Math 251: Week-in-Review, Week 6 Monday, October 3rd, 2022

14.6 — DIRECTIONAL DERIVATIVES AND THE GRADIENT

Review
(a) The gradient of a function f(z,y) is
VA (x9) = (WQ (%19)) 6(X’7)>
(b) The gradient of a function f(z,y, 2) is

V#{X;% >) = (7[)(04/%25)‘6 [><,%2>)4é(,<‘/)25>'

(c) The directional derivative of f(z,y) at the point (a, b) in the direction « is the slope of the func-
tion f in the direction 4. It is given by the formula

Dﬁ#(ﬂ-)w = Vﬂf(a,@ o L.

(d) The gradient points in the direction of maximal slope.
(e) The magnitude of the gradient is the maximal slope.

(f) The gradient is perpendicular to the level curves.

Exercise 1

Compute the gradient of the following functions.

(@) f(z,y) = xcos(zy)
Thengy = (—gran ) 7eoslop), =x7sintop)

(b) g(z,y,2) = sin(zy)e¥* + zy*

= Y z
Vj(x’jﬂ”) ( \7(05(><\73& ) %6;h[\<\7) @j%vb%ws&ﬁ)eyi,zj%
(©) h(z,y,z,w) = ™% +w* )

G sinbepe? ey )
z %
V LLCX,‘?,%\WB :(7%6X7 —/‘-(14 (u)\,ux) X2 e 7:2) X76><‘7&) wa—)>
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Exercise 2

Find the following directional derivatives of f(z,y)
the point (5, 5).

-,[)X (>7) ;\7 Sec(><7> 4—&%@%) +7 « 7 =(5~2) $~l> :(3)10

= sec(xy) + 22 at (2, 1) in the direction towards

- _’_\ = 34
‘lﬂy (><;7> = % 5cc(xy) %“\'\/()Oy) L= v= (£, 5>
Loz = sec(a) fan(2)+2
‘ﬂj (2)/) - Z. 9(0(2> ’('cw (2>

D—> 4(2‘0 = —3’ (Sa (2) +¢w(2> +Z> -+ % 7 sec(2) Fan (2>
. S

Exercise 3

Find the line tangent to g(z, y) = e** ¥ at (z,y) =

ijw) = (2 exw) W= —'5>

135 13

(—1, 1) that goes in the same direction as (5, 12).

2

j('/)/) = a(_')z” =e
D j()/)*vj(“) Z= (7200 ¢° c> (,3),7>_ ”“’ S lte

LC%> }l)6>+'£(|3 3 l3e’zj—
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Exercise 4
Sketch the level curves of the function and draw the gradient at several points.

(8) fa,y) = elr2 v s

e (%’7-\1—:-714*27 =C

Gty g P2y ] = Ll

(x-2) ~ (7*/)11 (w ()
Clwc(w with ceuter (2]—0

— = C
y%y), \Y

X = c71+2c_ —

/’DAwaLD(AS ofewiy ’ \Q

511«(’-\4/“-‘75
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W 7 %

Exercise 5 5

Suppose you are climbing a hill whose shape is given by the equation z = 1000 — 0.0052% — 0.01%?2,
and you are standing at the point (60, 40, 966). The positive z-axis points east and the positive y-axis
points north.

(a) If you walk due south, will you start to ascend or descend? At what rate?

Vi) =(001x 0. ory) U040 = (-0.c-0)

;: (())—13 D—s—j '('(é@ftO) = V#(é%"fé’?: O. 3.

Sinee e Divediondl gepivibive 1o > Oy You Wi U ascen L
with 5(0106 0-%.
(b) If you walk northwest, will you start to ascend or descend? At what rate?
NwWoo= Jz ) 0z ).

o lcond = (0609 (5 E) - 05 o3
S Ho diwediond Levitive 1o <o L = Iz

) ° ;
o2 ALE w//

éﬂeﬁcewo@ w-.ﬂL €[0f¢ /J’Z ,

(c) In which direction is the slope largest? What is the rate of ascent in that direction? At what
angle above the horizontal does the path in that direction begin?

TL\Q_ 5(0/”/ Lo (@wjzﬁ’t i 7LL\<, 6@"&["&0“ 01[ %l\& 7N/&£,\wa'

‘/’é'J (— 0.6, —0,‘3) ﬂe 5(0,01, [ ‘IL(NJ«% ﬂ(“ff—’&{\‘ho"‘
o Jlog oD =] Tle afle is Full()=45%,
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Exercise 6

Use the gradient vector to find the tangent line to the level curve of f(z,y) = 2% +y* — 4z at the point

(1,2). _
Ve = (2x-t,2,) #02) = |

VL0,2) = (-2, 4).

The level cuwvve is | 4o Ha
/va_%v\ftj’) ‘o f% 706.5 e 7”«.0/

Rivedion (42,

E(%) = (1, 2.0) +4(4,2,0.

Exercise 7

Letu= (2, 3)andv = <%, %57 Given that D, £(0,0) = 3 and Dy £(0,0) = —2, find V£(0,0).

5= DyF(00) = Voo - & = 2400+ to0)
-9 = Dgﬂb(@@ = Vﬁ(@,Oj’j \
()2 2L (00 + 2400

23+ 45 = 5869 2 0= 15457

—Z(%Jgﬁ) - %ﬁx(ﬂf@>+%‘ﬁ7 (U’O>
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14.7 — MAXIMUM AND MINIMUM VALUES

Review

(a) Critical points of a function f are the points where

V+ = 0.

