MATH 251.504
Practice Problems for the Final Examination
Fall 2006

. Use the Divergence Theorem to evaluate [[ F - dS where
F(r,y,2) =2r2zi+ (2¢¥ + 22*)j+ (—2* + e¥cosz) k

and S is the surface of the solid E that lies in the region x > 0 and is bounded by the
parabolic cylinder y = 1 — 22 and the planes y =0, z = 0, and 2 = z.

. Find curl F and divF.

(a) F(z,y,2) = e i+ 23 j + cos(zy) k.

(b) F(r,y,2) = (y— 2)i+ (: —2)j + (y — 9)k
(c) F(z,y,2) =4i+ (z — 2)*j+4k.

. Determine whether or not F is conservative, and if it is conservative find a function f

such that F =V f.
(a) F(x,y) = 2zye® i+ (¢ + cosy)j.

(b) F(z,y,2) = (x +ysinz)i+zsinzj+ (5 + xycos 2) k.

(c) F(z,y,2) =yzi+ itayk

)
y?+1
. Evaluate [ y?2*ds where C' is the line segment from (0, 3,0) to (—1,2,1).

. Evaluate [, F - dr where F(z,y,2) = Inzi+ yzj + 3k and C is given by r(t) =
Ji+tj+t?kfor —2<t <2

. Use Green’s Theorem to evaluate [, (3z%y + 12xy?) dz 4 (2 +siny) dy where C'is the
boundary of the trapezoid with vertices (0,0), (2,0), (0,2), and (2,4) with clockwise
orientation.



7. Use the Fundamental Theorem for Line Integrals to evaluate | o F - dr where
F(r,9,2) = y'zi + (deys + e2)j + (0 + oy k

and C'is given by r(t) = costi+sintj+ 2tj for 0 <t < 7.
8. Use Stokes’ Theorem to evaluate [[curl F - dS where

a:+y

F(z,y,2) = i+ (P —2%2)j+e’k

and S is the part of the sphere 2% 4 4% + 22 = 10 that lies below the plane z = —1 with
upward orientation.

Solutions

1. Using the Divergence Theorem,
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2. (a) curl F = (—zsin(xy) — 32?) i+ (zye™* + ysin(xy))j — z2e™* k; divF = yze™-.
(b) curl F = —j — 2k; divF = —1.
(c¢) curlF =2(z — 2)i+2(x — 2) k; divF = 0.



3. (a) Since (%(Qxyer) = 2ze” = 8%(612 + cosy) and F is defined on all of R? F is
conservative, i.e., F = Vf for some function f. Since f,(z,y) = 2xyex2 we must have
f(z,y) = ye*" + g(y) for some single-variable function g. Then f,(z,y) = ¢ +¢'(y), so
that ¢/(y) = cosy, in which case we may take g(y) = siny so that f(z,y) = ye* +siny

(note that f is unique only up to addition of a constant term).

(b) Since curl F = 0 and F is defined on all of R?, F is conservative, i.e., F = V[ for
some function f. Since f.(z,y,2) = x + ysinz we have f(x,y,z2) = %aﬂ + xysin z +
g(y, z) for some two-variable function g. Then f,(z,y,2) = xsinz + %g(y, z) and so
%g(y,z) = 0, which means that g(y,z) = h(z) for some single-variable function h.
Then f.(x,y,2) = zycosz + h'(z) and thus h'(z) = 5, so that we may take h(y) = 5z
and hence f(x,y,z2) = %xz + zysin z + 5z (note that f is unique only up to addition of
a constant term).

(c) Since curl F = (z,0, —z), which is not zero everywhere, F is not conservative.

4. Parametrize C by r(t) = (—t,3 —t,t) for 0 < ¢ < 1. Then r'(t) = (—1,—1,1) so that
¥'(t)| = v/3 and hence
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5. We have r/(t) = (0, 1, 2t) and hence
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6. Using Green’s Theorem,
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. Since F = V f where f(x,y, 2) = 2y*z + €Yz (as can be found by a procedure similar to
that in the solution of 3(b)), we have, by the Fundamental Theorem for Line Integrals,

/CF cdr = f(x(7n)) — f(r(0)) = f(~1,0,147) — f(1,0,0) = 14x

. The boundary C' of S is a circle which we parametrize by r(t) = (3 cost,3sint, —1) for
0 <t <2m. Then r'(t) = (—3sint,3cost,0). Thus, by Stokes’ Theorem,

2m
//curlF-dS:/F-dr:/ (—9,9,1/e) - (—3sint, 3 cost,0) dt
S c 0

2m 2w
= / 27(sint + cost) dt = 27(— cost + sin t)] = 0.
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