Theorem 1 Here is a proof of the Jordan decomposition theorem for nilpotent
linear operators with index 3.

Proof. We first notice that for all z € V, T(T?x) = 0. Hence, R(T?) C N(T).
So, R(T?) N N(T) = R(T?).

Now, take any point x € R(T). Then, Tx € R(T?). Let 1 = {b11,b1.2,---,b1.4, }

be a basis for R(T?). Since each by ; € R(T?), there exists a;; € V with
T%ay,; = b1;. Let A1, = {a14,Tay,,T?a1,}, the last element of this set being
b1 and B3; is a basis for R(T?). We had already shown that Uf;l Ay, is a
linearly independent set. So, this last set (which contains ;) is a basis for its
span, which contains R(7?). Now,
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Tr = Z CLiTQCLlJ' = T(Z Cl,iTal,i)-

i=1 i=1
Hence, T'(x — Zf;l c1,iTay;) =0. So, x — Zf;l c1,;Tay; € N(T), and both x
and Zf;l c1,;iTa1; are in R(T'). Therefore,

k1
x — z c1,iTar,; € R(T) NN(T).

=1

Since Y ¢1Tar; € sp(UF,), we have

x € sp(@ Ayy) + (R(T) ﬂN(T)).

Since this worked for every = € R(T), we have
k1
R(T) Csp(|J A1) + (RT) NN (D)),
i=1

Now choose a basis for the right-hand side which extends Sp(Uf;1 Ay ), for
which the new elements, call them {bs1,...,bok,}, are in (’R(T) N ./\/(T))
Since each bg; is in (R(T) ﬂN(T)) C R(T), for each i < ko there is an ag;
with Tag ; = ba ;. As before, we let Ay ; := {as,;,Taz;}. Then, from the Lemma
we proved the other day, we know that (J;_, U, Ay is a linearly independent
set, which is a basis for sp(Ufil Ayy) + (R(T) ﬂN(T)). So,
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R(T) - U U Al,i = U U{al)i, Talm Ce ,Tg_lal7i}.
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Now, take any z € V and consider Tz which is automatically in R(T"). As before
write Tz = Y27 SF ?;é cijT7ay;. So, as before, applying T? (last time



it was T') we get
2 k; 3-1

0= Tsz = ZZ Z Cl7i7jTj+2al7i.

=1 i=1 j=0

The terms with j + 2 > 3 are zero. So, the above equals
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If I =2, Tzagvi =Thby; = 0. So, we can get rid of those terms also to get

k1
0T%ay,; =0
C1,i,04 G145 = VU.

=1

By the linear independence of {T2ay; :i=1,...,ki},c1i0 = 0. Plugging that
into the formula above for Tz we get

ko 3—2

Tz = E E CQJJTJCLQJ‘.

i=1 j=0



