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Wir 9: Sections 16.1, 16.2, 16.3.
Section 16.1

Definition: A vector field in two dimension is a function F that assigns to each point (z,y) in
D c IR? a two dimensional vector, F(z,y).

In two dimension, the vector field lies entirely in the zy plane.

Here is a vector field in IR?:

Definition: A vector field in three dimension is a function F that assigns to each point (z,y, 2)
in D C R? a three dimensional vector, F(z,y, 2).

In three dimension, the vector field is in space.

Here is a vector field in IR3:

In order to match F with its vector field, choose a several points, (z.y), in each quadrant, and

look at the direction of F(z,y). To narrow down further, look at the behavior of the components.
Often times, it is a process of elimination.
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Problem 1. Match each vector field equation with its graph:

a) F(x,y)=<y,0> — QX
b) F(x,y) =<1,siny >
¢) Fx,y)=<x-2,x+1>

d) F(x,y) =< y,i >
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Section 16.2
Definition: If f is defined on a smooth curve C' defined as r(t) = (z(t),y(t)). a < t < b, then

the line integral of f along C is
b -

X | 2 2 b
/‘ flz,y)ds = /w f(x(t), I/Af\}\‘ (”I/;) . (’TIII/,) dt = /(f(l‘(f).!/(f))|l"(f)|df
need o Qosametrization

- -

In order to find a line integral along a curce C', we must first parameteterize the curve. Sometimes,
the parameterization will be given explicitly, other times you must parameterize the curve.
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ds = J x'é) + Y

x b4

Problem 2. Evaluate /(21' + y)ds, where C' is defined as r(t) = (2+t,3—1),0<t < 1.
) ‘ x )=\ kY= -
[a (2+%) -\-‘5-*,3 sy dt -
°o ysatr3-1
52 S(¢ +t)de =
o

Greg)e 2
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2

(): + 2%y)ds, where C is the arc of the curve l/ T

from (1,1) to (2.4) using two different p arameterizations. 7 -
Yna
Y A J 7 =X

X

4
Sl 2@ : <t &5 ¢t eg

S(lh BLY) J0s @) dt - S

u= 1+ ¢ ) du=2tdt '

1
S.'Zt Ji+ bt dt

D F)=<lE, t>
!

(2@*9) \)ﬁ +)
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Problem 4. Evaluate / (2% 4+ y) ds where C consists of the line segment from the point (1,4)
JC
to (3,—1).

TO=< L ur+Eezsso<uy =
T us+b<2 5> o¢te)
k)= <1+ :H:)H—S{:>

—"~— \ U, o Wi

g [(\-l' 2&)9'+ H- st] 2+ 5y dt

o |

ggqg(mhw} ) dt

° —
w55y

| +4b+y4 tP4y-5

"

[

30-3+8&
Jor (228 - ws
G
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Problem 5. Evaluate /(.r + y)ds, where C' is the top half of the circle 22 + y* = 4, oriented
Jo

counterclockwise.

F):= <25k 2sint> Os<tsew

- ,!H(mua,z) =2

c -z0

S Q ((,M + Srim‘t) \ﬁ-zsn‘n+)2+(2 st df _

w B ®
L LI u[wt~c<,st] =

[

= Y -*l—-&: 8
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Problem 6. Set up but do not evaluate / (2 + z%y)ds, where C is the arc of the (-m'\'t

J(
from (1,—1) to (4,2) and then along the line segment from the point (4,2) to the point (3,7).

—— ) -ist <2

=<y, 2>+ {:[<3,?>—<u,z>]
==t 245> oed g

bl
c 5 c,
(c.\jz[“(y)}] Jatye s dt +((z)g[2+(q-a7‘ (2+56)] €04+ 52 gt
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Line Integrals omsss vector fields: Suppose now are moving a particle along a curve C' through
a vector (force) field, F. We define the line integral of F along C to be

b

need a. pasamétiizahy
Wdl)ﬁ-'/F -dr = /(F(r(l])- r'(t)dt ?O-Y ‘B‘hm

a

Problem 7. Find /F -1, where C is defined by|r(t) = @

22, —4y). {
@{ =1/>

p— > 8 2
' FE®Y =<t t -yt >
E(?(t))-?' (t) dt ) =<, 2ty >

J

|

o Foore beate?
l -
g (t+ 2 ¥ -6k )dt -

A
&
oo
S
vJ'J\
ols
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Problem 8. Find the work done by the force field F(z.y) = (2 zy) in moving an object
counterclockwise around the right half of the circle 2° + y* = 9.

