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Section 15.6

Just as we defined single integrals for functions of one variable and double integrals for functions
of two variables, we now define triple integrals for functions of three variables.

Definition: The Triple Integral of f over the box E = {(z.,y, 2)
s} is
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///I f(z,y,2)dV = ///I flz,y, z) dedyd>

1. Evaluate / / / zy2* dV where E = [0,1] x [-1,2] x [0, 3]
. E
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Triple Integrals over a general bounded region E in three dimensional space:

Type I: A solid region E is said to be of type I if it lies between the graphs of two continuous
functions of = and y, that is E = {(z,y,2)|(z,y) € D,u(z,y) £ 2z < uy(z,y)} where D is
the projection of E on the zy-plane. Notice that the upper bound of E is the surface z =
uz(z,y) and the lower bound of E is the surface 2 = u(z,y). Moreover, it can be shown that
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Type II: A solid region E is said to be of type II if it lies between the graphs of two continuous
functions of z and 2, that is E = {(z,v,2)|(z,2) € D,uy(z,2) < y < uy(z,z)} where D is
the projection of E on the zz-plane. Notice that the right bound of E is the surface y =

uy(z, 2) and the left bound of E is the surface y = wu,(z, 2). Moreover, it can be shown that
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Type III: A solid region E is said to be of type III if it lies between the graphs of two continuous
functions of y and z, that is E = {(z,v,2)|(y,2) € D,uy(y,2) < = < uy(y, 2)} where D is the
projection of E on the yz-plane. Notice that the back surface of E is * = wu;(y,.2) and the

front surface of E is the x = uy(y, 2). Moreover, it can be shown that /// f(z,y,2)dV =
E
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3. Evaluate [ff. z dV where E is the solid tetrahedron bounded by the four planes x =0,y =0,z =0
andx+y+z=1.



4. Evaluate [[f ¢ X dV where E 1s the solid bounded by the four planes x =0,y =0,z = 0 and

4x+2y+z =6.



5. Evaluate fffE xz dV where E is the solid tetrahedron with vertices points (0. 0. 0), (0. 1. 0). (1. 1. 0)
and (0, 1, 1).



6. Evaluate [ff_ x dV where E is the 3D region bounded by the paraboloid x = 2y? + 227 and the plane
x =2



7. Evaluate [ff. Vx? + z2 dV where E is the region bounded by the paraboloid y = x? + z? and the
plane y = 4.



Note: We can use a triple integral to find the volume of a solid E because Vol(E) = fffE dv.

8. Consider the tetrahedron enclosed by the three coordinate planes and the plane 2x + y + z = 4. Set up
but do not evaluate:

a) a double integral that gives the volume of this solid;

b) a triple integral that gives the volume of this solid.



9. Find the volume of the solid bounded by the cylinder x = y? and the planes z = 0 and x + z = 1.



Section 15.7

10. Use cylindrical coordinates to calculate the volume above the xy-plane outside the cone z = x? + y? and
inside the cylinder x2 + y2 = 4.



11.

Consider the surfaces z° + y* + 2* = 16 and z* + y*> = 4,

Set up a triple integral in cylindrical coordinates which can be used to calculate
the volume of the solid which is inside of z°4y*+ 2 = 16 but outside of z°+1°* = 4.

Calculate the volume.



12. Consider the solid shaped like an ice cream cone that is bounded by the graphs of z = /xZ + yZ and z =
V18 —x% — y2_Set up an integral in cylindrical coordinates to find the volume of this ice cream cone.



3 v 9-y? v/ 9=x2—12
Consider the integral / / / (z* 4+ y°) dz dz dy.
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Convert the given integral from rectangular coordinates to cylindrical coordinates.



14. Solve problem #12 with spherical coordinates.



15. Convert the integral in problem #13 to an equivalent one in spherical coordinates.



16. Set up the volume of the region sketched below 1n spherical coordinates.