(b) Second derivatives test: Suppose f is a function of two variables with continuous second
order partial derivatives and f;(a,b) = 0 = fy(a,b). Define

2
D= D(avb) = fmm(aab)fyy(a> b) - (fxy(avb)> .

(i) If D >0and fyz(a,b) > 0,then

‘P(&()D js /06L( mire,

(i) If D> 0and fyz(a,b) < 0, then

7/7\(“)5) 15 «a [0:4( max<.

(i) If D <0, then

’//L,(,\/Z/ s a 9&.%02[9 /Jafhi‘ ot (4)10,

(c) To find the absolute max/min, take the max/min of the critical points and the boundary.

Exercise 8

Let f(z,y) = 2%y + 2o — 1. Find the critical points.

,px(xjj) — ZXj _{_Z_ = 0 = 2=0. /Uo—)—),,ogg.'é[a, So, Heove

Q_V‘e_ o CI/‘).‘é fcg(/(, 750;%~[\5.
2z

‘(AJ(X)7>:X =0 = x=0
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Exercise 9

Find all the critical points of f(z,y) = x? — 4xy + 4y + 2. Show that D = 0 at every critical point.
Show that each critical point is an absolute minimum of f.

/

‘px(x/ﬁzzxzé-}j =0 =) j = X
= _
7[;(“'752“%“@ "0 5 yeas

§O) #DV\ d"”j (X 2.><> 15 C«ri‘éica( 77071/17&',

J
N CV‘;‘LTC{(_ fa;w'fs s v

X

7[)><7< (Xﬂ) - Z ) /([77 (X,7> = 8) 7[7(} (X,y) = -4

D(x)z@ = {K(x)‘@éy (% %) —({y@céb = (B ~(-D-O

—

)0 (Low 7LLQ (\,\,"ZFC@( //003\{55 Are a,):spM‘e, min i M,G%e/
+LV[+ /p(xzy) — (X’Zj>z+2. Frow ‘4/{4‘6) I—{_ XS C[ﬁau»
’}‘L\/a% "/LLQ &JQSD(U.+€ M nt DTA ’p D 2 TL”:S
occurs whew xfzy;a -4y WW} ==
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Exercise 10

Find all the critical points of f(a,y) = (z  y)e** 1"
7{( (09) = (XV) (2 c;m‘/z+ {;xz-y
=[1- 2(x=3)] LV =0
vﬂy ) :(xwy)(—zﬂazklyb — 6_}(1,71
=[-1 - 24 ()] e ™ =0

= = ZX(K’j> R e 27 <YA7>

D )= 2= Ty . Z(x—é‘,c\)(%‘}(*?(x)
=) Z\<7 = ] Y :/Z/(X*Z—L)

z

1 f_ . D e
T/> 7: X’ZK &“—ZX = {71%“1 A= z
= J
. X 7737 _\7:\- — 2(}) -
: - - t VS | B
S = = -t _ __Iﬁ = C./-;_éfc“( Fov‘Pv‘LLS - (Z)Z)mw{_ [ZL) %)
=) A e
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Exercise 11

Show that f(z,y) = — (2% — 1)? — (2%y — = — 1) has two local maxima, but no local minima. Notice
that this is not possible for a function of one variable!

—'ﬁ% (x9) = ‘Z(x7‘~l>(2><> - Z(ij —x—})(%iy—l) =0
- /L(KB’f_LfX - Z{XLJ—X~]> C?Kj"/>

7[,7<><17) - —2(7(27 ~x~)>><2 =0

X=0 or X2j~><~/:c7

/ \

-px(ﬂ, = =0 ‘p)( = —Z(>{E/>é?¥>: 0
= xX=20 ov X:——l o x = /
< Z J
e gri-l=e y-iet=e
:}7_0 ’:)j:z

coibical f@;mjvsf (~1,6) g d (1,2).

vﬁxy(x,ys = ‘Z[(ij 1) 2o+ X2y \}ﬂ
l"f (1e) = ‘2[(O+*/~ />fz(-/) + /- (04}]3 2
£, 00= ~2[(2-1-1) 2 +1-(4-D] ==¢
tyy (0= ~ 2! lw(-/,o) =-2 A, (10=-2
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L o= -z +4-2( ’ZXJ/(>(Z><3“/> —z(x“j_x—b(zj>
L (-0 =-12+y-2(-N(-1) -2 (+1~1)(6) =0
L, (12) =~z +4 -2(4-0)(4-1) -2 (2-1- 1) (¢) = ~24

D(-1,0) = Clo) (-2) = 27 = +I{
Avwa— 1£><>< <_/)0><0) o 7L(~bm¢ b a /06!:.[ max ¢‘/7 (—/) 0),

D(/'ZB — C’Zé><’2> — (—()L = 52-3¢=+I(

LW»Q ‘pxx(lll\> <O) o '}‘Lew@ 14 c (occc( WAV co‘é (/)7’)'

Tl\f;vﬁ 4ve  po oH\,e/w crii‘fcez féiu{\s) 50 are no

{Dca( W T e



Math 251: Week-in-Review, Week 6

Monday, October 3rd, 2022

Exercise 12

Find the absolute min and max of f(xz,y) = x? + y* — 2z over the trianglg with vertices (2, 0), (0, 2),

and (0, —2).

'rl’x(%wy):ZX -7 FO0 = x=|

=Ly =0 =5 7=0

Cribical oot (1,0).

£l 0)= -

Sde S x-0, L<y<L
tloy)=y°

5.£& 62; 7:X«Z)O£k§1.

£, wm2) = Xm0 =2
= 25(1 "454 +4

‘4 'p(y)x—l\)i—— 4w -6 =0 = X

;,ZZ> < z—l(>

5%2 gfy:_x+z Ocxs?]).
7[(>< /- ><>'\ X +(2 KB —ZA
= %S+ Y—9n T ~Z><
= Ix"—Lw Y
’“F(KZx\) L%X’é’)K“
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