> Easnbs  Ted 2

I = T Hn —147 2+ 0

¢ () = < 3wt 5 T

&<
NEGEIBACES o
C -r",‘;’ ‘;S(\:’(tb =< BZLOSZ t ) SBCJxm“t >
odt =0 ?’Lt)=<—3<n‘~\t', Dot >

) - .
"% F ¢ =-2wstsiutr2best sints
0
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Definition: Let C be a smooth curve defined by the parametric equations r =

= x(t), y = y(t) for
b

/(f(f(f).y(f)) 7'(t) dt.

a

b
The line integral of f along C' with respect to y is / f(z,y)dy = /(f(J'(/)._I/(”) Y (t) dt
JCO o

a <t < b. The line integral of f along C' with respect to ris / flz,y)dx
JC

'

where C' is decribed by r(t) = (3¢
- |

N - -
j\‘:d? whane FCX/Y)=<Y)X>

x v
Problem 9. | . ;
1

dy:ﬂ-ezbdt
‘ 2 ot 2t
& (3ar) + e (2e7)dt = .
3e +18e
|
+
X(é‘t-us; )dt =
(
b) o o
- ét“’\gLe/L‘t( - C.‘.‘_gc“—(c—\—_\i%e):
= v .

3 9 4 j_}
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Problem 10. Evaluate / zrdr + ydy, where C' is the arc of the parabola z = 4 — ¥* from
JC =

(=5,=3) to (3.1). T
Py =cut, b> o el
X b4

dx=-atdt  dy=dt

g‘(u-t")(-akdﬂﬁol‘c - g(:z’?-?%)dt =
)

- -3
- {Z-"Q{}"".\: = .*L. k_ 87
3
too2 1, =3
N, o2 zk
L 13K
:[:'L\-—-?'il ‘[23 2
G 8\+c£’ :-E:—L
= -._i-—,z 2 2
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Problem 11. Evaluate /(.r +y)dz + (y — x)dy + 2dx where C is decribed by = = t*, y = 3,
»=12,0<t<1. ‘ dx=H‘c3d¥/ olc,:%izdb
oh-: ?_Q: d‘E

(04 2)enat (P £)60 )t + ¥ utat

| z‘cg+2’cq-+ 3JE§—3JCG+M tg

(—3{:6+q£€+ g t') dt -

2
L -3 4342 243,22 =30FI05428 )03
- 1 b 5 ¥ 2 5 70 - 30
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Section 16.3

In section 16.2, we learned how to find a line integral over a vector field F along a curve C that

is parametrized by r(t), a <t <b.

Problem 1. Snb)p(a; we are moving a particle from the point (0,0) to the point (2,4) in a force

field F(z, y) Fm«lj F - dr,where

Math Learning Center

Math 251 — Spring 2023
“Week-in-Review”

Q P —-l—27

a.) The particle travels along the line segment from (0,0) to (2, 4).

b.) The particle travels along the curve y = z? from (0, 0) to (2,4).

x 7
o) ()= < at, ut»  ostg)

7EN
STEE Ot -
=S 2
FEw)=<lbt, 2t >
Trty=<2,u>
F. 2/ = 3at* +8t
g\(ggkz-p st) dt =
o

3 - 32 qy
+ 2 = 34 _
3+H.. 3

¢

o
wlp
[ L}
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b) Ft)= <{;)’cz> 0¢t<2
: FEw)=< t' b >
"[ty= <1, 2t >

’ \?-?':fu-\- 2t
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Note: Although the end points are the same, the value of the line integral is different because
the paths are different. In this section, we will learn under what conditions the line integral is
independent of the path taken.

Definition: If F is a continuous vector field, we say that / F - dr is independent of path
[

if and only if F.dr = / F - dr for any two paths C; and C; with the same starting and
Cy Ca

ending points. In other words, the line integral is the same no matter what path you travel
on as long as the endpoints are the same.

Definition: A vector field F is called a conservative vector field if it is the gradient of some

scalar funtion f, that is there exists a function f so that © T /7. We call f the potential
function.
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poteatiol {?mk,y
Problem 2. Consider/f(z,y) = 2%y — v*/ Find the gradient and explain why it is conservative.
What is the potential function? b7 da(?mi'\"\ on o _ﬁ
Cconservathive v, .P
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b
Recall the Fundamental Theorem of Calculus tells us that / f'(z)dx = f(b) — f(a).

a
Since Vf = (f.. f,). we can think of the potential function, f, as some sort of antiderivative of

V7. Hence/F-dr:/Vf~dr.

