(T q−1) ⊆
N (T ). Assume the result is true for some l = 1, . . . , q − 1. Extend the linearly
independent set ∪1≤r≤l−1∪1≤i≤kr

∆r,i to a basis of sp(∪1≤r≤l−1∪1≤i≤kr
∆r,i)+

R(T q−l) ∩ N (T ) with the new elements of this basis, {βl,i}kl
i=1, in R(T q−l) ∩

N (T ). In particular, there exist {αl,i}kl
i=1 with T q−lαl,i = βl,i. It is easy to

check that ∪1≤r≤l∪1≤i≤kr
∆r,i are linearly independent and we have R(T q−l) ⊆

sp(∪1≤r≤l ∪1≤i≤kr
∆r,i).

Now take x ∈ R(T q−(l+1)). So, there exists y with T q−(l+1)y = x. Then
Tx ∈ R(T q−l) and hence there exists constants, cr,i,j with

T q−ly = Tx =
l∑

r=1

kr∑
i=1

q−r∑
j=0

cr,i,jT
jαl,i.

Therefore 0 =
∑l

r=1

∑kr

i=1

∑q−r
j=0 cr,i,jT

j+lαr,i. But if j+l ≥ q the term T j+lαl,i

is zero. So,

T q−ly = Tx =
l∑

r=1

kr∑
i=1

q−l−1∑
j=0

cr,i,jT
jαl,i.

Hence,

0 =
l∑

r=1

kr∑
i=1

q−(l+1)∑
j=0

cr,i,jT
j+lαr,i.

Therefore by linear independence, cr,i,j = 0 for 1 ≤ r ≤ l, 1 ≤ i ≤ kr, 0 ≤ j ≤
q − (l + 1). We then get:

Tx = T q−ly = T
(
T q−(l+1)

( l∑
r=1

kr∑
i=1

q−r∑
j=q−l

cr,i,jT
j−(q−l)αl,i

))
.

Therefore,

x−
(∑l

r=1

∑kr

i=1

∑q−r
j=q−l cr,i,jT

j−1αl,i

)
= T q−(l+1)y − T q−(l+1)

(∑l
r=1

∑kr

i=1

∑q−r
j=q−l cr,i,jT

j−(q−l)αl,i

)
∈ N (T ) ∩R(T q−(l+1)).

Corollary 1 Let V be an n dimensional vector space and T ∈ Hom(V, V ) of
nilpotency index q. For all 1 ≤ l ≤ q, there exists {αl,i : 1 ≤ i ≤ kl} such
that, if ∆l,i = {αl,i, Tαl,i, . . . , T

q−lαl,i}, then ∪1≤r≤q ∪1≤i≤kr
∆r,i are linearly

independent and
V = sp(∪1≤r≤q ∪1≤i≤kr

∆r,i).
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