Section 16.6: Parametric Surfaces and Their Areas

A space curve is parametrized by the vector function r(t) = (x(t), y(t), z(1)).

A surface, 2 = f(x,y). is parametrized by a vector function of two variables.
r(u,v) = (x(u,v),y(u,v), z(u,v)) with (u,v) in region D.

Useful Parametrizations

e Surface given by z = f(ux,y).
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e Surface in cylindrical coordinates

Example: 22 +y2 =9for0< 2 <2
R ((20)= [3ws0,2 90, 2>
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e Surface in spherical coordinates

Example: 2 +y2 + 22 =4

X: 2 S\W\;é &DJQ'
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Example: Identify the surface with the given vector equation.
r(u,v)= {:-n +2.94+ u? + 02 + 4du, rr:.‘-
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Example: Find the tangent plane to the surface with parametric equations

given below at the point

/ 9
r(w.v) = (v, v, u+ 2v)
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Note: In the special case the surface is defined by z = f(x, y) and is parametrized
by
r(xz,y) = {(r,y, f(x,y)). Then a normal vector is

Example: Find a normal vector for the surface defined as = = f(y, 2)
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Definition: If a smooth parametric surface S is given by the equation r(u,v) and
S is covered just once as (u,v) ranges throughout the parametric domain ), then

the surface area of S is

A{S}sz dSz[/ Ir, X r,| dA
D D

Example: Find the surface area for the surface given by r = wv, y = u + v,

and z = u — v where u2 1+ 2 <1
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Example: Find the surface area for the part of the plane 2o+ 2y+ 2z = 8 inside
the cylinder =2 + y? = 9.
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Example: Find the surface area for the part of the plane 2o+ 2y + 2z = 8 inside
the cylinder =2 + y? = 9.
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Example: Find the surface area of the sphere =2 + y? + 22 = 16 between the planes
2 =2and z = 2¢/3.

= 4sin ¢ cosf
y = 4sin ¢sinf

z=4dcoso

where 0 <0 <2mand § < ¢ < 7

i j k
re X 1rg=| 4cosgcosfl 4dcosgsing —4sing
—4singsinf  4sin¢@cosf 0

T X Tg = <16 sin® ¢ cosfl, 16sin dsinf, 16sin ¢ cos @ cos? § + 16 sin @ cos ¢ sin’ H>

Ty X Tg = (16 sin® dcosf, 16sin’ dsinf, 16siné cos r;:r>

|rg X To| = \/162 sin ¢ cos? B + 162 sin? @ sin? f + 162 sin? ¢ cos2 ¢

lre X 18| = \/llﬁ2 sin & + 162 sin? ¢ cos? @

|rg X 19| = \/162 sin? (;b(sing ¢+ cosg) = \/162 sin® ¢ = 16sin ¢
Note: sin¢@ > 0 on the given interval of ¢.

D /3 D w3
S = [ / |re X rg|do dfl = / 16 sin ¢ d‘;bdg:...:lsﬂ(\/g_l)
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Example: Find the surface area of the sphere r* + y” + 2% = 16 between the planes

> =2and z = 2/3.

r(z,y) = <;r., Y, \/16 — 1?2 — y9>

if z = 2 then this gives 2 + v + 4 = 16 or x2 + y? = 12. A circle of radius 21/3.

if z = 2v/3 then this gives 2 + y? + 12 = 16 or =% + y* = 4. A circle of radius 2.
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Ch-16-6 Page 11

1 2w 23 4
e X 1Ty dA = [ dA:/ / T i
£/| yl é m 0—0Jr—2 V16 — 12

drdf = - .- = 167(V3 — 1)