Fundamental Theorem for Line Integrals: Let ' be a smooth curve given by the vector
function r(t), a <t < b. Let F be a conservative vector field. Let f be a differentiable function
of two or three variables whose gradient vector, V f, is continuous on C'. Then

C

Lo L

>
/F ~dr = / Vf-dr r(b)) r(a))
c C — 4 —
alk -

Note: Line integralSof Conservative vectors fields are independent of path because in
a conservative vector field, the line integral is computed by only using the endpoints of the
domain! Therefore, if we are in a conservative vector field, the line integral along a curve C' in
that vector field will be the same no matter what curve we travel across that connects the

endpoints together. WHICH MEANS WE DON'T EVEN NEED TO PARAMETER-
IZE THE CURVE!

Question: How do we determine if a vector field is conservative, and if so, how do we find the
potential function? The ‘test for conservative’ we use depends on whether F is in IR? or IR,

do @ ¥ |if ik is Tt T conserv
omd vi acrna)
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Theorem: F(z,y) = (P(x,y),Q(x,y)) = Pi+ Q)j is a conservative vector field, where P and @Q
oQ IP

have continuous first-order partial derivatives on a domain D, if and only if B
Jr dy

Note: This above criteria to determine if a vector field is conservative works only for IR2.

(o) ; : (
Problem 3. Is F(z,y) = (32° — 4y, 4y* — 22) EX conservative vector field? ?f so, find a function

f sothat F=V{. N g- § 5/@ 4 A A
() el = 9xE < | 27y H2l - (0-92-(0-0))+ (~2--U)k =
3y uy2x 0

= a/l: $0=> not wma .
Qx:‘z ¥ B=-
() w/e.
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(o) PR (&

Problem 4. Is F(z,y) = (z + y. 2 — 2) a conservative vector field? If so, find a function f so

that F = V.
= .
(&) - - T 15 onderven VR,
Qx = | , PY = | »o o
-» S
() V{Z

v — 8
<xey, x=25=<8 | 97 >
. —

% Votenkiel (ch

o< Xty > P =Zixyeg(y) B =Bony-2y 4 c

o
§:x~1 = 1E= xy_27+h(><) A\qurﬁnﬂc‘.

wir6 Page 21



Ai iiMi ‘ MATHEMATICS Math Learning Center

Instructor: Rosanna Pearlstein Math 251 — Spring 2023

P Q “Week-in-Review”

Problem 5. Given F(z,y) = (2zy®, 32%y?). Evaluate / F - dr where C' is the curve given by
JC

r(t) = (3 +2t2 —¢,3t4 — r’-‘).g t 5

Q\x -—PY :QX‘I"Z—-@XY—L =0 => oA,
Foad Mm’c\w@ _?u.vxcie—\
< Axy’) 3)&\/1? - <‘Qx ’Qr>

‘\ﬂle—LSQ l/ S

IS RPOG0) ) plrgye iy + o Rb
f = X173 +h (X> Check!

?(O):(OJ o>
€ (2) =< 848- 2, Wmlb-U> = <y yy>

g ; de = @(“‘l, L“'b— 3(0103: H?;Li'fv 0
C
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Problem 6. Let F(z,y) = (34 2zy* 22%y). Evaluate /F-:Ir where C is the arc of the

!.(' 3
() =<k, 1> sty

1 1
hyperbola y = — from (1,1) to (4—1)
T ° .l

Qx - PY = ley—qu :0——‘>covsserVoA‘fveJ

POE- {P\MA‘V\ "

<D+ 3><y")2x"'y > = 4%,%&
) | J

L

F (v ()= <342 L et

)= <Ly R

()

1 < {IX + xz\/7'+% (Y)} ﬁ(xl\/): xzy?._l_ Ix 4 C. (H)#)

=Xyt h(x)
Cge.d;» - () RO [T (142 i
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Problem 7. Given F(z,y) = (322 — 4y, 4y* — 2z). Evaluate / F - dr where C is the curve

2
WD S S 7 N W O -P -
given I)_\Lx(f) (2,6 + t -)). 0<t <. Qx Py =-9-(-1) #0< wotcone.

\
S‘E'd? = SECF’M)- ) dt
’ ’ FEW=sCb - ubag y(Bay o8

)= <2t at+1>
C‘Ol:x?-':'
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