Section 16.7: Surface Integrals

Definition: If S is parametrized by r(uw,v) = (z(uw,v), y(u,v), z(u,v)), then
the surface integral of f over the surface S is

//M)d‘g: //f(l‘(u,’l-’mru X Iy|dA
S D

where [ is a region in the uv—plane.

—

Application: If the function is the density at the points of the surface then
the surface integral over S computes the mass of the surface.

mass: m = ]/p(;c,y?z)dS
s
v
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Example: Evaluate // rzdS where S is the part of the plane 3xr +2y+2 =6
in the first octant *
in the first octant. (’
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Example: Compute / [ y?22dS where S is the part of the cone z = \/x2 + y2
g

between the planes s=1land z =2.

— 2= Mt
r=rcosf

cr< L
y =rsinf [ = re Z/?- = )62}‘9
VAL o< Ocarm

r(r,0) = (rcos#, rsinf, r)

i i k |
I'p X Ty = cos fl sinfl 1 |= (—rcosf,—rsinf,r)
—rsinfl rcosfl 0| __ —

[rp % 1g] = Vr2cos? @ + r2sin“0 + 1?2 = V12 +r2 = V2r

2 2 c
// ;;2:- dS = f / r2sin?(0) 2 V2 rdrdd = . [. =
’ =0 Jr=1 ~—

S
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Example: Compute f / y?z2dS where S is the part of the cone z = m

S
between the planes z =1 and 2z = 2.

Usingr=x y=uy z=+/22+y2 /
/
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Example: Compute // xydS where S is the boundary of the region enclosed

a3
by the cylinder z2 + 22 =1 and the planes y =1 and z +y = 3
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Example: Compute // xydS where S is the boundary of the region enclosed

by the cylinder z 2=1 and the planesy=1and z +y =3

)mx Xt = 3 ’é/bx
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mple: Compute // rydS w s the boundary of the region enclosed

v the cylin luA-—:'—l nd the planesy =1 and r +y =3
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Pg 5: surface integrals over vector fields

Let S be a surface parametrized by r(u,v). If 5 has a tangent plane at every
point on S (except at any boundary points), then there are two unit normal
vectors at every point.

Iy XTIy I'y X Iy
n=————andn=——
[Ty X 1y [ty x Ty

The normal vector provides an orientation for S and S is called an oriented
surface

For a surface defined by z = g(x,y), then n = (~s, _ng’g =
_—— \/1 +(92)" + (gy)

Since the k component is positive, this gives the upward orientation of the

surface.
Note: For a closed surface, a surface that is the boundary of a solid re-

gion(volume), positive orientation is where the normal vectors point out-
ward from the region.
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Definition: If F is a continuous vector field defined on an oriented surface S
with unit normal vector n, the the surface integral of F over S is

2
//F-dS:]/F-IIdS
s 5

This integral is also called the flux of F across S.

/—"-\

ry Xr
Note: If S is parametrized by r(u,v), then n = ———
N Ty, % Iyl
r, XTIy, ry XTIy,
This gives dS =n dS = —|r“ >< r"‘*| dS = —|r”' ” r"‘*‘ Iry x Ty|dA = (ry x 1,)dA
—_ u v u v
= I—
K /‘

Thus

/S/F.dszé/F-nﬁ:é/F{r{m))_{ruxrﬂ)dﬂ

Note: choose the cross product that gives the correct orientation for the prob-

lem.
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| » 1
Example: Let S be the part of the paraboloid z = 1 — 2% — y* above the

ry—plane with upward orientation. Find the flux of F = (x,y,3z) across S. >

3]
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Example: Let S be the sphere 22 4+ 4% + 22 = 16 with a positive orientation
and F = (0,0, z). Evaluate [[F -dS
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Example: Let S be the closed surface of a Tetrahedron with vertices (0,0,0).

(1,0,0), (0,1,0), and (0,0,1) , i.e the surface of the solid in the first octant

that is formed by the plane #+y+2 = 1 and the three coordinate planes. Let

F = (y,z —y,z). and use positive orientation.

Evaluate [[F - dS
s
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Example: Let S be the closed surface of a Tetrahedron with vertices (0,0,0),
(1,0,0), (0,1,0), and (0,0,1) , i.e the surface of the solid in the first octant
that is formed by the plane r+1y+ > = 1 and the three coordinate planes. Let
F = (y,z —y,«). and use positive orientation.

Evaluate [[ F - dS -
b3 ) Sides
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Example: Let S be the closed surface of a Tetrahedron with vertices (0,0, 0),
(1,0,0), (0,1,0), and (0,0,1) , i.e the surface of the solid in the first octant
that is formed by the plane £ +vy+2 = 1 and the three coordinate planes. Let
F = (y,z —y,z). and use positive orientation.

Evaluate f f F.dS
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Example: Let S be the closed surface of a Tetrahedron with vertices (0, 0,0),
(1,0,0), (0,1,0), and (0,0,1) , i.e the surface of the solid in the first octant
that is formed by the plane x+1y+2 = 1 and the three coordinate planes. Let
F = (y,z — y,x). and use positive orientation.

Evaluate f f F.dS
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Example: Let S be the closed surface of a Tetrahedron with vertices (0,0,0).
(1,0,0), (0,1,0), and (0,0,1) . i.e the surface of the solid in the first octant
that is formed by the plane # +y+ 2 = 1 and the three coordinate planes. Let
F = (y,z —y,z). and use positive orientation.

Evaluate [['F - dS
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