1 Eigenvalues and eigenvectors of 2x2 matrices

1.1 Quadratic equations: The solutions of a quadratic equation
ar? +br+c=0

are obtained by the solution formula

—b 4+ Vb% — dac

T12 =
’ 2a

Depending on the discriminant A = b2 — 4ac, we obtain

A > 0 : two real solutions,
A =0 : one real solution,

A < 0 : two complex conjugate solutions.

1.2 Definition: A number ) is called an eigenvalue of the matrix A with associated eigenvector v, if the
equation

Av = )\v

holds. This means, that applying the matrix A to the eigenvector v has the same effect as scaling the vector
by the factor A without changing its direction.
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Computation of eigenvalues and eigenvectors

The eigenvalues and eigenvectors of a general 2x2-matrix

= (au am)
az1  G22
can be computed by the following steps:

1. Set up the characteristic equation

det(A — )\I) =0=X— (a11 + agg))\ + aij1a22 — G12a21.-

2. Using the abbreviations b = —a1; — a9z and ¢ = aj1a22 — a12a21, the solutions are obtained
by the solution formula for quadratic equations. Depending on the discriminant, we obtain

(a) two real solutions A; and Ao,
(b) one real solution A, or

(¢) two complex conjugate solutions p =+ iv.

3. After computing the eigenvalues, we compute eigenvectors. We distinguish the same cases
as above:

(a) For each eigenvalue A\; and A2, compute a nonzero eigenvector v by solving the system
of equations

(A — A\I)v = 0. (1.1)

In order to do this, chose one of the rows of the system (they are multiples of each
other). Then, choose either the first or the second component of the vector v and
compute the second component from that row.

(b) Here we have to distinguish two cases: if the matrix is diagonal, it has the form AL
Then, any vector is an eigenvector of A. Therefore, we can just choose two, which
are not multiples of each other.

If the matrix is not diagonal, there is only one eigenvector v and we have to compute
a generalized eigenvector w in addition:

(A= A)v=0,
(A= XN)w =v.

(¢) For two complex eigenvalues p + iv, we compute the (complex) eigenvector for one
through equation (1.1). The eigenvector to the other eigenvalue is its complex conju-
gate. Thus, if the computed eigenvector has the real part a and the imaginary part
ib (a and b are vectors), the two eigenvectors are a & ib
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2 First-order, linear, homogeneous 2x2-systems of ODE with con-
stant coefficients
2.1 The general form of these systems is

/

Ty =a11T1 + a2 Ta
/

Ty = Q21 T1 + Q22 T2

or in matrix form x’ = Ax, where x is a vector function with two components and A is a 2x2-matrix.
b

Solution of the ODE systems and IVP

If the matrix A is diagonal, the system is decoupled and we can solve for each component
separately. Else, the following method provides the solution:

1. Compute the eigenvalues and eigenvectors of the matrix A.

2. Depending on the three cases we distinguish with eigenvalues and eigenvectors, we obtain
three different sets of two independent solutions each:

(a) Two exponential solutions

x1(t) = e>‘1tv1,

Aot

Xo(t) = e™?'vy.

(b) Two solutions involving the eigenvector and the generalized eigenvector (notation as
in section 1):

x1(t) = eMv,

Xo(t) = teMv + eMw.

(¢) Two solutions involving the real and imaginary part of the eigenvectors (notation as
in section 1):

x1(t) = e"*(cos(vt) a — sin(vt) b),
x5 (t) = e (sin(vt) a + cos(ut) b),
3. The general solution of the equation has the form
x(t) = 1 x1(t) + ca x2(t),
with two constants ¢; and cs.

4. If you solve an IVP, at the very end, identify the constants ¢; and ¢ using the initial con-
dition x(0) = x¢. Since this is an equation between vectors, it amounts to two equations,
needed to identify both constants.
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