Lemma 1 Let V be an n dimensional vector space and T € Hom(V,V) of
nilpotency index q. For all 1 <1 < q, there exists {ay; : 1 < i < k;} such
that, if Ar; = {aui, Tagi, ..., Ty}, then Ur<p<i—1Ui<i<k, A4 are linearly
independent and

R(T*™) C sp(Ur<r<i—1 Urcick, Ari) + R(TT) NN(T).

Proof. We'll prove this by induction. For [ = 1 it is trivial, since R(T971) C
N(T). Assume the result is true for some [ = 1,...,q — 1. Extend the linearly
independent set Ui <,y<;—1 Ui<i<k, Ar; to a basis of sp(U1<p<i—1 Ui<i<k, Ari) +
R(T9~Y) N N(T) with the new elements of this basis, {£;}r,, in R(T?) N
N(T). In particular, there exist {al,i}flzl with T%9 ey ; = By Tt is easy to
check that Uj<,<;Ui<i<k, A, are linearly independent and we have R(T7~!) C

sp(Ur<r<i Ur<i<k, Ori)-
Now take 2 € R(T?~(+1). So, there exists y with 79-(+Yy = 2. Then
Tz € R(T97") and hence there exists constants, ¢, ; ; with
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Therefore 0 = Zizl Zf;l ;1;6 cri T ;. But if j+1 > g the term T+ ;
is zero. So,

Hence,

Therefore by linear independence, ¢, ; ; =0for 1 <r <[,1 <i <k, ,0<j5 <
qg— (I +1). We then get:
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Ty = Tq—ly _ T(Tq—(l-‘rl) (Z Cr’iJTj_(q_l)al,i))'
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Therefore,
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= Ta-(+D)y _ a—(+1) (Zizl Zf;l ?;;71 iy T Dy ;) € N(T) N R(T9~ (D).

Corollary 1 Let V' be an n dimensional vector space and T € Hom(V,V) of
nilpotency index q. For all 1 < 1 < q, there exists {oq,i : 1 < i < K} osuch
that, if Ay = {ai, Touiy .., T9 oy}, then Ur<r<g Ur<i<k, Ayi are linearly
independent and

V = sp(Ui<r<q Ur<isk, Bri)-



