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MATH 689—TOPICS IN ERGODIC THEORY
Problems

Fall 2009

. Give a proof of the mean ergodic theorem using the spectral theorem for unitary oper-

ators.

. Let G be a countable discrete group and let G ~ ({0,1}%, 1) be the Bernoulli action

where p is the product of measures which give weight % to both 0 and 1 at every
coordinate. Determine the associated unitary representation of G on L?({0,1}%, ).

. Using the multiple recurrence theorem, show that for every n > 0 and k € N there are an

M € Nand ad > 0 such that for every measure-preserving Z-system (X, 1, T') and every
set B C X with p(B) > n there is an m € {1,..., M} for which p( é:ol T'mB) > 6.

Let G be a countably infinite amenable discrete group. Show that there are infinitely
many left invariant means on £ (G).

. Give examples of unitary representations m and p of Z such that ™ ® p is ergodic but

neither 7 nor p is weakly mixing.

. Show that a unitary representation 7 of a countable discrete group G is weakly mixing

if and only if 7 ® p is weakly mixing for every unitary representation p of G.

Show that if (X, u,T) and (Y, i, S) are measure-preserving Z-systems and (X, u, T) is
weakly mixing then the extension X x Y — Y is weakly mixing.

. For bounded sets in the Hilbert module L?(X|Y) we can define conditional precom-

pactness either in terms of approximation by finitely generated module zonotopes or
in terms of approximation by expansions over finite orthonormal sets. Show that these
two definitions are equivalent.

. Let G be a countable discrete group with property (T). Prove that G is finitely gener-

ated.

Show that a countable discrete group G is amenable if and only if every continuous
action of G on a compact Hausdorff space has an invariant Borel probability measure.

Show that a subgroup of an amenable countable discrete group is amenable.

Let G be a amenable countable discrete group. Show that G has property (T) if and
only if it is finite.

Let G be a countable discrete group and H a finite-index subgroup of G. Show that G
has property (T) if and only if H has property (T).



